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Abstract: The objective of the paper is to analyze the influence of initial imperfections on the behavior of thin-walled
girders welded of slender plate elements. A number of full-scale plate girders are modeled and analyzed to determine
their bending and shear failure mechanism characteristics. The design of a thin-walled system is always rather
complicated as also the influence of initial imperfections is to be taken into account to a greater extent. The theoretical
analysis was based on a nonlinear variant of the finite element method. All input imperfections were considered to be
random quantities. The statistical distributions were introduced according to both experimentally obtained results and
data given in literature. Random realizations of input random quantities were simulated by the LHS (Latin Hypercube
Sampling) method. By means of sensitivity analysis, it was studied to what extend the variability of initial
imperfections was reflected in the variability of stresses in the crack-prone areas of the girder.
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Various forms of instabilities, such as shear buckling of
web plates, lateral beam buckling of girders,
compression buckling of webs, flange-induced buckling
of webs, and local buckling and crippling of webs are
considered in design procedures.
A slender web is the basic structural element of a
thin walled structure. The major manifestation of the
slender web stability loss is the buckling. In case that the
structure is stressed by repeated loading, the repeated
stability loss of structure slender plate elements causes
the repeated state of stress change which is then
followed by the initiation and propagation of fatigue
cracks.

1 Introduction
Thin-walled structures come into their own in numerous
structural systems, e.g., in plains, cars, but also in bridge
and technological equipment structures. In general,
modern plate girders are, fabricated by welding together
two flanges, a web and a series of transverse stiffeners
[1]. Flanges resist the applied moment, while web plates
keep the relative distance between flanges and resist
shear. In most practical ranges, the induced shearing
force is relatively lower than the normal flange forces.
Therefore, to obtain a high strength to weight ratio, it is
common to choose deep girders. This entails a deep web
the weight of which is minimized by reducing its
thickness.

Fig. 1 Experimentally approached girder
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First, the stable crack growth occurs at repeated loading.
In classical approach, each fatigue process is finished by
brittle fracture. The larger is the stress amplitude in the
given point, the rapider is the crack propagation
occurrence. Therefore it is necessary to analyse the
factors taking part in the stress variability in the points
above all, where the most frequent presence of cracks
initiation and propagation has been confirmed in
accordance with experimental results.
Thin-walled bridge structures are very often exposed
to a repeated cyclically changing loading with maximal
level up to 60% of a mean load carrying capacity. An
explicit determination of crack-prone areas is impossible
due to a complicated shape. The authors of this
contribution focused their attention on the most accurate
initial shape description. The double Fourier series was
chosen for this aim [2]. Its terms were defined, based on
a measuring of a non-loaded shape of a girder web, with
the same dimensions. In the same manner, a realistic
absolute magnitude deflection was assumed. Sets of
Fourier series terms were generated by LHS [3] method
using the measurement results. A thereby defined shape
as a part of a numerical analysis was modelled with shell
finite elements applying the programme system ANSYS.
A sensitivity analysis was performed utilizing
geometrically and materially non-linear analysis results.
On behalf of the sensitivity analysis, it is possible to
distinguish the extent of influence of input variables.

with a gradually changing value of the input parameters
Xi studied, namely in each calculation run j (j = 1,
2,…,k), and this in a certain real extent [9]. By
comparison of calculation result of Y the influence of
parameter Xi on the response of Y can be evaluated.
Calculation result Y can means e.g. load carrying
capacity, stress state. So, if applying the deterministic
sensitivity analysis, we deliberately disregard valuable
information about the variability of the input data.

2.2 Stochastic Sensitivity Analysis
In recent years, a number of different methods of the
stochastic sensitivity analysis have been evolved [4, 26].
Stochastic methods are based upon various assumptions,
and it is difficult to compare the results. However, each
of the methods has its informative capability of a
different kind. These are briefly as follows: (i) the
method based upon the observation of the correlation
coefficient, (ii) variance-based methods and (iii) Fourier
amplitude sensitivity texts. This paper is devoted to (i).
The random input qua are considered as if they have
been obtained by measurements, this enabling us to get
quantified information about the influence of the scatter
of individual parameters involved. The stochastic
sensitivity analysis can be employed with advantage in
connection with the numerical simulation method Latin
Hypercube Sampling (LHS) method [3]. In the paper,
the sensitivity analysis is evaluated in the form of
Spearman rank-order correlation coefficient.
N

2 Sensitivity Analysis

6 ∑ (q j ,i − p j ) 2

As far as the he notion “sensitivity analysis” is
concerned, it has different meaning to different people,
see, e.g., [4-11]. With the development of conceptions of
the numerical analysis of advanced systems, these
procedures can contribute to a qualitative improvement
of the reliability analysis of structures, as it can be seen,
e.g., in [12-21]. The information on problems, methods
and applications of the theoretical analysis of thin-walled
structures and stability is presented, e.g. in [22-25].
Sensitivity analysis is the study of how the variation
in the output of a model (load carrying capacity, stress
state, etc.) can be apportioned, qualitatively or
quantitatively, on different sources of variation, and of
how the given model depends upon the information fed
into it [4]. The sensitivity analysis can be generally
divided into two groups: (i) deterministic sensitivity
analysis and (ii) stochastic sensitivity analysis [9].

ri = 1 −

j =1

N3 − N

,

rs,i ∈ [− 1,1]

(1)

where ri is the order representing the value of random
variable Xi in an ordered sample among N simulated
values applied in the jth simulation (the order qj equals
the permutation at LHS), pj is the order of an ordered
sample of the resulting variable for the jth run of the
simulation process (qj,i – pj is the difference between the
ranks of two samples and N is sample size).
The method is based on the assumption that the
random quantity influencing (both positively and
negatively) on the output quantity change in a significant
way will have a higher correlation coefficient. Opposite
to this, the coefficient with its value near to zero will
signalise a low influence.

3 Input Random Quantities

2.1 Deterministic Sensitivity Analysis

Statistical characteristics of dominant random quantities
were derived estimating measurement results. Initial
smooth-surface shape variability was extracted from
sixteen web girder measurements. Differences in real

The deterministic sensitivity analysis is a method
sometimes applied in the design of structures [9]. Such
an analysis thus consists of a sequence of computations
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and ideally straight shapes were metered in a predefined
rectangular point net with rows and columns distance at
0.1 m.
Within the framework of the experimental investigation
into the fatigue limit state of thin-walled steel girders
carried out at the cooperating Institute of Theoretical and
Applied Mechanics in Prague, the initial out-of-plate
deflection of the webs of the test girders is carefully
measured. For measuring the precise optical measuring
equipment was used. The web was divided on squares
and in vortexes the initial out-of-plate imperfection was
measured. The measuring is shown in figure 3.
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assumed that the value of the dominant shape of the
initial curvature 1x1 (with the amplitude e1) would
always be positive. When the negative sign of the
coefficient e1 was obtained, the signs of all coefficients
e1 to e9 were changed so that the coefficient e1 was
always positive.
It was considered the value of coefficient e1 ( i.e., the
initial curvature shape 1 x 1) is dominant. The
coefficients of the other terms of the Fourier series are
less significant. Although the results obtained in such a
way give a certain idea of the initial curvature shape, a
relatively small statistical sample is concerned. The
mean value and the standard deviation of coefficients e1
to e9 are given in Tab. 1.
Table 1 Statistical characteristics of the amplitudes e1 to e9
[mm]
e2
e3
e4
e1
Mean
3.574
1.544
-0.950
-0.106
St. dev.
3.335
2.315
2.461
0.937
e5
e6
e7
e8
e9
-0.005
-0.117
0.040
0.182
-0.078
0.570
0.298
0.650
0.577
0.583

Higher statistical characteristics (skewness, kurtosis,
correlation coefficients) were determined with a
relatively high statistical error, and therefore they are not
presented here. Thus description can be simplified using
only the first series member with one sine wave
horizontally and vertically (shape 1x1).
In the problem solved, we issued from the large
amount of experimental material and geometrical
characteristics of steel products made by a dominant
Czech producer, see [27, 28] and Fig. 4.

Fig. 3 Measurement of initial imperfection of a
slender web
The results of the measurements carried out on the webs
of 16 large-size test girders, the web of which was 1000
mm in depth (and consequently similar in character to
ordinary steel plate girders), will be used as a data set for
the following sensitivity analysis carried out at the
Faculty of Civil Engineering in Brno.
The measured initial curvatures of the webs of the
test girders were expanded into double Fourier sine
series (2) with initial point of coordinate system in the
lower left hand corner of the web:
⎛ πx ⎞ ⎛ πy ⎞
⎛ πx ⎞ ⎛ πy ⎞
F (x, y ) = e1 sin ⎜ ⎟ sin ⎜ ⎟ + e2 sin ⎜ ⎟ sin ⎜ 2 ⎟ +
⎝ l ⎠ ⎝ l ⎠
⎝ l ⎠ ⎝ l ⎠
π
π
x
y
⎛ ⎞ ⎛
⎞
⎛ πx ⎞ ⎛ πy ⎞
e3 sin ⎜ ⎟ sin ⎜ 3 ⎟ + e4 sin ⎜ 2 ⎟ sin ⎜ ⎟ +
⎝ l ⎠ ⎝ l ⎠
⎝ l ⎠ ⎝ l ⎠
⎛ πx ⎞ ⎛ πy ⎞
⎛ πx ⎞ ⎛ πy ⎞
e5 sin ⎜ 2 ⎟ sin ⎜ 2 ⎟ + e6 sin ⎜ 2 ⎟ sin ⎜ 3 ⎟ +
l
l
⎝
⎠ ⎝
⎠
⎝ l ⎠ ⎝ l ⎠
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π
π
⎛
⎞ ⎛
⎞
e9 sin ⎜ 3 ⎟ sin ⎜ 3 ⎟.
⎝ l ⎠ ⎝ l ⎠

(2)

For a correct interpretation of the sensitivity analysis
results, it is necessary to suppose, monotonous
dependences between input and output. It was therefore
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was found out by the geometrically and materially nonlinear solution FEM.

For the not measured quantities (e.g., Young’s modulus),
the study was based on the data given in the technical
literature; statistical characteristics of Young’s modulus,
e.g., is given in [29]. Let us remark that the
consideration of standard deviation 12.6 GPa is
questionable, and can be considered by a negligibly
lower value.
Table 2: Statistic characteristics of the input variables
Type of
Standard
Random variables
Mean
dist.
deviation
Amplitude of sine initial
***
3.574 mm 3.335 mm
web curvature
Web thickness
*
4 mm
0.2 mm
Web yield strength
**
284.5 MPa 21.5 MPa
Web Young's modulus
*
210 GPa
12.6 GPa
Thickness of upper flange *
10 mm
0.7 mm
Yield str. of upper flange **
284.5 MPa 21.5 MPa
Young's modulus of
*
210 GPa
12.6 GPa
upper flange
Thickness of lower flange *
10 mm
0.7 mm
Yield str. of lower flange **
284.5 MPa 21.5 MPa
Young's modulus of
*
210 GPa
12.6 GPa
lower flange
Thickness of left stiffener *
12 mm
0.84 mm
Yield str. of left stiffener **
284.5 MPa 21.5 MPa
Young's modulus of left
*
210 GPa
12.6 GPa
stiffener
Thickness of middle
*
12 mm
0.84 mm
stiffener
Yield str. of middle stiff. **
284.5 MPa 21.5 MPa
Young's modulus of
*
210 GPa
12.6 GPa
middle stiffener
Thickness of right stiff. *
12 mm
0.84 mm
Yield str. of right stiff.
**
284.5 MPa 21.5 MPa
Young's modulus of right
*
210 GPa
12.6 GPa
stiffener

Fig. 5 The finite element non-linear shell model
with initial imperfection
The full Newton-Raphson method with updating of
stiffness matrix in each iteration was applied. The
loading test was controlled by incrementation of a load
step. It should be emphasised here that in spite of an
enormous development in numerical methods (FEM),
analytical solutions are still useful, particularly in the
initial phase of design process since the results can be
obtained in a short time so that several versions of a
structure can be analysed [30, 31].

*Gauss **Histogram ***lognormal

5 Load carrying Capacity
The load carrying capacity was determined as the
loading rate at which the determinant of tangential
stiffness matrix Kt of the structure approaches zero with
accurateness of 0.1 %. The loading process starts with
20% estimated load carrying capacity and decreases
automatically.
The histogram of random load-carrying capacity is
presented in Fig. 4. Within the framework of each run of
the LHS method, the load-carrying capacity was found
out by geometrically and materially nonlinear solution
FEM. 800 “real tests” on girders according to Fig. 1 with
random imperfections were simulated by means of 800
runs of the LHS method. On contemporary computers,
the computer time necessary for solution took five days.
First the variant A of the solution was investigated, in
which the initial web curvature was approximately
substituted by two half-waves of the sine function with a
random amplitude e1.

4 Computation model
To describe the behaviour of the girder presented in
Fig.2 by numerical simulation, a finite element method
was used in the programme system ANSYS. Its
geometry was modelled by means of a mesh as a plate
structure. Shell four-nodes elements SHELL 181 with
full integration and twenty Gauss points were used.
A half span symmetry geometry and a load case were
used due to a computation time saving, see figure 5. For
steel grade S235, bilinear kinematic material with
hardening was meant. Further on, it was assumed that
the onset of plastification occurred when the Misses
stress reaches the yield stress.
Within the framework of each run of the LHS
method, the load carrying capacity of an observed girder
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The Euler method based on proportional loading in
combination with the Newton-Raphson method was
used. The girder was modelled, in a very minute manner,
by means of a mesh of shell four-node elements. For
steel grade S235, bilinear kinematic material hardening
was supposed. Further on, it was assumed that the onset
of plastification occurred when the Mises stress
exceeded the yield stress.

Zdenek Kala, Jiri Kala

Table 3: Descriptive statistics
Statistical moment
Arithmetic mean
Geometric mean
Stand. deviation
Stand. skewness
Stand. kurtosis

Value
695.62 kN
694.03 kN
46.789 kN
-0.18351
3.2043

5.2 Sensitivity Analysis
Sensitivity coefficients (1) suggest an idea of relative
load carrying capacity sensitivity to initial imperfections.
As long as the value of the correlation coefficient
increases, the load carrying capacity increases when also
the value of the input quantity grows. A negative value
of the coefficient heralds a negative effect of the quantity
on the load carrying capacity (e.g. quantity No. 1). With
regard to numerical methods applied, the sensitivity
coefficients are burdened by a certain error. The error
can be assessed within the interval of approximately
±0.05 and it should decrease with increasing number of
simulation runs and finer meshing by finite elements.
For our study, the dominant quantities with high
sensitivity coefficient (e.g., No. 2, 5, 6) for which the
given solution error is relatively low, are most
interesting.

Fig. 6 Load-carrying capacity histogram
In Fig. 7, there are presented flange displacements of the
girder until the occurrence of static ultimate limit state.
The difference between the deformation of the upper and
lower flanges can be seen clearly. Displacement of the
upper flange plate corresponds to clamped boundary
conditions, whilst lower flange deforms in the form
similar to a simple beam. The results presented in Fig. 6
were obtained, for mean characteristics, from Table 1,
and are in perfect agreement with the results [1].

Table 4: Sensitivity analysis results
Sensitivity
Coefficient
Amplitude of sine initial web curvature
-0.26
Web thickness
0.54
Web yield strength
0.25
Web Young's modulus
0.14
Thickness of upper flange
0.45
Yield str. of upper flange
0.44
Young's modulus of upper flange
0.17
Thickness of lower flange
0.03
Yield str. of lower flange
-0.04
Young's modulus of lower flange
-0.02
Thickness of left stiffener
0.02
Yield str. of left stiffener
0.06
Young's modulus of left stiffener
-0.03
Thickness of middle stiffener
0.02
Yield str. of middle stiff.
-0.05
Young's modulus of middle stiffener
-0.02
Thickness of right stiff.
-0.05
Yield str. of right stiff.
0.06
Young's modulus of right stiffener
0.01
Random variable

Fig.7 Flange displacements at ultimate limit state

5.1 Statistical Analysis
Random imperfections were simulated by 800 runs of
the LHS method. The statistical analysis of load carrying
capacity was evaluated by applying the programmeme
Statrel. Statistical characteristics are given in Table 2.
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The random quantities e1 to e9 were there supposed to be
statistically independent.
Figs 8 and 9 show the distribution of the sensitivity
coefficients for the variant B, in which the statistical
characteristics of the amplitudes e1 to e9 were taken from
the measurements of the initial curvature (see above Tab.
1). In this case the influences of the variability of the
initial imperfections (see Tab. 4) in the variability of the
bending stress generated along the edges of the web by
its buckling is studied. The bending stresses were
calculated with the aid of the program ANSYS based on
an application of a nonlinear solution as described
above.
Of course, the bending stress depends on the load to
which the girder and the web are subjected. In the
authors’ study, two loading levels were considered; (i)
equal to 20 % and (ii) equal to 60 % of the static loadbearing capacity; they represent the interval of working
loads to which a typical bridge structure is usually
exposed during its lifetime. With the aim to minimise the
statistical errors in the assessment of the Spearman rankorders correlation coefficients, 800 runs of the LHS
method were applied. An examination of Figs 8 and 9
indicates that the variability of the bending stresses is
most sensitive to the variability of the amplitudes e1, e2,
and e3, the mean values and standard deviations of which
being in a pronounced way higher than those of the other
amplitudes, e4 - e9 (see Table 1). It should be mentioned
in this connection that Figs 8 and 9 present the
distributions only of those quantities where sensitivity
coefficients are higher than 0.1.
So, in what is said above, the sensitivity analysis is
based on the values of initial imperfections which were
measured on the webs of the Prague test girders.
Consequently, they already reflect the fact that in the
case of real steel plate girders some terms of Fourier
series (2) are larger than the others. With this being so,
we cannot, if proceeding in this way, reliably assess the
relative role of the individual terms of series (2) on the
sensitivity of the bending stresses occurring close to the
boundaries of the web, i.e. in its crack-prone areas if the
web is subjected to repeated loading.
That is why the authors decided to carry out yet
another variant of the solution, variant C, in which all
the amplitudes e1 – e9 were considered to be the same.
The Gaussian distribution was chosen for the random
amplitudes of the initial curvature, so that the function
F(x,y) of the web initial out-of-plane imperfection had
the Gaussian distribution. Thereby, the requirement was
fulfilled that, in the interval (0; 10mm), at least 95 % of
all realizations of the function F(x, y) could occur.
It was also assumed that the statistical characteristics of
all the amplitudes were the same.
As regards the load, it was again supposed for it to
be equal to 60% of the average statistical load-carrying

6 The stress state in crack-prone areas
In first part of the results the analysis of stress state of
girders with the initial curvature shape considered in
three variants. For variants A and B, the initial curvature
statistical characteristics were introduced according to
measurements. For variant C, the same statistical
characteristics were introduced for all the coefficients e1
to e9, with the aim to find out which of the initial
curvature shapes influenced the output to the maximum
extent.

Fig. 8 Sensitivity coefficients of the bending stress along
the edges of the web – load 20 %

Fig. 9 Sensitivity coefficients of the bending stress along
the edges of the web – load 60 %

Fig. 10 Sensitivity coefficients of the bending stress
along the edges of the web – load 60 %
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capacity. The resulting distribution of the sensitivity
coefficients along the web edges is presented in Fig. 10,
but only for those quantities where the Spearman rank–
order correlation coefficients are superior to 0.1.
An analysis of the figure indicates that the bending
stress variability is the most sensitive to the variability of
the web thickness. As far as the role of the web initial
curvature is concerned, it follows from a comparison
with the results of the variant B of the solution that (i)
values of the sensitivity coefficients for the amplitudes
e1 to e3 are very low (see the left-hand part of Fig.10),
and (ii) the highest values of the sensitivity coefficients
were obtained for the series terms 2x3 and 3x2 (see the
right-hand part of Fig. 10), i.e., for the “higher” terms of
the double Fourier series (2).
The influence of the initial curvature of the web on
(i) the static load-carrying capacity of the girders (which
determines the ultimate limit state of the girder in the
case of quasi-constant loading), (ii) the bending stresses
at the toes of the fillet welds connecting the web with its
peripheral elements (which play an important role in
fatigue limit state of the girder in the case of its being
subjected to many times repeated loads) is analysed. The
results of the sensitivity analysis are given in Figs 8 to
10.
In the investigation, main attention was paid to the above
point (ii), for which two variants B and C of the solution
were presented.
The results of the variant B are shown in Figs 8 and
9 where a significant effect both of the shape and size of
the web initial curvature can be seen. In particular it is
the values of the correlation coefficients for the
quantities e1, e2, e3 (curvature shapes 1x1, 1x2, 1x3)
which are relatively high.
In the variant C a theoretical case was studied, where
the random amplitudes e1 to e9 have the Gaussian
distribution function and the same statistical
characteristics. The aim of this variant of the solution
was to “map” the influence of the individual terms of the
double Fourier series (2), i.e., of various potential shapes
of web initial curvature, on the bending stresses in the
crack-prone areas of the web. The results are plotted in
Fig. 10 and indicate that it is particularly “higher”
configurations of the initial curvature, shapes 2x3 and
3x2, which considerably influence the stress variability.

Zdenek Kala, Jiri Kala

6 The principal surface stress – Variant A
In the following part of the study, it was examined how
the variability of initial imperfections took part in the
state of stress variability along the slender web. The
principal surface stress was analysed. Principal stress
was computation by ANSYS programme in the centre of
gravity of Shell finite element. Two loading levels were
considered; (i) equal to 10 % and (ii) equal to 50 % of
the mean static load carrying capacity 695.62 kN; they
represent the interval of working loads to which a typical
bridge structure is usually exposed during its lifetime.
The out-of-plate displacement for both loading level are
presented in Fig. 11 and 12. In fig. 12 can be clearly seen
the tension diagonal belt.

Fig.4 The out-of-plate displacement - working
load 10%

Fig.5 The out-of-plate displacement - working
load 50%
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The aim of the analysis described in this article is to
observe an influence of an initial imperfection on a load
carrying capacity and stress state around web edges.
The sensitivity coefficients given in Table 3 display
significant load carrying sensitivity on web thickness,
thickness of upper flange and yield strength of upper
flange variation. A non-loaded web plate shape affection
on a load carrying capacity is negative but not dominant.
The initial imperfection variability effect on the principal
surface stress variability was analyzed. Sensitivity
analysis results visible in Fig.13 and Fig.14 show
differences in behaviour diagrams of sensitivity
coefficients for working level loads 10 % and 50 % of a
mean static ultimate load carrying capacity.
Whereas for load level 10 %, stress state is highly
sensitive to a no load web shape, at 50 % of a mean
static ultimate load carrying capacity, thickness and
Young modulus are dominant quantities. Fig.13 and
Fig.14 display only quantities with a sensitivity
coefficient greater than 0.2. The results adequately
complement the sensitivity studies of plate edges
bending stresses [2], within which an effect of initial no
load shape was analyzed. Further improvement of
current ways for design will emanate from calibration
methods, optimization principles and other rational
approaches including the application of methods of the
theory of probability, mathematical statistics and
reliability theory [32-34].

7 Conclusion
The resulting distribution of the sensitivity coefficients
along the web edges is presented in Fig. 13 and 14, but
only for those quantities where the Spearman rank–order
correlation coefficients are superior to 0.2.

Fig.13 Sensitivity coefficients along the web edges –
working load 10%
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