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Abstract:In this paper we study a star-shaped coupled network of strings and Euler-Bernoulli beams with damping.
Suppose that the exterior vertices of the coupled network are clamped and at common node there is a damping.
In the present note, our attention concentrate on the spectral distribution of an operator determined by the system.
Under certain condition we show that the spectrum of the operator distributes in a strip parallel the imaginary axis.
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1 Introduction

The structure, control and stabilization of the net-
works are important problem in the real world. There
are many papers studying various properties of the
networks, for instance, the papers [1], [2],[3], [4]
[5], [6] and the references therein. In [7], a model
of star-shaped coupled network of strings and Euler-
Bernoulli beams with damping is given, in which a
significant feature is that the global rotation of the
elastic structure does not equal to any one of each
branch. In the present paper, we will discuss the
spectral distribution of the operator determined by the
model in[7].

Let us recall the model introduced in[7]. LetG =
(V,E) be a graph, whereV = {a, a1, a2, · · · , an}
is the vertex set,E = {e1, e2, · · · , en} is the edge
set. The graph has a common vertexa, the edgeej
connectsa andaj . There is a elastic structure onG,
whose motion is governed by the partial equations(

ρi 0
0 ρi

)
∂2

∂t2

(
ui(s, t)
wi(s, t)

)
=
(
hi∂

2
s 0

0 −EIi∂4
s

)(
ui(s, t)
wi(s, t)

)
, s ∈ (0, `j)

The exterior nodes are clamped,i.e,(
ui(`i, t)
wi(`i, t)

)
= 0, wiss(`i, t) = 0, i = 1, 2, · · · , n.

At common nodea, the structure satisfy the condition

Ai

(
ui(0, t)
wi(0, t)

)
=
(
u(a, t)
w(a, t)

)
,

siw
i
s(0, t) = wx(a, t), i = 1, 2, · · · , n,

−
n∑
j=1

(A∗j )
−1

(
hiu

i
s(0, t)

−EIiwisss(0, t)

)
+
(
u(a, t)
w(a, t)

)
= −α

(
ut(a, t)
wt(a, t)

)
−

n∑
j=1

EIi
si
wiss(0, t) + wx(a, t) = −βwxt(a, t),

The initial position and velocity of the network are(
u(x, 0)
w(x, 0)

)
=
(
f0(x)
g0(x)

)
,(

ut(x, 0)
wt(x, 0)

)
=
(
f1(x)
g1(x)

)
, x ∈ G,

whereu(x, t) denotes the longitudinal displacement
of elastic structure, andw(x, t) denotes the trans-
verse displacement of elastic structure. The functions
ui(s, t) andwi(s, t) are the realization ofu(x, t) and
w(x, t) on edgeej , respectively, i.e.,

ui(s, t) = u(γi(s), t),
wi(s, t) = w(γi(s), t), s ∈ (0, `i),

hereγi(s) = x ∈ ej is the parameterizations map-
ping; the set{s1, s2, · · · , sn} with sj 6= 0 represents
geometrical structure set.
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Set

Hk
E(G) =

{
f ∈ L2(G)

∣∣∣ f ∈ Hk(γi),
f(`i) = 0,

i ∈ [1, n],
}

and

W = H1
E(G)×H2

E(G)× L2(G)× L2(G).

Let s1, s2, · · · , sn be given as in equation (1) with
sj 6= 0, andAj , j = 1, 2, · · · , n, be invertible2 × 2
real matrices. Let the state space be

H =


Y = (u,w, v, z) ∈ W

∣∣∣
wx(a) = sjw

j
s(0),

Aj

(
uj(0)
wj(0)

)
=
(
u(a)
w(a)

)
,

j = 1, 2, · · · , n;


endowed the norm

||Y ||2H =
n∑
j=1

∫ `j

0
{hj |ujs(s)|2 + EIj |wjss(s)|2|}ds

+
n∑
j=1

∫ `j

0
{ρj [|vj(s)|2 + |zj(s)|2]}ds

+|u(a)|2 + |w(a)|2 + |wx(a)|2. (1)

It is easy to check thatH is a Hilbert space.
Define the operator inH by

D(A) =



(u,w, v, z) ∈ H2
E ×H4

E ×H1
E ×H2

E |
wjss(`j) = 0,

Aj

(
vj(0)
zj(0)

)
= Ai

(
vi(0)
zi(0)

)
,

zx(a) = sjz
j
s(0) = siz

i
s(0),∀i, j

−
n∑
j=1

(A∗j )
−1

(
hju

j
s(0)

−EIjwjsss(0)

)
+
(
u(a)
w(a)

)
= −α

(
v(a)
z(a)

)
−

n∑
j=1

EIj
sj
wjss(0) + wx(a) = −βzx(a)



,

(2)

AY = A


u
w
v
z

 =


v
z{

hi
ρi
uiss

}{
−EIi

ρi
wissss

}
 , Y ∈ D(A)

(3)
With the help of these notation we can write the

network equation into an evolutionary equation inH{
dY (t)
dt = AY (t), t > 0

Y (0) = Y0
(4)

where Y (t) = [u(x, t), w(x, t), ut(x, t), wt(x, t)]τ
andY0 = [f0(x), g0(x), f1(x), g1(x)]τ ∈ H.

In [7], we discussed the stability of the system (4).
In present paper, we will discuss spectral distribution
of operatorA. By a detail analysis, we show that the
spectrum ofA distributes in a strip parallel the imagi-
nary axis.

2 Resolvent and spectral distribution

In this section we investigate the resolvent and spec-
tral distribution ofA. From [7] we know that its spec-
trum composed of all eigenvalues ofA. So its resol-
vent has poles only. We are going to obtain the ex-
pression of the resolvent.

Let λ ∈ C. For veryF ∈ H, we consider the
resolvent problem(λI −A)Y = F , where

Y = [u,w, v, z] ∈ D(A), F = [f1, g1, f2, g2] ∈ H

i.e.,

λu(x)− v(x) = f1(x), x ∈ G,
λw(x)− z(x) = g1(x), x ∈ G,
λvj(s)− hju

j
ss(s)
ρj

= f j2 (s), s ∈ (0, `j),
j = 1, 2, · · · , n,
λzj(s) + EIj

ρj
wjssss(s) = gj2(s), s ∈ (0, `j),

j = 1, 2, · · · , n,
uj(`j) = wj(`j) = 0, wjss(`j) = 0,
j = 1, 2, · · · , n,(
u(a)
w(a)

)
= Aj

(
uj(0)
wj(0)

)
,

wx(a) = sjw
j
s(0), j = 1, 2, · · · , n,

−
n∑
j=1

(A∗j )
−1

(
hju

j
s(0)

−EIjwjsss(0)

)
+
(
u(a)
w(a)

)
= −α

(
v(a)
z(a)

)
,

−
n∑
j=1

EIj
sj
wjss(0) + wx(a) = −βzx(a).

(5)

From the space condition we getv(a) = λu(a) −
f1(a),z(a) = λw(a) − g1(a), zx(a) = λwx(a) −
g1,x(a). From the equation, we have

vj(s) = λuj(s)− f j1 (s),
zj(s) = λwj(s)− gj1(s), s ∈ (0, `j)(

v(a)
z(a)

)
=Aj

(
vj(0)
zj(0)

)
=λ
(
u(a)
w(a)

)
+
(
f1(a)
g1(a)

)
,

and

zx(a) = sjz
j
s(0) = λwx(a)− g1,x(a).
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Thusuj andwj satisfy the following equations:

λ2uj(s)− hju
j
ss(s)
ρj

= f j2 (s) + λf j1 (s),

λ2wj(s) + EIj
ρj
wjssss(s) = gj2(s) + λgj1(s),

s ∈ (0, `j), j = 1, 2, · · · , n,
uj(`j) = wj(`j) = 0, wjss(`j) = 0,(
u(a)
w(a)

)
= Aj

(
uj(0)
wj(0)

)
,

wx(a) = sjw
j
s(0), j = 1, 2, · · · , n,

−
n∑
j=1

(A∗j )
−1

(
hju

j
s(0)

−EIjwjsss(0)

)
+(1 + αλ)

(
u(a)
w(a)

)
= α

(
f1(a)
g1(a)

)
,

−
n∑
j=1

EIj
sj
wjss(0) + (1 + βλ)wx(a) = βg1,x(a)

(6)
which is equivalent to

ujss(s)− ρj

hj
λ2uj(s) = − ρj

hj
[f j2 (s) + λf j1 (s)],

wjssss(s) + ρj

EIj
λ2wj(s) = ρj

EIj
[gj2(s) + λgj1(s)],

uj(`j) = wj(`j) = 0, wjss(`j) = 0,(
u(a)
w(a)

)
= Aj

(
uj(0)
wj(0)

)
,

wx(a) = sjw
j
s(0), j = 1, 2, · · · , n,

−
n∑
j=1

(A∗j )
−1

(
hju

j
s(0)

−EIjwjsss(0)

)
+(1 + αλ)

(
u(a)
w(a)

)
= α

(
f1(a)
g1(a)

)
,

−
n∑
j=1

EIj
sj
wjss(0) + (1 + βλ)wx(a) = βg1,x(a)

(7)
Set

τj =
√
ρj
hj
, ωj = 4

√
ρj
EIj

,

f̂ j(s, λ) = τ2
j [f j2 (s) + λf j1 (s)],

ĝj(s, λ) = ω4
j [g

j
2(s) + λgj1(s)].

Then the general solution of differential equation in
(7) are given by

uj(s) = bj1 sinhλτj(`j − s) + bj2 coshλτj(`j − s)
+ 1
λτj

∫ `j
s sinhλτj(s− r)f̂ j(r, λ)dr,

wj(s) = cj1 sinh
√
iλωj(`j − s)

+cj2 sin
√
iλωj(`j − s)

+cj3 cosh
√
iλωj(`j − s) + cj4 cos

√
iλωj(`j − s)

− 1
2(
√
iλω)3

∫ `j
s [sinh

√
iλωj(s− r)

− sin
√
iλω(s− r)]ĝj(r, λ)dr.

(8)

From the boundary conditionsuj(`j) = wj(`j) =
wjss(`j) = 0, we can deduce thatbj2 = 0, cj3 = c4 = 0.
Therefore, we have

uj(s) = bj1 sinhλτj(`j − s)
+ 1
λτj

∫ `j
s sinhλτj(s− r)f̂ j(r, λ)dr,

wj(s) = cj1 sinh
√
iλωj(`j − s)

+cj2 sin
√
iλωj(`j − s)

− 1
2(
√
iλω)3

∫ `j
s [sinh

√
iλωj(s− r)

− sin
√
iλω(s− r)]ĝj(r, λ)dr.

(9)

Now we are going to determine the coefficients in the
expression ofuj andwj . Observing that

ujs(s) = −λτjbj1 coshλτj(`j − s)
+
∫ `j
s coshλτj(s− r)f̂ j(r, λ)dr,

wjs(s) = (−
√
iλωj)[c

j
1 cosh

√
iλωj(`j − s)

+cj2 cos
√
iλωj(`j − s)]

− 1
2(
√
iλω)2

∫ `j
s [cosh

√
iλωj(s− r)

− cos
√
iλωj(s− r)]ĝj(r, λ)dr,

wjss(s) = (−
√
iλωj)2j [c

j
1 sinh

√
iλωj(`j − s)

−cj2 sin
√
iλωj(`j − s)]

− 1
2(
√
iλω)

∫ `j
s [sinh

√
iλωj(s− r)

+ sin
√
iλωj(s− r)]ĝj(r, λ)dr,

wjsss(s) = (−
√
iλωj)3[c

j
1 cosh

√
iλωj(`j − s)

−cj2 cos
√
iλωj(`j − s)]

−1
2

∫ `j
s [cosh

√
iλωj(s− r)

+ cos
√
iλωj(s− r)]ĝj(r, λ)dr.

We have

uj
s(0) = −λτjbj1 coshλτj`j +

∫ `j

0
coshλτjrf̂ j(r, λ)dr,

wj
s(0) = (−

√
iλωj)[c

j
1 cosh

√
iλωj`j + cj2 cos

√
iλωj`j ]

− 1
2(
√

iλω)2

∫ `j

0
[cosh

√
iλωjr − cos

√
iλωjr]ĝj(r, λ)dr,

wj
ss(0) = (−

√
iλωj)2j [c

j
1 sinh

√
iλωj`j − cj2 sin

√
iλωj`j ]

+ 1
2(
√

iλω)

∫ `j

0
[sinh

√
iλωjr + sin

√
iλωjr]ĝj(r, λ)dr,

wj
sss(0) = (−

√
iλωj)3[c

j
1 cosh

√
iλωj`j − cj2 cos

√
iλωj`j ]

− 1
2

∫ `j

0
[cosh

√
iλωj(r + cos

√
iλωjr]ĝj(r, λ)dr.

(10)
Set

Φ(f)j(s) = − 1
λτj

∫ `j

s
sinhλτj(s− r)f̂ j(r, λ)dr,

(11)

Ψ(g)j(s) =
−1

2(
√
iλωj)3

∫ `j

s
[sinh

√
iλωj(s− r)

− sin
√
iλωj(s− r)]ĝj(r, λ)dr. (12)
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And set

Mj(λ) =
(
Aj 0
0 sj

)
×(

sinh λτj`j 0 0

0 sinh
√

iλωj`j sin
√

iλωj`j

0 (−
√

iλωj) cosh
√

iλωj`j (−
√

iλωj) cos
√

iλωj`j

)
(13)

and

Nj(λ) =
(

(A∗j )
−1 0

0 s−1
j

)
×(

−λτjhj cosh λτj`j 0

0 −EIj(−
√

iλωj)3 cosh
√

iλωj`j

0 EIj(−
√

iλωj)2 sinh
√

iλωj`j

0

EIj(−
√

iλωj)3 cos
√

iλωj`j

−EIj(−
√

iλωj)2 sin
√

iλωj`j

)
(14)

and

Q(λ) =

 1 + αλ 0 0
0 1 + αλ 0
0 0 1 + βλ

 . (15)

Thus, we get equations u(a)
w(a)
wx(a)

 = Mj(λ)

 bj1
cj1
cj2


+

 Aj

(
Φ(f)j(0)
Ψ(g)j(0)

)
sjΨ(g)js(0)

 , j = 1, 2..n,(16)

−
n∑
j=1

Nj(λ)

 bj1
cj1
cj2


+Q(λ)

 u(a)
w(a)
wx(a)

 = Q0(F ) (17)

where

Q0(F ) =

 αf1(a)
αg1(a)
βg1,x(a)


+

n∑
j=1

(
(A∗j )−1

(
hjΦ(f)j

s(0)

−EIjΨ(g)j
sss(0)

)
s−1

j EIjΨ(g)j
ss(0)

)
(18)

We rewrite (16–17) as follows
M1(λ) 0 0 0 0 −I

0 M2(λ) 0 0 0 −I

.

.

. · · ·
. . . · · ·

.

.

.
0 0 0 0 Mn(λ) −I

−N1(λ) −N2(λ) · · · 0 −Nn(λ) Q(λ)




B1
B2
.
.
.
Bn
W


=


Q1
Q2
.
.
.
Qn
Q0


(19)

where

Bj =

 bj1
cj1
cj2

 , W =

 u(a)
w(a)
wx(a)

 ,

Qj(F ) = −

 Aj

(
Φ(f)j(0)
Ψ(g)j(0)

)
sjΨ(g)js(0)

 .

Therefore, (19) is solvable if and only if its coeffi-
cients matrix is nonsingular, i.e.,

∆(λ)=det

∣∣∣∣∣∣∣
M1(λ) 0 0 0 0 −I

0 M2(λ) 0 0 0 −I

.

.

. · · ·
. . . · · ·

.

.

.
0 0 0 0 Mn(λ) −I

−N1(λ) −N2(λ) · · · 0 −Nn(λ) Q(λ)

∣∣∣∣∣∣∣ 6= 0.

(20)
When∆(λ) 6= 0, in particular, whendet |Mj(λ)| 6=
0, we have

W =

[
Q(λ)−

n∑
j=1

Nj(λ)M−1
j (λ)

]−1

[
Q0(F ) +

n∑
j=1

NjM
−1
j Qj

]

Bj = M−1
j

[
Q−

n∑
j=1

NjM
−1
j

]−1

[
Q0(F ) +

n∑
j=1

NjM
−1
j Qj

]
+M−1

j Qj .

(21)

By now we have gotten the expression of functions(
uj(s)
wj(s)

)
=

(
sinh λτj(`j − s) 0 0

0 sinh
√

iλωj(`j − s) sin
√

iλωj(`j − s)

)
Bj

+
(

Φ(f)j(s)
Ψ(g)j(s)

)
(22)

 u(a)
w(a)
wx(a)

 = W, ux(a)
wxxx(a)
wxx(a)


= −

n∑
j=1

(
(A∗j )

−1 0
0 s−1

j

) hju
j
s(0)

−EIjwjsss(0)
EIjw

j
ss(0)

 .

(23)
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Therefore, we have

Y =


u(x)
w(x)
v(x)
z(x)

 =


u(x)
w(x)

λu(x)− f1(x)
λw(x)− g1(x)

 ∈ D(A)

(24)
andY = R(λ,A)F. So we attain the following result.

Theorem 1 For λ ∈ C, when∆(λ) 6= 0, λ ∈ ρ(A)
and the resolvent is given by (24). In particular,
R(λ,A)F is a meromophic function of at most finite
exponential type.

Proof When ∆(λ) 6= 0, λ ∈ ρ(A), the resolvent
of A has been given by (24). Clearly,R(λ,A)F
is a H-valued meromophic function. In particular,
∆(λ)R(λ,A)F is an entire function onC. Note that
the functionsΦ(f)j(s) andΨ(g)j(s) consist of the in-
tegral of functions

sinhλτj(`j−s), sinh
√
iλωj(`j−s), sin

√
iλωj(`j−s)

and∆(λ),Mj(λ) andNj(λ) consist of the functions

sinhλτj`j , sinh
√
iλωj`j , sin

√
iλωj`j ,

coshλτj`j , cosh
√
iλωj`j , cos

√
iλωj`j

as well as the polynomial ofλ and
√
iλ. So they

are at most of finite exponential type inλ. Hence
Bj , j = 1, 2, · · · , n are at most of finite exponential
type. Therefore,R(λ,A)F is a meromophic function
of at most finite exponential type. �

From the representation we can get the following
result.

Theorem 2 LetA be defined as before. Then we have

σ(A) = {λ ∈ C | ∆(λ) = 0}. (25)

In what following we shall discuss the distribu-
tion of spectrum by estimating∆(λ).

Let λ ∈ C, then we can writeλ into the form

λ = r2eiθ, θ = arg λ.

Sincei = ei
π
2 , we have

ρ =
√
iλ =

√
r2ei(θ+

π
2
) = reiψ, ψ =

1
2
(θ +

π

2
).

So the transform translateλ-plane intoρ-plane as fol-
lows:

λ−plane : θ ∈
(
−π

2
,
π

2

]
→ ρ−plane : ψ ∈

(
0,
π

2

]
;

λ− plane : θ = −π
2
→ ρ− plane : ψ = 0;

λ−plane : θ ∈
(
π

2
,
3π
2

)
→ ρ−plane : ψ ∈

(π
2
, π
]

λ− plane : θ =
3π
2
→ ρ− plane : ψ = π.

Since∆(λ) is mainly determined by the functions

sinhλτj`j , coshλτj`j , sinh
√
iλωj`j ,

cosh
√
iλωj`j , sin

√
iλωj`j , cos

√
iλωj`j ,

we are going to study the asymptotic estimates of
these functions.

Let λ = r2eiθ. Whenθ ∈
(
−π

2 + ε, π2 − ε
)
, we

have

<λ > 0, <
√
iλ > 0, <(−i

√
iλ) > 0.

Therefore, forθ ∈
(
−π

2 + ε, π2 − ε
)
, asr → +∞, we

have

sinhλτj`j = 1
2e
λτj`j [1 + o(r2)],

coshλτj`j = 1
2e
λτj`j [1 + o(r2)];

sinh
√
iλωj`j = 1

2e
√
iλωj`j [1 + +o(r2)],

cosh
√
iλωj`j = 1

2e
√
iλωj`j [1 + o(r2)];

sin
√
iλωj`j = i

2e
−i
√
iλωj`j [1 + +o(r2)],

cos
√
iλωj`j = 1

2e
−i
√
iλωj`j [1 + o(r2)].

Forθ ∈
(
π
2 + ε, 3π

2 − ε
)
, we have

<(−λ) > 0, <(−
√
iλ) > 0, <(−i

√
iλ) > 0.

Therefore, forθ ∈
(
π
2 + ε, 3π

2 − ε
)
, asr → +∞, we

have

sinhλτj`j = −1
2e
−λτj`j [1 + o(r2)],

coshλτj`j = 1
2e
−λτj`j [1 + o(r2)];

sinh
√
iλωj`j = −1

2e
−
√
iλωj`j [1 + o(r2)],

cosh
√
iλωj`j = 1

2e
−
√
iλωj`j [1 + o(r2)];

sin
√
iλωj`j = i

2e
−i
√
iλωj`j [1 + o(r2)],

cos
√
iλωj`j = 1

2e
−i
√
iλωj`j [1 + o(r2)].

Therefore, we have the following estimates:
A). Whenθ ∈

[
−π

2 + ε, π2 − ε
]
, we have

Mj(λ) =
(
Aj 0
0 sj

)
(

1
2 e

λτj`j [1] 0 0

0 1
2 e
√

iλωj`j [1] i
2 e
−i
√

iλωj`j [1]

0
(−
√

iλωj)
2 e

√
iλωj`j [1]

(−
√

iλωj)
2 e

−i
√

iλωj`j [1]

)
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and

Nj(λ) =
(

(A∗j )
−1 0

0 s−1
j

)
×(

−
λτjhj

2 e
λτj`j [1] 0

0 −
EIj(−

√
iλωj)3

2 e
√

iλωj`j [1]

0
EIj(−

√
iλωj)2

2 e
√

iλωj`j [1]

0
EIj(−

√
iλωj)3

2 e
−i
√

iλωj`j [1]

−i
EIj(−

√
iλωj)2

2 e
−i
√

iλωj`j [1]

)
,

where[1] means that[1] = 1+o(r2) asr large enough.
They are equivalently written as

Mj(λ) =
(
Aj 0
0 sj

)(
1 0 0
0 1 i

0 (−
√

iλωj) (−
√

iλωj)

)
×(

1
2 e

λτj`j [1] 0 0

0 1
2 e
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)

= M̂j(λ)

(
1
2 e

λτj`j [1] 0 0

0 1
2 e
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)
(26)

and

Nj(λ) =
(

(A∗j )
−1 0

0 s−1
j

)
×(

−λτjhj 0 0

0 −EIj(−
√

iλωj)3 EIj(−
√

iλωj)3

0 EIj(−
√

iλωj)2 −iEIj(−
√

iλωj)2

)
×(

1
2 e

λτj`j [1] 0 0

0 1
2 e
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)

= N̂j(λ)

(
1
2 e

λτj`j [1] 0 0

0 1
2 e
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)
.

(27)
Thus we have

∆(λ) =
(1− i)n

23n
e

n∑
j=1

[λτj`j+(1−i)
√
iλωj`j ]

(−
√
iλ)n[1]

n∏
j=1

|Aj |sjωj det

∣∣∣∣∣∣Q(λ)−
n∑
j=1

N̂j(λ)M̂−1
j (λ)

∣∣∣∣∣∣ (28)

and

N̂j(λ)M̂−1
j (λ) =

(
(A∗j )

−1 0
0 s−1

j

)
(

−λτjhj 0 0

0 −(1 + i)EIj(−
√

iλωj)3 iEIj(−
√

iλωj)2

0 iEIj(−
√

iλωj)2 (1− i)EIj(−
√

iλωj)

)
×(

A−1
j 0

0 1
sj

)
.

Set

Aj =

(
aj11 aj12

aj21 aj22

)
.

Then

A−1
j =

 aj
22
|Aj |

−aj
12

|Aj |
−aj

21
|Aj |

aj
11
|Aj |

 , (A∗j )
−1 =

 aj
22
|Aj |

−aj
21

|Aj |
−aj

12
|Aj |

aj
11
|Aj |


Thus, forρ =

√
iλ, we have

N̂j(λ)M̂−1
j (λ)

=

 iρ2 (a
j
22)2

|Aj |2
τjhj + (1 + i)ρ3 (a

j
21)2

|Aj |2
EIjω3

j

−iρ
a

j
22a

j
12

|Aj |2
τjhj − (1 + i)ρ3 a

j
11a

j
21

|Aj |2
EIjω3

j

−iρ2 a
j
21

|Aj |
EIj
sj

ω2
j

−iρ2 a
j
22a

j
12

|Aj |2
τjhj − (1 + i)ρ3 a

j
21a

j
11

|Aj |2
EIjω3

j −iρ2 a
j
21

|Aj |sj
EIjω2

j

iρ2 (a
j
12)2

|Aj |2
τjhj + (1 + i)ρ3 (a

j
11)2

|Aj |2
EIjω3

j iρ2 a
j
11

|Aj |sj
EIjω2

j

iρ2 a
j
11

|Aj |
EIj
sj

ω2
j −(1− i)ρ

EIjωj

s2
j

 .

Therefore we get estimate

det

∣∣∣∣∣∣Q(λ)−
n∑
j=1

N̂j(λ)M̂j
−1

(λ)

∣∣∣∣∣∣
= 2βρ8[1]

n∑
j=1

(aj21)
2

|Aj |2
EIjω

3
j

n∑
j=1

(aj11)
2

|Aj |2
EIjω

3
j

+2βρ8[1]

 n∑
j=1

aj11a
j
21

|Aj |2
EIjω

3
j

2

So, whenaj21 6= 0, j = 1, 2 · · · , n, we have

lim
r→∞

∆(λ)

(−
√
iλ)n+8e

n∑
j=1

[λτj`j+(1−i)
√
iλωj`j ]

6= 0.

Whenaj21 ≡ 0, j = 1, 2, · · · , n, we have

N̂j(λ)M̂−1
j (λ) =

 iρ2 (a
j
22)2

|Aj |2
τjhj

−iρ
a

j
22a

j
12

|Aj |2
τjhj

0

−iρ2 a
j
22a

j
12

|Aj |2
τjhj 0

iρ2 (a
j
12)2

|Aj |2
τjhj +(1+i)ρ3 (a

j
11)2

|Aj |2
EIjω3

j iρ2 a
j
11

|Aj |sj
EIjω2

j

iρ2 a
j
11

|Aj |
EIj
sj

ω2
j −(1− i)ρ

EIjωj

s2
j

 .

Hence,

det

∣∣∣∣∣∣Q(λ)−
n∑
j=1

N̂j(λ)M̂j
−1

(λ)

∣∣∣∣∣∣
= (1 + i)βρ7[1]

α+
n∑
j=1

(aj22)
2

|Aj |2
τjhj

×
n∑
j=1

(aj11)
2

|Aj |2
EIjω

3
j .
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Also we have

lim
r→∞

∆(λ)

(−
√
iλ)n+7e

n∑
j=1

[λτj`j−(1−i)
√
iλωj`j ]

6= 0.

B). Whenθ ∈
(
−π

2 + ε, 3π
2 − ε

)
, we have

Mj(λ) = M̂j(λ)×(
1
2 e
−λτj`j [1] 0 0

0 1
2 e
−
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)
(29)

and

Nj(λ) = N̂j(λ)×(
1
2 e
−λτj`j [1] 0 0

0 1
2 e
−
√

iλωj`j [1] 0

0 0 1
2 e
−i
√

iλωj`j [1]

)
(30)

So we have

∆(λ) =
1

23n
e
−

n∑
j=1

[λτj`j+(1+i)
√
iλωj`j ]

[1]×

det

∣∣∣∣∣∣∣
M̂1(λ) 0 0 0 0 −I

0 M̂2(λ) 0 0 0 −I

.

.

. · · ·
. . . · · ·

.

.

.
0 0 0 0 M̂n(λ) −I

N̂1(λ) N̂2(λ) · · · 0 N̂n(λ) Q(λ)

∣∣∣∣∣∣∣ .(31)

In this case,

M̂j(λ) =
(

Aj 0
0 sj

)( −1 0 0
0 −1 i

0 (−
√

iλωj) (−
√

iλωj)

)
(32)

and

N̂j(λ) =
(

(A∗j )−1 0

0 s−1
j

)
×(

−λτjhj 0 0

0 −EIj(−
√

iλωj)3 EIj(−
√

iλωj)3

0 −EIj(−
√

iλωj)2 −iEIj(−
√

iλωj)2

)
(33)

Thus we have

N̂j(λ)M̂−1
j (λ) =

(
(A∗j )

−1 0
0 s−1

j

)
(

λτjhj 0 0

0 (1− i)EIj(−
√

iλωj)3 −iEIj(−
√

iλωj)2

0 −iEIj(−
√

iλωj)2 −(1 + i)EIj(−
√

iλωj)

)
×(

A−1
j 0

0 1
sj

)
.

Forρ =
√
iλ, we have

N̂j(λ)M̂−1
j (λ) =

 −iρ2 (a
j
22)2

|Aj |2
τjhj − (1− i)ρ3 (a

j
21)2

|Aj |2
EIjω3

j

iρ
a

j
22a

j
12

|Aj |2
τjhj + (1− i)ρ3 a

j
11a

j
21

|Aj |2
EIjω3

j

iρ2 a
j
21

|Aj |
EIj
sj

ω2
j

iρ2 a
j
22a

j
12

|Aj |2
τjhj + (1− i)ρ3 a

j
21a

j
11

|Aj |2
EIjω3

j iρ2 a
j
21

|Aj |sj
EIjω2

j

−iρ2 (a
j
12)2

|Aj |2
τjhj − (1− i)ρ3 (a

j
11)2

|Aj |2
EIjω3

j −iρ2 a
j
11

|Aj |sj
EIjω2

j

−iρ2 a
j
11

|Aj |
EIj
sj

ω2
j (1 + i)ρ

EIjωj

s2
j



Therefore we have estimate

det

∣∣∣∣∣∣Q(λ)−
n∑
j=1

N̂j(λ)̂Mj
−1

(λ)

∣∣∣∣∣∣
= 2iβρ8[1]

n∑
j=1

(aj21)
2

|Aj |2
EIjω

3
j

n∑
j=1

(aj11)
2

|Aj |2
EIjω

3
j

+2iβρ8[1]

 n∑
j=1

aj11a
j
21

|Aj |2
EIjω

3
j

2

.

So, whenaj21 6= 0, j = 1, 2 · · · , n, we have

lim
r→∞

∆(λ)

(−
√
iλ)n+8e

n∑
j=1

[λτj`j+(1−i)
√
iλωj`j ]

6= 0.

Whenaj21 ≡ 0, j = 1, 2, · · · , n, we have

N̂j(λ)M̂−1
j (λ) =

 −iρ2 (a
j
22)2

|Aj |2
τjhj

iρ
a

j
22a

j
12

|Aj |2
τjhj

0

iρ2 a
j
22a

j
12

|Aj |2
τjhj 0

−iρ2 (a
j
12)2

|Aj |2
τjhj−(1−i)ρ3 (a

j
11)2

|Aj |2
EIjω3

j −iρ2 a
j
11

|Aj |sj
EIjω2

j

−iρ2 a
j
11

|Aj |
EIj
sj

ω2
j (1 + i)ρ

EIjωj

s2
j

 .

Thus,

det

∣∣∣∣∣∣Q(λ)−
n∑
j=1

N̂j(λ)M̂j
−1

(λ)

∣∣∣∣∣∣
= (1− i)βρ7[1]

α− n∑
j=1

(aj22)
2

|Aj |2
τjhj

×
n∑
j=1

(aj11)
2

|Aj |2
EIjω

3
j .

Whenα−
n∑
j=1

(aj
22)2

|Aj |2 τjhj 6= 0, we have

lim
r→∞

∆(λ)

(−
√
iλ)n+7e

n∑
j=1

[λτj`j−(1−i)
√
iλωj`j ]

6= 0.

The calculation above shows that there is no eigen-
value in the domain

λ = r2eiθ, θ ∈
[
−π

2
+ ε,

π

2
− ε
]
∪
[
π

2
+ ε,

3π
2
− ε

]
with |λ| large enough. So the spectrum ofA dis-
tributes in a strip parallel the imaginary axis inλ
plane. Therefore, we have the following result.
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Theorem 3 LetA be defined as before. Then when
aj21 6= 0, or aj21 ≡ 0, j = 1, 2, · · · , n and α −
n∑
j=1

(aj
22)2

|Aj |2 τjhj 6= 0, there exists positive constants

M1,M2 andh such that for∀λ ∈ C with |<λ| > h,

M1 ≤

∣∣∣∣∣∣∣∣
∆(λ)

(−
√
iλ)n+ke

n∑
j=1

[λτj`j+(1−i)
√
iλωj`j ]

∣∣∣∣∣∣∣∣ ≤M2,

(34)
wherek = 8 asaj21 6= 0, or k = 7 asaj21 ≡ 0, j =

1, 2, · · · , n andα −
n∑
j=1

(aj
22)2

|Aj |2 τjhj 6= 0. Hance, we

have

σ(A) ⊂ {λ ∈ C | −h ≤ <λ ≤ 0}. (35)

Remark 4 In Theorem 3, the conditionaj21 ≡ 0, j =
1, 2, · · · , n means that the strings and beams are
weakly coupled. In this case, the conditionα −
n∑
j=1

(aj
22)2

|Aj |2 τjhj 6= 0 says that the damping constant is

not equal to the velocity of wave. This result coincides
with the casen = 1.
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