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Abstract: - In the recent high technologies, the increasing need of structures having multiple functions 

orientates designers to combine materials in order to obtain, according to coupling scales, multi-materials 

structures. These structures, while functioning, are subject to variable thermal load, leading to a damage that 

can be fatal in some applications. 

So, the study of the behavior of these structures, while they are under thermal cycling solicitations, seems to be 

very important in order to be able to predict their lifetime and their response to any applied solicitation. It is 

obvious that the variation of the nature of thermal and mechanical solicitation in term of amplitude and 

frequency leads to a variation of the resulting damage. But at the level of our knowledge, this effect is not 

studied before in the literature on multi-materials. 

In this work, we propose a numerical analysis of the thermo-elasto-plastic behavior of these multi-materials and 

their damage under thermal cyclic solicitations, while using the homogenization technique. This study is done 

in two dimensions on a cylindrical multi-material constituted of two layers, subjected to a periodic heat flux 

applied in the inner face of this cylinder and an exchange condition on the opposite face. The other faces are 

supposed isolated. The sample is supposed fixed at the isolated faces and free in the radial direction. The 

damage model is based on the works of Lemaitre and Chaboche [6]. This damage model is not done for multi-

materials; it is applicable only to one material apart. So the homogenization of these multi-materials permits us 

to study the damage of the multi-layers as it is a unique material. 

The numerical results are presented for different forms and frequency of heat flux cycling (triangular, square 

and sinusoidal wave excitations) and for different thicknesses of the multi-material. Finally we do a comparison 

of the multi-material damage with respect to different heat flux excitations. 

 

 
Key-Words: - Thermal stress, thermo-mechanical, damage, thermo-elasto-plastic, coupling, multi-material, 

cycling, thermal load. 

 

1 Introduction 
 

The study of metallic components solicited with 

high temperatures has really started in fifties by the 

aeronautic industry first, then with the beginning of 

the nuclear industry. These materials have been 

submitted to very high temperatures, sometimes 

more than half the temperature of fusion. In this 

range of temperatures, their mechanical properties 

are considerably modified and / or the damage 

mechanisms are multiplied. The solicitations cycles, 

to which these metallic structures are submitted, 

frequently cause cyclic inelastic deformations. 

Every system or mechanical component is likely to 

be subject to a thermo-elasto-plastic coupling. This 

is due to the fact that the abrupt variation and the 

periodicity of the temperature influence the fatigue 

of constituent materials. This consequently leads to 

the complete destruction of the materials. 

The presence of thermal and mechanical loads in 

every system motivates the researchers to work in 

this domain and especially in the field of variable 

load and its influence, by means of period 

solicitation, amplitude and shape, on the material 

damage, [1], [2], [3], [4], [5]. 

Almost all previous works address only the 

effect of mechanical load on the damage. We can 

find experimental studies as well as studies done by 

means of simulation and modeling [6], [8], [3], [9]. 
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 [1], [4], conducted a study by the use of very 

high frequency mechanical vibration. They 

concluded that there is a relationship between the 

load frequency and the fatigue of the material under 

mechanical solicitation. They proved also that there 

is a fatigue variation relative to the material 

resonance value. Based on the above studies, it is 

very important to study the influence of the 

frequency variation and the thermal load amplitude 

on the lifetime and on the number of cycles to 

damage. 

This does not mean that the thermo-mechanical 

effect was not studied before. There are some 

advanced studies that analyze the thermo-

mechanical damage under thermal load, but their 

studies are still limited by the assumption that the 

thermal load is constant [10], [11]. The mechanical 

load is considered as variable. This assumption is 

taken in order to simplify the study by neglecting 

the transient regime of the thermal load. In general, 

these approaches underestimate the thermo-elasto-

plastic behavior of these materials and as a result 

their behavior in fatigue [11]. 

Some other studies take into consideration the 

transient regime of a variable thermal load, but these 

are experimental studies only and are not done by 

means of physical models [14]. In fact, there is an 

important difficulty in the finding of the correct 

damage model, because there is no damage law that 

takes into consideration a variable thermal load. 

This is verified by the presence of a lot of 

mechanical damage laws in the literature, but of 

only one law for isothermal damage [6]. At the level 

of our knowledge, there is not a variable thermal 

damage law that can be used in thermo-mechanical 

damage modeling. 

From another point of view, the experimental 

works that study the effect of variable thermal load 

on the damage, and in order to show the effect of the 

frequency of this thermal load, consider only a 

limited number of values for the frequency, and 

cannot extend their studies to all frequency ranges 

because this will be more and more expensive to 

experiment with. [14], [10]. 

Also, in the literature, there are no thermo-

mechanical damage studies on multi-materials. In 

fact, for the damage study, the existing laws of 

damage, in the scientific field, especially those by 

[7], [6] cannot be applied on multi-materials; they 

can only be applied on simple and unique materials.  

Furthermore, the studies of both layers, supposed 

to be in perfect contact, lead to perfect theoretical 

results; for example, they lead to an ideal heat 

transfer and the stress is distributed regularly and is 

discontinuous at the level of the interface between 

layers.  

It is also evident that in a two-layer material, 

there is a mutual influence of one material on the 

other; we cannot have an abrupt variation of the 

thermal and mechanical properties at the level of the 

joint. At this level, we have a certain region in 

which the values of thermal and mechanical 

properties are supposed to vary between those of the 

constituting materials. This reasoning imposes the 

necessity of searching for a method of correction 

based on the principle of homogenization of multi-

materials in a single equivalent material. This latter 

has to undergo the study of the damage under 

thermo-mechanical stress [14], [15]. 

The homogenization approach proposed in [13] 

replaces the multi-material with a unique material 

having constant and equivalent thermo-physical 

properties obtained by means of models that allow 

us to have similar temperatures in both materials 

and in equivalent materials as well. 

This approach cannot be used to obtain the 

correct value of the damage in each point of the 

material because in reality the temperature cannot 

be constant and similar in all points. For this reason, 

we use herein the homogenization approach detailed 

in [15] which replaces the two materials with a 

unique one where the proprieties vary with the 

geometry. This technique is validated in this work 

and gives good results. 

After this introduction, a set of abbreviations and 

symbols used in this paper are presented in section 

2. A description of the sample studied is detailed in 

section 3. The mathematical formulation of the 

thermal mechanical problem, coupling and damage 

is shown in section 4. In section 5, we carry out a 

numerical analysis of the problem. The conclusion 

of this paper is given in section 6. 

 

 

2 Nomenclature 
 

Symbols: 

0B
 

constant of the damage law MPa 

C  calorific capacity, J/Kg.K 

D  number of cycles to damage 

E  Elasticity modulus, Pa 

ie
 thickness of the layer 2 ,1=i  

e  thickness of the body 21 eee +=  

h  coefficient of convection, W/m
2
.K 
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yK
 

coefficient of plastic resistivity MPa 

L  length m 

LFT lifetime S 

yM
 

exponent of work hardening 

Q
 heat flux density, W/m

2
 

r  radial coordinate, m 
•

r  
heat source W/m

3
 

T  temperature, K 

0T
 

initial temperature, K 

aT
 

ambient temperature, K 

U  displacement according to r, m 

V  displacement according to z, m 

z  axial coordinate, m 

 

Greek letters: 

α  expansion coefficient, m/K 

β
 exponent of the damage law 

ρ
 density, Kg/m

3
 

λ  thermal conductivity, W/m.K 

ν  poison coefficient 

σ  stress tensor, Pa 

σ  
average stress tensor, Pa 

lσ
 

limit stress tensor, Pa 

Mσ
 

maximum stress tensor, Pa 

sσ
 

stress tensor, Pa 

uσ
 

ultimate stress tensor, Pa 

yσ
 

elastic limit stress, Pa 

ε  deformation tensor 
eε  

elastic deformation tensor 

pε  
plastic deformation tensor 

thε  
thermal deformation tensor 

cε  
creep deformation tensor 

τ  period, s 

 

 

3 Presentation of the problem 
The body studied is constituted of two layers of 

different materials, the sub-base “Material-1” is a 

layer made of stainless steel and the other “Material-

2” is made of Steel (see Fig. 1). The physical 

specifications of these two materials are presented 

in Table 1.  

The internal surface of the sample is submitted to a 

periodic heat flux and the external surface is 

submitted to a heat transfer by convection with the 

ambient. The left and right sides are supposed to be 

insulated. 

 
Fig. 1: The studied sample 

 

The equivalent material of the system described 

above is obtained by using a polynomial 

interpolation of the physical parameters

( ))(,,,, TEc αλρφ = , Fig. 2:  

( ) ∑
=

=
n

k

k
krar

0

φ            (1) 

 Stainless steel Steel 

ρ: density 7854 kg/m3 7854 kg/m3 

c: heat capacity 477 J/Kg.°K 434 J/Kg.°K 

λ: thermal 

conductivity 
35 W/m°K 

60.5 

W/m°K 

α: expansion 

coefficient 
15.10-6 m/K 

11.8.10-6 

m/K 

ν: poison 

coefficient 
0.3 

0.3 

L: length 0.6 m 0.6 m 

R1: internal radius 0.1 m 0.1 m 

e: thickness e1 = 0.03 m e2 = 0.03 m 
Table 1: Physical specifications of materials [17] 

 

Note here that this study is applicable to any 

material having variable physical parameters. So, it 

is not important here to identify the material 

presented in Fig. 2 and to specify the materials from 

which it is generated. The essential thing to keep in 

mind is that we have a material having variable 

physical parameters according to r. 

 

 
Fig. 2: Equivalent Material 
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4 Mathematical formulation 
Our approach consists of considering the thermal 

equation while taking into account the presence of 

heat created by the elasto-plastic behavior of the 

material and caused by the external thermal 

solicitation. This thermal equation helps us to 

observe the evolution of the distribution of the 

temperature and then the thermal behavior of the 

body with respect to the thermal excitation applied 

to it. Then the thermo-elasto-plastic problem is 

considered to observe the evolution of the 

distributions of the deformations of the body and 

then the thermo-mechanical behavior of the 

material. 

In the following paragraph, the mathematical 

formulations are presented respectively for both the 

multi-material and the equivalent material. The 

contact between the two layers is considered to be 

perfect. 

 

4.1 Thermal Formulation 
In the thermo-mechanical coupling system, the 

transient heat transfer balance equation [6], [18], 

[19], [20] is: 










∂

∂
+

∂

∂
+

+−+=
•→

k
ke

kk
p

V
T

A

T
T

rVATgraddivTC

&&

&&&

ε
σ

εσλρ

:

:)(
  (2) 

Where: 

)( Tgraddiv
→

λ is the adiabatic evolution, kkVA &  is 

the non-recoverable energy stored in the material, 

pεσ &:  is the plastic energy,  
e

T
T ε

σ
&:

∂

∂
 is the energy 

of thermo-mechanical coupling, k
k V

T

A
T &

∂

∂
 is the 

variation of the non-recoverable energy stored in the 

material with the temperature. 

And finally 
•

r  is the internal heat production created 

by external sources. 

In this work, the following hypotheses are supposed: 

- The internal heat generation is neglected 0=
•

r . 

- The energy belongs to the residual micro-stress 

field accompanying the increase of the dislocation 

density [6] represents only 5 to 10 % of the value of
pεσ &: . Then this energy is neglected, 

0≅kkVA &  and 0≅
∂

∂
k

k V
T

A
T &            (3) 

 

4.1.1 Theoretical materials  

Under these hypotheses, the theoretical thermal 

model of the studied system is:  

ttT
T

z

T

r

T
r

rrt

T
C

p
i

i

e
ii

i

ii
i

i
i

∂

∂
+

∂

∂

∂

∂
+












∂

∂
+








∂

∂

∂

∂
=

∂

∂
⋅

ε
σ

εσ

λρ

::

1
)(

2

2

, 2,1=i  (4) 

With: 1=i  (stainless steel), 2=i   (Steel) 

The boundary conditions and the heat transfer 

equations applied to the boundaries can be written 

as follows:  

),(1 tz
r

T
φλ =

∂

∂
−   1Rr =  Lz <<0   (5) 

)(2 fTTh
r

T
−=

∂

∂
− λ   3Rr =          (6) 

0
0

=
∂

∂
−=

∂

∂
−

== Lz

i

z

i
z

T

z

T
λλ ,  2,1=i         (7) 

Interface conditions: 

r

T

r

T

∂

∂
−=

∂

∂
− 21 λλ , 2Rr =      (8) 

- Initial condition: 0)0,,( TzrT =  

 

4.1.2 Homogeneous material 

For the homogeneous material, the thermal equation 

is as follows:  

ttT
T

z

T
r

r

T
rr

rrt

T
rC

pe

∂

∂
+

∂

∂

∂

∂
+












∂

∂
+








∂

∂

∂

∂
=

∂

∂

ε
σ

εσ

λλρ

::

.)()(
1

))((
2

2

 (9) 

Where T ,σ , eε and pε are functions of (r,z,t) 

The boundary conditions can be written as follows: 

),()( tz
r

T
r φλ =

∂

∂
−     1Rr = , Lz <<0             (10) 

)()( 0TTh
r

T
r −=

∂

∂
− λ       3Rr =             (11) 

0)()(
0

=
∂

∂
−=

∂

∂
−

== Lzz z

T
r

z

T
r λλ , 31 RrR <<          (12) 

- Initial condition: 0)0,,( TzrT =  

 

4.2 Thermo-mechanical equation in elastic 

regime 
The thermo-mechanical equation in the elastic 

regime is obtained by the introduction of the thermal 

deformation in the Lame mechanical behavior 

equation [18], [19]. 

))),,((()(),,( 0TtzrTTEtzr ijijijij −−= αεσ    (13) 

 
-Hypotheses 

The stress is supposed to be unidirectional: the body 

is fixed in the z direction and we have

456/ <<=RL . So, we have no flexion and the 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Bilal Taher, Said Abboudi, Rafic Younes

ISSN: 1991-8747 14 Issue 1, Volume 5, January 2010



maximum of the stress is applied in the fixed 

(isolated) sides, 0=z , Lz = . 

The variation of the Young modulus E is presented 

in Table 2.  

 

Temperature (
0
C) 20 205 430 650 

Stainless steel (MPa) 196 183 165 146 

Steel (MPa) 210 198 180 155 

Table 2:  Young module E variation with the temperature 

[26] 

 

4.2.1  Theoretical materials 
In a matrix form, for axis-symmetric isotropic 

material, 
ααα == zzrr and 

0=rzα
 

i

i

irz

zz

rr
E



















−
−

−










−+
=

















2

21
00

01

01

)21)(1( υ
υυ

υυ

υυ
σ

σ

σ

 

i

e
rz

e
zz

e
rr

TT

TT

















−−

−−

×

ε

αε

αε

)(

)(

0

0

2,1, =i             (14) 

 

4.2.2  Homogeneous material 

For an isotropic material in 2D, ααα == zzrr and 

0=rzα  

For the homogenous material, we can use eq. (14) as 

the thermo-elastic behavior equation but without the 

subscript i and where αν ,  are functions of (r), and E 

is function of (r,T). 

 

4. 3 Mechanical plastic Formulation 
In the plasticity regime, the deformation of the 

material is formulated by the Ramberg-Osgood 

equation [6]: 
yM

y

ysp

K

σσ
ε

−
=               (15) 

Where sσ  is the stress applied, yσ  is the elasticity 

limit stress, yK is the plastic resistance coefficient, 

yM  is the hardening exponent. These parameters 

are defined in Table 3. 

 

- Hypotheses 

The body is fixed in the z direction: 0=p
zzε . 

The applied stress sσ  is equal to zzσ  in our case. 

 

[1] Material [2] yσ
 

(MPa) [3] yM
 

[4] yK
 

(MPa) 

[5] Stainless 

steel 
[6] 133 [7] 4.5 [8] 435 

[9] steel [10] 1200 [11] 3.1 [12] 3340 

Table 3:  Plasticity characteristics [6] 

 

4.3.1 Theoretical materials 
The plastic deformations of the double-layer 

material are written, considering that: 

- each layer is separated from the other one 

- the intermediate deformations are equal
p
zz

p
zz

p
rr

p
rr 2121 εεεε == ,  

- and the decomposition of the two-dimensional 

plastic deformation, according to the isotropic 

criteria, is written as follows: 

i

M

y

yzz
p

izz

rr

y

K




























 −
=









0

σσ

ε

ε
 , 2,1=i       (16)  

The parameters yiσ , yiK yiM , depend on the nature 

of the  material, 1=i (stainless Steel), 2=i  (Steel) 

 

4.3.2 Homogeneous material 
Using the homogeneous principle, the plastic 

deformation, in this case, can be written by the same 

expression, eq. (16), where the parameters yσ , yK ,

yM are interpolated as a function of r . 

 

4.4 Thermo- elasto-plastic equation 
When the material runs over the elastic region, we 

can say that this material is in the inelastic phase, so 

the stress applied to the model is [17]: 

[ ])()1(
)21)(1(

kkjjiiiiii

iiii

ii
ii vv

vv

E
εεεσ ++−

−+
=   

)(
121

c
ii

P
ii

ii

iith
ii

ii

ii

v

E

v

E
εεε +

+
−

−
−         (17) 

Where i represents r ,θ  or z . 
th
ii

c
ii

p
ii

e
iiii εεεεε +++= : is the global deformation. 

e
iiε  is the elastic deformation. 

p
iiε  is the plastic deformation. 

c
iiε  is the creep deformation 

),,( tzrTii
th
ii ∆= αε : is the thermal deformation. 

Taking into account the previsions hypotheses, we 

can conclude that: 0=c

ii
ε  

The study is two-dimensional, so, 

0==== thpe
θθθθθθθθ εεεε . 
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The two sides of the body are fixed in the z 

direction, so, 0==== th
zz

p
zz

e
zzzz εεεε . 

The radial deformation is th
rr

p
rr

e
rrrr εεεε ++= . 

 

4.4.1 Theoretical materials 

In matrix form and for a 2D isotropic material,  
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ε
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υ

ε

σ

σ

υυ

υυ

υυ
, 2,1=i    (18) 

Whereσ ,ε , T  are functions of ),,( tzr . 

 

4.4.2 Homogeneous material 
For the homogenous material, we can use eq. 18 as 

the thermo-elasto-plastic behavior equation but 

without the subscript i and where αν ,  are functions 

of r, and E is function of ),( Tr . 

 

4.5 Damage model 
The Woehler-Miner law [6] is adopted in this study. 

The field of validity of this law is mainly the fatigue 

of the material under periodic solicitations. 

Woehler-Miner curves represent the relation 

existing between the number of cycles to the 

rupture, the maximum value of the stress Mσ  and its 

average valueσ . 

This law is convenient in our case study. In fact, the 

mechanical load obtained from the applied thermal 

solicitations is periodical and the stress applied is 

only function of r. Hence, the general formula for 

this law is: 
β

σ

σσ

σσ

σσσ

δ

δ









 −

−

−
=

)(

)(

BN

D M

Mu

lM                 (19) 

Where: 


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


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
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BB
σ

σ
σ 1)( 0              (21) 

Where uσ , lσ , 0B , β  are defined in Table 4 for the 

two materials : 

 

Material uσ
MPa lσ

MPa B0 MPa β  

Stainles

s steel 
200 650 1144 5.5 

Steel 360 2005 6320 3.3 
Table 4: Coefficients of the damage law [6] 

 

4.5.1 Theoretical materials 

i

i

M

Miu

ilM
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δ
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
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4.5.2 Homogeneous material 
β

σ

σσ

σσ

σσσ

δ

δ









 −

−

−
=

)(

)(

BN

D M
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lM                  (23) 

With uσ , lσ , B0 , β  are functions of r  in the 

homogenous approach [15]. 

 

 

5 Numerical analysis 
 

5.1 Organization of numerical Analysis 
The heat balance equations systems described above 

for the theoretical and the homogenous materials are 

solved by the implicit finite difference method. At 

each cycle, the resulting algebraic system is solved 

by using Thomas algorithm adapted to the three-

diagonal bloc matrix. The distribution of the 

temperature is computed each time and used in the 

mechanical problem to compute the distribution of 

the stress and the deformation in the body in elastic 

regime, elasto-plastic regime and then the damage 

following the organization chart: 

 
Fig. 3: Organizational chart 
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The numerical study is conducted in the conditions 

cited in tables 1, 2, 3 and 4 and the following 

boundary conditions:  

For the thermal problem, we suppose: 

K300T0 =
, 

K300Ta =
, )K.m/(W100h

2=  

The heat fluxes studied are presented in Fig. 4, for 

the following three cases which represent different 

industrial applications (for example turbine reactor 

and cylindrical engine): 

Sinusoidal heat flux:  
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Triangular heat flux: 
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Square heat flux: 
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Where:
2

0 )(4
)(

L

zLzQ
zf

−
= , 

2
0 /12000 mWQ = , 

s60=τ  (period), k=1,2,…,n (number of achieved 

periods) 

 
Fig. 4: Variation of the applied heat flux (sinusoidal, 

triangular, and square). 

 

For the mechanical problem:  

0=V  at 0=z  and Lz =   

0===== rzzzrrVU σσσ  at 0=t  

In these conditions, the distribution of the 

temperature, for the sinusoidal case, is presented in 

Fig. 5 at time t = 9000 s. This distribution clearly 

depends on the variation of the heat flux as well as 

on the thermal sources resulting from the plastic and 

elastic deformation. The maximum of the 

temperature corresponds to the maximum of the 

heat flux. 

 
Fig. 5: Distribution of the temperature at time 9000s 

 

5.2 Numerical results and discussion 
In this study, we take into consideration the plastic 

regime in addition to the elastic regime. In fact, the 

thermal heat balance formulation takes into account 

the effect of the plastic and elastic deformations in 

the thermal sources (see eq. 9). This effect was not 

studied previously in [14]. 

In this last work, we did a comparison between the 

limits of damage by considering various percentages 

of thickness of these two materials, but this work 

did not cover the study of the influence of the 

thermal load (period, shape and amplitude of heat 

flux) with the thickness on the damage. 

The evolutions of the temperature and the stresses, 

at three positions (r=R1, R2 and R3), are presented 

respectively on figures 6 and 7 for different forms of 

the heat flux (for 60=τ s and for 03.021 == ee  m.). 

We can see clearly that the temperature and stress 

do not follow exactly the shape of the heat flux 

applied especially for the triangular and square 

excitations cases. Their shapes are all almost the 

same.  

In figures 8 and 9, we present respectively, for 

different periods of the heat flux applied, the 

average temperature and stress of compression at 

the quasi-steady state. We can observe the same 
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behavior for the three heat fluxes applied for any 

value of the period. 

 

Fig. 6: Evolution of the temperature under different 

forms of the heat flux ( 03.021 == ee  m, s60=τ ). 

 

 
Fig. 7: Evolution of stress under different forms of the 

heat flux ( 03.021 == ee  m, s60=τ ). 

 

Fig. 8: Variation of the maximum average temperature at 

steady state, for 2/Lz = , 1Rr = , 03.021 == ee  m 

 

Fig. 9: Variation of the maximum average stress at steady 

state, for 2/Lz = , 1Rr = , 03.021 == ee  m. 

 

For these three shapes, figures 10, 11 and 12 show 

the damage obtained for a particular period   s6000=τ

. For the other values of the period, the results are 

presented in figure 13 for the damage and in figure 

14 for the lifetime of the multi-material. Theses 

curves have the same shape for the three cases of the 

heat fluxes analyzed. 

Fig. 10: Evolution of damage at period s  6000=τ  for 

the sinusoidal heat flux case, 03.021 == ee  m. 

 

400

405

410

415

420

425

430

10 30 60 300 600 1800 3000 6000

Period (S)

M
a
x
im

u
m

 s
te

a
d

y
 s

ta
te

 

te
m

p
e
ra

tu
re

Triangulaire wave Sin wave Square wave

400

420

440

460

480

500

520

540

10 30 60 300 600 1800 3000 6000

Period (S)

M
a
x
im

u
m

 s
te

a
d

y
 s

ta
te

 s
tr

e
s
s
 

(M
P

a
)

Sin wave Triangulaire wave Square wave

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Bilal Taher, Said Abboudi, Rafic Younes

ISSN: 1991-8747 18 Issue 1, Volume 5, January 2010



 
Fig. 11: Evolution of the damage at period s  6000=τ  

for triangular wave heat flux, ( 03.021 == ee  m). 

 

 
Fig. 12: Evolution of the damage at period s  6000=τ  

for square wave heat flux, ( 03.021 == ee  m). 

 

Fig. 13: Variation of the number of cycles to obtain the 

damage in function of the period of heat fluxes, 

03.021 == ee m 

Fig. 14: Variation of the time to obtain the damage 

(lifetime) function of the period heat fluxes, 

03.021 == ee m 

 

- Influence of the total thickness ( 21 eee += ) of the 

multi-material 

The simulated computations, figures 15 to 20, are 

obtained in the conditions described before and for 

the sinusoidal heat flux case. We can conclude the 

following remarks: 

- While the total thickness of the body increases, the 

lifetime and the number of cycles to damage 

increases, Figs. 19 and 20. This effect can be 

explain by the fact that the maximum applied 

temperature and the stress at z=L/2, and r=R1 

(critical point) decrease when the total thickness 

increases, figures 17 and 18. 

- Figs. 15 and 16 represent the amplitude of the 

temperature and the stress in the multi-material at 

1Rr =  and 3Rr = . We can conclude that, when the 

thickness increases, the amplitude of the 

temperature and the stress at 1Rr =  increases. As the 

total thickness of the multi-material increases, the 

influence of the convective heat transfer condition 

(cooling face 3Rr = ) decreases and then the 

temperature and the stress amplitudes decrease as 

well. 

Fig. 19 shows that the number of cycles to damage 

is a function of both the solicitation period and the 

thickness. We can remark that when the period 

decreases, the number of cycles to damage increases 

starting from a certain value of the period (300 s), 

[23]. After this value, the number of cycles to 

damage becomes more and more stable with a slight 

increase accompanying the increase of the period. 

This is caused by the relaxation effect at high 

periods. The maximum amplitude of the 

temperature and the stress become also more stable 

when the period of the thermal load solicitation 

reaches high values.  
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This figure shows also that the domains of using a 

high number of cycles to damage can be obtained 

for the heat flux periods: 30<τ  and 2400>τ . 

Fig. 20 shows the lifetime of the material defined as 

the result of the multiplication between the numbers 

of cycles to damage, fig. 19, and the period at each 

point: τ×= DLFT . 

For the small thicknesses ( 02.0=e  m and 04.0=e  

m), the lifetime increases when the period increases, 

despite the increasing values of the temperature and 

the stress figs. 17 and 18.  

For the lower periods (high frequency), the multi-

material is operating under hard conditions, i.e. the 

multi-material is subjected to a faster damage 

corresponding to a weak lifetime, although the 

temperature and the stress are relatively low, [14], 

[23].  

For high thicknesses, ( 06.0=e  m, 08.0=e  m in fig. 

20), the lifetime is high in the domain of periods

30<τ  and 2400>τ . In fact, for the lower periods, 

the temperature and the stress amplitudes of the 

oscillations, figs. 15 and 16, under thermal cycling 

heat flux, are weak and not sufficient to damage the 

multi-material, contrarily to the case of higher 

periods. 

Fig. 15: Variation of the maximum amplitude of the 

temperature at Lz  5.0= , for different periods of heat 

flux, (e1=e2) 

 

So, we can observe, for this geometry and for this 

thermal heat flux solicitation, a minimum value of 

lifetime corresponding to a particular period, for 

example 30=τ  s for 08.0=e  m and 60=τ  s for 

06.0=e  m, figs 14 and 20. 

Fig. 16: Variation of the maximum amplitude of the 

stress at Lz  5.0= , for different periods of heat flux, 

(e1=e2) 

 

 
Fig. 17: Variation of the average steady state 

temperature at Lz  5.0= , and 1Rr = , for different periods 

of heat flux (sinusoidal case), and different thicknesses, 

(e1=e2). 

 

 
Fig. 18: Variation of the average steady state stress at 

Lz  5.0= , and 1Rr = , for different periods of heat flux 

(sinusoidal case), and different thicknesses, (e1=e2). 

 

0

2

4

6

8

10

12

14

1 10 30 300 3000 6000

Period (S)

T
e
m

p
e
ra

tu
re

 a
m

p
li

tu
d

e
 (

K
)

e = 0.02 m, r=R1 e = 0.02 m, r=R3

e = 0.08 m, r=R1 e = 0.08 m, r=R3

0

5

10

15

20

25

30

35

40

1 10 30 300 3000 6000
Period (S)

S
tr

e
s
s
 a

m
p

li
tu

d
e
 (

M
P

a
)

e = 0.02 m, r=R1 e = 0.02 m, r=R3

e = 0.08 m, r=R1 e = 0.08 m, r=R3

380

390

400

410

420

430

440

450

460

470

1 2 5 10 20 30 60 15
0

30
0

60
0

24
00

30
00

36
00

40
00

60
00

Period (S)

T
e

m
p

e
ra

tu
re

 (
K

)

e = 0.02 m e = 0.04 m e = 0.06 m e = 0.08 m

400

450

500

550

600

1 2 5 10 20 30 60 15
0

30
0

60
0

24
00

30
00

36
00

40
00

60
00

Period (S)

S
tr

e
s
s
 (

M
P

a
)

e = 0.02 m e = 0.04 m e = 0.06 m e = 0.08 m

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Bilal Taher, Said Abboudi, Rafic Younes

ISSN: 1991-8747 20 Issue 1, Volume 5, January 2010



 
Fig. 19: Variation of the number of cycles to damage 

in function of the period for sinusoidal heat flux and 

different thicknesses 

 

Fig. 20: Variation of the lifetime function of the period 

for different thicknesses. 

 

Influence of the amplitude of the heat flux: 

The effect of the amplitude (A=2xQ0) of the heat 

flux on the damage is presented in figs 21 and 22. 

The results obtained are very obvious; when the 

amplitude increases, the number of cycles to 

damage and the lifetime decrease. 

Fig. 21: Variation of the number of cycles to damage in 

function of the period for different amplitudes of the heat 

flux 

 

Fig. 22: Variation of the lifetime function of the period 

for different amplitudes of the heat flux. 

 

 

6 Conclusions 

In this work, a numerical study, of the damage of 

multi-materials in thermo-elasto-plastic regime, is 

presented. The damage model is applied on the 

equivalent (or homogenization) material. The 

damage, represented by the number of cycles and 

the lifetime is presented for different shapes of the 

heat flux applied and for different thicknesses of the 

multi-material. The main results are summarized as 

follows:  

- The numerical results show that the three shapes of 

the heat flux; sinusoidal, triangular and square, have 

the same results on the damage.  

- The period of the thermal load has a remarkable 

influence on the damage. We demonstrate that 

around a range of periods, there is a hard influence 

on the lifetime of the multi-material. This depends 

also on the geometrical properties of the material 

studied. 

- Minimum values or range of periods for which the 

lifetime of the material is relatively low exist 

indeed.  

- The amplitude of the heat flux applied has also a 

direct influence on the damage. If the amplitude 

increases, the lifetime as well as the number of 

cycles to damage decreases. 
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