WSEAS TRANSACTIONS on SYSTEMS Romi Mankin, Erkki Soika and Ako Sauga

Multiple noise-enhanced stability versus temperature in
asymmetric bistable potentials

ROMI MANKIN, ERKKI SOIKA
Department of Natural Sciences
Tallinn University
Narva Road 25, 10120 Tallinn
ESTONIA
romi@tlu.ee, erkki@tlu.ee

AKO SAUGA
Department of Economics
Tallinn University of Technology
Kopli 101, 11712 Tallinn
Department of Natural Sciences

Tallinn University
Narva Road 25, 10120 Tallinn
ESTONIA
ako.sauga@tlu.ee

Abstract: We explore the problem of noise-enhanced stability occurring in an asymmetric double well potential
when Brownian particles are driven by trichotomous noise and thermal noise in a dynamical regime where inertial
effects can safely be neglected. In the stationary state, we exactly calculate the spatial density profile of the
particles and the occupancy ratio between two potential wells. We show that, by conveniently choosing the system
parameters, the occupancy of a metastable state is a double peaked function of thermal noise intensity. Thus
thermal noise may facilitate the occupation of the potential minima with an energy above the absolute minimum at
certain finite values of temperature. The effect is more pronounced in case the kurtosis of the trichotomous noise
tends to—2, i.e., in the case of dichotomous noise.

Key-words. Noise-enhanced stability, stochastic dynamics, trichotomous noise, metastable state, thermal noise,
bistable potential

1 Introduction The problem of noise-driven barrier crossing dy-

] ] ] ) namics of a Brownian patrticle in a double-well poten-
For a long time, noise was considered to be just a (5| coupled to a heath bath, represented by an additive
source of disorder, a nuisance to be avoided [1], [2], Gayssian noise with negligible correlation time (white

[3]. However, intensive investigation performed in noise), was formulated and solved by Kramers [12]
the last three decades, have revealed some positive aS'more than half a century ago. Since then the model

pects of noise.

The idea that noise, via interaction with the non-
linearity of the system, can give rise to some counter-
intuitive results, has led to many important discover-
ies: stochastic resonance [4], resonant activation [5],
nonequilibrium phase transitions and noise-induced
pattern formation [6], [7], [8], and stochastic ratchets
(Brownian motors) [9], [10], to name but a few. Ac-
tive analytical and numerical studies of various mod-

and many of its variants have been addressed by a
large number of works at various levels of description.
Although, white noise as a model for studying thermal
activation is very useful for physical applications, at
practical physical systems treatment of colored noises
with finite correlation times is also popular enough.
Therefore, it seems important to investigate systems
driven by colored noises. The most frequently used
) yuL ; - "~ model of a colored noise is the Gaussian noise gen-
els in this field have been stimulated by their possi- grated by the Ornstein-Uhlenbeck process. Unfortu-
ble applications in chemical physics, molecular biol- nately, itis a rather limited class of noise-driven model

ogy, nanotechnology, and for separation techniques of gystems that admits exact solutions in the presence of
nanoobijects [9], [11].
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Gaussian colored noise [13]. Other noises popular be-
cause of their tractability are dichotomous noise, also
called random telegraphic noise [14], and trichoto-
mous noise [15]. It is notable that, in the case of
dichotomous and trichotomous noises, exact formu-
las for the steady-state probability distributions can be
found for a rather broad class of dynamical models
[14], [15].

The recent years have witnessed an increasing
interest in the dependence of the mean exit time of
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(kurtosis, correlation time).

It is remarkable that one of the temperature
regimes where the enhancement of stability occurs is
relevant for cell biology. Thus, in the case of living
cells, the result may reveal a possibility to control the
stability of metastable states by varying the tempera-
ture.

The structure of the paper is as follows. Section 2
presents the basic model investigated. A master equa-
tion description of the model is given and the formula

metastable and unstable systems on noise intensity for the occupancy probability of the metastable state

[16], [17]. Noise can modify the stability of a system
in a counterintuitive way such that the system remains
in a metastable state for a longer time than in the de-
terministic case [16]. Related investigations involv-
ing noise-induced stability [18] or noise-enhanced sta-
bility [19], [20] belong to a highly topical interdisci-
plinary realm of studies, ranging from condensed mat-
ter physics to molecular biology, or to cancer growth
dynamics [16], [21], [22].

Motivated by investigations into the effect of
a periodic electric field on cell membrane proteins
[23], [24] the author of [18] has considered the over-
damped motion of a Brownian particle in an asym-
metric bistable potential fluctuating according to a di-
chotomous noise. This biologically motivated model
clearly demonstrates the effect of noise-induced sta-
bility, as for intermediate fluctuation rates the mean
occupancy of minima with an energy above the abso-
lute minimum is enhanced.

In the present paper we consider a model similar
to the one presented in [18], except that the dichoto-
mous nhoise is replaced with a trichotomous noise.
Although both dichotomous and trichotomous noises
may be useful in modeling natural colored fluctua-
tions, the latter is more flexible, including all cases of
dichotomous noises [15]. Furthermore, it is remark-
able that for trichotomous noises the kurtogisun-
like the Gaussian colored noise, whese= 0, and
symmetric dichotomous noise, whese= —2, can be
anything from—2 to oco. This extra degree of freedom
can prove useful in modeling actual fluctuations.

The main contribution of this paper is as follows.
We provide an exact formula for the analytic treat-
ment of the dependence of the occupancy probabil-
ity of a metastable state on various system parame-
ters: viz. temperature, potential asymmetry, correla-
tion time, kurtosis, and noise amplitude. We estab-
lish a new thermal fluctuations-induced phenomenon,
namely, for certain values of the system parameters

there exist three ranges of temperature values where

the occupancy of the metastable state is enhanced.
We also show that such a behavior of the system

is quite robust, and the mentioned phenomenon occurs

within a broad range of trichotomous noise parameters

ISSN: 1109-2777
240

is found. Section 3 analyzes the behavior of the oc-

cupancy probability. The phenomenon of double en-

hanced stability of the metastable state versus tem-
perature is established. Section 4 contains some brief
concluding remarks.

2 Model and the exact solution

As a model for systems with a metastable state, which
are strongly coupled with noisy environment, we con-

sider one-dimensional overdamped Brownian motion
in a fluctuating sawtooth-like asymmetric bistable po-

tential well with the widthZL

UX,2)=UX)+X-Z(), (1)
where X () is the displacement of a Brownian par-
ticle at the timet. The archetypal examples, ex-
hibiting bistable (double-well) potentials are nonequi-
librium chemical reactions (e.g., the second Schlogl
model [25], [26]), nonequilibrium Ginzburg-Landau-
type bistable stochastic dynamics [25], and optical
bistability in laser devices [27], [28]. The variable
Z(t) in Eq. (1) is a Markovian trichotomous noise
[15], which consists of jumps between three values:
Z1 = a, 2, =0, 23 = —a, a > 0. The jumps follow,

in time, the pattern of a Poisson process, the values
occurring with the stationary probabilities,(a) =
ps(—a) = gandps(0) =1 —2¢, whered < g < 1/2.

In a stationary state the fluctuation process satisfies

G
(20 +7)2(0)

0,
2qa® exp(—r7),

(2)

where the switching rate is the reciprocal of the
noise correlation time¢, = 1/7, i.e., Z(t) is a sym-
metric zero-mean exponentially correlated noise. The
probabilities W, () that Z(f) is in the staten €

{1,2, 3} at the timet evolve according to the master

equation

®3)
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where
qg—1 q q
Shm = 1-2¢ —2¢g 1—2¢q 4)
q qg q—1

The transition probabilitied;; = p(%;,t + 7 | Z;,1)
between the states,, n = 1, 2,3, can be represented
by means of the transition matri’;;) of the trichoto-
mous process as follows

(Ti) = (8ij) + (L= e7"7) Sy,

whered; ; is the Kronecker symbol.
The trichotomous process is a particular case of
the kangaroo process [29] with the kurtosis

<Z4(£)> .

We describe the overdamped motion of Brownian
particles by the Langevin equation

(5)

zg?: M@—Z@+a&
W) = _dzgﬂ, (6)

where s is the friction coefficient. The thermal fluc-
tuations{(t) are modeled by the zero-mean Gaussian
white noise with the correlation function

(E(t1) €(t2)) = 2skpTo(t1 — t2), (7)

wherek g is the Boltzmann constant afdis the tem-
perature.
By applying a scaling of the following form:

Xv T~
x- Xy =9
L i
f LE LZ
p= b, L2 (®)
tO Uo U()

whereUy = Upmax — Unin is the barrier height of
the left potential well (cf. Fig. 1), we obtain a di-
mensionless formulation of the dynamics. Choos-
ing to = »L?/Uy, the dimensionless friction coeffi-
cient turns to unity and the quantities determining the
rescaled noises are reduced to

=«L?0 a4l k8T
Ug Uo’ Uo
where2D is the strength of the rescaled zero-mean

Gaussian white noisé(t). For brevity, in what fol-
lows we shall callD temperature.

UV =

: 9)

, a
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Fig. 1. Representation of different states of the net
potentialsV,,(z) = U(z) + z,z With 21 = a, 29 = 0,

z3 = —a. The potentiallU (x) is given by Eq. (11) at
the parameter valuds= 0.24, a = 2, ande = 1. All
guantities are dimensionless.

As an example of overdamped dynamics (see Eq.
(6)), following Ref. [30], we consider kinesin, which
moves along microtubules inside cells. At the tem-
peraturel’ = 310 K the typical parameter values of
the system arex = 2-107® kg/s, L = 8 - 1079 m,

m = 6-107%2 kg, andU, = 5kgT. From the scal-
ing (8) we obtain that the dimensionless mass of the
kinesin molecule isn = mUy/(»*L?) ~ 5 - 10710,
Hence, the acceleration term is 10 orders smaller than
the dimensionless friction term. Thus, inertial effects
can be neglected.

The dimensionless dynamics is described by the
stochastic differential equation

X
X -z <),
hz) = —d(fi;“’“). (10)

Thus we consider a model similar to the one pre-
sented in [18], except for some details of the poten-
tial profile and for the dichotomous noise being re-

placed with a trichotomous noise. As the results of
[18] show that the phenomenon of noise-induced sta-
bility is quite universal and manifests itself for ar-

bitrary bistable potential landscapes, we decided to
study overdamped motion of Brownian particles in an
asymmetric, bistable, piecewise linear potential sub-
jected to both a trichotomous noise and a thermal one.
The piecewise linear potential is important for at least
two reasons. First, it can be used as a first approxi-
mation of the shape of an arbitrary potential, and sec-
ond, it is sufficiently simple to allow an analytic treat-

ment of the relevant quantities, being at the same time
physically rich enough to provide most of the effects
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characteristic of two-well potentials. The asymmetric
bistable potential considered has the profile

1
g x € (0,k);
_ 1
Ulw) = 1+1f2(k—x), ve(k1); (1

U0) = U(1) = co.

A schematic representation of the three config-
urations assumed by the “net potentialg,(z) =
U(z) + zpx, n = 1,2, 3, associated with the right-
hand side of Eq. (10), is shown in Fig. 1. In this
work, we restrict ourselves to the system parameters
region where the net potentialg,(z) for all states
n = 1,2,3 of the non-equilibrium nois¢’ have two
minima. More precisely, we assume that

1+¢ 1 1
il k< =
<7 e<y 0<k<g,

0<e<a(l—2k). (12)

The master equation corresponding to Eq. (10)
reads

0

EPn(:c,t)
i p o)
3
+v Z Spm P (,1)

m=1

(13)

where P, (z,t) is the joint probability density for
the position variable:(¢) and the fluctuation variable
z(t); while Sy, = ¢ + (1 — 3¢)dn2 — Opm. Here
dn,m IS the Kronecker symbol. The stationary proba-
bility density in thex spaceP?(x) is then evaluated
via the stationary probability densitig%’(z) for the
states(z, z,,):

3
P*(zx) =) Pi(). (14)
n=1

As the “force” h(zx)
wisely constant,

—dU(z)/dz is piece-

1
ha)=hy=—7. w€(0.k),
1
M) == we(k), (1)

Eq. (13) splits up into two linear differential equations
with constant coefficients for two vector functions of
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P?(x) = (P, Ps;, P3;), i = 0,1, defined on the in-
tervals (0, k) and (k, 1), respectively. The solution
reads

5
Pyi(x) = p(zn) > YijApige X0/, (16)
j=1

where

p(zn) = (1 - 2(])571,2 + Q((Sn,l + 5n,3)7

vD
vD — )\z](hz — Zn + )\ij)’

Am’j =

Y;; are constants of integration, anf\;;, j
1,...,5} is the set of roots of the algebraic equation

N2 43X\ Ry + A2 (3hF — a® — 2uD)
+ A2h;(h? — a® — 4vD)
+\ivD [vD + 2(ga® — hlz)] +hi*D?* =0,
i=0,1.

17)

Nine independent conditions for the ten constants of
integrationY;; can be determined at the points of dis-
continuity, by requiring continuity for the quantities
P?.(x) and for the stationary current densities

Juile) = (hi — ) Plu(x) — D= Py (x)

o (18)

at the pointr = k and the vanishing of the current
densitiesj,;(z) at the boundary points = 0, 1, i.e.,

n0(k) = Ppy(k),  dno(k) = jn1(k),
Jno(0) = jn1(1) =0, n=1,23.

(19)

It follows from Eqg. (13) that the system of linear alge-
braic equations (19) contains only nine linearly inde-
pendent equations fdr;;. By including the normal-
ization condition

3 1
Z/ Pi(z)dr =1
n=1 0

a complete set of conditions is obtained for ten con-
stants of integratiorY;;. Now, the constant$’; can

be expressed as quotients of two determinants of the
tenth degree:

(20)

det[Blr(l
ij =

— Orj+5i) + 01,1007 454
det(BlT) ’
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where the matriXBy,.), l,r = 1,...,10 is defined as
follows:
Bsj+5 = Brji5=DBsj= Bgj=0,
i ki
Bnjisi = (=1)"Apjjexp | — D )
Bimysjysi = (hi — 2om—1 4+ Xij) Bom—1 j+5is
Brysi2ijy5i = [50,i exp ( DU>
k— 1N\
+ 5171' exXp (7( D) Z]>:|
X Bm+3j+5i7
Aijo1,
Biojisi = [eXp ( ”D z)
kX
e ( 2] (22)
withn=1,2,3;m=1,2;j=1,...,5,i=0,1;

The stationary probability density in thespace
P?(x), with i = 0 for z € (0,k) andi = 1 for
€ (k,1), and the occupancy probabilitié$, and
Wi = 1 — W of the left and right potential wells,
respectively, are given by
)\”x>

Z exp<
k 5
= / PS(CE)dCC = ZBlOJ’}/Oj'
0 :
7=1

The behavior ofi}, at different system parame-
ters regimes will be considered in Sec. 3. All numer-
ical calculations are performed by using the software
Mathematica 5.0.

(23)

(24)

3 Enhancement of the stability of the
metastable state

Of central interest to us are the occupancy probability
W, of the left potential well (see Eq. (24)) and its re-
sponses to the switching rateand to the temperature
D. Figure 2 exhibits the ratit¥’, /17 as a function of
the switching rate- at different values of the temper-
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Fig. 2. The ratidV, /W vs the noise switching rate

at various temperature®. The occupancy probabil-
ities Wy and W7 of the left and right potential wells,
respectively, are computed by means of Eq. (24). The
parameter valuest = 2, = 1, andk = 0.125. The
different curves correspond to the different values of
the parameter; and temperature: (1) ¢ = 0.48,

D = 0.035; (2) ¢ = 0.33, D = 0.035; (3) ¢ = 0.48,

D = 0.065; (4) ¢ = 0.33, D = 0.065.

potential. Thus, we observe a noise-induced stability
for the metastable state (cf. also Table 1).

The tendency that is apparent in Figure 2, namely,
an increase of the occupancy probabillfy, as the
temperatureD decreases, also appears at lower values
of D. Moreover, decrease of the kurtogis= 1/2¢—3
of the trichotomous noisg also enhances the stability
of the metastable state [cf. curves (1) and (2) in Fig.
2].

In the case of dichotomous noise, the phe-
nomenon of noise-induced stability in models similar
to Eg. (10) has already been examined in Ref. [18],
where analogous results of Fig. 2 are presented and a
comprehensive physical interpretation of the effect is
given. So our result exposed in Fig. 2 shows that the
phenomenon of noise correlation time induced stabil-
ity is robust enough to survive a modification of the
noise as well as of the potential profile.

It is of interest to examine the behavior of the ex-
act expression ofVy (Eq. (24)) versus temperature.
In Fig. 3 we have plotted the occupancy probabilities
Wy andW; as functions of the dimensionless temper-

ature. It can be seen that the functional dependence ature D for an intermediate value of the correlation

of Wy/W1 on the switching rate is of a bell-shaped
form. Notably, at low temperatures for intermediate

time 7. = 200. For increasing values dp the proba-
bility W, starts from the valué&/, ~ 1 and decreases

values ofv the mean occupancy of the metastable state to the minimum. Next it grows to the local maximum

(the left potential well) is much larger than the mean

and decreases to the other minimum. Finally, at high

occupancy of the stable state, i.e., such fluctuations temperatures, it grows to the valke

enhance the occupancy of the left minimum, although
most of the time it is not the absolute minimum of the

ISSN: 1109-2777
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The interesting peculiarity of Fig. 3 is that there
are three temperature regimes where thermal fluctua-
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Table 1. The occupancy probabilifif/y of the left
potential well

1/D=Uy/kgT | ¢ v | Occupancy
probability 17/

28.6 0.48 | 109 | 1.116-10713
28.6 0.48 | 0.05 | 0.99987
28.6 0.33 | 10° | 1.116-10"13
28.6 0.33 | 0.05 | 0.99987
15.4 0.48 | 107 | 5.949-1078
15.4 0.48 | 0.4 | 0.90831
15.4 0.33 | 10° | 5.949-1078
15.4 0.33 | 0.4 | 0.90174

The other parameter values in model (10) are 2,
e = 1, andk = 0.125. All quantities are
dimensionless with scaling (8) and (9). Here we
emphasize that in the high frequency limit,— oo,
the Brownian particle is subjected to the average
potentialV,(z) and hence, the result fé¥) is the
same as for the non-fluctuating potentialx).

tions cause an enhancement of the occupancy of the

metastable state: (i) At high temperatures the effect
is trivial. In this case the Brownian particles “fail to
see” the structure of the potential profile and move
like in a simple rectangular potential well (cf. Fig.
4). (ii) For low values of the temperature the effect of
enhancement is very pronounced, i.e., nearly all parti-
cles are concentrated in the left potential well, which
has higher energy most of the time. This result is in
accordance with the phenomenon of noise correlation
time induced stability (see Fig. 2 and [18]). (iii) In
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0.1 1
D

0.01

10

Fig. 3. The occupancy probabilitidd’y and 17 of
the left and right potential wells, respectively, versus
the temperaturéd (Eg. (24)). The parameter values
area = 2,¢e = 1,k = 0.24, ¢ = 0.45, andv
5x 1073, Atlarge values of the temperatut®, > 10,
the probabilitiesi?, and 1W/; saturate to the valugs
and1l — k, respectively.

equation:

Te ~ eXp <V1(k)D ‘/1(1)> ?
i.e. the noise correlation time. is comparable with

the Kramers escape time from the right potential well
(in the noise state; = a). This is a remarkable con-
nection that throws some light on the physics of the
effect, namely, it relates two characteristic time scales
of the dynamical system (10) and demonstrates that
all the three agents — colored noise, thermal noise,
and potential configuration — act in unison to gener-
ate enhancement of the occupancy of the metastable

the case of moderate values of the temperature a new state at moderate temperatures.

resonance-like behavior is observed — enhancement

of stability also occurs in a finite interval of the tem-
perature, where the lowest depth of the potential wells
is comparable with the thermal energy of the particle.

A general feature of the phenomenon of double
temperature-enhanced stability is that the effect oc-
curs over a broad range of potential fluctuation rates
(cf. Figs. 5 and 6). Itis remarkable that the local max-
imum of Wy(D) disappears at such values of noise
correlation timer, that are comparable with or lower
than the intrawell relaxation time for the right well of
the net potential/; (z), i.e.

ey
““l4e—all—k)

Let us note that the value of the temperature that max-
imizes Wy (D) can be estimated from the following

ISSN: 1109-2777
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A comparison of the above results with calcula-
tions for mean passage times shows that the highly
nonlinear behavior ofV, andW; at low and moder-
ate temperatures is related to resonant activation [5],
[18], [31]. In particular, a general feature of the reso-
nant activation phenomenon for a linear ramp, which
is similar to our situation, is that with increasing bar-
rier height (or decreasing temperature) a long flat re-
gion of the mean first passage time develops around
the resonant switching ratg.s (1 corresponds to
the minimum of the mean first passage time vergus
[31].

There are several important time scales in our sys-
tem: six mean first passage timﬁg) for the two
minima of V,,(z) (i = 0 ands 1 correspond to
the left and right minima respectively); the intrawell
relaxation times foll/,(x), and the correlation time
7. = 1/v for the fluctuations of the potential. .
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PS(x)

Fig. 4. The stationary probability density®(x) at
various temperature® (Eq. (23)). The parameter
values arék = 0.24, a = 2, v = 0.1, ¢ = 1, and
g = 0.45. Atlarge values of the temperatur@, > 10,
the probability density”*(x) tends to a uniform dis-
tribution.

is long enough compared to the intrawell determin-
istic relaxation times of the net potenti&l,(x), i.e.

7. > max(L2/AV,\"), whereLy = k, Ly = 1 — k,
anq AVnZ) are the depths of the net potential wells
v, the conditionD < min(AV,”) guarantees a
sharp occupancy distribution in the minima of the net
potentials. In this case the probability fluxfrom the
left (right) potential well to the right (left) one is given

by
Wi

Ty T’

whereTy andT; are the mean first passage times from
the bottom of the left potential well to the bottom of
the right potential well and vice versa, respectively. In
the stationary case, the total probability flux between
the left and right potential wells must vanish, implying

Wo _ T
w, Ty

7J1:

(25)

Now, we will briefly consider the behavior of the
probability Wy in the high frequency regime; >
min[AV;\") /L2]. A general feature of our solution is
that with an increasing switching ratehe resonance-
like phenomenon, i.e., the local maximum [cf. Figs.
3 and 6], becomes less and less sharp until it disap-

pears av ~ max[AVéi) /L?]. For large values of the
switching ratev two characteristic regions can be dis-
cerned for the temperatui®. First, the region of low

intrawell diffusion levelsDy < min[(AV,\” /L;)?)],

for which the characteristic distance of intrawell ther-
mal diffusion /D7, is much smaller than the typi-
cal deterministic distances of the driven particles dur-

ISSN: 1109-2777
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10

Fig. 5. The occupancy probabilitié, and W/, ver-
sus the dimensionless temperatupe calculated by
means of equations (21) - (24). The noise switching
rater = 5 x 10719, the other parameter values are the
same as in Figure 3.

10

Fig. 6. The occupancy probabilitiéd, and W/, ver-

sus the dimensionless temperatupe calculated by
means of equations (21) - (24). The caseof 0.2.

The other parameter values are the same as in Figure
3.

ing the noise correlation time. = 1/v, and second,

the regimeDy > min[(AV,\" /L;)?], where thermal
diffusion dominates. In the regime of low diffusion
the behavior ofl is similar to that presented at low
temperatures in Fig. 6 (the temperature is lower than
the temperaturéd,,;,, corresponding to the first min-
imum of W), but the “critical” temperature),,., at
which Wy = W; = 1/2, decreases as increases.

In the region of strong diffusion the Brownian particle
is subject to the average potentid(z) in the case

of fast fluctuations. Hence, in this regime the occu-
pancy probabilitylV, depends on temperature in the
same way as in the case of the non-fluctuating poten-
tial Va(x), i. e. with increasing the temperaturié/,
increases monotonically up to the valiie

Issue 3, Volume 7, March 2008
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2. D. Thus, in this region formula (25) with Egs. (27)
applies and the occupation process of the potential
15: wells can be characterized by the mean first passage
times over the potential barrier. For higher values of
a4 D, however, a significant discrepancy occurs. This
& 1 means that folD > D,,,x, the time scale considered
(cf. Eqg. (26)) is no more applicable and the condi-
057 tions for the initial occupancy probabilities (see Eq.
\ > (27)) become invalid.
TS SREr IO ; Finally, note that for sufficiently large values of
0.050.1 05 1 5 10 the correlation time, the first minimum and the local
D maximum disappear and two plateaus occur at moder-
ate temperatures (cf. Fig. 5), i.e., in this parameter re-
Fig. 7. The ratiosk; = Wy/W; and Ry, = Ty/Ty gion thermal noise is effectively suppressed. To throw
versus the dimensionless temperatirén the case of some light on the physics of the above-mentioned ef-
q = 0.45. Solid line: the functionR; (D) computed fect, we shall now consider some physical approxima-
from Eq. (24). Dashed line: the functid®y, (D) com- tions for the situation:
puted from Egs. (34) - (36). The parameter values: N v AV /D 7 (28)

a=2e=1 k=024, v=105.
which corresponds to the first plateau in Fig. 5. Re-
member the inequalitieﬁvl(l) < AV},(O) < AVQ(O) <
AV <« AVY < AV (cf. Eq. (12) and Fig. 1).
@) <AV(1)>2 Let us now consider the d_erivation of an approxi-
min AVy oS 1 A/ (26) mate equation for the mean first passage tifnéthe
L? D(1- k)2 ’ derivation of77 is analogous to that). For the regime
(28), the particle locked in the noise state- 1 at the
which corresponds to temperatures that are lower than right net potential minimum (cf. Fig. 1) will move, at
the temperatur®,,,,, corresponding to the local max-  the initial time¢ = 0, to the left net potential mini-
imum of Wy. In this case the formula (25) is applica-  mumV,”)(0). The particle can escape over the poten-
ble. The mean first passage time depends on the initial tja| barrier back to the right potential minimum only
occupancy probabilitieﬁ,(f) of the net potential wells in the noise state; = —a. In this state the left net po-
V. In the case of Eq. (26) the time scale of bar- tential well is shallow and the corresponding Kramers
rier fluctuations is much faster than the escape times time is much shorter than the noise correlation time
and there is, between two crossings over the barrier, 7 = 1/v. In the case of trichotomous fluctuations
enough time for the particle probability distribution to ~ Z(¢) the probability W (¢) that in a certain time in-

Next, we consider the regime

relax and spend most of the time in a quasi-stationary terval (0, ?) transition to the noise statey = —a
probability distribution corresponding to the station- does not occur is given by (t) = exp(—qut) [15].
ary trichotomous process, i.e. The probability that the transition tg, = —a occurs

within the time interval(t, ¢ + dt) is vqdt. Conse-
(4)

2 = p(z1) =q, que_ntly, the mean_first passage time_: from thg left po-
@) tential well to the right one is approximately given by
py’ = plae)=1-2q, (27) = )
p;(;) = plz3) =q. Ty ~ qy/o te Mt = o (29)
The exact formulas for the mean passage tiffyesnd As mentioned above the derivation Bf is anal-
T1, being complex and cumbersome, are presented in ogous to that fof[;y and the result is also the same as
the Appendix (Egs. (36)). for Tp, i.e., T} = Ty. Thus from Eg. (25) we obtain
In Fig. 7 the ratiodV,/W; andT,/T; are com- T 1
pared for¢ = 0.45. When comparing the whole Wo ~ 0 ~ 2.
curves ofly(D)/T1 (D) andWy(D)/W1 (D), one can Li+Ty 2
distinguish two regions. FoP < Dy, = 0.1 A comparison with Fig. 5 shows that for the tem-

the agreement between the curl@éD) /17 (D) and perature interval determined by the conditions (28)
Wo(D)/W1(D)is surprisingly good at moderate tem-  our approximation (29) with Eq. (25) captures the ex-
perature values, and even excellent for small values of act result extremely well.
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4 Conclusion of W, at continuous transformation of the piecewise
_ linear potential into a smooth one. Second, for pos-
In the present work, we have analyzed the behavior of sible experimental realizations the multiple regimes
one-dimensional overdamped Brownian motion in a of temperature-enhanced stability of the metastable
sawtooth-like asymmetric bistable potential driven by el versus different time scales should be consid-
a trichotomous noise and an additive thermal noise. ered in more detail, especially in the two-dimensional
Using the corresponding master equation we have ob- case. Finally, our paper is restricted to the case of
tained an exact expression for the occupancy probabil- 5 \ell-defined potential flipping rate determined by
ity of the metastable state and demonstrated the phe- nojse correlation time. However, in many physical
nomenon of noise-induced stability. One should take systems fluctuations have power-law correlations (a
care not to confuse the terms noise-induced stability \ye||-defined noise correlation time is absent). Thus, it
and noise-enhanced stability used in this work with  is important to investigate, by numerical simulations,
the effect of noise-enhanced stability discussed in the occurrence of the resonant phenomena described
[17], [19], and [22]. The effect called noise-enhanced in this paper at those, strongly correlated fluctuations.
stability in [17], [19], [22] is only a postponement of We believe that the results obtained are also of
system instability (see also [16]), and is observed in jnterest for experimental cell biology, where the pro-

a periodically (or stochastically) driven system with  nosed model can be applied [18], [23], [24].
a single metastable minimum of the potential. The

system remains in the metastable minimum for some Acknowledgments: The research was partly sup-
time given by the mean first passage time for the bar- ported by the Estonian Science Foundation Grant No.
rier, and the mean first passage time has a maximum 7319 and the International Atomic Energy Agency
at a certain noise intensity. Evidently, in the stationary Grant No. 12026.
regime, the occupancy probability of the metastable
state is zero. In the present work the potential fluctu-
ates stochastically with a certain correlation time and
has two minima. The less stable minimum is the abso-
lute minimum for a certain configuration of the poten-
tial, but most of the time this minimum is metastable. Here the exact formulas for the mean first passage
Nevertheless, in a stationary regime it can be highly times (MFPT) from the bottom of the left potential
occupied (see also [18]). well to the bottom of the right potential well) and
Our major novel result is the effect of double en- back (I}) will be represented. Using standard meth-
hanced stability of a metastable state versus tempera- 0ds described in [33], from the backward equation of
ture. Notably, enhancement of the stability also occurs master equation (13) the following set of equations for
at moderate temperatures, i.e., when the temperature the MFPT can be deduced:
D is such that the lowest barrier height of the sys-

5 Appendix: Formulas for the mean
first passage time

tem is just a fewD, which is relevant for cell biology 0 (m)

[32]. For dichotomous noise, which is a special case (hi = Z”)%Ti (@, 2n)

of trichotomous noise, a qualitatively similar model 92 (m) (30)
has been studied in [18]. However, to our knowl- +DWTZ- (x,zp)

edge, neither the phenomenon of double temperature-
enhanced stability nor the existence of the correspond-
ing resonance-like peak versus temperature at moder-
ate values oD have been noticed or discussed before.
The major advantage of this effect is that the control
parameter is temperature, which can easily be varied
in experiments.

Another important conclusion is that the phe-
nomenon is robust enough to survive a variation of
the noise kurtosis, the noise correlation time (over a
very broad range) or the potential profile.

Our exact analytical results, concerning enhance-

- I/T’Z-(m) (z,2n) + I/T’Z-(m) (x) = —1,

wherei = 0,1, m = 0,1, n = 1,2,3, h(z) = hy =
—1/k for x € (0,k), h(z) = h1 = (1 +¢€)/(1 — k)
forx € (k, 1), and

3

T () = p(za) T

n=1

(x, zp). (31)

with the initial probabilities

ment of the stability of a metastable state in a fluc-
tuating bistable potential can be a good starting point
to investigating more realistic systems. First, it would

be interesting, for example, to investigate the behavior

ISSN: 1109-2777
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p(z1) = p(23) = ¢, p(22) =1 —2q.

As the forceh is piecewisely constant, (30) splits
up into four linear differential equations with constant
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coefficients for the four vector function@?’") (x,21),

T’Z-(m)(JT,ZQ),T;(m)(‘T,Zg),’L' =0,1,m =0, 1), defined > C(O))\ A )\Ojk
on the intervalg0, k) and(k, 1), separately. The so- Z 0j 10j4n0j €XP |\ T
lution reads j=t
Ak
. 1 | — OO\ A exp <_g )] (34)
T L) = —
7 (‘T’Z ) hz h 10 1 1
gz O =P <h_ - h_> ’
(m) 4 ijx 0 1
+;Cz'j AmJeXp<D > n=123.
whereC™, ¢ are constants of integration, and The corresponding equations fd}(l) and Cy)
the quantitiesd,,;; , \;; are the same as in Eq. (16). read:
The twenty-four independent conditions for the .
(m)  ~(m) Cl) + > C8 Ay = — -
constants of mtegratlorC , C;p ' can be deter- 00 " 0j “n0j = hov
mined at the points of dlscontlnwty, by requiring con- i=l
tinuity for the quantltleSTi( )(x, z,) and for the sta-
tionary current densities at the point= k, and be ap- Ak D
plying the corresponding conditions of absorbing and Z C >\1j nij XP{ —p7 | = 5
. . . 1
reflecting boundaries at the potential wells bottoms. j=1
The appropriate boundary conditionsTgSm) (x, zn)
e ™) (m) (1) (1) Aojk
(k zn) - Tl (k‘, Zn)f Coo - Zl |: 0j AnO] €xp < 5 )
] =
d o m) _ 4 m) ,
T (7, 2n) |o=k = =N (T, 20) o=k » _ CS)ANU exp ()\gkﬂ _
(m) _ plm) _ AL 1 11
Ty " (1,2p) =T777(0,2,) =0, (33) ” (ho h1>+k<h0 )
d _(m d  (m
—TO( )(x,zn)|m:0 = _T1( )(x,zn)|m:1 =0.
dx dx 5 Nk
As follows from Egs. (32) and (33), this proce- Z |:C(g;))\OjAn0j exp (%)
dure leads to an inhomogeneous set of 24 linear alge- ;j =1
braic equations fo€’"™ andC ™ . A1k 11
L 0) o 0) , —Cf M Ay exp( 2 )] =D (———>7
Now the constant§’;;” andC;,” are determined D ho M
by the following system of 12 linear algebraic equa- n=123.
tions: 5 \ , (35)
C(O)—i— C(Q) A exp( 1]>:—Z—n+—,
0 ]Z:l K ’ D hww Now, a straightforward calculation gives for the

mean passage timég = TO(O)( 0) andT; = T(l)( 1):
5
D
C Moy Anij = 2=,
Z 05 70 T g 0) (0)

5
©) _ ~(0) 0,4 Aojk
COO Clo + Z |:COj AnOJ exp< D ) T, = C{é 4 +ZC(1 exp <)‘1j> (36)

j=1
C( )Anlj exp (Al’k>] —
Hence, the problem set has been solved and we can
zn 1 1 1 see that exact evaluation of the MPFT can be handled
by linear algebra.
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