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Abstract: - This paper presents a preliminary study of the quality of lathes using Data Envelopment 
Analysis (DEA) as a multicriteria tool. Its purpose is to aggregate several measurements that show 
geometrical errors to obtain one single measurement that will be free of subjective opinions. Due to 
the small number of DMUs, additional techniques other than the DEA CCR model (super efficiency, 
cross-evaluation, inverted frontier and weights restrictions) are reviewed and used to differentiate 
between otherwise identical efficiency scores. The specificity of this problem required some changes 
in the above-mentioned methods. The models were applied to four lathes at the Fluminense Federal 
University Machine Shop. 
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1 Introduction 
The surface finish and geometrical deviations of a 
part being manufactured must satisfy design 
requirements, which demand rigorous standards in 
many cases. This depends on the quality of the 
machine tool being used. Thus, the increasing 
demand for better quality components has led to 
considerable research, to improve and maintain the 
performance of machine tools [1-4]. Thus machines 

lie at the heart of almost all manufacturing systems 
[5]. 

In order to improve quality, means are needed to 
measure it. The quality of a machine tool depends 
on several factors and, therefore, the quality 
measurement considers multiple criteria, which 
higher or lower importance is necessarily subjective 
and dependent upon the decision-maker’s opinion. 

To obtain a more reliable measurement, it is 
advisable to use a method that allows considering 
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several factors with the least subjectivity. Data 
Envelopment Analysis (DEA) [6] allows this kind of 
evaluation, since the different factors under analysis 
are weighted by solving linear programming 
problems to compose an efficiency score without 
any decision-maker’s subjective interference. 
Nevertheless, this method can not organise plainly 
the options owing to the existing identical efficiency 
scores. So, advanced models are required [7], [8] 
and [9].  

In this paper, we use four of these models: Super 
efficiency [10], Weight Restrictions [11], Cross 
Evaluation [12, 13] and Inverted Frontier [14-16]. 
We have done some theoretical variations relative to 
the classic models, which are better suited to this 
problem. The DEA models are applied to evaluate 
four lathes belonging to the Fluminense Federal 
University Machine Shop. Those machines are quite 
old ones and used only for teaching purposes. 
 
 
2 Machine Tool Metrology 
 
2.1 Main Aspects 
When manufacturing a component an engineer has 
to be aware of the machine tool operating 
performance, in order to reduce costs. Together with 
other precautions to avoid stoppages and failures, 
machine tool quality control is an important part of 
any organized production system. It measures the 
deviations that occur in the machine and their 
influences in the manufacturing tolerances. This 
determination must be objective and exact, and 
should involve, acceptance and comparison tests and 
periodic checking. 

This evaluation is needed to guarantee that the 
machine follows the quality patterns required by the 
appropriate standards.  

According to [1], experts estimate that 60-90% of 
the total quality costs are the result of internal 
failures. Some of these intrinsic internal failure costs 
can be estimated by a machine tool previous 
evaluation. A machine tool functional evaluation 
allows to: 
– Detect errors while they are still small and do 

not affect the product quality; 
– Know the manufacturing tolerances that are 

allowed for the part to proceed to a new 
production stage; 

– Set the machine to quality standards, making it 
possible to standardise the production; 

– Detect errors before they bring about serious 
damage to the machine itself; 

– Plan the machine stoppages to correct the errors; 

– Offer a safe base to decide either the recovery or 
substitution of the machine and its respective 
cost. 

This evaluation is based upon a permanent 
control of the machine throughout its useful life. 
The fundamental goal of this analysis is to minimise 
the machine tool geometric errors, which generate 
non-conforming parts. 

The increasing demand for better quality 
components has led to considerable research, to 
improve and maintain the performance of machine 
tools [17]. The machine tools manufacturers are 
requested more and more to reduce the time of 
component production and to improve their quality. 

Part manufacture quality must depend solely on 
the following factors: 
– Rigidity of machine, component and clamping 

devices; 
– Alignment of the component; 
– The quality and accuracy of the motor and 

control devices; 
Each machine is submitted to acceptance tests 

relative to these items. The accuracy of machine 
tools is tested by means of geometric verifications 
and practical tests [18]. The geometric verifications 
evaluate the alignment of the several parts of a 
machine tool and are carried out whilst the machine 
is not in operation. The practical tests, that is the 
alignment tests, are carried out whilst the machine 
are in operation and shall be no concern of this 
paper.  

Some measurements are chosen to evaluate the 
accuracy of each machine. Even one single 
measurement can be repeated at different points, 
thus supplying a series of evaluation criteria. 
Unitary output DEA models are able to synthesise 
these measurements in a single evaluation criterion, 
as explained in section 3. Special consideration will 
be given to the parallelism between the tailstock and 
the saddle guides in the following section.  
 
2.2 Parallelism of tailstock and saddle guides 
This test checks whether cylinders of different 
lengths have the same diameter deviation between 
both ends. In machines in use, it allows to measure 
the wear of the slide bars in relation to the tailstock 
guides. It can be expected that the wear in the slide 
bars is concentrated in the region next to the 
headstock, while the wear of the tailstock guide will 
be greater near the end of the bed. 

The method of measurement is the following 
(Figure 1): 
– The dial is fixed at the saddle; 
– The sensor of the dial touches the tailstock 

guide near its end where the wear is the greatest; 
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– The saddle is displaced. At every 100 mm a reading of the dial is recorded. 
 

 
Figure 1 

 
 
3 Data Envelopment Analysis 
DEA measures the efficiency of productive units, 
named Decision-Making Units (DMUs), in the 
presence of multiple inputs (resources or production 
factors) and multiple outputs (goods or products). In 
this paper, the DEA model used is the CCR, also 
known as CRS, or constant returns to scale [6]. Its 
mathematical formulation considers that each DMU 
k, k = 1,..., n, is a production unit that uses m inputs 
i, xik, i = 1,..., m, to produce s outputs j, yjk, j = 1,..., 
s. This model maximises the ratio between the linear 
combination of outputs and the linear combination 
of inputs, the constraint being that, for any DMU, 
this quotient cannot be bigger than 1. 

This model can be turned into a Linear 
Programming Problem (LPP) presented in (1), 
where ho is the efficiency of the DMU o under 
analysis; xio and yjo are inputs and outputs of the 
DMU o; vi and uj are the weights calculated by the 
model for inputs and outputs.  
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Although DEA models have the advantage of 
ranking DMUs with no dependence on the decision-
makers’ opinions, they are favourable to the 
evaluated units. These can be efficient even not 
considering several evaluation criteria, which means 
that those weights are nil. Thus, it is usual to have a 
great number of units, which are 100% efficient. To 
obtain a tie free ranking as possible the total number 
of units must be, at least, the double or the triple of 
the number of variables. In the present paper, the 
number of variables is greater than the number of 
units. Such a situation does not hamper the use of 
DEA, but it is advisable the use of additional 
techniques to increase the discrimination among 
them. A review of these techniques can be found in 
[7] or [8]. 
 
 
4 Modelling 
The DEA CCR model was used to evaluate the four 
lathes considering the parallelism measured between 
guides. The use of classic DEA model allows the 
efficiency for each lathe to be found only by taking 
into account its best operation band. 

The deviations in parallelism are now assumed to 
be the price to pay for the lathe to function, and thus 
become the inputs. In a non-operating evaluation, 
there are no outputs, as nothing is produced. This is 
a situation that leads to paradoxes [19], which can 
be avoided by assuming that for all the lathes there 
is but one single output whose value is one. The 
output represents, thus, the very existence of the 
lathe, an approach supported by [20]. These models 
are equivalent to a particular weight sum 
multicriteria model in which every alternative acts 

WSEAS TRANSACTIONS on SYSTEMS J. C. Soares De Mello, E. G. Gomes, L. A. Meza, F, R, Leta 

ISSN: 1109-2777
512

Issue 5, Volume 7, May 2008



as if it ascribes weights to each criterion, ignoring 
any opinion of an eventual decision-maker. Other 
models with unitary inputs or outputs are studied by 
[21] and used by [22]. Thus, DEA is used here only 
as a multicriteria tool, and not as a measure of 
classic efficiency neither as a benchmarking tool. 
Studies on this type of use for DEA can be found in 
[23], [24], [25], [26],  [27] [28] and [29]. 

Table 1 condenses the data used. The measures 
between 0 and 100 mm are ignored, as they present 
similar and small errors that do not contribute to 
differentiate one lathe from another. We have made 

the assumption that all the data were known exactly, 
i.e., the errors are so small that can be ignored. If 
this was not possible, we would need to use a 
different DEA model in order to deal with imprecise 
data, for instance the model used in [30] and [31].  

Regarding the numerical aspects, this problem is 
very simple due to the presence of only 4 DMUs. If 
a large number of DMUs is present on the problem. 
We shall use high speed algorithms for DEA such us 
[32, 33]. 
 
 

Table 1 
Output Inputs DMU “Existence of the lathe” d200 d300 d400 d500 

T1 1 35 58 52 35 
T2 1 2 5 40 50 
T3 1 10 30 48 49 
T4 1 25 40 35 22 

 
 
Table 2 presents the results of the classic DEA CCR 
model.  The mathematical linear programme for 
Lathe T1 is in (2). This programme is called the 
multipliers formulation. 
 

o

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

max  h u
subject to
35v 58v 52v 35v 1
u 35v 58v 52v 35v 0
u 2v 5v 40v 50v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
u,v ,v ,v ,v 0

=

+ + + =
− − − − ≤
− − − − ≤
− − − − ≤
− − − − ≤

≥

  (2) 

 
There is a tie between DMUs T2 and T4. To 
differentiate between these two efficient DMUs, 
additional models must be used. 
 

Table 2 
DMU Efficiency (%) 

T1 67,8 
T2 100,0 
T3 85,7 
T4 100,0 

 
 

5 Improving Discrimination between 
Efficient Units 
 
5.1 Theoretical formulation 
In [7] is presented a review of models to increase 
discrimination in DEA. The authors separate these 
models in two big groups: models that incorporate a 
priori information, and models that do not use any a 
priori information for its calculations. In the first 
group, there are weight restrictions models and a 
DEA model originated by a fusion with multicriteria 
decision making, called Value Efficiency Analysis. 
Three models compose the second group: Super 
Efficiency, Cross Evaluation and Multiobjective 
DEA models. 

In this paper, were chosen four models to 
increase discrimination in addition to DEA CCR 
classic model and the results are compared. The 
models employed, super efficiency, weight 
restrictions, cross evaluation and inverted frontier, 
are described succinctly in the following 
subsections. It is important to notice that the 
inverted frontier, as used here, is a new approach not 
described in [7]. 
 
5.2 Super Efficiency 
The basic idea of this model is to compare the DMU 
being evaluated with a linear combination of all the 
other DMUs excluding the above mentioned DMU 
[34]. Thus, due to the fact that the DMU being 
evaluated is removed from the set of the comparison 
units, the resulting efficiency score can be bigger 
than 100%. As this model allows DMUs to get 
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efficiency scores bigger than 100%, it manages to 
untie the efficient units. This method’s major 
advantage is supplying discrimination among 
efficient units, without modifying the ranking of the 
inefficient ones. The drawback is that the order 
obtained depends only on local conditions of the 
efficient frontier, not on the general properties of the 
DMUs or the frontier. Furthermore, the authors in 
[35] noticed that the super efficiency model is god 

for outlier identification but rather unsatisfactory to 
rank efficient DMUs. Besides, the model can lead to 
unfeasibility [36, 37]. Nevertheless, we include this 
model in this study for comparison purposes only. A 
study where such an approach was used to rank 
technologies can be found in [38] 

Figure 2 shows an example in which the 
evaluation of DMU C is presented using the super 
efficiency model. 

 

C’
C
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A
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I2/O

 
Figure 2 

 
 

 
In (3), the linear programming model (called 
envelope formulation) for the super efficiency 
calculation is presented. 
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In this model, θ is the efficiency; e is a unitary 
vector; xk and yk represent, respectively, the set of 
inputs and outputs; λk represents the contribution of 
DMU k in composing the target for DMU under 
evaluation. 
 

5.3 Weights Restrictions 
When there are value judgements about the relative 
importance of inputs and/or outputs, these 
judgements can be incorporated into the DEA 
models through weight restrictions associated to the 
DMUs inputs and/or outputs. In [11] is presented a 
complete survey of the evolution of value 
judgements incorporation using weights restrictions.  
These restrictions can be divided in three groups: 
direct restrictions on the multipliers; adjustment of 
the observed levels of input-output to capture of the 
value judgements; and restriction to virtual inputs 
and outputs. This last one often requires a lot of 
information from the decision maker. Some 
multicriteria techniques may be needed to help the 
decision agent to properly express its preferences 
[39]. 

In this paper, direct weights restrictions are 
employed. In this approach, initially developed by 
[40], and generalised by [41], we impose numerical 
bounds to the weights, also called multipliers, with 
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the objective of neither overestimating nor ignoring 
inputs and outputs in the analysis. 

Let  be the numerator of the 

objective function in the original formulation, in 
which I

∑=
i

ioio xvI

o is the virtual input consumed by the DMU 
o. The limits imposed to the inputs and outputs 
multipliers, vi and uj, are given by the relations 
presented in (4), where II, SI, IO, SO are the inferior 
and superior limits for inputs and outputs. 
 

iii

iii

SOuIO
SIvII
≤≤
≤≤

  (4) 

 
This kind of restriction can lead to an unfeasible 

model, because the need to establish an upper bound 
to an input weight implies a threshold for the virtual 
input of the remaining variables. In this paper the 
maximum values that do not lead unfeasible models 
are searched by trial and error. 
 
5.4 Cross Evaluation 
The idea behind Cross Evaluation, introduced by 
[42] and extended by [13], is a peer evaluation. This 
means that in Cross Evaluation DMUs are self-
evaluated (classic DEA) and are also evaluated by 
the other DMUs. This is achieved using the 
optimum weights given by the classic model. One 
can say that, while in classic DEA each DMU is 
evaluated only from its own point of view, in Cross 
Evaluation it is also evaluated from the other DMUs 
points of view. Finally, Cross Efficiency is the 
average of all DMUs points of view.  

There are a lot of papers on the use of cross 
evaluation. For instance, in [43] were used cross 
efficiencies as an alternate methodology for 
technology selection and in [44] it was used for 
educational evaluation. 

On the other hand, the linear programming model 
that determines the efficiency score of each DMU 
can have multiple optimal solutions, that is, the 
weights (or multipliers) could not be unique. To 
choose among the several possible weights for each 
DMU, a new model is formulated where the weights 
must minimise the efficiency score (aggressive 
formulation) or, in contrast, maximise it (benevolent 
formulation), when these weights are applied to the 
other DMUs. In [13] was  established the model (5) 
for weights calculation in the aggressive 
formulation, where the efficiency of DMU s using 
the DMU k weights is given in (6). 
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This approach forces the decision-maker to choose 
one of the formulations (aggressive or benevolent 
one). This fact contradicts the main characteristic of 
the cross evaluation method that is to minimise the 
interference of the decision-maker in the efficiency 
calculation process. However this is not an 
important drawback, since, almost always, both 
formulations lead to the same ranking.  

A DEA model that assigns single weights to the 
extreme efficient DMUs was proposed by [45] and 
[46] through the use of a smoothed DEA frontier. 
An alternative approach is the one proposed by [47], 
which evaluates the average weights for each 
variable and, in sequence, the efficiency of each 
DMU with these weights. The theoretical 
foundations for the use of average weights instead 
of average efficiencies are given by [34], who 
proved that the cross evaluation method is 
equivalent to a fixed weight sum, when using one 
input and multiple outputs.  
 
5.5 Inverted Frontier 
The fourth model used for improving discrimination 
among the units is the inverted frontier. The concept 
of inverted frontier was initially proposed by [48]; it 
was adapted by [14] and [49] to evaluate each DMU 
pessimistically to obtain an interval efficiency. In 
[15] was used the inverted frontier as a opposite 
point of view, i.e., the classic DEA frontier 
represents the DMUs efficient for sellers and the 
inverted frontier represent the buyers points of view. 
The SIAD software [16] uses the inverted frontier to 
build an index for improving discrimination in 
DEA. The inverted frontier concept consists of 
considering outputs as inputs and inputs as outputs 
and, thus, determines DMUs with the worst 
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managerial practices (and so we call it an inefficient 
frontier). In this paper, we use the inverted frontier 
as used in [16], [50] and [51]. 
 Therefore, to establish a ranking of DMUs a 
composed efficiency score is calculated, that is the 
arithmetic average between the efficiency relating 
the original frontier and the inefficiency (1 minus 
efficiency) relating to the inverted frontier. This 
score can be presented in a normalised form, just by 
dividing all efficiency scores by the biggest 
calculated score. Figure 3 shows the graphic 
representation of the frontier and the inverted 
frontier to the BCC bi-dimensional case. 
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Figure 3. Frontier and inverted frontier for the BCC 

bi-dimensional case 
 
6 Adaptations and results 
The first additional model used to distinguish 
between DMUs T2 and T4 was the super efficiency 
model. Table 3 presents the results for this model 
and it can be seen that lathe 2 is better than lathe 4. 
Model (7) shows the multipliers formulation for 
lathes T2.  
 

T 2

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

max  h u
subject to
2v 5v 40v 50v 1
u 35v 58v 52v 35v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
u,v ,v ,v ,v 0

=

+ + + =
− − − − ≤
− − − − ≤
− − − − ≤

≥

  (7) 

 
To confirm the resulting superiority of DMU T2 

compared to DMU T4, the other three models were 
applied: Weights Restrictions, Cross Evaluations 
and Inverted Frontier. In the first two cases, the 

evaluation was carried out in a different way from 
the one used in literature, that is, with 
methodological changes proposed by the authors for 
this particular case. 

Table 3 
DMU Efficiency (%) 

T1 67,8 
T2 600,0 
T3 85,7 
T4 159,0 

 
In the weight restrictions model, direct 

restrictions were used for inputs weights. We 
determined for each lathe the maximum value that 
we can impose as the minimum limit for all the 
multipliers value that still ascribes 100% efficiency 
to the lathe under evaluation. In such a 
methodology, the significant parameter is the 
admissible weight restriction, rather than the 
efficiency score, which is the value used in classical 
models. The best DMU is the one that admits the 
greater restriction to the multipliers. So, there was 
no need for the decision-maker to choose arbitrary 
weights, which allows the evaluation to be 
independent from any subjective opinion. Another 
weights restriction model based on objective 
formulation and using optimal values is found in 
[52]. 

In our model, T2 lathe stopped being efficient 
when we imposed a minimum input weight value of 
at least 0,01. For T4 lathe this parameter was 0,005 
and, so, T2 lathe is the best, as it allowed more rigid 
weight restrictions maintaining its efficiency score. 
In mathematical terms this means that program (8) 
is unfeasible and program (9) is feasible and its 
efficiency equals one.  
 

T 2

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

max  h u
subject to
2v 5v 40v 50v 1
u 35v 58v 52v 35v 0
u 2v 5v 40v 50v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
v ,v ,v ,v 0,01
u 0

=

+ + + =
− − − − ≤
− − − − ≤
− − − − ≤
− − − − ≤

≥
≥

 (8) 
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T 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

max  h u
subject to
25v 40v 35v 22v 1
u 35v 58v 52v 35v 0
u 2v 5v 40v 50v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
v ,v ,v ,v 0,01
u 0

=

+ + + =
− − − − ≤
− − − − ≤
− − − − ≤
− − − − ≤

≥
≥

 (9) 

 
As described previously, in the cross evaluation 

approach, all DMUs are evaluated by its peers, 
generating an average score of evaluations. This 
procedure makes the ranking and scores extremely 
sensitive to the inclusion or exclusion of any DMU, 
even inefficient ones. To lessen this drawback, only 
efficient DMUs were used for mutual evaluation 
[45]. If DMU T2 evaluates DMU T4 (model 10), T4 
efficiency score is 8%. In the opposite case, if T4 
evaluates T2 (model 11), the T2 efficiency score is 
44%. As there are only two evaluating DMUs, there 
is no need to calculate average efficiencies to 
confirm the previous conclusion about lathe T2 
being better.  
 

T 2

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

min  h u
subject to
2v 5v 40v 50v 1
u 35v 58v 52v 35v 0
u 2v 5v 40v 50v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
v ,v ,v ,v ,u 0

=

+ + + =
− − − − ≤
− − − − ≤
− − − − ≤
− − − − =

≥

  (10) 
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1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4
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min  h u
subject to
25v 40v 35v 22v 1
u 35v 58v 52v 35v 0
u 2v 5v 40v 50v 0
u 10v 30v 48v 49v 0
u 25v 40v 35v 22v 0
v ,v ,v ,v ,u 0

=

+ + + =
− − − − ≤
− − − − =
− − − − ≤
− − − − ≤

≥

 (11) 

 
Finally, it was used the inverted frontier method. 

For this method, the SIAD software [16] was used. 
The mathematical linear program for lathe T2 
inverted frontier is shown in model (12). 

 
invT 2 1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

max  h 2u 5u 40u 50u
subject to
v 1
35u 58u 52u 35u v 0
2u 5u 40u 50u v 0
10u 30u 48u 49u v 0
25u 40u 35u 22u v 0
u,v ,v ,v ,v 0

= + + +

=
+ + + − ≤
+ + + − ≤
+ + + − ≤
+ + + − ≤

≥

 (12) 

 
This software supplies the composed efficiency 

score, already normalised, besides the classic 
efficiency score. Table 4 condenses the results 
obtained. 

 
 

 
 

Table 4 
DMU Inverted efficiency (%) Normalised aggregated score (%) 

T1 100,0 52,8 
T2 100,0 77,8 
T3 100,0 66,7 
T4 71,4 100,0 

 
 
It should be noticed that this method inverted the 
relative position of T2 and T4, when compared to 
the previous methods. This result can be explained 
by the fact that the other methods used information 
related to all inputs whereas the composed score 

uses only the most optimistic (classic efficiency 
DEA) and pessimist (inverted frontier) information. 
In this case, lathes T1, T2 and T3 have a 100% 
efficiency score in relation to the inverted frontier, 
which means that every one of them has at least one 
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worst parallelism deviation. As the T4 lathe is never 
the worst in any measure, and is the best in relation 
to some of the measures, it had the best result 
according to this method. 
 
7 Conclusions 
The quality of a machine tool depends on several 
factors. These factors can be evaluated jointly using 
the DEA approach that carries through an evaluation 
using Linear Programming Problems, with no 
additional information from the decision-maker. 

In the case study, due to the great number of 
variables compared to the number of evaluated 
units, two DMUs were considered efficient, the 
basic model being unable to distinguish between the 
two of them. To untie them, additional approaches 
were used that led mostly to the superiority of DMU 
T2 in relation to DMU T4. 

Other models for increase discrimination were 
not used, mainly due to the unitary output nature of 
our model. Models based on benchmarks and 
canonical correlations [8] as well as those based on 
the calculus of partial productivities geometric 
averages [53] are meaningless in this situation. On 
the other hand, MCDEA model [54] only provides 
analysis, not a complete rank, even with the 
improvements of [55]. Additional improvements for 
the use of MCDEA model in machine tools 
evaluation are suggested for future works. 

The question of choosing between T2 and T4 is 
conditional to the engineer’s objective. If the goal is 
to guarantee that, in worst cases, the machine will 
not have a very deficient operation (pessimistic 
attitude), he may prefer T4, as the inverted frontier 
model showed. Any other goal leads the engineer to 
choose T2.  

The results presented here are a preliminary 
study. Further developments must take into account 
a complete machine tool evaluation. Specifically, 
the test evaluation must be the subject of further 
study, where DEA will be used as a true measure of 
efficiency, and, instead of using a unitary output, the 
metal working speed, for instance, could be taken 
into account.  
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