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Abstract: - It is well known that the vibrations are a major cause for the instability in the mechanical systems
and major source of noises. In this paper we propose a simple system with two degrees of freedom based on a
non-linear elastic element and the hypothesis for the coefficients of the elastic force.. For this system, it is
proved in the present paper that the motion is stable, but not asymptotically stable. A comparison between the
non-linear case and the linear case is performed, and for the both cases the eigenpulsations are also
determined. All theoretical results are validated by numerical simulation. Finally, we considered the general

case.
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1 Introduction
The system purposed for the study is described in
figure 1, a. It consists of the masses m, and m,

linked one to another by the linear spring of stiffness
k. The mass m, can be considered to be the
foundation of the machine-tool, and the mass m,
the machine-tool itself. The mass m, is linked to the

ground by the non-linear spring 1 for which the
elastic force writes

F=kx-"1, (1)
X

where x is the elongation of the spring.
The fundamental working hypothesis is that
€ >0. 2)
The system has two degrees of freedom, that is
the displacements z, and z, of the two masses in
the vertical direction.

2 The equations of motion
Isolating the two masses (fig. 1, b), one obtains the
differential equations of the motion

. €
mzZ, = —k,z, +—2+k(z2 —Zl)+m1g,

Z
m,z, =m2g—k(22 _Zl)a 3)
where g is the gravitational acceleration.
Denoting
C1=21,8,=2,, 8 =2, & =1, 4)

the relations (3) transform in a system of four first
order non-linear differential equations,
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Fig. 1. The mathematical model.
%1 Zis’ %2 :§4’
. 1 €
& =—|—-k& +_12+k(<t:2 _§1)+m1g >
m &
. 1
&, :_[ng_k(éz —él)]- (%)
m,

3 The equilibrium positions
These positions found at the intersections of the
nullclines, so that one obtains the system

& =0, & =0, _klal—i_z_;—i_k(&ﬁ_gl)—i_mlg:o’

1

ng—k(§2—§1)=0- (6)
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Summing the last two relations (6), it results

€

—k1§1+—12+(m1+m2)g=0, @)
1

wherefrom

kl&n} _(ml +m2)g§12 —-& =0. )

In the sequence of the coefficients of powers of
&, in the relation (8) there exists only one variation
of sign such that applying the Descartes theorem one
deduces that the equation (8) has only one positive
real root. Making now &, = —§,, one obtains the
equation
klz.al3 +(m1 +m2)g§12 +g, =0 ©)
for which there exists no variation of sigh in the
sequence of the coefficients so that the Descartes
theorem assures us that we have no negative real
root for the equation (8). In conclusion, the equation
(8) has exactly one positive real root, name it &, .

The last relation (6) becomes now a linear
equation in the unknown &, and therefore it has

only one solution,
— m p—
6, =54 (10)

We proved in this way that the system has only
one equilibrium position (El ,Ez ,0,0).
Let us denote by f (E,l) the function f:R - R,

f(gl):klgf_(ml—i_mz)galz_gl (11)

for which the derivative is

£'(&,) =3k} —2(m, +m,)gt, . (12)
The equation f ’(E',1 ) =0 has the solutions

E_,gl):(), E,EZ):M, (13)

3k,

Z‘,Sl) being a point of maximum, and aﬁz) a point of
minimum. In addition,

£(0)=—¢, <0. (14)
ret
0 & 3
T -
€ | §1
/ |
|
|
|

Fig. 2. The graphic of the function f (Eﬂ,1 )
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Graphically, the situation is presented in figure 2.
It follows from here that

El S 2(’”1 +m, )g ‘

W (15)

4 The stability of the equilibrium
Let us denote by f,, k=1,4 the right-hand terms
of the relations (5) and by j,, the partial derivatives

0
jo=Ie k-13,1-14. (16)
g,
We have
jllzoajlzzoajlszlaj14=0= (17)
j21=0,j22=0,j23=0,j24=1, (18)
. 1 2g . k.
J31 :_(_kl —k——;J,th =—, Jji =0,
my & m
J3a =0, (19)
) k. k. .
Jn=—sJp=""—",J5=0, ju=0. (20)
m, m,
The characteristic equation
det(J—-AI)=0, (21)

in which J is the Jacobi matrix, J = [jk, ]k:1:4 , and
1=1,4

I is the fourth order unity matrix, reads

-2 0 1 0
0O —-A O 1
) ) =0. (22)
Ju Jn —A 0
Jun Jn 0 =X

Multiplying the third column by A and adding it
to the first column, the fourth column by A and
adding it to the second column, results the equation

7‘4_(j31+J’42)7¥2+]'31J'42_]'32J’41 =0. (23)
From the Routh-Hurwitz criterion we deduce
that the equation has not all the roots with negative
real part and therefore the equilibrium can not be
asymptotically stable.
On the other hand, the roots of the equation (23)
are

. . . . 2 . .
_Juntia * \/(]31 _J42) +4)5 )4 )
2
Keeping into account the expressions (17)-(20),

we have

2 (24)

2¢g,

= .
L~ <0,
m,

ky+k+

31t =— (25)

my
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. 4k*
4jsjn=—"—>0, (26)
mym,
(a1 = Ju ) +4Js2) >0, (27)
More,
. . . . 2 . .
|]31 +J42| >\/(]31 _J42) +4 )5 )a (28)
ecause it is equivalent to
JstJa > Jndas 29
that 1s
kik ) 2
LI +_i;i> L (30)
mm, mym, & m,  mm,

The previous relations assure us that A3 <0,

A2 <0 so that the roots of the characteristic
equation (23) are all pure
equilibrium position (&1, X;Z,O,O) is simply stable.

imaginary. The

5 The stability of the motion
Let (&1,§2,§3,§4) a solution of the system (5) and

(ul,uz,u3,u4) a deviation sufficiently small in its
norm. We can write

& +uy =& +us, & +u, =&, tuy,

. . 1 €
Ey +ity = —|— k(& +u)+ ——
m (‘:1 + “1) >
+ k(‘iz - & tu, _”1)"‘ mlg]
. . 1
‘:4"'“4:_[ng_k(‘taz_‘tal"‘“z_”l)]- (1)
2
Since u, << &, we can approximate
€ € 2¢e
1 ~ 1 1 . (32)

— = ——U
(E.!l+u1)2 ‘talz ‘t:f
Keeping into account that (‘:1@2@3@4) is a

solution of the system (5), from the relations (31)
and (32) we obtain the system in deviations
Uy =Uy, Uy =Uy,

. 1 2e.u
uy, =—| —ku, —%+k(u2 —ul) ,

m &
) 1
Uy :_[_ k(”z —U )]= (33)

m,
wherefrom

. 2e.u
myi, =—ku, — 13 1 +k(u2 —ul),
1

myti, = —ku, + ku, . (34)

From the second relation (34) we find
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My, .. Sy ..
= +u,, i, = +1i,, 35
1 k 2 1 k 2 ( )
the first relation (34) offering now
mymy )
k
(36)

5 .

+| M2 k, +h+ 2 +m, iy + ku, =0

k &
The characteristic equation reads now

4 +[%(kl +k+%}+m1]r2 +k=0. 37

1

mm,
k

The discriminate of this equation is

2
2
A ={%[k1 +k+%}+ml} —4m,m,

1

2
=m0 1) %)
m, 2¢g,
+2(my +m) ==k, + =L ]>0
k &
and, in addition,
2
A<| T2 k1+k+2—83‘ +my | (39)
k &
Keeping into account that
a:&(kl+k+2—?J+ml>O (40)
k 1

it immediately results that > <0, r; <0 so that the
roots of the characteristic equation (37) are all pure

imaginary, the motion being stable, but not
asymptotically stable.
The solution of the equation (36) is
(41)

By twice derivation of the expression (41), we
obtain
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(42)

(43)
Everywhere C,, C,, ¢, and ¢, are constants of
integration, which result from the initial conditions
”1(0) Sy, Uy (O) =y, U (O) =y, Uy (0) =1y .
The expressions (41) and (43) approximate the
solution of the system in deviations (31).

6 The small oscillations around the
equilibrium position

These can be obtained as a particular case of the
previous paragraph for

& =&.

Result the eigenpulsations

o, :H%[kl +k+%}+ml
1

(44)
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0, = LS k1+k+& + m,
k &
2
+ 4 M2 k1+k+ﬁ + m
k &
2k

sl

7 Comparison with the linear case
The linear case is obtained for ¢, =0.

The equation (7) writes

— k& +(m, +my)g =0,

with the solution

z0) _ my +m,

& Tk

One observes that El(l ) < &, for which holds true

the relation (15).
The relation (10) offers

z(0) _ M8 + m+m,
) =

and therefore Eg’) <&, , too.

(45)

(46)

(47)

(48)

The equilibrium remains again simply stable
because the relations (25)-(30) still hold true.

The motion is again simply stable and we have in
addition

k 2
A = (mz +my + m, le

2
—-4mm, = (m2 - m, )2 + (mz k_klj > (49)
+ Z(m2 + m, )m2 %

al) = m, +m, + maky , (50)
with

AVs0, AY<A,a">0,a"<a. (51)

The eigenpulsations are
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m,k
oagl) ={m2 +m, +—=L

2

2
- (mz +m, + mzklj ,
k,
1
}2

myk,

2k

1
- 4m1m2]2/(
mym,

o) = {m m

k,
A
s o)

8 Numerical application
Let us consider the case

m, =2000kg, m, =1000kg, g =10m/s*,
k, =10° N/m, g, =700 Nm?,
k=10° N/m.
The equation (8) leads us to
10987 —3000x10&7 —700 =0
with the solution
g =0.1m.

The relation (10) offers us

100010
E.!Z - 105

The expression (15) assures us that
2% (2000 +1000)x 10

3x10°
The equations (17)-(20) lead us to

_ 1 X(_106_105_2><700
2000 3

L w
~2000 7% T 1000
10°
2000

the roots of the characteristic equation (23) being
given by (24)

1

myk (52)
k,
2k

(53)
(34)

(55)

+0.1=0.2m. (56)

0.1m =0.02m.

(57)

Ja j = 1250,

J =100,

Ju = =50, (58)

Al =-45.848, )5 =-1254.152. (59)
The parameters a and A are
a = 27000, (60)
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A = 721000000 . (61)
The eigenpulsations read
o - 27000—\/72£000000 _38.5435",
2x10
2000 %1000
- 27000 + +/721000000 7338355 (62)
2x10°
2000 x 1000
In the linear case we have
5351) - Mx 10 = 0.03m,

106
(l)z1000X10+2000+1000X10=0131’1’1 63
= 10° 10° A3m, - (63)

6
a¥) = 1000+2000+% =13000, (64)
106 )’
A =11000 + 2000 + 1000 x —
[ 105) ; (65)
— 4 x 2000 x 1000 = 161000000
cofl) _ 13000—\/1615000000 5580557,
2x10
2000x1000
(D(zl) _ 13000+\/1615000000 _506.8395" (66)
2x10
2000x1000
One observes that
0 < mgl)a @, > @(21)’ (67)

so that the non-linearity has as effect the increasing
of the domain of pulsations where the resonance
doesn’t appear.

9 The general case
We shall recall the equation (8). If
g <0, (68)
then in the sequence of the coefficients we have two
variations of sign and, according to the Descartes
theorem, the equation (8) can have zero or two
positive roots. Making &, +— —&, and recalling the
equation (9) we have only one variation of sign in
the sequence of its coefficients. Applying again the
Descartes theorem, it follows that the equation (8)
has exactly one negative root.

The graphic of the function ' : R —> R defined
by the relation (11) is captured in the figure 3 and in
the figure 4.

The expression of f (Z‘,Sz)) is given by the relation
(13) and we obtain
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SE)A

>

O | .
&’ g,

Fig. 3. The graphic of the function f (&1) in the case
f(E?)>0and g <o0.

VACHY

- '\ };(12)
T L
\L/ &1
Fig. 4. The graphic of the function f (Z;l) in the case
fE?)<0and e <o0.

VACHE

AN

Fig. 5. The graphic of the function f (Z;l) in the case
f(&gz))z 0 and g < 0.

& &

3.3
f@@)=—f@5§£?l§——sy (69)
The condition
£EP)>0 (70)
implies
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4m, + P g3
e < Hom tm)gl )
27k}

In conclusion, if the relation (71) is fulfilled, then
the equation (8) has only one negative root and the
situation is captured in the figure 3. if the relation
(71) is not satisfied, then the equation (8) has three
real roots, two of them being positive and one
negative, the situation being described by the figure
4.

There exists a particular case when

4(m1 +m, )3g3
27k;

and f(E™)=0, f(EP)=0. In this situation the
equation (8) has three real roots, one negative and
two positive, the two positive roots being equal.
Graphically this case is drawn in the figure 5.

Further on, we shall analyze the stability of the
equilibrium positions.

Again, the characteristic equation is given by the
relation (23), where

& = - : (72)

k,+k  2¢g
j = - - s (73)
. m m &}
_ k
J3» = —>» (74)
m,
_ k
j41 =T (75)
m,
_ k
Jp =——. (76)
m,
We have
. . k, +k € k
Jai tJp == -2 13——, (77)
m, mé&;  m,
. . k 2g
JaiJa ~ JnJa :—(kl +_31j (78)
m,m, &i
The discriminate of the equation (23) is given by
A=(jy = Jju) +4inin (79)
and, keeping into account that
(a1 =) >0, (80)
k2
Jnja = >0, 1)
mym,

it results that A > 0 and therefore the characteristic
equation (23) has always two real roots A3 and A2 .

For the stability is necessary and sufficient that
both A2 and A% to be negative. This implies

Jai tJpn <0 (82)
and
J31Ja = JnJa > 0. (83)

The condition (82)leads us to
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2 _ _ktk Kk

-— (84)
m &} m, m,
The condition (83) implies
2
k o+ =L > 0. (85)

1

Let us denote by El , El and El the possible three

real roots of the equation (8), where El <0,

El >0: El >0,El SE]
For the root &, we have

2¢g,
—13>0

and the conditions (84) and (85) are fulfilled;
therefore El is always a stable equilibrium position.

It is easy to calculate that in the situation
described the figure 5, the inequality (87) becomes

_ 4(m1 + ””2)3g3 o 8h1(m1 + m2)3g3
27k} 27 - 2k}
which is obviously false; the equilibrium position

(86)

, 87

&, = & is unstable.
For the case of three different real roots we have

Z @) _ 2('”1 + mz)g
> =———=2= 88
> & 3% (83)
klzl3 > 4(m1 + m2 )3g3 , (89)
2 27k}
4(””1 +m, )3
g < ——>= 90
< (90)

and the condition (85) offers us (the condition (84)
is useless now)

4(’"1 +m, )
27k?

3,3 E3
£ < kﬁfl . 1)

—g <

It results that El is a stable equilibrium position.

Let us consider the root El. The equation (8) can
be written as
g, = k& —(my +m,)gE?. (92)
The condition (85) lead us to (again the condition
(84) is useless)

k& T 72 93
> < k& (ml +mz)g<t:1 ) (93)

wherefrom

3k, &3 =

I—EA > (ml +m, )gélz ) %94

2
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El S 2(’"1 + mz)g _ %52),

m (95)

which is absurd. The equilibrium position El is

always unstable.
For the stability of the motion we obtain the same
equation (37). Denoting now

k i

a= ) (96)
mm,
k

po—k 97)

m,m,

k

it results the equation
r*+ar?+b=0, (98)
or
p>+ap+b=0, (99)

the notation being obvious.
The equation (99) has negative real roots if and

only if

A=a’?>-4b>0, (100)
a>0, (101)
and

b>0. (102)

Recalling the relations (96) and (97), one can
easily observe that the condition (102) is always
true.

The only conditions for the stability of the
motion are (100) and (101).

10 Numerical analysis
Let us consider the following three numerical cases
(for the simplicity of the calculation, we shall take
the gravitational acceleration g =10 m/s?).

The first case is defined by

m, =2000kg, m, =1000kg, g =10m/s*,

k, =10°N/m, g, =700 Nm?, k=10’ N/m  (102)
and the initial conditions

£V =0.11m, £ =0.19m, £ = Om/s,

£} =0mfs. (103)

The second case is characterized by
m, =2000kg, m, =1000kg, k, =4-10° N/m,

k =10° N/m, ¢, = =700 Nm? (104)
and the initial conditions

£V =—0.11m, £} =-0.0lm, &£ = 0m/s,

£} =0mfs. (105)

Finally, the third case is described by
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m, =2000kg, m, =1000kg, k, =4-10° N/m,
k =10°N/m, & = —20 Nm? (106)
and the following three variants of initial conditions

£9 = 0.063m, £ = 0.163, &) = Om/s,

g9 =0mfs, (107)
E) =0.037m, &) =0.137, £} = 0m/s,

£} =0m/s, (108)
£0 = -0.023m, £) = 0.977, £2 = Om/s,

£} =0m/s, (109)

In the first situation there exists an unique
equilibrium position
& =0.1m, (110)
£, =02m. (111)
In the second case there is only one equilibrium
position given by

g =-0.1m, (112)
&, =09m. (113)
Finally, in the third case we have three
equilibrium positions
& =-0.022629m, (114)
&, =0.077371m, (115)
g =0.03567m, (116)
£, =0.13567m, (117)
£ =0.06198m, (118)
E, =0.16198m. (119)

The results of the numerical simulations are
presented in the figures 6, 7, 8, 9 and 10.

b1 I

& [m]

Time [s]

a)
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b9 T "

0.185

0.18

0175

017

0.165

& [m]

016

0.155

014

0.145

b)

de \dt [m/s]

e O S S S

02

0.1a

01

0.05

de,\elt [mis]

005

01H

015

0.2

oo NS N N S N N S S N
© Timers]
d)
Fig. 6. Time history in the first case.
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-0.08 T T
-0.085
-0.08

00 E--F

& [m]

01 F

-0.105

-0
0

06 08 1

Time [s]

0015 T T

& [m]

0os L L
0 )

b)

03 T

de \elt [mis]

IRY 5 S 1 NS T IO 8 O

04 S
0 !
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0.2
0

Time [s]

d)

Fig. 7. Time history in the second case.

0.083

00628 -§--

0.0626 --§-

0.0624 --

00622 F---
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0.0616
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de, vt [m/s]

0.0
0006 |44
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0o
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-0m

0015

001 -

0.005
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d)

Fig. 8. Time history in the third case, the initial

&y [m]

0.03

0075

0.07

0.065
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0.0585

0.0s

0.045

0.04

conditions being given by (107).

D2 04 0B 08 1 12 14 1B 18 2
Time [s]

a)
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02 T T

013 i i i i

Time [s]
= I U A
T
=
=
vy
=
7 :
£ g
g i
ul i
e .
03
04 i i i i i i i i i
0 02 04 0B 08 1 12 14 16 18
Time [s]

Fig. 9. Time history in the third case, the initial

conditions being given by (108).
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-0.0222 T T T T T

0023 - -k AR R
-0.0z24 Hf--

00229 [----
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0.0777

0.0778

0.0775

0.0774

0.0773

0.0772

0.0771
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0 02 04 06 08 1 12 14 16 18 2

I
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o S N S N TR N A S
0

02 04 06 08 1 12 14 16 18 2

Time [s]
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dz_dt [m/s]

Time [s]
d)
Fig. 10. Time history in the third case, the initial
conditions being given by (109).

11 Conclusions

In this paper we presented a study concerning the
influence of the non-linear neo-Hookean elements
on the stability of the system machine-tool-
foundation. If &, > 0, then we proved that both the

equilibrium and the motion are simply stable and the
neo-Hookean element increases the safety domain
where the resonance doesn’t appear. If €, < 0, then

the discussion is more difficult and it is presented in
the ninth part of this paper where we also studied the
stability of the equilibrium positions. Finally we
made the numerical simulation for all the cases
presented in the paper, the numerical results being in
excellent agreement with the theory developed.
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