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Abstract: This paper presents a new approach for the determinati@n-ofR PR planar parallel robot assembly

modes. In this approach, the parallel robot is considered as a multi robot system. The segments are then regarded
as serial robots moving a common load. The proposed approach is based on a parallel robot Jacobian matrix
factorization. This factorization is an extension of global formalism developed by Fijany. This approach allows

to determine several parallel robot Jacobian matrices, which are used for the assembly mode determination of a

3 — RPR planar parallel robot. Effectiveness of the proposed method is demonstrated by the simulation.
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1 Introduction

During past years parallel robot concept [1], [2], [3],
[4], [5], proved to be an efficient solution to the accu-
racy problem in the end effector positioning, met on
the serial manipulators. Parallel robots are primarily
used in the applications where high accuracy, rigid-
ity, and heavy load carrying capabilities are of fun-
damental importance. The teleoperation [6], machin-
ing tools [7], [8], and various other medical applica-
tions [9], [10] constitute some of the many possible
applications of parallel robots. Kinematic modeling
is an important problem of the robotics and particu-
lary for the manipulator study. In the parallel robot
case, the inverse kinematic model is usually straight-
forward for any parallel manipulator [2], [11]. On the
other hand, the forward kinematics computation for
a parallel robot is a complex problem. This forward
kinematic model consists in finding the possible pose
of the mobile paltform parallel robot for given active
joint coordinates. Merlet proposed an algorithm based
on interval analysis, which allows to solve the forward
kinematic problem [12]. For control or simulation un-
der the real time constraint, many authors have pro-
posed the use of the Newton-Raphson algorithm [2],
based on the Jacobian matrix computation. In paral-
lel robot research area, the problem of Jacobian ma-
trix determination is an open and interesting problem.
Indeed, the computation of inverse Jacobian matrix
is currently known and mastered [2], [13], [14], but
its analytical expression still remains relatively com-

ISSN: 1109-2777 41

plex. Thus analytical formulation of the Jacobian ma-
trix, by symbolic inversion or even by using some for-
mal computing tools, is difficult [2]. Its expression is
generally obtained by a numerical method using any
classical algorithm of matrix inversion or by a method
based on an iterative scheme.

In the present paper, a Jacobian matrix factorization
of a3 — RPR planar robot [13], [14], [15], [16] is
presented. This approach is a generalization of the
approach proposed by Fijany et al. [17][18][19] for
serial robot. Thus we consider the parallel robot as a
multi robot system wittk serial robots (the segments)
moving a common load (the mobile platform) [20].
The basic idea is to compute the Jacobian matrix as-
sociated with each parallel robot segment considered
as a serial robot and then to compute the Jacobian ma-
trix of the parallel robot by considering the kinematic
chain closing constraint. The proposed approach al-
lows the computation of several Jacobian matrices
due to the multiple solutions of the forward kinematic
model. These matrices are used to determine the as-
sembly modes of th& P R planar parallel robot.

This paper is organized as follows. In the following
section we describe the nomenclature and the used no-
tation. In sectior8, the R PR planar parallel robot ar-
chitecure is described. The computation of the inverse
kinematic model and the inverse Jacobian matrix are
given in sectiond and5. The Jacobian matrix factor-
ization is presented in secti@n The determination of
assembly modes is finally proposed in section
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We consider a parallel robot as a multi-robot sys-
tem with k£ serial robots (segments) moving a com-

mon load (mobile platform). Figure (1) shows the

links, the frames and position vectors for the segment
1(i=1,...,k).

Figure 1: Links, frames and position vectors for the
segment

2.1 Nomenclature
2.1.1 Joint and link parameters
e iP;., j: position vector fronfO; to ‘0,4
e k: number of segments
e ‘M: DOF-number of segmerit
e ‘N joint number of segmernit

e 02,0 position and velocity of active joint of the

segment

o 97, "éf . position and velocity of passive joint
of7 the segment

e ‘w;,v; € R3: angular and linear velocity of link
j for the segment
2.1.2 Spatial quantities
e 'H;: spatial-axis (map matrix) of joint for the

segment. For instance, for a joint witB-DOF
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(rotatlon aboutz-axis and translation about-

axis), the matrix H; € R%*? is given by:

1t 2nd - _DOF

[0 07 x-axis rotation

0 0 y-axis rotation

i 10 z-axis rotation
71001 X-axis translation
0 0 y-axis translation
| 0 0 | z-axis translation

i

e V; = | ;7 | € RS spatial velocity of the
J
link j for the segment

WN+1
UN+1
the end effector

e VN1 = € R6: spatial velocity of

2.1.3 Global quantities

The following global quantities are defined fgr=
‘Ntolorj="'Mtolandi=ktol

e Q; = Col( 0, ) € R'M: global vector of ar-
ticular coordinate velocity of the segmeintak-
ing into account passive and active joints

e Q = Col( 6* ) € R*: vector of generalized
coordinate velocity of the system

YV, = C’ol( % ) € RO°N: global vector of
spatial velocities for the segmeint

o H; = Dz’ag( 'H; ) € RO'NX'M: global ma-
trix of spatial-axis for the leg

2.2 General notation

t ~
With any vectorV = [ Ve Vi V2 } , a tensorV
can be associated whose representation in any frame
is a skew symmetrical matrix:

) 0 -V, V,
V=| v, 0 -V
-V, Vo 0

The tensorV has the properties that = —V* and
ViVa = Vi A Vs i.e., itis the vector cross-product.
A matrix V associated to the vectdf is defined as:
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and

w:[

on SYST!
U

MS
V?

0 U

U
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0
U
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[ PN N P N |

where U and 0 stand for unit and zero matrices of
appropriate size.

In our derivation, we also make use of global matrices
and vectors which lead to a compact representation
of various factorizations. A bidiagonal block matrix

P; € RO'NX6'N js defined as:

- -
iPyoy U 0
0 Py U
Pi=1 o 0
0 0 0 A U

Note that according to our notatiohP;1,; =
By . | |
The inverse ofP; is a lower triangular block matrix
given by:

U
"Pn.N-1 U 0

pl—=|'"Pvy—2 "PNnoin—2 U

)

'Pn 1 'Pn_1,1 ‘P U

3 Planar parallel robot description

The robot considered in this study is symmetric and
composed of three identical legs connecting the fixed
base to the end effector triangle as shown in Fig. 2
3 — RPR planar robot [13], [14], [15], [16]. Each leg
is of RPR design, with two passive swivel joints and
an active primatic joint. These three linear links are
used in order to move the mobile triangle defined by
the triplet By, By, Bs.

The used notation to describe the planar parallel
robot is defined as following.

e R, is the absolute frame, tied to the fixed base.
Ry = (0,2,y).

e R, is the mobile frame, tied to the mobile part.
Ry = (C,zp, yp)-
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Ay + Passive swivel joint

Active linear joint

Xpa

Passive swivel joint

Figure 2: Planar parallel manipulator

e Let O be the origin of the absolute coordinate

system

e LetC (or On41) be the origin of the mobile co-

ordinate system, whose coordinates are in the ab-
solute frame:

OCp, = |z |

e A; (or’Oy)is the center of the joint between the

segment and the fixed base:

OA; /R, = [ af al r

1

e B; (or ‘Oy) is the center of the joint between

the segment and the mobile part:

CByp, = b7 ¥ |

e [R] is the rotation matrix of-;; elements (in the

RPY formalism), expressing the orientation of
the R, coordinate system withrespect to thg
coordinate system. The expression for this ma-
trix is given by:

cos 7y
[R] - [ sin
vy cosvy

—siny ] (1)

e X is the task coordinate vector.

X:[’Y Le ycr

e IRy, is the frame tied to the segment R, =

(Aivwbwybi)-

e v, is the angle, in thé? PY” formalism, describ-

ing frame R;, rotation with respect to the ab-
solute frameR,.
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o |"Ry, | Is the rotation matrix Of)Tbi.k elements
ik

(in the RPY formalism), expressing the orien-

tation of the R, coordinate system withrespect
to the R, coordinate system. The expression for
this matrix is given by:

n) - |

® 7,, isthe angle, in th&? PY formalism, describ-
ing frameR,,, rotation with respect to the frame
Ry,.

— sinp,
oS Y,

COS Y,
sin 7y,

] (2)

. [biRpJ is the rotation matrix ofr,, ~elements
(in the RPY formalism), expressing the orien-
tation of theRR,,, coordinate system with respect
to the R, coordinate system. The expression for
this matrix is given by:

] 3)

] =

. t

e 'Pn = [ Ty Vi % } is the propagation vec-
tor from B; to C' in R,, the frame tied to the seg-
ments:

— sinyp,
COS Yp,

COS Vp;
sin yp,

PN = BiCyp, =

’R]" (R BiCys, (@)

4 |nversekinematics

The inverse geometric model relates the active joint
variables @Q) to the operational variables which de-
fine the position and the orientation of the end effector
(X). This relation is given by the following equation
[2], [13]:

0¢ = | A;B;|| = || A;O )z, +OC) R, +[R]CB; ||

()
Thus:
0 =\ X7+ Y7 (6)
where:
X; = xc — af + r11b% + rgb!
11 12 (7)

Y; =y — af + ro1b¥ + rogb!

The intermediate passive joint anglgs and~,, are:

Y,

— arctan [ =% 8

= anctan () ®)
v

T =V Wit g )

ISSN: 1109-2777 44

5 ST RIIRER G P S TAVASES J480-
bian matrix

For parallel robots, the inverse Jacobian matrix com-
putation(.7 ~1) stays in principle relatively easyl
matrix is obtained by the determination of poiBt
velocity [2][21]:

OB; = vny1 + BiC Awni1 (10)
The following relationship is verified:
08 = OB;n; (1)

Inserting equation (10) into (11), we also obtain:

é? =N;UN41 + WN+1 (n; A\ B;C) (12)
The inverse Jacobian matrix is written as:
(n3 A BsC)' nf
J'=1 (mnaAByC)' nb (13)
(n1 VAN BlC)t ’I’Li

Thus, the inverse Jacobian matrix for the mobile tri-
angle case is given by:

. , .
siny,, b5 — cosy, by cosYp, Sinyp,
J 1= sin Yy, b5 — cosyy, by cosp, sin,
sinwy, bf —cosqy, b cosyy, siny,

(14)

Wherey; =, —ywithi =1, 20r3

6 Factorized expression of the Jaco-
bian matrix

The differential kinematic model of a manipulator
can be defined by the relationship between the
spatial velocity of the end effector and the vector
of generalized coordinate velocities of the robot:
Vi1 = JQ, whereJ is the Jacobian matrix.

In the proposed approach, the parallel robot is con-
sidered as a multi robot system, composed of serial
robots (the segments) moving a common load (the
mobile platform). A relationship linking the Jacobian
matrix of the parallel robotf) to the Jacobian matrix

of each segmentf;) is presented.

The principle of this approach consists of first com-
puting the Jacobian matrix for each leg considered as
an open serial chain. Secondly, the closing constraint
is determined, allowing the computation of the
parallel robot Jacobian matrix.
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6.1 Z-maF&rlx etermination

Velocity propagation for a serial chain of intercon-
nected bodies is given by the following intrinsic
equation[17][18][19]:

'LV7 o ip;—l i‘/}_l — ZH] 29] (15)

By using the matrixP, equation (15) can be expressed
in a global form by:

PLV; = H:Q; (16)

thus: .
Vi=(P) HQ;

The end effector spatial velocili/1 is obtained by
the following relation:

17)

VN1 — PRV =0 (18)
thus: o
VNs1 = ‘P VN (19)
Let 3; € RN be the matrix defined by:
Bi=|1iPt 0 0] (20)
Equation (19) becomes:
VNi1 = BiV; (21)

Thus, inserting the expression df from equation
(17), we obtain:

VN1 = 6 (Pz‘t)_l H:Q; (22)

Thus: )
Ji=6(P) M

For the3— RPR planar robot case this matrix is given
by:

(23)

1 0 1
Ji= | —siny;x; cosyy, —sinvy; x; — siny, 0F
cosy; x;  sin7yy,  €os7y; T + cosyy, 0

(24)
Wherey; = vp, +

6.2 Jacobian matrix J of the parallél robot
determination

6.2.1 Forward kinematic problem

The Jacobian matrix/ of the parallel robot is ob-
tained by the closing constraint determination of the
kinematic chain. This determination can be obtained
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by expressing VeCtOI’Qi assoclated to each segment

i in function of the actuated joint velocitg) of the
parallel robot. Let the matrikl; be characterized by:

Q;=1LQ (25)
Inserting equation (25) into (22), we obtain:
! .
VNt1 =0 (732) H1L:Q (26)

Therefore, a factorized expression of the parallel robot
Jacobian matrix is given by:
-1
J =6 (Pl) Ml (27)
The matrices7 and 7J; are linked by the following
relationship:
J =Ji11; (28)

6.2.2 II; matrix determination

The matrixII; is obtained by expressing vectc@i
associated to each segmernh function of the actu-
ated joint velocity@ of the parallel robot:

. A a
Tpi T T Tigg 0.3
qu = | Tigr  Tiga  Tiog 9% (29)
Vb; iz Tigg  Tigg 0 (11
where:

* Y., 07, 1, are the elements of the joint velocity
vector of the leg:

Qi= | 02 ‘i, (30)

e 0%, 0%, 67 are the elements of the generalized
coordinate velocity vector of the system:

. . . . t
Q=05 03 0f (31)

o T, are the elements of the matik;

From the inverse kinematic model given in Eq. (14),
we obtain forj = 1to 3:

07 = (sin (ybj — 7) bj — cos (ybj — 7) b?;) Y+
cos Vb, Vg +siny, Vi,
(32)
In inserting the relation given in Eq. (24) in Eq. (32),
we obtain:

9; = Aji Vp; + Bji b, +Cji 07 (33)
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Thus: Two solutions with the calculation”of this matrlXs

‘a » . . can then be considered:
07 — Cj,i 0F = Aji Ap; + Bji W, (34)

where: L - - -
] 211 212 23 | —pFe 44
Aj; =sin (%j - 7) bjx- — cos (%j — 7) b?%— l Mo, M2y M2 ] 2“2 (44)
Xj sin (’7102 + /ybz - ij) 2
(35) '
J— .. a o3 _ +
Bji = Aj;;+ 0 sin (%i ybj) (36) [ T2y, T2, T24 1 _ (52—1 Dz) (45)
T231  T235  T233
Cj; = cos (’ybj — ’ypi) (37)
_ _ _ ) _ II3 matrix computation The matrixII; is obtained
II; matrix computation The matrixII; is obtained by:
by: T311 7312 T313
Tl Tl Ty I3 = 1 0 0 (46)
I, = 0 0 1 (38)

331 T332 333
T131 T3y  Tlsg
The equation (34) is written far= 1 andj = 1
to 3 in a matrix form as:

The equation (34) is written far= 3 andj = 1
to 3 in a matrix form as:

00 1-Ca | | Aix Bia . _61173 CO (1) . jlv?’ 2173 ps
01 —Co1 | Q=] A1 Baa l g 1 e (2)73 0 Q= A273 Bz,g S
1 0 —C31 Az Bsa oy — L33 3,3 D33
&3 D3
i o (39) (47)

Two solutions with the calculation of this matrXs

Two solutions with the calculation of this matrlX; .
can then be considered:

can then be considered:
1. 1.

Tl Tl Tlig | _ Dt & 40 311 M3z M3ig = DF &3 (48)
l Tl3; Tlzz  Tla3 ] L (40) T331 T332 7333 3
2 2
T Tl Ty | _ elp + 41 T3 M3 T34 1 +
[ Tar Mgz Tlss ] ( 1 1) ) 7T3i 773;2 773;3 B (83 D3) 49)

whereX T is the Moore-Penrose inverse matrixf . .
The compute of this pseudo inverse matrix is obtained 7 Forward kinematics
by using the Greville algorithm [22]. _ _
The Forward Kinematic Problem (FKP) may be stated

II, matrix computation The matrixII; is obtained as: given the current active joint:

by Q _ |: ea Ha ea :|t
T211  T215  T2q3 - 3 Y2 U1
Iy = 0 ! 0 (42) calculate the Cartesian pose:
231 T2z T233
The equation (34) is written far= 2 and;j = 1 X = [ N e Ye r
to 3 in a matrix form as:
8 1_%2 (1) . jm gm Ypa FKP for parallel manipulators is a classical problem in
AGE Q= | Az2 Doy o robotics and it has been and continue to be addressed
1 G2 0 Az Bz by several authors. Thus Merlet [12] proposes an ap-
& Do proach based on interval analysis for solving the for-
(43) ward kinematics of a Gough-Stewart platform, after
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an analysis of the traditional approaches proposed in

the literature. As stated by Merlet [12], the forward
kinematics problem (FKP) has been largely addressed
in the literature, but it has never been fully solved.

As known the FKP exhibits numerous solutions. Gen-
erally the following problem is addressed first:

given the current active joint vect@p, find all possi-

ble poses of the platform.

Then, a second problem is considered and which
caters with finding the right solution corresponding to
the real pose of the platform.

Regarding the FKP, solving methods may be classified
as [12]:

e the elimination method

e the continuation method

the Groebner basis method
e and the interval analysis proposed by Merlet.

Main drawback of the first proposed methods,

concerns computational efficiency and have been
analysed by Merlet [12].

Based on the factrorization form of the jacobian ma-
trix, we propose a numerical algorithm for solving the

FKP:

e One setsXj

o We computal)y with de inverse kinematic model
given by Eqg. (6)

e We compute the errore = Q — Qo
e We computeX = Xg+ J;11; €

Depending on the right solutions for the matti,
the expression7; II; may have 6 solutions at least
(see Eg. (40), Eq. (41), Eq. (44), Eq. (45), Eq. (48),
Eq. (49)).

Our algorithm has been implemented on Matlab
and a simulation example is given figure (3) where
the four solutions found for the platform’s pose, cor-

t
responding to the active join@ = | 2 1.5 1 |,
are given.

8 Conclusion

This paper introduces an approach to determine the
assembly modes for a planar parallel robot. The pro-
posed approach is based on a global formalism which
allows the determination of a Jacobian matrix factor-

ized expression. This factorization is used in previous
work to find the singular configurations of a spati&l
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Figure 3: Solutions of the forward kinematics pose

parallel robot [23]. Another interest of our approach
is within parallel robot simulation, design and oper-
ational space control. The dynamic modeling, based
on this formalism is under investigation for the factor-
ization of the inertia matrices (joint and operational
spaces) and their inverses, leading to the modeling al-
gebra for robot modeling and control [24].
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