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Abstract: Petri net model which is one of the most common modelling method of discrete event systems, is
considered to enforce reversibility in this work. Reversibility guarantees that the intial state is reachable from any
state in the reachability set of given Petri net. An approach, enforcing reversibility, is presented in this work. In
this approach, the minimal T-invariants and the firing sequences coressponding to the determined T-invariants are
determined. Then, a set of markings, which is a subset of reachability set, is constructed by using those firing
sequences. In this set, any state can reach to the initial state. Furthemore, the algorithms are developed for the
presented enforcement approach and implemented by using Matlab.
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1 Introduction output places.

Petri nets are a promising tool for describing and
studying systems that are characterized as being con-
current, asynchronous, distributed, parallel, nondeter-
ministic, and/or stochastic. As a graphical tool, Petri
nets can be used as a visual-communication aid sim-

1 Petri net model is frequently used for modeling and
analysing discrete event systems ([1, 2, 5, 7]). Dis-
crete event systems (DES) is that they consist of inter-
acting nodes. Each node can be a system in itself and

may be thought of as a component of the DES. These ;.5 14 fiow charts, block diagrams, and networks.
components can op_erate con(_:urrently, .€., @ COmpo- |, addition, tokens are used in these nets to simu-
nent can be performing one of its functions atthe same |56 the dynamic and concurrent activities of systems.

time that another component is carrying out one of its As a mathematical tool, it is possible to set up state

respective functions. DES can be described in a pre- o atigns, algebraic equations, and other mathemati-
cise, unambiguous manner by using Petri net model cal models governing the behavior of systems.

6,21, 22, 23], One of the most important property of Petri nets

(196PZ(§tr,lAn|§Ltr2?\i?lclir:r;};?sg?e?aggsc?rgr?s?gg?ge;: d is reversibility. When the reversibility is satisfied, the
) P ' X system can move back to an initial state from any

arcs _tha}t connect them. There are Oth?‘r types of .arcs’reachable state. In this work reversibility and its en-

e.g. inhibitor arcs. Tokens are located into places; the forcement is considered

current state of the modeled system (the marking) is Many works which use reachability set to analyse

given by the number of tokens in each place. Tran- 0

o ; oo reversibility (for example, [14, 13, 11, 8] and refer-

sitions are active components. T_hey mode activities ences the?/ei(n) have bpc)aeﬁ[ re’sen’ted ’for] several types

which can occur (the transition fires), thus changing STPSS 1T oVE D op tional comalect yp

the state of the system (the marking of the Petri net). enrtle (Ia Sé' In((:a ; ‘ﬁ ¢ T;(ud tlon Cb(ranpofXIIZ 'Z'

Transitions are only allowed to fire if they are enabled, " 9€neral, exponentially related to number ot places
and transitions [11], construction of the reachability

which means that all the preconditions for the activity " 4
must be fulfilled (there are enough tokens available in set ”e‘?ds an additional effort in the sense of computa-
tional time (see, [20]).

the input places). When the transition fires, it removes

tokens from its input places and adds some at all ofits I [3], a relationship between reversibility and T-
invariants, which is a structural analysis method, was

This work is extended version of the paper "Reversibility en- 9IVeN. Since a simple linear equation is solved to find

formencent of Petri nets using T-invariants”, which is presented T'_inVa_riantS, the CQmpUtational complexity for deter-
in ACMOS'2008. mination of T-invariants can be neglected. Moreover,
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this relationship is also valid for unbounded Petri nets.
By this motivation, in this paper we used this relation-

ship to analyse and enforce reversibility for bounded
/ unbounded Petri nets. Furthermore, a controller is
used for reversibility enforcement.

2 Petri Net Model

A Petri net is denoted by a tuplé(P, T, N, O, my),
whereP is the set of placeq; is the set of transitions,

N : P xT — N is the input matrix that specifies
the weights of arcs directed from places to transitions,
O : P x T — N is the output matrix that specifies
the weights of arcs directed from transitions to places,
whereV is the set of non-negative integer numbers,
andmy is the initial marking.

M : P — N is amarking vectorM (p) indicates
the number otokens, represented by black dots, as-
signed by marking/ to placep. A transitiont € T is
enabledf and only if M (p) > N(p,t) forallp € P.
Here, N (p,t) corresponds, the element of the input
matrix, top € p andt € t. An enabled transition
t € T mayfire at M, yielding the new marking vec-
tor:

M'(pi) = M (p;)+O(pi, t)—N(pi,t), Vpe P (1)
where M’ is new marking vectors which is obtained
from the marking vectod/, and| x | denotes the num-
ber of elements of the set (*).

A marking M’ is said to be reachable frody
if there exists a firing sequence starting frafand
yielding M’ such as

M' = M + AU, )

where, A := O — N denotes the incidence matrix,
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P

Figure 1: A Petri net

At initial marking, mg, transitiont; is enable, i.e
p(mo,t1) = M;:

M, = my + AU,
1 -1 1 1
My = o) 1 -1 ] lo]
B 0
o 1

HereU;, denotes the firing count vector of transi-
tion sequencg = t;. First element of/;, denotes
how many times; is fired from the present mark-
ing. From marking)M; not t; but ¢ is enabled, i.e
p(Ml,tQ) = My:

My, = M; + AUy,
0 1 1o
My = | (| * 1—1“1]
I
= lo

Some properties of Petri nets are given as follow:
Let us remember some behavioral properties related

g indicates the sequence of enabled transitions, and t0 the discussion of this work.

U, : T — N denotes the firing count vector whose
j*" element indicates how many timgsis fired ing.

In this work, p(M, g) denotes the transition func-
tion which gives yielded marking when the sequence
g is fired starting from marking/, the reachability
set, denoted by?(G,my), is the set of all markings
reachable fromn,.

The example Petri net is considered to explain the
notation in this work. The example net is shown in
Figure 1.

This net is described aB = {p;, po}, T =
{t1, t2}, mo = [1 1]7. In addition the input and
output matrices are constructed as follows:

=0

ISSN: 1109-2777 673

Definition 1: G is said to bek-bounded, ifM (p) <
K(p),Vp € P,VYM € R(G,my) (K : P — N),
G is said to beboundedf it is K-bounded for some
K : P — N. OtherwiseG is unbounded.

Definition 2: A Petri netG is said to be reversible if
mo € R(G,M),VYM € R(G,my).

Definition 3: A Petri net G is said to be par-
tial reversible ifmy € R(G,M), for at least one
M € R(G,myp), and the reversible set is defined
asR; := {M € R(G,mg) | my € R(G,M)}

- R(G, ’I’)’L(]).

Definition 4: A Petri net G is said to be par-
tial reversible if mg € R(G,M), for at least
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one M € R(G,mp), and the reversible sub-
set of the reachability set is defined &5
{M S R(G,mo) ‘ mo € R(G,M)}
C R(G, mo).

Definition 5: Any nonzero solution offX = 0, the
vector X (|T] x 1) is called as T-invariant. Heré,
denotes zero vectof1(| x 1), |T'| denotes the number
of elements ofl". If a T-invariant is not a linear com-
bination of other T-invariants it is minimal T-invariant

In this work, the set of minimal T-invariants is de-
termined by using the algorithm presented in [17] and
it is denoted by7,,.

Algorithm1

1. Constructd’ = [I:AT]

2. j=|T|+1

. Find the couples of nonzero elementgtii col-

umn such that sum of these elements are equal to

zero.

. Calculate the sum of the corresponding rows.
. Each sum is appended to the bottomibf

. Each addend are deleted freth

~N o o1 b~

. If j = |P| +|T, go to 8th step, otherwisg=
4+ 1 and go back t8rd step.

. The first|T'| elements of the rows whose all el-
ements are zero aft¢P| + 1 th column are the
transpose of minimal T-invariants.

For example, consider a Petri net with the follow-
ing incidence matrix:

-1 1 1

A= 1 -1 -1

1 -1 0

-1 1 1

A= 1 -1 -1

1 -1 0
100 -1 1 1
A=]l010 1 -1 -1
001 1 -1 0
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Annulling 4th column

1 100 -1 1 1
2 010 1 -1 -1
3 001 1 -1 0
142 110 0 0 O
1+3 101 0 0 1

Delete 1st, 2nd and 3rd rows.

, 110000
A=l1 01001

Annulling 5th row

5th row is annuled because of the calculations in
the previous step.

Annulling 6th row

6th row can not be annuled.

Minimal T-invariant is determined &% 1 0]7.

T-invariants are very important elements for Petri
nets to analyse properties. If in all the T-invariant of
the Petri net model of a manufacturing system, the
same element is equal to zero, then we can claim that
it is impossible to come back to the initial marking
after firing sequence of transitions which contains the
transition corresponding to this element. From a man-
ufacturing point of view, this means that it will be im-
possible to come back to the initial state if we perform
the operation represented by transition corresponding
to the null elements of T-invariants.

Note that a sequence of transitions could be T-
invariant without being firable. Let us assume that
o1, 0s...0} are firable sequence of transitions and that
X,, are T invariants. If a management system pro-
ceeds by activating some of these sequences one or
more times, then it guarantees that the state of the sys-
tem is the same at the end of the process as it was at
the beginning.

3 Reversible set

In this section, our method which determines a re-
versible set of a Petri net by using minimal T-
invariants is introduced. The set of T-invariants of a
Petrinetis givenby] = {X | A X =0, X e N171}.
Minimal T-invariants of the net is formed by the basis
of 7. In this work, the set of minimal T-invariants is
determined by using the algorithm presented in [17]
and it is denoted b¥,,.

WhenU, of a firing sequencg is equal to a min-

imal T-invariant, i.e.U, = X € 7,,, thenAU, = 0.
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Hence, the second term at the right side of the equa-
tion (2) is zero. Thus)/’ is obtained ag/’ = my if
the transitions iy are firable frommn respectively.

The method uses all minimal T-invariants to find
firable firing sequences from,. In our approach,
we use the sum of all minimal T-invariants for this
purpose. This sunt/, is determined as

C=> X

XET"L

3)

Consequently is also a T-invariant.

The method finds the set of corresponding firing
sequences af’. These firing sequences are different
ordering of transitions ir’. Note that each transi-
tiont; € T are repeated’(7) times in the sequences,
whereC(i) is thei*® element ofC. The sequences
constructs the sej¢, it consists of all possible per-
mutations of transitions it (it is possible to obtain
this set by usingerms function in Matlab).

Since it is not necessary that all firing sequences
in go are firable fromm, the sequences firable from
myg are searched throudfy, after go is formed. If
there exists, all markings obtained during the firing of
these firable sequences framg constructs the sdi,,
in this caseR, # 0.

If A X = 0 has only trivial solution, then there
exists no firing sequengesuch thatdU, = 0. Hence,
reversible set is obtained as empky, = (.

4 Reversible Set Algorithm

In this section, the algorithm of the method presented
in the previous section is introduced. The algorithm,
called as Reversible Set Algorithm (RSA), determines
the set of firing sequences corresponding to the sum of
the minimal T-invariants, firstly. Then, it checks the
firability of the firing sequences fromg, one by one
and then fires the firable sequences fragmand con-
structs the seR, with the marking vectors obtained
during these firings.

RSA requires the definitio& and the set of min-
imal T-invariants7,,, of the considered Petri net (the
definition G contains the set of placd, the set of
transitionsT’, the input and output matricéé andO,
and the initial markingng). Note that, for the con-
struction of the sef,,, the algorithm in [17] is imple-
mented by using Matlab.

RSA calculates”, and constructs the sgt. The
sequences ig¢c, are represented by appropriate or-
dered sets of transitions, i.e. firing sequence,t.”
is represented by the sgt;, t,, t.} in gc. Then, the
algorithm takes firing sequences from the gebne
by one.
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In the algorithm RSA, notations are given as
thereinafter: o denotes the set of all possible com-
binations (all possible sequences) of transitin€’jn
g%, denotesit® (i € N) element of the sejc, [g];
denotesg'" transition of the firing sequenge R, de-
notes determined reversible sét(=, M) is the func-
tion which finds the set of enabled transitions at mark-
ing M, p(G, [g];) is the function which determines
the obtained marking when transitig; is fired from
marking M .

RSA checks whethefgt]i € &£(G,mqp). If
(9511 € E(G,my), in other words the first transi-
tion of g is firable fromm, then RSA calculates
the yielded markingVf;! = p(mo,[g&]1) and put
it to set . Next continues withgl]o if [g5]2 €
E(G, M}), then RSA calculates the yielded marking
M2 = p(M{,[gt]2) and put it to sel. This proce-
dure keeps on likewise. If all transitions g are re-
spectively firable fromn,, all markings inR is trans-
fered to the seR,. R is cleared and the next firing
sequenceg) is taken from the setc. And the pro-
cedure is repeated again. If a transit{gh]; is not
firable from M;f_l during the procedure, algorithm
stops checking firability of preseft, € g from my
and takes the next firing sequence from thejget

When all firing sequences ifr is checked for
firability from mg, RSA is terminated and returns the
setR,. If R, = () reversibility can not be enforced,
otherwiseR; # () and it is possible to enforce re-
versibility by the controller developed in [11].

General procedure of the method is given by
Algorithm-2:

Algorithm2

1.C=> X

XET"L

2. Construct the séfz with the corresponding se-

guences ot’.
Obtain firable sequences from in §¢.

Fire enable transitions from and obtain new
markings.

ConstructR, by using new markings.

The Pseudo code of the Algorithm2 is given as
follow:

Pseudo Code of Reversible Set Algorithm (RSA)

C=0
For j = 1to |7,
C =CH+[T,);
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End < Simulation Program @[@
ge=perm()  _
R=0,G=0,R=10
Fort=1to |go|
M =myg Input Minimal T-Invariants
9=3c
For j =1to |g|
same=0 ——
T=E(G,M) RSA ‘ Exit
Fork=1to |T|
If [g]; € T Then
same=1
M=M+A U[g}j
M = M Figure 2: Program interface
R=RUM
break
End where,M € R(G,myg), t € E(G,M). If ¢(M,t) =
End 1, thenp(M,t) € R, and firing transitiont from
If same =1Then marking M is allowed. |If ¢(M,t) = 0, then
R=RUR p(M,t) ¢ Rs and firing transitiort from marking M
break is forbidden.
End
If same=1Then
Ecc:jntinue 6 Simulation Program
n
If same=0Then A program, called as RSA simulation program (RSA-
R=10 SP) is developed to implement this algorithm. It is
break developed as a Matlab function. When RSA-SP is
End run, the interface shown in Figure 2 appears on the
End screen. Initially only “Input” button is activated. After
End this button is clicked the name of the input file (con-
Return R, structed by the user) must be entered. An example

format of this file is given in Appendix B. After this

operation, “Minimal T-invariants” button is activated.
5 Controller By clicking on this button the Matlab function devel-
oped for the algorithm introduced in [17] is run. Once,
minimal T-invariant set is determined, the RSA button

In [24], some algorithms and a controller have been . o ;
[24] g also becomes active. By clicking on this button, the

presented to enforce boundedness, reversibility and i .
liveness. In that work; initially, with an arbitrarily Ma’glab fur_lctlon for the algorithym RSA executes and
chosen bound vector, a bounded reachability set of an Ry ls obtalned(.j : h ¢ minimal
unbounded Petri net has been determined: then, the, ~ROA-SP determines the set of minimal T-
reversible subset of that bounded set is constructed by NvarantsZ,,, the sum of these invariants, corre-
using developed algorithms. Since obtained reversible SPONding firing sequence ggi. Then the set of tran-

set may be empty, reversibility can not be enforced by Sition squences firable from through the segc.
the controller everytimes. Finally, RSA-SP composes the d9@i. These results

In this present work, we obtai, firstly. If are written on output file Output.m. An example for-
R, + 0, reversibility is enforced by the controller ap- Mat of this file is given in Appendix C.
proach developed in [24]. Because itis known that if a
Petri net is partially reversible, the controltg¢i\/, t) 7 E |
below enforces reversibility of the net [24]. Xxampie

We give an example to simply show how our

algorithm works for the Petri net ([4] p.182)
o(M, 1) :{ 1, if p(M,t) € Rs, @) shown in Figure 3. The set of places I8 =
’ 0, otherwise {pl, P2, P3, T1, T2, T3, P4, D5, pﬁ}, the set of tran-
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sitions isT = {t1, to, t3, t4, t5, g}, and the initial p(MZ* 1) =[101110100]7 = M2

marking ismg = [1002 1110 0]7. The input file p(M2* t3) =[100211100]7 = MZ* =mjq

of this example Petri net for RSA simulation program

is given in Appendix A. Ry = {mo, M5, M2%5, M5 V245, 245}
The example Petri net is not bounded, because the

number of tokens in places andps can increase. 263

Theset = {[111000]7,[000111]T} is obtained ° g = {ta,ts, t, b6, 2,83}

by using the algorithm in [17]. Thef is determined

asC =[1111111]. p(mo,ts) =[100211110/7 = M358

p(M#3 t5) =[100101101]7 = M263

p(M3%3, tl) [110101101]% = M263

p(M3%3 t6) =[110211100]" = M263

p(Mg63 t)=[101110100]7 = M263

p(M2%3.t3) =[100211100]" = 263 = my

R R U{M263 M 263 M 263 M263 M263}

0 G20 = {t4, t1,to, t3,t5,t6}

p(mo,tg) =[100211110/7 = M3
p(Mff’O,tl) 1102111107 = M3°
350 T 350
Figure 3: Example Petri net [4 p(M5>" ) = [LO1110110]" = M;
9 P 4] p(M3P.t3) =[101110110]7 = M
. : : 350 T _ 27350
The Matlab functiorperm(C) finds all possible ~ A(Mi”",15) =[100101101]" = Mg
- i (M3 ) =[100211100]7 = MF =m
sequences which consists of apeonet,y, onets, one P 6 6 0

ty, Onets, onetg. Output of the functiorperm(C')
has 720 firing sequences. Some of these sequences R, = R, U { M50, M350, M0, M0, M350}
are given as fallow:

A359 - {t47 t17 t57 t67 t27 t3}

Qé‘; = {t1, ta2, t3, ta, t5, te},

gg’ - {t477 t57 t67 t17 t27 t3}7 p(m07t4) [1 0021111 O]T — M1359

go = Ata, 5, t1, ts, ta, t3}, p(MP, 1) = [1102 111107 = M

gb = Ata, ti, ta, t3, ts, te}, p(M3%° t5) =[110101101)7 = M35

f]g = {t47 tlv t57 t67 t27 t3}7 p(M3359 t6) [1 1021110 O]T = M259

Qg - {tla t47 t57 t67 t27 t3}7 p(Mli))E)g t2) [1 0111010 O]T = M5359

9o = {ts, ti, ts, tg, ta, t3}, p(MF? t3) =[100211100]" = M =my

Rs — Rs U {M1359, M2359, ]\4%3597 M259’ M5359}

gz‘lg {t27 t47 t57 t67 t27 t3}7
9c {ts, t1, te, t5, ta, 13},

92‘20 = {te, ta, t5, t1, t3, ta}. .ggzg = {t17t47t57t67t27t3}
Note that, 8 of these 720 transitions are firable p(mq,t1) =[110211100]" = M{*
from myg. Let us analyse each of the sequences in or- p(Mfzg, ty) =[110211110" = Mg*
der of occurence: p(M§* t5) = 11010110 1]7 = Mg
p(ME® ts) =[110211100]7 = MJ?
629 T 629
A245_ t,t,t,t,t,t p(M4 tz) [101110100] :M5
s, fs, b0, 1, b2, } p(ME2 1) = [100211100]7 = M2 — g
p(mo,ta) =[10021 11107 = M 629 77629 17620 77629 77629
p(MP 15) = [100 10110 1T = M35 Rs = Ro U{M™, M3™, Mg™, My™, M3™}
p(M3* t6) =[100211100]7 = M
p(M§457t1) [1 10211 100]T :M42:45 A637 {t17t47t27t37t57t6}
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p(mo,t1) =[110211100]7 = M7
p(MPB7 ) =[110211110]7 = M637
p(M$37 ) =[101110110]7 = M637
p(M$37 #3) =[100211110]7 = M637
p(MP7 t5) =[100101101]" = M637
p(ME¥ t6) =[100211100]7 = 637 =mg

R R U{M637 M637 M3637 M4?37 M§37}

0 5073 = {t1,ta,t4, 13, 5,16}
plmo,t1) =[110211100]7 = MF™
p(MST3 1) = [101110100]T:M2§73
p(M§T,¢4) =[101110110]7 = MJ™
p(MS™,t3) =[100211110]" = My™
p(ME t5)=[100101101]7 = MP™
p(ME™ 16) =[100211100]7 = M3 =my

Rs — Rs U {M16737 M2673, M3673,M£73, M5673}

377 = {t1,ta, 13, t, t5, 16}
p(mo,t1) =[110211100/7 = M5
p(MP™ t5) =[101110100]7 = M§™
p(MS™ t3) =[100211100]7 = MJ™
p(MIT 1) =[100211110]7 = MJ™
p(MJ™ t5) =[100101101]7 = MF™
p(MS™ t6) =[100211100]7 = ME™ =my

Rs = Rs U {M{ﬂgv M26797 M???g»ME?gv M5679}

R, is a reversible set of Petri net. It has 40 ele-
ments. It is the largest reversible set that can be ob-
tained by the sum of minimal T-invariants (it is possi-
ble to enlarge the sdt, using other linear combina-
tions of minimal T-invariants). Note that, the output
file of the RSA simulation program for this Petri net
is given in Appendix B.

8 Conclusion

Petri net model is very useful modeling tool for dis-

crete event systems. For analysing systems modeled

by Petri nets reachability set approach is used fre-
quently. But, because of the state explosion problem
it is impossible to use reachability set approach for
analysing big dimensional or unbounded systems.

In this work, we propose a method which does
not construct reachability set and use a structural ap-
proach to analyse reversibility which is one of the
most important properties of Petri net model.
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The method calculates all possible transition se-
guences of minimal T-invariants. Then, it checks these
sequences one by one. If transitions of a sequence are
respectively firable fromng, all markings obtained
during this firing are put into the sé. At the end
RSA returnsR;. If R, is not empty reversibility can
be enforced by using the controller in [11]. This con-
troller guarantees that the reachability set of the con-
trolled Petri net is reversible .

A Petri net model which was given by [5] is con-
sidered to show the advantage of the presented algo-
rithm. This Petri net model has 32 places and 20
transitions. For this example, the reversible set was
constructed by [11] depending on the reachability set.
The centralized method took about 32 min. (on a PC
with a Pentium-4 microprocessor running at 3.0 GHz
and has 768MB RAM). The number of elements of
this set is 3802. The presented algorithm took 30 sec.
and the reversible set has 450 elements. The reason,
which causes this difference, is explained such that, in
[11], all markings in the reachability set are searched
to find the reversible markings. Thus, although the
largest reversible set is obtained, the duration takes a
lot of time. In our presented work, reversible set is
found by only minimal T-invariants. If other linear
combinations of T-invariants are used, the largest re-
versible subset is constructed.

Overlapping decompositions and expansions
(see, [19]) may be used and an algorithm which is
based on local T-invariants may be developed for fur-
ther work. Another direction for further research may
be developing the structural controller for reversibility
enforcement (see, [15]).

APPENDIX

In this section, the input file of the program RSA-SP
for the definition of example net and the output file
of RSA-SP which contains the minimal T-invariants,
the sequences fromg and the elements @i, for the
example net are given in Appendix A and Appendix
B, respectively.

Appendix A : Input file of the example

NE[1 00000
010000
001000
010010
001010
010001
000100
000010
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00000 1]
100 2 1 1 1 1 0
O[100000 100 1 0 1 1 0 1
100000
010000 1 1 0 1 0 1 1 0 1
001001
001001 1 1 0 2 1 1 1 0 0
001001
000100 101 1 1 0 1 0 0
000100
0000 10] 100 2 11 1 1 0

M=[1 0021110 0]

Appendix B : Output file of the example 100211110
M nimal T-invariants: 1 0 01 01 1 0 1
1 1 1 0 0 0

1 0 0 2 1 1 1 1 O
0 0 0 1 1 1

1 1 0 2 1 1 1 1 O
C
1 1 1 1 1 1 11 01 0 1 1 0 1

Firabl e sequences:

{t4, t5, t6, tl1, t2, 13} 1 01 1 1 0 1 O O
{t4, t5, t1, t6, t2, t3} 11 0 2 1 1 1 0 O
{t4, t1, t2, t3, t5 t6} 11 0 2 1 1 1 1 O
{t4, t1, t5, t6, t2, 13} 11 0 1 0 1 1 0 1
{t1, t4, t5, t6, t2, 13} 11 0 2 1 1 1 0 O
{t1, t4, t2, t3, t5 t6} 1 01 1 1 0 1 O O
{t1, t2, t4, t3, t5 t6} 11 0 2 1 1 1 0 O
{t1, t2, t3, t4, t5, t6} 11 0 2 1 1 1 1 O
RS: 1 01 1 1 0 1 1 O

1 0 0 2 1 1 1 1 O

1 0 01 0 1 1 0 1
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