WSEAS TRANSACTIONS on MATHEMATICS

De-Ning Qu, Cao-Zong Cheng

Existence and iterative algorithm of solutions for a new system of
generalized set-valued mixed equilibrium-like problems in Banach
spaces

De-ning Qu
Beijing University of Technology
College of Applied Science
Beijing 100124, CHINA
Also: Jilin Normal University
College of Mathematics
Jilin 136000, CHINA

Cao-zong Cheng
Beijing University of Technology
College of Applied Science
Beijing 100124
CHINA
czcheng @bjut.edu.cn

qudening @tom.com, qudening @emails.bjut.edu.cn

Abstract: A new system of generalized set-valued mixed equilibrium-like problems (in short, S-GMELP) in Ba-
nach spaces is discussed. In order to obtain the existence of solutions of S-GMELP, a system of related auxiliary
problems (in short, S-AP) is established. On the basis of the existence and uniqueness of solutions of the S-AP,
an iterative algorithm for the S-GMELP is constructed. It is proved that the iterative sequence converges some
solution of S-GMELP. Finally, an example is given to well exemplify our main result.
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1 Introduction

When Hartman-Stampacchia [1] created the variation-
al inequality theory in 1966, they researched the first
variational inequality defined on finite-dimension s-
paces. In recent years, many authors have generalized
the variational inequality problems in two main as-
pects: the model of the variational inequalities and the
framework of spaces mainly including Hilbert spaces
and Banach spaces. Parida-Sen [2] in 1987 introduced
the variational-like inequality problems closely relat-
ed to the convex mathematical programming problem-
s in finite-dimension spaces. In [3-10] authors dis-
cussed the mixed variational-like inequality problem-
s (in short, MVLIP) in Banach spaces. The authors
in [11-14] generalized the MVLIP to the generalized
set-valued mixed variational-like inequality problems
(in short, GMVLIP), and investigated the GMVLIP in
Hilbert spaces, and so did the authors in [15, 16] in
Banach spaces.

In the sequel, Kazmi-Khan [17] presented a sys-
tem of MVLIP (in short, S-MVLIP), constructed an
algorithm for it by exploiting auxiliary principle tech-
nique and investigated the convergence analysis of
the algorithm in Hilbert spaces. Recently, Wang-
Ding [18] generalized the S-MVLIP to a system of
GMVLIP (in short, S-GMVLIP) and studied the S-
GMVLIP in Banach spaces.

The equilibrium theory is one of the most im-
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portant tools to analyze a system, since it provides
a new unified framework for those problems which
arise from physics, economics, traffic, optimization
theory, etc. As a matter of fact, equilibrium problem-
s include variational inequality problems, fixed-point
problems, mathematical programming problems and
others as their special cases. The class of equilibrium-
like problems is a useful generalization of the class
of variational-like inequality problems and has some
potential and significant applications in optimization
and economics. To the best of our knowledge, the re-
sults on the existence of solutions of equilibrium-like
problems by constructing iterative algorithms are few.
Inspired by the recent works involving the system of
variational-like inequality problems in [17, 18], we
introduce a system of generalized set-valued mixed
equilibrium-like problems and discussed the existence
of its solutions by using auxiliary principle technique
in Banach spaces. The introduced system includes the
problems discussed in [3-17] as its special cases and
its framework of spaces is generalized from Hilbert s-
paces in [5, 6, 11-15, 17] to Banach spaces. The rest
of this paper is organized as follows. In Section 2, the
main problem discussed in this paper is presented and
some preliminaries are list. In Sections 3, a theorem
on the existence and uniqueness of solutions of a sys-
tem of related auxiliary problems is proved. In Section
4, by the theorem presented in Section 3, an iterative
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algorithm for the main problem is proposed. In Sec-
tion 5, a main theorem on the existence of solutions
of the main problem is shown by studying the conver-
gence analysis of the iterative algorithm presented in
Section 4. Finally, an example is given to well exem-
plify our main result in Section 6.

2 Preliminaries

Let E be a real Banach space with norm || - || and topo-
logical dual E*, (-, -) be generalized duality pairing
between E* and E, and C'B(E) be the family of all
nonempty, bounded and closed subsets of E. Define
the Hausdorff metric H(-,-) on CB(E) by

H(A, B) = max{supd(u, B),sup d(4,v)},
VA, BUZACB( E), <
where
A(A,0) = int flu— o]
and

d(u, B) = inf lu—v]|

Throughout this paper, unless other stated, R and
J are denoted by the set of the real numbers and the set
{1, 2, 3}, respectively. Suppose that for each i € J,
E; is areal reflexive Banach space with the norm || - ||;
and the topological dual E}, (-,-); is the generalized
duality between E; and E;, H;(-,-) is the Hausdorff
metric on CB(Ei) and CB(EY), d; is the distance
between a point and a point set on £ and I; and I are
denoted by the identity mappings defined on E; and
E, respectively. If the norm || - ||* on By x E3 x E3 is
defined by

[ (w1, uz, uz)||* = [Jualls + [Juall2 + [luslls,
v (ul,ug,ug) € F1 x Ey X Eg,

then (Fy x Es X Es, || -||*) is a Banach space.

The system of generalized set-valued mixed
equilibrium-like problems (in short, S-GMELP) is s-
tated as follows:

Suppose that F;, Es and FEs are real Ba-
nach spaces. For each i € J, let R; By —
CB(E}), S; : B2 — CB(E3), T; : E3 — CB(E3)

and F; E; — CB(E;) be set-valued map-
pings, let N; Ef x E5 x B — Ef, K; :
Ei — Ez*7 i E,L X El — Ez and

M; : E; — E; be single-valued mappings, and
let G; : E;k xFE, - Rand B; : E; x E; - R
be bi-functions. The problem is to find

(Ul,u2,u3)$1al‘2a953:yla92,3/372172272371317]72,173),
where (’u,l,UQ,u?,) € F1 x Ey x Es, (xi,yi,zi) S
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Rz(ul) X Sz('UQ) X TZ(U3) and pi € Fz(u,) (2 € J),
such that for all (wq,ws,w3) € FEy X Fy X E3 and
foreach i € J,

Gi(N’(xiyyuzz) (wuuz )
+(Ki(ui), ni(wi, ug))i
+Bi(pi, Mi(w;)) — Bi(pi, Mi(u;)) > 0,

where for each ¢ € J, B; satisfies the following prop-
erties:

(A1) for each fixed p; € E;,u; — Bj(pi, M;(u;)) is
convex;

(A2) there exists a constant b; > 0 such that

Bi(pi, ¢i) + Bi(pi, Gi) — Bi(pi, ¢i) — Bi(Pi, ¢i)
—billpi — pilli - e — Gills,
V' pis Diy Qs @i € Ey;

(A3) Bi(p:i,0) = Bi(0,q:) = 0,V pi, ¢; € E;.

Remark 1 [t follows from (A2) and (A3) that for each
i€,

(i) B; is bounded, that is, there exists a constant b; >
0 such that

|Bi(pi> ¢i)| < billpilli - laills, ¥V pi, g € E;

(ii) | Bi(pi, ¢i) — Bi(pi, Gi)|
< billpill - llai — @illss ¥ pis @5 Gi € E
and
|Bi(pi, ai) — Bi(bi, ¢i)|
< billgills - [|lpi — pills> ¥ pis Dis @ € Ei,

which imply that B; is continuous in both the first vari-
able and the second variable.

Remark 2 Let E be a real reflexive Banach space.
Many authors (see [8, 12][14]-[17]) usually consid-
ered the case that the bi-function B : E x E — R has
the following properties:

(a1) B(p, q) is linear in the first variable;
(02) B(p7q)_B(p7(j) < B(paq_Q)v Vp, q, (j € Ea
(a3) B(p, q) is bounded;

(ay) for each fixedp € E, q — B(p, q) is convex.

In addition, Qu [10] considered the case that B sat-
isfies (A2)-(As), (a4) and for each fixed q € C, p —
B(F(p),q) is convex, where C'is a nonempty closed
convex subset of £ and F : C — FE is a single-
valued mapping. Zeng-Guu-Yao [13] and Wang-Ding
[18] dealt with the case that B satisfies (a1)-(as) and
(A1). It’s worth mentioning that another distinctive
case that B is skew-symmetric and diagonally convex
in the second variable was considered in [9]. In [3]-
[7][11] authors required that B is a (proper convex)
lower semi-continuous single-variable function.
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Note that (a1 )-(az) imply that B is indeed bilinear
and (a4) holds trivially. It is sufficient to show that B
is linear in the second variable. First, we claim that

=B(p,q+q),Vp, ¢, 4 E
In fact, replacing p by —p in (az) and using (a;), we
have

Z B(p,q—qA), vpa q, qe E
Similarly, (2) implies (ag) under the condition (a).
Thus (a2) is equivalent to (2) under the condition (a; ),
and so (1) holds. Second, we claim that for any k£ € R,

(3)

In fact, combining (1) with B(p,0) = 0 forallp € F
that follows from (a3), we see that (3) holds for any
integer k and so does for any rational number k. Now
let k£ be any irrational number and {k,, } be a rational
number sequence such that k,, — kasn — oo. It
follows from (a3) that B is continuous in the second
variable. Hence,

B(p, kq) = lim_B(p, knq)
= lim knB(pa CI)

n—oo
=kB(p,q), Vp, q € E.

B(p,kq) = kB(p,q), Vp, ¢ € E.

Finally, we show that B is linear in the second variable
by (1) and (3).

If M = I and B satisfies (a;)-(a4), then B has
the properties (A1)-(A3). Nowlet B : R x R — R
be defined by B(p,q) = |sinp|- (/14 ¢*> — 1) and
M = I. It is easy to see that B has the properties
(A1)-(A3), but B is nonlinear in both the variables.

Some special and related cases are list here:

(a) If J = {1,2}, and if foreach i € J, G; =
<'7’>i7 RZ = SZ = Mi = Fz = Ii and Kz(ul) = 0,
then the S-GMELP reduces to the S-MVLIP: to find
(u1,u2) € E1 x Es such that for all (w1, ws) € Ey X
E5 and for each i € J,

(N3 (w1, u2), mi(wi, u;));
+Bi(ui, w;) — B;(ui, u;) > 0.

The S-MVLIP was discussed by Kazmi-Khan [17] in
Hilbert spaces.

(b)y If foreach ¢ € J, B; = E, Ef =
E*,Gi={(,),Ri =R, S; =8, F,=1, M, =
M, B; = B, Nij(z,y,z) = N(z,y), ni(u,v) =
n(M(u), M(v)) and K;(u) = w* (where w* is a
given point in £*), then the S-GMELP becomes the

E-ISSN: 2224-2880

315

De-Ning Qu, Cao-Zong Cheng

GMVLIP: to find u € F and (z,y) € R(u) x S(u)
such that for all w € F,

V() + a0 w), @)
+ B(u, M (w)) — B(u, M(u)) > 0.

The GMVLIP (4) was studied by Ding-Yao-Zeng [16]
in Banach spaces, and by Huang-Deng [12], Zeng-
Guu-Yao [13], Zeng-Schaible-Yao [14] and Xu-Guo
[15] under the case that w* = 0 in Hilbert spaces,
respectively.

(c)Ifforeachi € J, B; = E, Ef = E* and C
is a nonempty (closed) convex subset of E, if G; =
<'7'>7 RZ:Ra Sl:‘su FZ:Fa M’L:-ly i =
n, B; = B and N;(z,y,z) = N(z,y), and if R, S
and F’ are single-valued mappings defined on C', both
nand B are definedon E x E'or C' x C and K;(u) =
w* (where w* is a given point in £*), then the S-
GMELP reduces to the MVLIP: to find u € C such
that for all w € C,

VR, S() + = nw.w)
+ B(F(u),w) — B(F(u),u) > 0.

The MVLIP (5) was discussed by Ding [8, 9] and Qu
[10] in Banach space.

(d) Ifforeachi € J, E; = FE, Ef = E*,G; =
(), Ri =R, S; =8, My =1, n; =1, Ki(u) =
0, Ni(x,y,z) = N(x,y) and B;(u, w) = B(w), then
the S-GMELP reduces to the GMVLIP: to find u € F
and (z,y) € R(u) x S(u) such that for all w € E,

(6)

The GMVLIP (6) was studied in [11] by discussing
the convergence analysis of a predictor-corrector iter-
ative algorithm in Hilbert spaces.

(e) If foreach 7 € [, F; = E, Ef = E*
and C' is a nonempty convex subset of F, and if
Gi = (,), R = R, S; =8 My =1, n =
n, Bi(u,w) = B(w), Ni(x,y,z) = N(z,y) and
K;(u) = 0,and if R, S and B are single-valued map-
pings defined on C' and 7 is defined on C' x C, then
the S-GMELP reduces to the MVLIP: to find v € C
such that for all w € C,

(N (R(u), S(u)), n(w, u))
+ B(w) — B(u) > 0.

(N (2, y),n(w, u)) + B(w) = B(u) > 0.

(7)

In [7] the existence and uniqueness of solutions of
the MVLIP (7) were directly proved and a general
algorithm to approximate the solution of the MVLIP
(7) was proposed by using an auxiliary minimization
problem in Banach spaces.

(f) If foreach ¢ € J, B; = E, Ef = E*
and C' is a nonempty convex subset of F, and if
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Gi = <'7'>7 R’L = R7 Sl = Sa Ml = I? i =
n, Ni(x,y,2z) = v — y and B;(u,w) = B(w), and
if R, S and B are single-valued mappings defined on
C, nisdefinedon C'x C and K;(u) = w* (Where w*
is a given point in £'*), then the S-GMELP reduces to
the MVLIP: to find w € C such that for all w € C,

(R(w) ~ S(u) + =" n(w.w) o
+ B(w) — B(u) > 0.

The MVLIP (8) was discussed by Zeng [5] and
Ansari-Yao [6] in Hilbert spaces, and by Ding [3] and
Chen-Liu [4] in Banach spaces, respectively.

Some other related cases were discussed by
Wang-Ding [18] and Fang-Huang [19] in Banach s-
paces and by Chadli-Yao [20] in Hausdorff topologi-
cal linear spaces, respectively.

Definition 3 Let E be a real Banach space, and let
S:E—-CBFE*),n:ExXE—-E M:FE—FE
and g : E — E* be mappings.

(i) S is said to be s-H- Lipschitz continuous , if
there exists a constant s > 0 such that

H(S(u),S(v)) < sllu—vl|, Vu, veE.

(ii) n is said to be &- Lipschitz continuous, if there
exists a constant £ > 0 such that

[n(u, V)| < &llu—oll, Vu, veE.

(iii) M is said to be m-Lipschitz continuous , if
there exists a constant m > 0 such that

|M(u) — M©)|| <mlu—0|, Vu, v € E.

(iv)([16]) g is said to be T-n-strongly monotone,
if there exists a constant T > 0 such that

(g(u) — g(v),n(u,v)) > 7||lu—v||*, Vu, veE.

Remark 4 [fn(u,v) = u—uv (resp., n(u,v) = v—u),
the n-strong monotonicity of g reduces to the strong
monotonicity of g (resp., —g).

Definition 5 ([18]) Let £y, FEo and E3 be Banach s-
paces, and N : ET x E5 x E3 — EY be a mapping.
N is said to be (u,0,9)-mixed Lipschitz continuous,
if there exist three positive constants i, 0, ¥ such that

||N(CC,y,Z)—N(.’IAZ,Q,ZA’)||1
< pllz =2l +0lly — 9ll2 + Iz — 2|ls,
Y (z,y,2), (&,9,2) € Ef x E5 x Ej.
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Lemma 6 (/21]) Let X be a nonempty closed convex
subset of a Hausdorff linear topological space E and
¢, ¥ : X x X — R be bi-functions satisfying the
following conditions :

(i) Y(x,y) < ¢(x,y), Yo, y € X and Y(x,z) >
0,Vx e X;

(ii) for each x € X, ¢(x,y) is upper semi-continuous
with respect to y;

(iii) for each y € X, the set {x € X : (x,y) < 0} is
convex ;

(iv) there exists a nonempty compact set ) C X and
xg € Q such that Y(xg,y) < 0, Vy € X \ Q. Then
there exists an §j € Q) such that p(x,y) > 0, Vz € X.

We shall also make use of the following result
which is a variation of Lemma 1 in [22] and is also
noted implicitly in [23].

Lemma 7 Let (E, d) be a complete metric space and
S : E — CB(E) be a set-valued mapping. Then for
any e > 0, any u, v € E, and any © € S(u), there
exists y € S(v) such that

d(z,y) < (14 ¢e)H(S(u), S(v)).

Remark 8 Let E be a normal linear space. If f :
E — R is concave and upper semi-continuous, then
f is weakly upper semi-continuous.

3 A system of auxiliary problems

Now a system of auxiliary problems (in short, S-AP)
for the S-GMELP is given below:

Suppose that £, Fo and FEs3 are real reflexive
Banach spaces. Foreach¢ € J, let R; : Fh —
CB(EY), Si : E2 - CB(E3), T; : E5 — CB(E3)
and F; : E; — CB(E;) be set-valued mappings,
let K;, g; : E; — Ez*’ M; : BE; — E;, N; :
ETXE;XE; —>Ez*and771 : B x BE; — E; be
single-valued mappings, and let G; : Ef x FE; — R
and B; FE; x E; — R be bi-functions. Giv-
en (up,us,u3) € FE1 X Ey x Ej3, for each i €
I, (%4, 95, z:) € Ri(u1) x Si(u2) x Tj(u3) and p; €
F;(u;), the S-APis to find (v1,va,v3) € E1 X Ea X E3
such that for all (wy, we, w3) € Ey X Ey X E3 and for
eachi € J,

<gi(Ui) - gi(ui)a Ui(wz’, Ui)>i
+pGi(Ni (4, yi, 2i), mi (Wi, v;))
+p(Ki(ui), ni(wi, vi))i
+pBi(pi, Mi(w;)) — pBi(pi, Mi(vi))
>0,

where p > 0 is a constant.
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Theorem 9 Suppose that for each i € J, (A1)-(A3)
and the following conditions hold:

(B1) K; and g; — K; are \;- and ;- Lipschitz contin-
uous, respectively, and g; is T;-1;- strongly monotone;
(B2) M; is m;-Lipschitz continuous;

(B3) n; is &;-Lipschitz continuous;

(By) mi(wi,v;)) = —ni(vi,w;) and ni(e;,vi) —
ni(ei, wi) = ni(vi, w;), Ve, vy, wi € Ey;

(Bs) for any fixed w; € E; and w; € E!, both
v = Gi(w}, ni(ws, v;)) and v; — (W}, ni(w;, v;));
are concave;

(Bg) Gl(, —Ui) = —Gi(-,vi), VY v; € E;, and there
exists a constant k; > 0 such that

|Gi(vf, vi) — Gi(0F, v3)]|
< willvilli - [|lvf — o7 ||:, YV vi € By, vf, 0f € B,
|Gi(vf,vi) — Gi(vf, 03)]|

< HzHU:Hz . H'Uz — ?A)Z'HZ',VW, ﬁi € Ei, ’U;k c E:
Then the S-AP has a unique solution.

Remark 10 The conditions (B4)-(Bg) imply that

(i) mi(vi, v;) =0, Vv; € Ey;

(ii) Gi(v;,0) =0, Vv} € Ef;

(iii) ]Gz(vj,vz)\ < HzHUsz : ’Uf”z, Vv, € Fj, U;k S

1
(iv) for any fixed w; € E; and w; € E}, both
vi = Gi(wy,mi(vi, wi)) and vi = (w7, 7i(vi, wi))s
are convex.

Remark 11 It follows from (B1) and (Bs3) that g; is
Bi-Lipschitz continuous and

7 < Bik < &N + 7).

In fact, for any u;, v; € E;,
lgi(ui) — gi(vi) |
<|[(gi — Ki)(ui) — (9 — Ki)(vi)lls
+ [5G (us) — Ki(vi)|li
< (N +3i)llwi — vilfi-

Letting
Bi = inf{B : ||lgi(wi) — gi(vi)[li < B; llui — villi},
we have that B; < \; + ;. In view of (B1) and (B3),

for any u;, v; € E;, the following inequalities hold:
Tillus — vil[?
< (9i(wi) — gi(vi), mi(wi, vi))s
< lgiwi) = gi(vi)lli - l[mi(wi, vi)[s
< Biillui — vil?,

which implies that T; < ;& and 8; > 0. Thus g; is
Bi-Lipschitz continuous and 1; < ;& < & (N + Vi)
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Proof of theorem 9. For each ¢ € J, define the map-
pings ¢i7 wl : El X E@ — Rby

¢i(w;, v;)
= <gi<wi) - gi(ui)v ni(wi; Uz‘)>i
+ pGi(Ni(4, yi, ), mi(wi, v;))
+ p(KGi (i), mi(wi, v;))i
+ pBi(pi, Mi(wi)) — pBi(pi, Mi(vi)),
i (wi, v;)
= (gi(vi) — gi(uq), mi(wi, v;))i
+ pGi(Ni (4, Y3, 2i) s mi(wi, v;)))
+ p(KG (i), mi(wi, vi))i
+ pBi(pi, Mi(w;)) — pBi(pi, Mi(vi)),

respectively. We complete this proof by three steps.

Step 1. Show that for each given (u1, ug,us) € Fy X
Ey x E3, (z4,Yi,2i) € Ri(u1) x Si(uz) x Tj(u3),
and p; € Fi(u;) (i € J), ¢; and 1); satisfy all the
conditions of Lemma 6 in the weak topology.

(i) Show that ;(w;,v;)) < ¢;(ws,v;) and
Yi(wi,w;) > 0, VY w;, v; € E;. Indeed, since g; is
T;-1;-strongly monotone, it is clear that the two in-
equalities above hold.

(ii) Show that for each w; € F;, v; — ¢;(w;, v;)
is weakly upper semi-continuous. In fact, by (B3)-
(B4) and (Bg), for each w;, v;, ©; € E;, we have

[(gi(wi) — gi(ui), mi(wi, vi))i

— (gi(wi) — gi(ui), mi(wi, 0;))il
= [(gi(wi) — gi(uwi), mi(vi, ;)i
< &illgi(wi) — gi(wi)li - [lvi — 0ills,

|G (Ni(2i, yi» 2i), mi(wi, v;))

— Gi(Ni(@4,yi, zi), ni(wi, 0))|
< K3l |[Ni@i, yis i) |li - |73 (wiy vi) — mi(wi, 0) ||
= K| Ni(ws, s, 2i) | - |1 (vi, 03)]s
< ki&l| Ni(@s, yi, i) ||i - |vi — 043,

and

| (B (i ), mi (wi, 07))i — (BG (g ), mi (wi, D7) )i
< Gl Ki(wi)lfi - [Jvi — Di]s-

By Remark 1 (ii) and (B3), for each v;, 0; € Ej;, we
have

| Bi(pi, M;(vi)) — Bi(pi, M;(0;))]

< biml|pilli - |lvi — vil]s-

Thus v; — ¢;(w;, v;) is continuous. Noting that v; —
¢i(w;, v;) is concave by (A1) and (Bs), we see that
v; — ¢i(w;,v;) is weakly upper semi-continuous by
Remark 8.

(iii) Show that for each fixed v; € E;, the set C; =
{w; € E; : ;(w;,v;) < 0} is convex. If C; = (), then
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the ¢-th inequality of the S-AP holds trivially. Hence
we only discuss the case that C; # (). It follows from
(A1) and Remark 10 (iv) that w; — ;(w;, v;) is con-
vex. Thus Cj is convex.

(iv) Show that there exists a nonempty weak-
ly compact set €2; C FE; and w; € £2 such that
¢i(wi, ’Ui) <0,Vv € F; \ ;. Now take

6 =7, ' [&llgi(us) + pKi(ui) s
+ p&ikil|Ni(xi, i, zi)|ls + pbimn||pil|i],
Q;, = {wi e FE;: HwZHZ < (51}

Then €2; is a weakly compact subset of E;. For any
fixed v; € E; \ €, take w; = 0 € ;. It follows from
(B2)-(B3), Remark 1(ii) and Remark 10 (ii) and (iv)
that

wz( Z)UZ) ¢z(0 Uz)
—(9i(0) — gi(vi), mi(0, )

+ <gz uz) +IOK( z)a i O,Uz»i

+ pG ( (wuyzazz)a z(Ovvi))

+ p[Bi(pi; Mi(0)) — Bi(pi, M;(v;))]
< —illvill + (&illgi(us) + pKi(us) i

+ p&ikiil | Ni (i, yi, zi) |l + pbimillpil|i) - l|vill:
= —Tillvlls(||vills — 6:)

< 0.

Therefore, by Lemma 6, there exists a v; € F; such
that for all w; € F;, ¢i(wi, ’l_)i) > 0, that is,

(gi(wi) — gi(ug), ni(wi, i)
+ pGi(Ni(xi, yi, 2i), mi(ws, ;)

+ p(Ki(wi), mi(wi, ;) 9)
+ p[Bi(pi, Mi(w;)) — Bi(pi, Mi(v;))]
> 0.

Step 2 Show that when C; # (), there exists a solution
of the i-th inequality of the S-AP.

For each ¢ € J, arbitrary ¢ € (0, 1] and any fixed
w; € E;, let wi(t) = tw; + (1 — t)v;. Replacing wj
by w;(t) in (9) and applying Remark 10 (i), (iv) and
(A1), we have

0< <gz (wz(t)) - gi(uz)vnz(th
+:0G ( (mlayuzz) nl(tw
+ p(KG (i), i (tw; + (1
+ pBi(pi7 Mi(twl + (1
— pBi(pi, M;(v;))
< tl{gi(wi(t)) — gi(ui), mi(wi, 0i))i
+ pGi(Ni(xi, yi, 2i), mi(wi, U;))
+ p (K (wi), mi(wi, ;)i

+ pBi(pi, M;i(v:)) — pBi(pi, Mi(w;))].
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Hence,

(9i(wi(t)) — gi(wi), ni(wi, v:))i
+IOG( (ZL'@,yZ,Zz) 77( )
+ p (K (wi), mi(wi, 7))
+ pBi(pi, Mi(w;)) — pBi(pi, M;(v;))
> 0.

~—

(10)

Letting ¢ — 07 in (10) and applying Remark 11, we
obtain

(9i(0:) — gi(w;), mi(ws, U;))i
—l—pG ( (xu Yi, zz) ni(wia l_fz))
+p(Ki(ui), mi(wi, 0i))i
+pBi(pi, Mi(w;)) — pBi(pi, M;(v;))
> 0.

Therefore, the existence of solutions of the S-AP is
shown.

Step 3 Show that the solution of the S-AP is unique.

Let (01, 02,03), (01,02,03) € Eq X Ey X E3 be
two solutions of the S-AP. Then for each ¢+ € J and for
all (wl,wg,wg) € F1 X Ey X Es,

<gi(@i)777i(wi>5i)>i
> (gi(u;), mi(wi, 0;))
—pG ( (xzyyzazz) ni(wial_fi))
— p(Ki(wi), mi(wi, 0;))i
+ pBi(pi, M;(v:)) — pBi(pi, Mi(w;)),

(11)

and

<gi(@i)ani(wi7@i)>i
> (gi(ui), ni(wi, 9;));
_PG (Ni(wi, yi, 2i), mi(wi, ;)
— p{Ki (), mi(wi, 04))s
+ pBi(pi, Mi(0:)) — pBi(pi, M;(w;)).
By taking w; = 9; in (11) and w; = v; in (12) and
utilizing (B4) and (Bg),

(9:(0:) — gi (i), i (s, V1))
> —p|Gi(Ni(xi, ys, 2i), 1i (s, 0;))

+ Gi(Ni(4, yi, 2), i (03, 07))]

— p{Ki (i), mi(Vi, D) + 0i(Di, 0:))i
= p[Gi(Ni(i,yi, 2i), i (i, Vi)

— Gi(Ni(4, yi, 21), i (04, 0;))]
=0.

(12)

Since g; is 7;-1;-strongly monotone, the following in-
equality holds:

Tillos — 012
< {gi(0i) — 9i(03), mi(0s, D7)
<0,

which implies that ¥; = ©;. This completes the proof
of Theorem 9. O
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4 An iterative algorithm for S-
GMELP

On the basis of Theorem 9, now an iterative algorith-
m for solving the S-GMELP is constructed in real
reflexive Banach spaces. For each 7 6 J and giv-
en (u?,ug,ug) € Ey x Ey x E3, (x Z,yz, 2)) €
R;i(ud)x S; (u2) xT(ud) and p) € F;(u?), the unique
solution (u%, ud, ul) € By x By x E3 of ‘the S-AP sat-
isfies that for all (wy, w2, ws) € Ey X Ea X E3 and

foreach i € J,

(gi(u )_gl( )m(wmu}»
—|—,0G( i(w ?7%7 z) nz(wz,uzl))
+p(Ki(u z) ni(wi, 11)>
> 0.
By Lemma 7, there exist (v Z,yl, z) € Ri(uf) x
Si(ud) x T;(ud) and p! € F;(u}) such that
[ —x1||1 (1+1)Hi(R ( 1), Ri(ui)),
Hyz —yilla < (1+ 1) Hz(Si(u3), S (U%)),
[ —lels (1+ 1)H3(T; ( 9), Ti(u})),
Ip? = pill < (1+1)H; (Fz'(ug)sz'(U%))-

By induction, an iterative algorithm for solving the S-
GMELP is established in real reflexive Banach spaces
FE1, E5 and Ej3 as follows:

Algorithm 1 For each i € J and for any glven
(U?,Ug,ug) € By x By x B, (2, 47, 27) € Ri(uf) x
Si(u9) x Ty(ul) and p € F;(u?), there exists a se-
quence {Qn}>2 |, where

_ n ,mn ,n .n M N ,n ,n ,n
Qn_(ulau23u37$1ax23$37y1ay27y3’

n N SN N N N

217Z27237p17p27p3)7

such that z}! € R;(uy), yP

Ti(uy), p} € Fi(u}') and
57 = < (14 ) Ha (i), 85 ™)),
lef =" ls < (1+ ) Ha(Ti (), T ™),
I = P < (0 ) HilF ), Fia ™),
(13)

and for all (w1, wq, w3) € E1 X Ey x E3 and for each
1€ J,

(9i (™) = giuf), mi(wi, uf )i
+pGi(Ni(xzn?yzna z) 772(w17 ?—H)
+ (K (uf), mi(wi, up ™)
+ pB;(p, Mi(wi)) — pBi(py, Mi(uj ™))
2 07

(14)
where p > 0 is a constant.
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5 Existence of solutions of S-
GMELP and convergence analysis

In this section, we shall show that the sequence
{Qn}5°, generalized by Algorithm I strongly con-
verges to some solution of the S-GMELP.

Theorem 12 Let F1, Fy and E3 be real reflexive Ba-
nach spaces. Suppose that for each i € J, (A1)-(A3),
(B1)-(Bg) and the following conditions hold:
(C1) N;is (u;, 0;,9;)-mixed Lipschitz continuous;
(C2) R;, S;, T; and F; are r;-Hy-, s;-Ho-, t;-Hs-
and f;-H;-Lipschitz continuous, respectively.

If there exists a constant p > 0 such that

o = max{oy, o2, 03} < 1, (15)
where for each i € J,
oi =1 G (v + 11— plNi) + pri e,
a1 = by fima + Zgjlf%&mm
i=
ag = by fama + i Ki&ibisi, (16)

=1
3

az = bafams + > k&0t
=1

then for each i € J, the sequence {Q,}>2, gen-
eralized by Algorithm I strongly converges to () =
(@1, Uy, U3, T1, T2, T3, Y1, Y2, Y3, 21, 22, 23, P1, P2, D3 )
and @ is a solution of the S-GMELP, where
(ﬂl,ﬂg,ﬂg,) € FE; x Ey X FEs and for each
1€ J, (a’cz,gjz,iz) € Rz<ﬂ1) X Sz(ﬂ2> X TZ('ZL?}) and
pi € Fi(u;).

Proof. It follows from (14) that for any
(w1, wq,ws) € Ey x Ey x E3 and for each i € J,

u;” )m(wz
(l‘? 7yz

uph), m(wuuz)%
!, M;(w;)) — pBi(p}

(gi(uf) — gi
+ pG;i(N,
+ p(Ki(u
+ pBi(p;
>0,

7))
P mi(wi, )

1 Mi(up))

(17)
and

n+1) n+1)>l

Uy — gi(ug), nz(wuuz
(Ni(x?, yits 23)s mi(wis n+1)
i(uf), mi(wi, u n+1)>z

+ pBi(p, M;(w;)) — pBi(pl, M;(uf™))
> 0.

(gi(u
+pG
+p(K

(18)
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Taking w; = u/™ in (17) and w; = u} in (18), re-
spectively, we get that for each i € J,

and

(gi(ug™) = gilu), miup, u ™))
+ pGi( N2}, y7' Z?),m(u?,u?ﬂ))
+ p<K (u? ) Uz(“% U;H_l))i
+ p[Bi(p}, Mi(uf!)) = Bi(p}, Mi(ui™))]
> 0.
(20)
Combining (19)-(20) with (B3), we have

= Bi(p} ", Mi(u})) — Bi(py!, Mi(uj™))]
(21)
It follows from (B1) and (B3) that
n+1 n—l—l )
<gl( nJ)rl gl<n|| ) Tll( z ) z )>Z (22)

> 7|ug

Koy ™) = Ki(up)]lla

)

lgi(ui ™) — ga(ut) —

< il —ug™ 1”@7
(23)

I (uf ™) = Ki(u) [l < Niflul — a5,

and
e (it u) i < Elluf T — ). (25)
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By using (B3), (Bg), (C1) and (C>), the following in-
equality holds:
OGN TG )
= Gi(N(p, 7, 27)s maup )|
<1+ )HZ§ZHUH+1 ugt[];
(uarijup uf M+ Gisilluy —uy 2
+ Ditil|uy — ug~H3).

(26)
The conditions (A2), (B2) and (C2) imply that
|1Bi(pf ! M;(uth)) + B;(p? ,Mz(u?)l
- B; (pz , Mi(ul)) — B; prz( )
<1+ msz(F (ul), Fi(ul™h))
n+1 n
g i X )
<1+ 77”szz||UnJr ulli - Jlug —u
(27)
It follows from (21)-(27) that
HU"+1 uit||;
['Yzfz+|1_,0‘)‘ & )
+ ( )Pb fzmz]Hu - un HZ
+7; (L4 n)p’lefz : (Nﬂ"znul - ulilyl
+Oisillug —uy™ |2 + DitilJug —u5™ |13),
and
Hun+1 —uffly + [Jus ™ — Bz + uitt = uds
<7t mé + 11— plaé X
+ (1 + Hypby frma]fuf — w4
+ o M1+ Dsi& (par |Jul — M
+ 91811\\%? —ub Mo + Vit [[uf — ufTs)
+ 15 (1262 + |1 — p| A2
+ (14 L)pbg fama]||ul — ub ™2
+ 75 (1 + Drolo(para|ul — uf My
+ 92812||U3 — ub 2 + Dato|luf — ufs)
+ 75 [1383 + |1 — p|Asés
+ (1 + %)P53f3m3]||us —uf s
+pm5 (1 + )H3§3 psrslut —uf ™
+ O3s3uy — ; |2 + Vstslluy — U§711||3)
= o1(n)|Juf —ui™ 1 + oa(n)[Jug —uy™ |2
+ o3(n)||luf — uf s,
(28)

where for each i € J,
oi(n) =7, &y + 11— plN) + 711+ 2)pa,
and «; is defined by (16). It’s easy to see that

||( n+1 n+1 gLJrl)

< U( )”(u17u27u3) - (u
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by (28), where

o3(n)} — o

as n — oo. It follows from (15) that there exist a pos-
itive number op < 1 and a sufficiently large integer
ng > 0 such that o(n) < o for all n > ng, which
implies that {(u},uy,us)} is a Cauchy sequence in
E{ x Ey x E3 by (29) Since (E1 X Fo % Eg, H . H*)
is a Banach space, {(uf, u5,u%)} strongly converges
to some (u1,ug,u3) € E1 X Ey x E3. We claim
that {«'}, {y!'}, {2]'} and {p!'} are also Cauchy
sequences and strongly converge z; € Ej, y; €
E5, z € E3 and p; € E;, respectively. In fact, for
each (2, y, zI") € R;i(u}) x Si(uy) x Tj(uf) and
P € Fi(ui),

o(n) = max{oi(n), oa2(n),

2 — 2 < (1 + p)ralluy — uf ™,
lyr =y 2 < (14 ) sillul — ub o,
|2 — ”“II < (14 ) tllug — ug ™ s,
oy =l < (U + ) fillu — wf s,

by (13) and (Cz). We also see that for each 7 € J,
Z; € R;(uy), since

d1(Zi, Ri(u1))
<@ — ity + da (2, Ri(u))
+ Hi(R;(u7), Ri(u1))
<||z; — 2|1 + rillar — uflli = 0 asn — oo.

Similarly, y; € Si(UQ), Zi € Tl(ﬂ3) and p; €
F;(u;). Hence, Q,, — @ as n — oo, where

Q = (ﬂ17ﬂ27ﬂ37j17j2a 3, Y1, Y2, Y3, 21,
227237]317]527]53)'

Rewrite (14) as follows: for all (w1, wa, ws) € E; X
E5 x E5 and for each i € J,

(gi(ui™) — gi(u )m(wz,u?ﬂ)%
+ pGi(Ni(z?, it 20, mi(wi, uff ))
+ (s (), mi(wi, uf ™))
+ pBi(z}, Mi(wi)) — pBi(2, My(ui ™))
> 0.
(30)

Since @), — @ asn — oo and g; is (B;-Lipschitz
continuous (See Remark 11),

{gi(uf ™) — gi(ul), ms(wi, ul ™))l
< &Bi(luf ! - uzlll + |l — wglls) - [Jwi —u
— 0asn — oo.

n+1||2

(31)
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< f-wlelwz - un“llz

(rillzd = Zilly + silly? — Galle + till2 — zills)
+ K&l Ni (@i, Giy Z) |3 - [Jul — ul s
— 0asn — oo,
(32)
(B (), mi(wi, uf )i — (K (), mi(wi, 1))
< (K (ul) — Ki(g), ni(wi, ul )il
+ (K ( i), mi(wi, ul 1) — i (wy, 1) )i
< Niillws — uf |- [ — s
+ &l (@) s - ™t — s
— 0asn — oo,

(33)
and
| Bi(pl*, Mi(wi)) — Bi(pl!, My(uf*1))
— [Bi(pi, Mi(wi)) — Bi(pi, Mi(u;))]|
< |Bi(p}, Mi(w;)) + Bi(p}, M;(u;))
— Bi(pi, Mi(w;)) — Bz(pz,M( i)l
+ | Bi(py, Mi(u ”“)) B;(py, Mi(w;))]

< b || My (w;) —
+ bimi|[p i - ||
— 0asn — oo.

(I)Hz o = pilli
s quz

(34)
By letting n — oo in (29) and applying (30)-(34), for
all (wl,wg,wg) € By x By x Eg,

Gi(Ni(Zi, Ui, Zi), mi(wi, 4;)) + (Ki(u;),n (wz,uz))l
+Bi(pi, Mi(w;)) — Bi(pi, Mi(u;)) > 0,

that is,

Q = (ala U2, U3, T1,T2, T3, Y1, Y2, Y3,
217 227 237?172527]53)

is a solution of the S-GMELP. OJ

Remark 13 Under some suitable assumptions, the
condition (15) is well-defined. For example, in the
case that for each i € J, \; — a; > ©;, where

i = &(vi + Ai) — 7 > 0 by Remark 11, we can
take

€] [C)
p S (maX{/\l —a1’ A2 20427 A3 3043} 1)

such that (15) holds.
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6 Example where || - |[2 and || - ||3 are the Euclidean norms in
R? and R3, respectively, and the form *;; is denoted

The following example is given to exemplify Theorem by the j-th component of %;. Then, we have for each

12 1€ J,

Example Suppose that B, = R = R, By = R2 1) R;, Szi T; and .{WZ satisfy (C21) withr; = s; =

and B3 = R3. Foreachi € J, let R;, Fy : ti=1, hi= 8 fa = Toar.ldf?’ = 10

Rl — CB(RI), S;, Fy R2 — CB(RZ) and (ll) N; sat.lsﬁes (Cy) with (,U,Z, 07,7191) = (1, 1, 1);

T;, F3 : R? — CB(R?) be set-valued mappings, let (iii) n; satisfies (B3)-(Bs) with §; = 1;

N; : R x R? x R® — R?, n; : R* x R — R’ and (iv) K; and g; satisfy (By) with \; = ¢, Ay =

K;, gi, M; : R — R’ be single-valued mappings, =L y=tandr =1

and let G;, B; : R® x R® — R be bi-functions. For (v) M; satisfies (By) with m; = 1;

any (vi) G; satisfies (Bg) with k1 = %, Ko = % and

ui, v1, T1, T2, T3, P1, ¢, c1, di € RY, K3 = 5

(vii) B; satisfies (A1)-(A3) with b; = 1.

U Y (% ) ) ) ) ) ) & ) d E R2? . . .
2 U2 U1 Y2, s, P2 G2, €2, 2 By simply calculating, it follows that

and

= l+6|1—p\+40p,

02 = ’+g|1_ﬁ"+2pa
03 = 5+5|1_p‘+2p7

Q

3
us, v3, 21, 22, 23, P3, 43, C3, d3 eR )

and for each i € J, define R;, S;, T;, F;, N;, n;,
K;, gi, G; and B; as follows:

O =t

Ri(u1) ={a:|a| < fuil}, and for all p € (;—(75, %), o < 1, that is, (15) holds. It
Si(uz) ={a:|a —usll2 <1}, follows from theorem 12 that this S-GMELP at least
T1(U3) {a lalls < [lusls}s has a solution. In fact,

(Ul) [g(u1 — 1), éul]
Ni(x 1,21) ]_—l—.CL‘l—yH—le, (UI,UZ,U3,$1»$2,$3a3/1»?/2,?J37217227233p17p2,p3)

771(1)1,U1) = v — uy,

Ki(u) = ur + % gin g, is a solution of S-GMELP, where

91(U1)—M1(U1)—u17 u =0¢eR, up = (1,0) € R,
Gl(Cladl) G el —1)dy, — _1 3
us = (0,0, 6) € R?,

Bi(p1,q1) = \blnp1|(\/1+q1 —1); 1 =0¢€ Ry(u), Ty = —8 € Ro(u),
Rg(ul) [u1 -9, u; — 8] xz3=1¢€ R3(U1)7
S(uz) = {a: alls < Juslls}, v1=(L0) € Sifug), g2 =(0,0) € Sfuz),
T2(U3) = { Ha — U3H3 < 1}, Y3 = (_1a0) € SS(UQ)a
Fy(ug) = {(1,a) : 0 < a < &us|}, 21=(0,0,0) € T1(us), 22 = (0,3, —3) € Ta(us),
N (xQ,yQ,ZQ) (%2 + Y22 + Z21,0), <3 = (%’O’O) € T3(U3),

(vg 9) = vy — Ug, p1 =0 € Fi(u), p2 = (1,0) € Fa(ug),

( ) %U% p3 = (0,0, %) S Fg(U3)
go(uz2) = Ma(u2) = us,
Ga(c2, da) = 75(cardar + caadya), References:

B = D2ga;
2(P2,42) = P22422; [1] P. Hartman, G. Stampacchia, On some nonlin-

ear elliptic differential functional equations, Ac-

3(u1) = [“17“1 +1], ta mathematica, Vol.115, 1966, pp.271-310.

S3(ug) = {(=1,a) : la| < |uzal}, : o
Ty(us) = [U31,U31 +1] x {(0,0)}, [2] J. Parida, A. Sen, A variational-like inequal-
(uz) =

=

ity for multifunctions with applications, Jour-

Fy(us) ={a:[la - 0u3”5 <1}h nal of Mathematical Analysis and Applications,
N3(z3,y3,23) = (0,0, 23 — Y31 — 233), Vol.124, 1987, pp.73-84.

ma(v3, ug) = vy — s, [3] X. P. Ding, Algorithm of solutions for mixed

K 3 (U3) §U3, . . . . gt .

nonlinear variational-like inequalities in reflex-
93(us) = M3 ( 3) = us, ive Banach space, Applied Mathematics and Me-
G3(cs, ds) = 5es1dsi, chanics (English Edition), Vol.19, No.6, 1998,
B3(ps3, q3) = p33433, pp.521-529.
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