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Abstract: - To apply effective methods to analyze and distinguish all kinds of response patterns is an important 
issue of nonlinear dynamics. This paper contributes to develop an alternative Poincaré section method to 
analyze and identify the whirl responses of a nonlinear oscillator. This integration for analyzing high-order 
harmonic and chaotic motions is used to integrate the distance between state trajectory and the origin in the 
phase plane during a specific period. This response integration process is based on the fact that the integration 
value would be constant if the integration interval is equal to the response period. It provides a quantitative 
characterization of system responses as the role of the traditional stroboscopic technique (Poincaré section 
method) to observe bifurcations and chaos of the nonlinear oscillators. However, due to the signal response 
contamination of system, the section points on Poincaré maps might be too close to distinguish, especially for a 
high-order subharmonic vibration. Combining the capability of precisely identifying period and constructing 
bifurcation diagrams, the advantages of the proposed method are shown by the simulations of a Duffing-Van 
der Pol oscillator. The simulation results show that the high-order subharmonic and chaotic responses and their 
bifurcations can be effectively observed. 
 
 
Key-Words: - Poincaré section method, Chaotic motion, Response integration, Bifurcation, Duffing-Van der 
Pol oscillator  
 
1 Introduction 
In recent twenty years, the problem of identifying 
and controlling chaos has become a hot topic in the 
field of physics, mechanics, engineering and other 
applied fields [1-7]. Because of the sensitivity of 
chaos to the system parameters and the initial value, 
identifying and controlling chaos has become 
important for nonlinear system. A strongly 
nonlinear system often exhibits a very complicated 
phenomenon including not only the periodic motion 
but also the quasi-periodic and chaotic motions. The 
identification of the aforementioned nonlinear 
behaviors is usually accomplished through the 
observation on bifurcation diagrams in terms of 
Poincaré section points with assistance of phase 
plane trajectories. Typical examples of the driven 
nonlinear oscillators are the Duffing oscillator and 
Van der Pol oscillator. The efforts for searching a 
better numerical method for nonlinear system have 
never ceased.  

The forced Duffing and Van der Pol oscillators, 
which are known to describe many important 
oscillating phenomena in nonlinear engineering 
systems, has been investigated extensively in the 
past decade [8-15]. Much work has already been 
done to investigate the characteristics of Duffing or 

Van der Pol oscillator [8, 11, 15]. Stability and 
Bifurcation studies have been carried out, for 
example, by Duffing oscillator [14, 15] and Van der 
Pol oscillator [8, 10]. Numerical investigations have 
provided examples of period doubling bifurcations, 
and chaotic attractors [10, 13, 14, 15]. 

In applying the incremental harmonic balance 
method, with the focus on a Duffing oscillator with 
zero linear stiffness, Leung and Fung [2] discussed 
the variation in the bifurcation points according to 
the system’s parametric changes and the boundaries 
of steady solutions of the system in 1989. In 1987, 
Parlitz and Lauterborn [8] used winding numbers to 
describe the dynamic behavior of the Van der Pol 
oscillator within the system and went on to explain 
its relationship to the system parameters. In 1996, 
Dooren and Janssen [9] had studied a Duffing 
oscillator under static and large periodic excitation 
by using the shooting method combined with the 
Newton method. They found that there are at least 
six cascades of period doubling subharmonic 
solutions in the amplitude of the periodic excitation 
fixed at specific values from bifurcation diagram. In 
1996, Xu and Jiang [10] also investigated the global 
bifurcation characteristics of the forced Van der Pol 
oscillator. 
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In 2000, Kim et al. [17] experimentally investigated 
the dynamic stabilization in a double-well Duffing 
oscillator. They found that as the amplitude of 
driving force increases through a threshold value, 
the unstable symmetric orbit was found to become 
stable via a reverse supercritical pitchfork 
bifurcation by absorbing a pair of stable symmetric 
orbits.  In 2004, a chaotic crisis in forced Duffing 
oscillators had been investigated by Hong and Xu 
[14] using the generalized cell mapping digraph 
method analyzed nonlinear system. They examined 
that the chaotic attractor together with its basin of 
attraction is suddenly destroyed as the parameter 
passes through the critical value, and the chaotic 
saddle also undergoes an abrupt enlargement in its 
size. However, such a detailed model is not always 
the most suitable approach if the main aim is to 
obtain efficient predictions of overall system 
dynamics.  

The intensive studies by many researchers have 
revealed many characteristics of the oscillators. 
However, it is still a difficult task to identify 
quantitatively for the high-order of harmonic 
responses due to the signal contamination of system 
response. However, an effective method for 
analyzing the high-order harmonic and chaotic 
motions in a Duffing-Van der Pol system has not 
been sufficiently investigated. For this purpose we 
propose a response integration method to analyze 
high-order harmonic and chaotic motions in the 
nonlinear models of periodically forced Duffing-
Van der Pol oscillator. This study contributes to the 
development of efficient integration method to 
analyze and identify the whirl responses of a 
nonlinear system. This integration method provides 
a quantitative characterization of periodic motion. It 
is a useful tool to observe the periodic motion which 
generally cannot be easily distinguished from either 
the orbit plot or the Poincaré map. It is shown that 
this method provides valuable information in 
bifurcation diagram such that the parameter range 
leading to chaos can be easily decided and the 
number of distinguishable time-domain responses 
can be determined. Since this method can filter 
combination and distinguish response pattern. Some 
examples are given to illustrate its effectiveness and 
convenience. 
 
2 Method of response integration 
algorithm 
The nonlinear, non-autonomous systems can be 
expressed in a nondimensional form of the first-
order differential equation as follows:  

( ),,~~
txf

dt
xd
=                                (1) 

where nRx ∈~  is the n-dimensional vector of 
nondimensional variables ； Rt∈  is a 
nondimensional time. 

An integration algorithm denoted by nTP  
integration which was defined by integrating 
integrand function and expressed by 

tdxxftP
nTct 

ct 
cnT ),()( ∫

+
= &                          (2) 

where the integrand function can be presented by 
)(),( txxxf =& , )(tx&  or )()( 22 txtx &+ .  

   The integrand represents the distance between 
trajectories and origin or trajectories and one of the 
coordinate axes in phase plane. )(tx  and )(tx&  are 
time histories of nondimensional displacement and 
velocity, respectively. t  is nondimensional time and, 

ct  is an arbitrary time for nondimensional 
parameters, taken at the time of steady-state. It is a 
changing index which is helpful to distinguish the 
system’s response period. The T  is the period of 
single excitation or the smallest common multiple 
period of multiple excitations. The integration 
interval nT  is set to be the predicted oscillating 
period. Constant TP  can be obtained from time 
history, when response is P-1 motion. Therefore, 
when the integration interval is set at nT  ( n is an 
integer larger than zero), it can be judged that the 
system periodic response is P-n motion, that is, the 
n-th is a subharmonic response. Moreover, if the 
integration interval is set as the excitation period, 
i.e., T , the results can be used to draw the 
bifurcation diagram of the rotor system. The 
extraction period is the same as Poincaré section 
method. 

When the period of n-th order subharmonic 
motion is nT , the steady state response has 

))(),((),( nTtxnTtxfxxf ++= &&              (3) 
Thus, integration nTP  of ),( xxf &  differentiating to 
time ct  gives 

))(),(()( nTtxnTtxf
dt

tdP
cc

c

cnT ++= &   

                0))(),(( =− cc txtxf &                          (4) 
Therefore, 

constanttP cnT =)(                          (5) 
or   0)()1( =−+= cnTcnTnT tPtPPΔ        (6) 

The method to differentiate the system responses 
with the response integration is based on the 
relations among extraction time ct  and integration 
interval nT . The analytical process of response 
integration is as the following: 
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1. First, an initial value n  is given and the 
integration interval is set as nT  where n  is an 
integer and T  is the excitation period of system. 
Furthermore, ct  will be varied to assist in the 
determination of the response period. 

2. The nTPΔ  integration versus ct  are calculated, 
and the nTc Pt Δ−  curve is drawn. If the 
integration nTPΔ  is not zero, then the index n  
should be changed, and the above steps are 
repeated. 

3. When the integration nTPΔ  is zero, the 
integration interval nT  is defined as n  times of 
excitation period; the system response is P-n 
periodic motion, i.e., n -order sub-harmonic 
vibration. If the index n  is changed constantly, 
no fixed integration value can be obtained, and 
the system response might be chaotic motion. 

As proof of the above for periodic motion, see 
Eq. (5) with period nT  the integral nTP  is constant 
against the starting time of integration. Thus, the 
period nT of a steady state response can be 
identified due to the existence of constant nTP . 
Moreover, the Poincaré section method requires 
more sampling numbers to eliminate the 
measurement noise. Based on the definition 
described as above, the response period which 
determined to apply the response integration method 
needs only to be within the time range. The 
extraction time range can be an arbitrarily small 
number. Therefore, when limited experimental 
measurement data are analyzed, it is more 
advantageous to use the response integration method. 
 
 
3 Simulation results and analysis 
 
 
3.1 Duffing-Van der Pol oscillator 
The representative nonlinear oscillator subjected to 
driving periodic force, evolved from mechanical 
system illustrated in Fig. 1, are considered as 
examples herein to demonstrate the usage and 
effectiveness of the proposed response integration 
method. The nonlinear oscillator used in this paper 
is from the Duffing-Van der Pol equation. The 
oscillator can be used to model rotor subjected to 
nonlinear damping and stiffness with external 
excitation. The Duffing-Van der Pol oscillator is one 
of the most common types of nonlinear oscillators 
and has many typical nonlinear phenomena [13, 18]. 
The governing differential equation of the nonlinear 
system can be written as  

)cos()( 5
3

3
21

2
321 tfxkxkxkxxcccxm ω=+++−+ &&&   

                            (7) 
where m  denotes the mass of the system; 1c , 2c  
and 3c  denote damping coefficients respectively; 1k , 

2k  and 3k  denote the stiffness coefficients 
respectively due to material nonlinearity; f  denotes 
the amplitude of the external harmonic force; ω  
denotes the whirling frequency. These parameters 
also control the nonlinearity of the oscillator. The 
dot denotes a differentiation with respect to time t . 
It is assumed that the above system parameters are 
dimensionless in the Duffing-Van der Pol equation. 
For 1=m  and 03 =c , Eq. (7) is a famous Duffing 
equation. For 1=m , 01 =c , 032 == kk , Eq. (7) is 
a famous Van der Pol equation.  

For performing numerical integration, the system 
equations are transformed into first-order form by 
introducing two variables 1x  and 2x . 

21 xx =& ,   
5
13

3
12112

2
13212 )({1 xkxkxkxxccc

m
x −−−−−=&     

     )}cos( φω ++ tf                                            (8) 
It is difficult to obtain the exact solutions directly. 
For this reason, the numerical simulations are 
performed by employing a fourth-order Runge-
Kutta algorithm and a smaller integration step are 
chosen to be smaller than =tΔ 200/2π  to ensure a 
steady-state solution. 
 
 

tf ωcos

x

)(xγ )(xk

m
4

3
2

21)( xkxkkxk ++=

x

)(xk

x

)(xγ
)()( 2

321 xcccx −=γ

 
Fig. 1. Duffing-Van der Pol oscillator model for 

rotor excitation. 
 
 
3.2 TP  integration bifurcation diagram 
analysis 
The bifurcation diagram is a very effective mean to 
reflect the motion change; the results obtained from 
the system exhibiting of non-linear behaviors may 
be presented. As mentioned earlier, an integration 
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algorithm denoted by nTP  integration which was 
defined by integrating integrand function. The 
integrand function can be presented by 

)(),( txxxf =& , )(tx&  or )()( 22 txtx &+ . To examine 
the system responses of the Duffing-Van der Pol 
oscillator compared with different integrand 
functions have been devised. The bifurcation 
diagrams with different integrand functions are 
shown in Figs. 2(a), 2(b) and 2(c). The bifurcation 
responses are calculated an increment 

410286.4 −×=fΔ  as the variation of the control 
parameter f . The forcing amplitude of the periodic 
excitation ranges from 95.1=f  to 25.2=f . As 
observed from these figures, the results show that 
the period doubling bifurcations and chaotic output 
responses in bifurcation diagram exhibit the similar 
forms of vibration. Our simulations in Fig. 2(c) 
show that the chaotic output responses have the 
larger scale in comparison with other two cases. 
Based on above results, in this paper we choose 

)()(),( 22 txtxxxf && +=  as the integrand function. 
 

f

)a(

 

f

)b(

 

f

)c(

 
Fig. 2 Bifurcation diagrams with different integrand 
functions, (a) )(),( txxxf =& , (b) )(),( txxxf && = , (c) 

)()(),( 22 txtxxxf && += ; 1=m , 47.01 =c , 0.12 =c , 
0.13 =c , 07.11 −=k , 48.32 =k , 14.13 =k , 0.1=ω .  
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Fig. 3 Plots of nTPΔ  integration with different 
integrand functions, (a) )(),( txxxf =& , (b) 

)(),( txxxf && = , (c) )()(),( 22 txtxxxf && += . 1=m , 
47.01 =c , 0.12 =c , 0.13 =c , 07.11 −=k , 48.32 =k , 
14.13 =k , 0.1=ω , 15.2=f .  

 

ω

(a)

 

ω

(b)

 
Fig. 4 Bifurcation diagrams with whirling frequency, 
ω  as the control parameter, (a) the response 
integration method; (b) Poincaré section method; with 
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15.01 =c , 0.12 =c , 8.03 −=c , 05.01 =k , 65.02 =k , 
26.03 =k ,  6.1=ω . 

 

f

(a)

 

f

(b)

 
Fig. 5 Bifurcation diagrams with forcing amplitude, f  
as the control parameter, (a) the response integration 
method; (b) Poincaré section method.  
 

The plots of nTPΔ  integration with different 
integrand functions as shown in Figs. 3(a), 2(b) and 
2(c) are also the same results. In order to validate 
the analysis results from the Response integration 
method, comparisons are made with Poincaré 
section method. Figs. 4(a) and 4(b) are the 
bifurcation diagrams drawn with both the response 
integration method and the Poincaré section method, 
using the whirling frequency as the control 
parameters. The whirling frequency ω  ranges from 
1.0 to 1.3 with a step of 0.0005. In these calculations, 
we choose the parameters as 1=m , 35.01 =c , 

0.12 −=c , 0.13 −=c , 15.01 =k , 65.02 =k , 
26.03 =k , 8.7=f . Similarly, the present method is 

evaluated by a comparison with Poincaré section 
method to show the excellent agreement. It can be 
seen that the motion is synchronous with period-one 
from 1.0 to 1.012, only one point is correspondingly 
shown in the bifurcation diagram for every whirling 
frequency. As the whirling frequency continues to 
increase, the motion suddenly goes into chaotic 
region from about 012.1=ω . When ω  increases 
further, at 116.1=ω , the response goes out of chaos 
and turns to period-three motion. Then, with further 
variations of ω , the response again goes to chaos at 

198.1=ω . When 272.1=ω , the response exits 
chaos and turns into period doubling bifurcations. 
Comparisons of the response bifurcations drawn 
with two methods are shown in Figs. 5(a) and 5(b). 

The bifurcation responses were calculated as the 
variation of the control parameter f . The forcing 
amplitude of the periodic excitation ranges from 

2.14=f  to 6.14=f . The response integration 
method is evaluated by a comparison with the 
Poincaré section method to show the excellent 
agreement with the same set of parameters as in 
Figs. 5(a) and 5(b). It can be seen that the 
bifurcations of the Poincaré section and the response 
integration methods almost show the same topology 
of the structure for the same system parameters. The 
bifurcation diagram shows that period doubling 
bifurcations initially occurs. For the values of 
ranging from 2.14=f  to 39.14=f , the period 
doubling bifurcations are found to proceed in these 
figures. The chaos occurs after the period-four, 
period-eight, suddenly and then, bifurcates to 
period-sixteen. Herein, the period doubling 
bifurcation plays an important role in the occurrence 
of chaotic attractors. As the f  continues to increase; 
the motion gradually enters into the region of chaos 
which remains from 14.39 to 14.6. Nevertheless, it 
is sometimes difficult to identify the period 
doubling bifurcation of system using the Poincaré 
section method to strobe Poincaré section points in 
Fig. 5(b). Conversely, when the response integration 
method is used, the period doubling bifurcation 
characteristics can clearly be observed in the 
bifurcation diagram shown in Fig. 5(a). It can be 
seen that the system exhibits very rich forms of 
periodic and chaotic vibrations. 
 
 
3.3 Comparisons with response integration 
and the Poincaré section methods 
The Poincaré section is a stroboscopic picture of a 
motion and consists of the time series at a constant 
interval of T , with T  being the period of excitation. 
The corresponding Poincaré map is a combination 
of those return points and these discrete points are 
often called an attractor. Examination of the 
distribution of return points on the Poincaré map can 
reveal the response of motion. In case of a periodic 
motion, the n  discrete points on the Poincaré map 
indicate that the period of motion is the P-n. For a 
chaotic motion, the return points form a 
geometrically fractal structure.  

Figs. 6-10 show the plots of nTPΔ  integration and 
the Poincaré map with various forcing amplitudes. 
In these calculations, we choose the parameters as 

1=m , 15.01 =c , 0.12 =c , 8.03 −=c , 05.01 =k , 
65.02 =k , 26.03 =k ,  6.1=ω . In the analysis of 

the Poincaré section method, the extraction time 
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equals to the external excitation period of 
ωπ /2=T . When 2.14=f , Fig. 6(a) shows nTPΔ  

integration value versus ct  with integration duration. 
The nTPΔ  integration value appears zero as 
continuously varying ct  at 4=n . This figure clearly 
illustrates the system response to be a period-four 
motion. At this time, the motion is a periodic motion 
and there is four points in the Poincaré map as 
shown in Fig. 6(b). At 35.14=f , due to a few 
Poincaré section points being too close, that is, the 
contamination of the signal response, thus it is 
difficult to identify the order of the subharmonic 
motion as shown in Fig. 7(b). But from Fig. 7(a), the 
plot of nTPΔ  integration, we can differentiate the 
motion clearly to be a subharmonic motion with 
period-eight. Similarly, at 38.14=f  it is also 
difficult to identify periodic responses; this is due to 
some Poincaré section points being too close. 
Details are as shown in Fig. 8(b). But what we can 
easily observe is that the motion is a sub-harmonic 
vibration with period-sixteen. As f  are increased to 
14.45 and 14.55, it is found that the nTPΔ  
integration values never keep zero as continuously 
varying ct  even with the integration interval set very 
large as shown in Figs. 9(a) and 10(a). It indicates 
that responses are not periodic motions. The results 
of the Poincaré section method also show the 
responses to be chaotic motions as shown in Figs. 
9(b) and 10(b). It can be seen that a period doubling 
route to chaos for a selection of f  when another 
system parameters are fixed. The Duffing-Van der 
Pol system also represents the complex dynamic 
characters at different forcing amplitudes obviously. 
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Fig. 6 Plots of nTPΔ  integration (left) and Poincaré 
map (right) with 2.14=f . 
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Fig. 7 Plots of nTPΔ  integration (left) and Poincaré 
map (right) with 35.14=f . 
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Fig. 8 Plots of nTPΔ  integration (left) and Poincaré 
map (right) with 38.14=f . 
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Fig. 9 Plots of nTPΔ  integration (left) and Poincaré 
map (right) with 45.14=f . 
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Fig. 10 Plots of nTPΔ  integration (left) and Poincaré 
map (right) with 55.14=f . 
 
 
3.4 The effect of damping and stiffness 
parameters analysis 
Damping is also one of the main factors affecting 
dynamic characteristics of nonlinear systems.  
Bifurcation diagrams shown in Fig. 11 was plotted 
in the form of TP  integration to be as a function of 
the f  with the variation of damping parameter 1c . 
In the range 0.70.3 << f , the bifurcations of the 
system are illustrated for damping parameters 1c  of 
0.55, 0.60, 0.70 and 0.75. As obvious from 
bifurcation responses shown in Fig. 11, increasing 

1c  can reduce the response amplitude and narrows 
the chaotic zone. It is further observed that as the 
value of 1c  is increased from 0.55 to 0.60, the 
chaotic zone, where f  is varied in the range 

1.66.5 << f , gradually disappear. For the case of 
70.01 =c , the chaotic zone in the half-left interval, 

i.e., 8.43.4 << f  was also narrowed in Fig. 11(c). 
For the case of 75.01 =c  in particular, the chaotic 
zones entirely disappear in Fig. 11(d). It can be seen 
that the system represents the complex dynamic 
characters at different damping coefficients 
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obviously. The chaotic zones gradually disappear 
when the damping parameter is increased. This 
feature indicates that the damping effect is relatively 
sensitive to the dynamic responses of a system. The 
effect of changing stiffness parameter is also 
investigated in this paper. 
 

f

55.0(a) 1 =c

f

60.0(b) 1 =c

 

f

70.0(c) 1 =c

f

75.0(d) 1 =c

 
Fig. 11 Effect of damping coefficient, 1c  on the 
system responses of bifurcation diagrams using the 
response integration method with 0.12 −=c , 

0.13 −=c , 08.01 =k , 65.02 =k , 26.03 =k ,  
0.1=ω . 

 
Bifurcation diagrams shown in Fig. 12 was 

plotted in the form of TP  integration to be as a 
function of the f  with various stiffness parameters 

1k . For a lower stiffness value of 08.01 =k , it is 
clearly seen that there are several chaotic regions 

occur in the ranges 17.466.3 << f , 76.555.4 << f , 
38.631.6 << f  and 0.746.6 << f . As obvious from 

bifurcation responses shown in Fig. 12, increasing 
1k  also reduces the response amplitude and narrows 

the chaotic zone. It is observed that as the value of 
1k  is increased from 0.08 to 0.36, the chaotic zones 

gradually decrease. When 1k  increases further, at 
52.01 =k  as shown in Fig. 12(c), the chaotic regions 

are found to turn into two from three. Then, with 
further variations of 1k , Fig. 12(d) shows that the 
chaotic zones disappear and the level of vibration is 
lower when the stiffness is larger (at 75.01 =k ).  
 

f

08.0(a) 1 =k

f

36.0(b) 1 =k

 

f

52.0(c) 1 =k

f
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Fig. 12 Effect of stiffness coefficient, 1k  on the system 
responses of bifurcation diagrams using the response 
integration method with 15.01 =c , 0.12 −=c , 

0.13 −=c , 65.02 =k , 26.03 =k ,  0.1=ω . 
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Fig. 13 Phase portrait, Poincaré map and nTPΔ  
integration plot for 55.01 =c . 
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Fig. 14 Phase portrait, Poincaré map and nTPΔ  
integration plot for 70.01 =c . 
 

Figs. 13-14 show the phase portrait, the Poincaré 
map and the plots of TnPΔ  integration with various 
damping parameters, 55.01 =c  and 70.01 =c . In 
these calculations, we choose the other parameters 
as the same with Fig. 11. The chaotic motion .was 
plotted for 55.01 =c  and the periodic motion for 

70.01 =c . When 55.01 =c , the phase portrait also 
shows irregular motion as shown in Fig. 13(a). 
There are strange attractors representing chaotic 
motion in the Poincaré map as shown in Fig. 13(b). 
Furthermore, the TnPΔ  integration values never keep 
zero as continuously varying ct  even with the 
integration interval set very large ( 23=n ) as shown 
in Fig. 13(c). It indicates that responses are not 
periodic motions. When 70.01 =c , the motion is 

regular and periodic as the phase portrait shown in 
Fig. 14(a). There is four points in the Poincaré map 
as shown in Fig. 14(b). Therefore, the system 
response is a period-four motion. The result is the 
same as the plot of TnPΔ  integration as shown in Fig. 
14(c). 
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Fig. 15 Phase portrait, Poincaré map and nTPΔ  
integration plot for 08.01 =k . 
 

Figs. 15-16 show the phase portrait, the Poincaré 
map and the plots of TnPΔ  integration with various 
damping parameters, 08.01 =k  and 36.01 =k . In 
these calculations, we choose the other parameters 
as the same with Fig. 12. When 08.01 =k , the phase 
portrait also shows irregular motion as shown in Fig. 
15(a). The chaotic response keeps active. As 
observed from Figs. 15(b), the results of the 
Poincaré section method also show the responses to 
be chaotic motion. At this time, it is found that the 

TnPΔ  integration values never keep zero as 
continuously varying ct  even with the integration 
interval set very large ( 24=n ) as shown in Fig. 
15(c). When 36.01 =k , It can be seen from the Figs. 
16(a) and 16(b) that the system vibration is period-
three motion. The result is the same as the plot of 

TnPΔ  integration as shown in Fig. 16(c). This 
feature indicates that the stiffness effect is relatively 
sensitive to the dynamic responses of a nonlinear 
system. From above results, it is concluded that the 
stiffness and damping of the system can effectively 
suppress chaotic vibration and reduce vibration 
amplitude. 
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Fig. 16 Phase portrait, Poincaré map and nTPΔ  
integration plot for 36.01 =k . 
 
 
4 Conclusions 
This study proposes the response integration 
algorithm to analyze the vibration responses of a 
Duffing-Van der Pol oscillator with periodic 
excitation. This method numerically integrates the 
distance between state trajectory and the origin in 
the phase plane during a specific period. It provides 
a quantitative characterization of system responses 
and can replace the role of the traditional 
stroboscopic technique (Poincaré section method) to 
observe bifurcations and chaos of the nonlinear 
oscillators. Utilizing the nTP - integral quantity 
analytical method, the periodic response of the 
system can be clearly and simply drawn. It is a very 
useful tool to observe vibration responses which 
generally cannot be easily distinguished from the 
time history, the phase portrait and the Poincaré 
map. Due to the signal response contamination of 
system, thus it is difficult to identify the high-order 
responses of the subharmonic motion because of the 
sampling points on Poincaré map too near each 
other. Even the system responses will be made 
misjudgments. The response integration method is 
used to analyze nonlinear system. When nTP  (or 

0=nTPΔ ) is a fixed constant, the system response is 
periodic motion according to the definition of the 
response integration method. Such characteristics 
can avoid the disturbances described above. 
Therefore, it is more advantageous to use this 
method for analysis regarding limited measuring 
data or numerical simulation.  

In this paper we have inspected the nTPΔ  
integration plot and TP  integration bifurcation 
diagram to identify responses of a nonlinear 

oscillator in some cases. Applying this method, the 
effects of the change in the stiffness and the 
damping coefficients on the vibration features are 
investigated. With variation of system parameters, 
such as damping, stiffness, whirling speed and 
external forcing amplitude, chaotic response can be 
observed, along with other complex dynamics such 
as period- doubling bifurcation in the response. The 
numerical simulated results show that the response 
integration technique will be available to observe 
bifurcations and chaos of the nonlinear oscillator 
effectively and can precisely identify high-order 
subharmonic motion. By applying our proposed 
method and combining with the GA method, the 
control and synchronization of chaos in nonlinear 
dynamical systems are also interesting topics for 
future studies. 
 
 
Acknowledgements 
This work had supported by the National Science 
Council of R.O.C. with grant No. NSC-92-2212-E-
033-016 and R&D Center for Membrane 
Technology in CYCU due to the center-of-
excellence program from the Ministry of Education 
of R.O.C. 
 
 
References: 
[1] Thompson, J. M. T., Stewart H. B., Nonlinear 

dynamics and chaos, Chichester: Wiley; 1986. 
[2] Leung, A. Y. T., and Fung, T. C., Construction 

of Chaotic Regions, Journal of Sound and 
Vibration, Vol. 86, 1989, pp. 445-455. 

[3] Jackson, E. A., Perspectives of Nonlinear 
Dynamics, Cambridge University Press, New 
York, 1991. 

[4] Holmes , J., P., Nonlinear Oscillation and 
Bifurcation of Vector Fields, Springer, New 
York, 1993. 

[5] Lakshmanan, M., and Murali, K., Chaos in 
Nonlinear Oscillators: Controlling and 
Synchronization, World Scientific, Singapore, 
1996. 

[6] Lei, Y. M., and Xu, W., Chaos control by 
harmonic excitation with proper random phase, 
Chaos, Solitons & Fractals, Vol. 21, 2004, pp. 
1175-1181. 

[7] Kyprianidis, I. M., Volos, Ch. K. and 
Stouboulos, I. N., Suppression of chaos by 
linear resistive coupling, WSEAS Trans. on 
Circuits and Systems, Vol. 4, 2005, pp. 527-
534. 

[8] Parlitz, U., and Lauterborn, W., Period-
Doubling Cascades and Devil’s Staircases of 

WSEAS TRANSACTIONS on SYSTEMS Jang-Der Jeng, Yuan Kang and Yeon-Pun Chang

ISSN: 1109-2777 756 Issue 6, Volume 7, June 2008



the Driven Van der Pol Oscillator, Physical 
Review A, Vol. 36, 1987, pp. 1428-1434. 

[9] Dooren, R. V., and Janssen, H., A Continuation 
Algorithm for Discovering New Chaotic 
Motion in Forced Duffing Systems, Journal of 
Computational and Applied Mathematics, Vol. 
66, 1996, pp. 527-541. 

[10] Xu, J. X., and Jiang, J., The global bifurcation 
characteristics of the forced Van der Pol 
oscillator, Chaos, Solitons & Fractals, Vol. 7, 
1996, pp. 3-19. 

[11] Aguirre, J., and Sanjuán, M. A. F., 
Unpredictable behavior in the Duffing 
oscillator: Wada basins, Physica D, Vol. 171, 
2002, pp. 41–51. 

[12] Acho L., Rolon, J. and Benitez, S. A., Chaotic 
oscillator using the Van der Pol dynamic 
immersed into a jerk system. WSEAS Trans. on 
Circuits and Systems, Vol. 3, 2004, pp. 198–
199. 

[13] Qun He, Wei Xu, Haiwu Rong, Tong Fang, 
Stochastic bifurcation in Duffing-Van der Pol 
oscillators, Physica A , Vol. 338, 2004, pp. 
319-334. 

[14] Hong, L. and Xu, J., A Chaotic Crisis between 
Chaotic Saddle and Attractor in Forced Duffing 
Oscillators, Communication in Nonlinear 
Science and Numerical Simulation, Vol. 9, 
2004, pp. 313-329. 

[15] Jing, L., and Wang, R., Complex dynamics in 
Duffing system with two external forcings, 
Chaos, Solitons and Fractals, Vol. 23, 2005, pp. 
399-411. 

[16]  Volos, Ch. K., Kyprianidis, I. M. and 
Stouboulos,, I. N., Synchronization of Two 
Chaotic Duffing-type Electrical Oscillators, 
Proceeding 10th WSEAS International 
Conference on Circuits and Systems, 2006, 
pp.179-184. 

[17] Kim, Y., Lee, S. Y., and Kim, S. Y., 
Experimentally observation of dynamic 
stabilization in a double-well Duffing oscillator, 
Physics Letters A, Vol. 275, 2000, pp.254-259. 

[18] Kakmeni, F. M. M., Bowong, S., Tchawoua, C., 
and Kaptouom, E., Strange attractors and chaos 
control in a Duffing-Van der Pol oscillator with 
two external periodic forces, Journal of Sound 
and Vibration, Vol. 277, 2004, pp. 783-799. 

WSEAS TRANSACTIONS on SYSTEMS Jang-Der Jeng, Yuan Kang and Yeon-Pun Chang

ISSN: 1109-2777 757 Issue 6, Volume 7, June 2008



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




