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Abstract – This paper presents the analysis of cloud droplet size distribution (DSD) and the use of a proxy
variable for the parameters of the DSD to explore the possibility of detecting warm rainy clouds. Cloud DSD
plays a paramount role in the parameterization of cloud microphysics in climate models. The droplet size
distribution also plays a crucial role in determining the radiative properties of clouds and is usually obtained
using satellite retrieval algorithms. This paper presents an analysis of the modified Gamma model which is used
to represent the cloud DSD. The analysis of the DSD is conducted through the derivation of the distribution
moments and their physical interpretation. The analysis includes the discussion of the mean, variance, effective
radius, and effective variance of the DSD. Usually the effective radius is extracted from radiance
measurements. However, since the modified Gamma distribution has two parameters it requires estimates of
both the effective radius and effective variance to properly estimate cloud microphysics from radiance
information.
Key-words - Warm rainy clouds, droplet size distribution, modified Gamma distribution, effective radius,
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the Community Climate Model 1 (CCM1) were
reduced and important changes in cloud radiative
forcing, precipitation, and surface temperature
occurred if different values of effective radius were
assigned to warm maritime and continental clouds.
A high sensitivity to the method of parameterizing
effective radius was also found by the French
Community Climate model [3].
Recently,
Comarazamy et al. [4] used the Regional
Atmospheric Modeling System (RAMS) with the

1. Introduction
Effective radius is one of the key parameters used in
calculation of the radiative properties of liquid water
clouds. Slingo [1] studied the sensitivity of the
global radiation budget to effective radius and found
that the warming effect of doubling CO2
concentrations could be offset by reducing the
effective radius by approximately 2 µm. Kiehl and
Briegleb [2] found that a number of known biases in
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description of the statistical methods for estimating
the parameters of the Gamma distribution. The
fourth section presents the evolution of effective
radius for some pixels from a thunderstorm-top
cloud. The fifth section presents the use of a proxy
variable for the parameters of DSD to detect the
warm rainy clouds. The sixth section presents some
conclusions and a summary of the paper, and the
Appendix
presents
some
mathematical
developments.

new cloud microphysics module described by
Saleeby and Cotton [5]. The new RAMS includes
two major features: 1) the activation of cloud
condensation nuclei (CCN) and giant CCN, and 2)
the inclusion of the Gamma distribution to model the
droplet size distribution (DSD). Comarazamy et al.
(2005) showed that this cloud microphysics module
significantly improved RAMS rainfall forecasts over
the western part of Puerto Rico.
Hansen [6] established a link between the DSD
and single scattering albedo at 3.4 µm. He pointed
out that the DSD is sufficient to identify cloud type
and different changes in the cloud state by means of
the polarization of reflective sunlight. He also
showed that the single scattering depends on the
DSD and on the real and imaginary parts of the
refractive index of the spheres. It is known that the
polarization for single scattering is sensitive to the
particle size at most scattering angles. This is
because the absorption coefficient of water at 3.4 µm
is such that the transmission of rays which are
refracted into the sphere varies significantly with
particle size.

2. Cloud droplet size distribution
The reflection function at a water (or ice)
absorbing channel in the near-infrared is primarily a
function of cloud particle size [8]. The reflection
function represents the albedo of the medium that
would be obtained from a directional reflectance
measurement. .
Cloud DSD is usually represented by different
mathematical models such as Lognormal, Gamma
and/or modified Gamma distribution ([8]; [6]; [9]
[10]). However, the modified Gamma distribution is
preferred over the Lognormal since the parameters
of the modified Gamma distribution are equal to
physical parameters which can characterize the
scattering of the size distribution [6]. The modified
Gamma distribution can be expressed as follows:

Lindsey and Grasso [7] discussed the
development of ice cloud effective radius retrieval
for ice clouds using three bands of the Geostationary
Operational Environmental Satellite (GOES) imager:
visible (0.65 µm), near infrared (3.9 µm), and
thermal channel (10.7 µm). They developed an
algorithm to compute ice cloud effective radius
retrieval for thick ice clouds. This algorithm offers
the possibility of monitoring the evolution of
thunderstorm-cloud top properties.

,

where r is the radius of a water droplet, assuming
that the water droplets have a spherical shape; a and
b are the parameters of the probability distribution
function, and L is a scaling constant that is necessary
for a probability distribution function. That is, in
order to be a probability density function the

Since the DSD plays a very important role in
climate models and in extracting cloud microphysics
properties from radiative retrieval algorithms, a
statistical analysis of this distribution is discussed in
this paper. The second section of this paper presents
a detailed description of the modified Gamma
distribution which is one of the preferred models for
representing the DSD. The third section presents
Monte Carlo simulation results of the DSD, and a
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(1)

following integral must be satisfied:
.
and so after solving the previous integral it can be
shown that

, where

is the

Gamma function defined as:
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.

1). The r is a random variable associated to the
radius of each water droplet. Thus, the effective
radius can also be defined as follows:

(2)

The parameter a is called the effective radius
and b is the effective variance. These parameters
have been selected in this way to have a physical
interpretation.
Thus, to properly interpret the
meaning of these parameters, the moment of the
order of the droplet size distribution will be
computed as follows:

(8)
Figure 1 shows the schematic representation of the
effective radius. Suppose there is a random sample
of droplet size from a modified Gamma population.
Suppose further that the average of the volume and
the average of the projected area of a sphere are
computed. Thus, the effective radius will be the
ratio of the two averages as shown in the Fig. 1.

(3)
Derivation of the formulas is given in appendix.
The expected (average) value of a droplet radius is:
(4)
The variance of the water droplet radius, which
is the expected deviation of each radius from the
typical radius, is:

Fig. 1. Graphical representation of effective radius
The effective variance can be defined as the
ratio of the expected deviation of the radius from
effective radius to the second moment of the DSD,
and can be expressed as follows:

It should be noted that the effective radius is
different from the expected radius and different from
the variance of the radius. The effective radius ( )
is defined as the ratio of the third and second
moment of the DSD:

(9)

(6)

It should be mentioned that the extra term
in
the numerator and
in the denominator of equation
(9) are required to make the
dimensionless and a
relative measurement of the droplet size variability.

It should be noted that the effective radius has a
geometrical interpretation: it is approximately equal
to the ratio of expected volume of a sphere with
radius r to the expected area of a circle of radius r.
This, ratio can be computed as follows:
=

It is also important to mention that the mean and
variance of the DSD are functions of the parameters
a and b. However, the effective radius and effective
variance are directly related to the single parameters
a and b, respectively. Therefore, since the mean (eq.
4) and the variance (eq. 5) of the DSD depend on
both a and b parameters (if
is fixed and only
changes or vice versa), this implies that the scale and

(7)

where
is the expected volume and
is the
expected area of water droplets that come from a
population with a modified Gamma distribution (eq.
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the shape of the probability distribution are
modified. This observation has a significant impact
on satellite retrieval algorithm of cloud properties
[9]. Figure 2 shows the behavior of the modified
Gamma distribution when effective variance is fixed
at 0.13 nd the effective radius ranges from 3 to 32
µm. Figure 3 shows the behavior of the DSD when
the effective radius is fixed at 12 µm, while the
effective variance varies from 0.05 to 0.3.
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To monitor the evolution of DSD from satellite
measurements it is required to extract from data the
best estimates for a and b. The most common values
for effective variance in satellite retrieval algorithms
are: for the Atmospheric Radiation Measurement
(ARM) program assumed DSD with an effective
variance value of 0.1 [11]; the International Satellite
Cloud Climate Project uses 0.15 [12]; and the
Moderate Resolution Imaging Spectrometer
(MODIS) team uses 0.13 [8]. Lindsey and Grasso
[7] used the following version of the Gamma
function:
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Fig. 3. Gamma DSD with
ranging from 3 to 32 µm.
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It should be mentioned that the variability of the
DSD is more sensitive to the change of the effective
radius than to the changes in the effective variance.
The effective radius in Figure 3 ranges from 0 to 40
µm whereas the range of radius in Fig 2 is from 0 to
20 µm. Therefore, controlling the DSD requires
monitoring both parameters a and b.

(10)
where D is the diameter of a droplet, A is a constant,
and α and β are parameters of the distribution. After
replacing D with 2r in eq. (10) and comparing eq.
(1) with eq. (10), it can be shown that

.

The fact that Lindsey and Grasso (2008) used α=1
implies that they used 0.25 as effective variance.
Figure 4 shows Gamma DSD’s using a fixed
effective radius at 16 and 50 µm and the most
common values of effective variance.

ISSN: 1109-2777

78

Issue 1, Volume 8, January 2009

Nazario D. Ramirez-Beltran, Robert J. Kuligowski,
Melvin J. Cardona, Sandra Cruz-Pol

WSEAS TRANSACTIONS on SYSTEMS

0.1

60
a=16 b=0.1
a=16 b=0.13
a=16 b=0.15
a=16 b=0.25
a=50 b=0.1
a=50 b=0.13
a=50 b=0.15
a=50 b=0.25

droplet size distribution: n(r)

0.08
0.07
0.06

50

40
frequncy

0.09

0.05
0.04
0.03

30

20

0.02

10

0.01
0

0

10

20

30
40
50
60
water droplet radius: r (microns)

70

80

0

0

5

10

15
20
radius (microns)

25

30

35
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values used in satellite retrieval algorithms.

Fig. 5.

3. Monte Carlo simulation and parameter
estimation

4. Evolution of droplet size distribution
from a thick ice cloud

Monte Carlo simulation techniques were used to
generate DSD’s. The synthetic data sets were
developed with the purpose of recreating the actual
DSD for different effective radius and effective
variance and also for illustrating the parameter
estimation procedure. Figure 5 shows the simulated
water DSD for 1000 water droplets with an effective
radius of 16 µm and effective variance of 0.13. The
maximum likelihood method was also used to
estimate the a and b parameters. It can be shown
that the maximum likelihood method provide
reliable estimates to the theoretical values. The
maximum likelihood estimate for a was 16.07 µm
and the estimate for b was 0.127. Thus, the expected
radius and the standard deviation of the radius are
11.98 µm and 4.94 µm, respectively.

Lindsey and Grasso [7] developed an effective
radius retrieval algorithm for thick ice clouds using
GOES. This algorithm works properly for clouds
with brightness temperature less than 233K.
Essentially, this algorithm computes the albedo at
3.9 µm and uses the geometric parameters such as
scattering angle and solar zenith angle to estimate
the effective radius. Albedo is based on the total
radiance of channel 2 (3.9 µm), solar irradiance, and
the equivalent black body emitted by thermal
radiation at 3.9 µm for a cloud at temperature T.
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Simulation of a water DSD for which
, and b=0.13.

The effective radius retrieval algorithm was used
to estimate the evolution of effective radius during a
thunderstorm that occurred during May 2005 over
the United States [13]. An arbitrary cloud pixel was
selected and the effective radius was estimated
during approximately three hours. Table 1 shows
the location of the pixel, the time and the effective
radius. Figure 6 shows the location of the storm and
the pixel. Figure 7 shows how the droplet size
distribution evolves during the study time interval.
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Table 1. Evolution of effective radius
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Fig. 7. Evolution of the DSD for pixel 1

5. Detection of warm rainy clouds
Most IR-based satellite rainfall algorithms have
been calibrated for very cold convective clouds, and
consequently often fail to detect warm rainy clouds,
especially over tropical areas, such as Puerto Rico.
For example, the Hydro-Estimator [14, 15, 16, 17]
was calibrated to estimate rainfall for clouds which
have brightness-top temperature below 235K.
It is known that precipitation processes in clouds
with warm tops are very sensitive to the
microphysical structure of their tops. Specifically,
precipitation processes are more efficient when
water droplets or/and ice particles grow to larger
sizes [18]. It has been shown that the uses of the
reflected portion of the near-infrared during the
daytime indicates the presence of large cloud-top
particles and suggest rain in warm-top clouds. Thus,
parameterization of the DSD can be used to detect
warm rainy clouds, and the parameterization should
estimate both the effective radius and variance.
There are algorithms to retrieve effective radius for
cold clouds [7]. However, algorithms to retrieve
both parameters (effective radius and variance) for
warm rainy clouds may not exist. Since substantial
research effort is required to develop an appropriate

. Figure 6. Effective radius and location of pixel 1.
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9 shows in blue the cold-rain pixels (≤235K) and in
red shows the warm-rain pixels (>235K). Pixels
with no rain are shown in white. The albedo for the
near-infrared channel (3.9-µm) was estimated using
the method described in [13]. An artificial neural
network (ANN) was trained to differentiate raining
(labeled as 1) from nonraining (labeled as 0) pixels
for a small sample of data. Two hours of data were
used for training and four hours for validation;
validation results are presented in Table 2.

procedure to retrieve the parameters of the DSD, an
indirect measurement of the parameters of the DSD
was implemented in this study. The albedo of
GOES channel 2 (3.9 µm) was used as a proxy
variable of the parameters of the DSD for warm
rainy clouds.
Preliminary work is presented here to show that
albedo has value for detecting warm rainy clouds. A
severe storm that occurred in Puerto Rico on
October 27-29, 2007 was selected, with a focus on
daytime scenes containing significant numbers of
raining pixels with 10.7-µm brightness temperatures
above 235K. The study area covers 121x121 radar
pixels with a grid size of 0.025o (2.6x2.8km). Rain
rate from radar was obtained every 6 or 7 minutes
for each pixel. Figure 7 shows the estimates of rain
rate based on radar reflectivity.

Fig. 8. Brightness temperature for the rainfall event
shown in Fig. 7.

Table 2. Validation results for warm rainy cloud
event using albedo.
HIT Rate
0.65
Fig. 7 Rain rate estimated from NEXRAD (Oct. 28,
2007).

FAR
.44

BIAS
1.70

To improve the warm-rain detection four
variables were added to the detection scheme:

GOES data were collected every 15 minutes and
comes at approximately 4x4km2 spatial resolution.
The collected data were organized at every 15
minutes; i.e., radar data were aggregated to match
the selected satellite data.

Visible reflectance from channel 1 (0.65 µm)
Brightness temperature from channel 4 (10.7µm)
Brightness temperature difference for 3.9µm 10.7-µm
Brightness temperature difference for 6.7µm 10.7µm

Figure 8 shows the brightness temperature
during the same time and space of Figure 7. Figure
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POD
0.51
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6. Conclusions
A statistical analysis of the modified Gamma
distribution is presented. It has been shown that the
mean and the variance of droplet radius are
expressed as functions of both parameters of the
distribution, a and b. However, the effective radius
and effective variance are expressed as a single
parameter of the distribution a and b, respectively.
The modified Gamma distribution is the
preferred cloud DSD because the major parameter
has a physical representation. The effective radius
represents the ratio of the typical volume to the
projected area.
It is required to estimate two parameters to
properly represent the cloud DSD. The evolution of
the DSD can be monitored by using effective radius
retrieval algorithms. GOES data provides the
possibility of monitoring the evolution of
thunderstorms because of the rapid refresh (every 15
minutes) over the Continental United States
(CONUS) and nearby regions and very short data
latency times.

Fig. 9. Rainy pixels from warm and cold clouds.

A variable selection algorithm [19] was used to
select the best variables. The selected variables
were: albedo, brightness temperature difference
(3.9µm – 10.7 µm), and brightness temperature of
channel 4 (10.7µm). An ANN was used to detect
the rain / no rain pixels and results are shown in
Table 3.

In the absence of an explicit retrieval of these
DSD parameters, albedo at 3.9 µm was used as a
proxy variable for the parameters and preliminary
results show that the explored algorithm is a
potential tool to enhance HE detection of rainfall
from relatively warm clouds.

Table 3. Validation results for warm rainy cloud
event using three variables.
HIT Rate
0.77

POD
0.72

FAR
.33

BIAS
1.08

7. Acknowledgements.

The 3-variable scheme shows a significant
improvement on the validation data over the 1variable scheme. No comparison was conducted
with the Hydro-Estimator (HE) because the HE was
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rainy cloud detection of the HE.
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moment of the distribution is

eq. (A2)

The variance of the radius can be computed as follows:
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The effective variance is defined as follows:

Consider
Consider only the numerator of (A9)

Using the following identity:
thus if

,

,

, Therefore,

eq.(A4) can be written as follows:

Replacing (A10) into (A9) the effective variance can
be written as follows:

Therefore, replacing (A5) into (A3) the variance of the
radius can be expressed as:

The effective radius can be computed as follows:

Using

, and

, it follows that

Therefore, (A7) can be written as follows:
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