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Abstract: For the heat conduction on a bounded domain with boundary degeneracy, though its diffusion coefficient
vanishes on the boundary, it is still possible that the heat flux may transfer across the boundary. A known result
shows that the key role is the ratio of the diffusion coefficient near the boundary. If this ratio is large enough,
the heat flux transference has not any relation to the boundary condition but is completely controlled by the initial
value. This phenomena shows there are some essential differences between the heat flux with boundary degeneracy
and that without boundary degeneracy. However, under the assumption on the uniqueness of the weak solutions,
the paper obtains that the weak solution of the singular diffusion equation with boundary degeneracy, has the same
regular properties as the solution of a singular diffusion equation without boundary degeneracy.
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1 Introduction

In this paper, we study the singular diffusion equation
with boundary degeneracy

du

= div(d® - [Vul[P~2Vu), (1)

ot
where (z,t) € Qr = Q x (0,7), @ ¢ RN isa
bounded domain with appropriately smooth boundary,
p>1,a>0,and d = d(z) = dist(x,0Q). f a« = 0,
then the equation (1) becomes the following classical
evolutionary p— Laplacian equation

Ou = div(|Vu[P"2Vu).

5 2

This equation reflects the more practical process of
heat conduction than the classical heat conduction
equation u; = Aw does. For example, when p > 2,
the solution of the equation (2) may possess the prop-
erties of finite speed of propagation, while u; = Au
always has the properties of infinite speed of propa-
gation and it seems clearly contrary to the practice.
There are a tremendous amount of related works for
equation (2), one refers to the reference [8]-[13] and
the books [1], [6], [7] etc and the reference therein.
The authors also had done some research for this
equation in [14]-[16]. However, unlike the equation
(2), there is few reference related to the equation (1)
except [2]-[3]. The works [2]-[3] only studied the
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well-posedness of the equation (1), while the proper-
ties of the corresponding weak solutions, such as the
Harnack inequality, the large time behavior etc., are
still undone.

For the equation (1), the diffusion coefficient de-
pends on the distance function to the boundary. Since
the diffusion coefficient vanishes on the boundary, it
seems that there is no heat flux across the boundary.
However the reference [2] shows that the fact might
not coincide with what we image. In fact, the ex-
ponent o, which characterizes the vanishing ratio of
the diffusion coefficient near the boundary, does deter-
mine the behavior of the heat transfer near the bound-
ary. Let us give the definition of weak solution for
equation (1) as follows:

Definition 1 If the function u(z,t) satisfies

u € C(0,T; L3()) N L>®(Q7),
%Z € LZ(QT)ﬂ
d*|VulP € L'(Qr),

and for any test function ¢ € C3°(Qr), the following
integral equality holds

Qr

then the function u(x,t) is said to be a weak solution
of the equation (1).

Issue 2, Volume 11, February 2012



WSEAS TRANSACTIONS on MATHEMATICS

According to reference [2],if 0 < aa < p— 1, we
can impose the Dirichlet boundary condition as usual

u(z,t) = g(x,t), (x,t) € 92 x (0,T). (4)
Here and in what follows, we always assume
that g(z,t) is a function which can be extended
to Q7 and the extended function is appropriately
smooth. If @« > p — 1, then the heat conduction of
equation (1) is entirely free from the limitations of
the boundary condition. In other words, the problem
of heat conduction is entirely controlled by the initial
condition

x € Q. ®)

U(Z‘, 0) = U()(-TJ),
In details, the reference [2] had got the following im-
portant propositions.

Proposition 2 If0 < o < p — 1, then for any u sat-
isfying

up(z) € L®(Q), d*|VuglP € LY(Q)  (6)
there exists at least one weak solution of the initial
boundary problem (1)-(4)-(5). Moreover, the solution
of the problem is unique.

Proposition 3 If « > p — 1, then the equation (1)
admits at most one weak solution with initial value u,
no matter what the boundary value is. Moreover, for
any ug as in proposition 2, there exists at least one
weak solution of the equation (1) with initial value (5).

These two propositions show that there are some
essential differences between the equation (1) and the
equation (2).

In this paper, we will discuss the regularity of the
solution for the equation (1). If the equation (1) exists
unique a solution, we will show that its weak solution
has the same regular properties as that of the solution
for the equation (2). In turn, it shows that, although
the diffusion coefficient degenerating on boundary has
directly impact on the heat flow cross-border situation,
in terms of smoothness of solutions, whether the dif-
fusion coefficient degenerating on the boundary or not
does not play an essential role.

According to [4], the distance function is always
almost everywhere derivable and |Vd| = 1 is true
in the distribution sense. In what follows, for sim-
plicity, we assume that the distance function d(x)
dist(x, 0Q2) is a derivable function for x € ().
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2 The gradient bounded properties
of the solution

Before to prove the theorem, we will introduce the
following lemmas from reference [1].

Lemma 4 There exists a constant v only depending
on p,q, N such that for any v € Vi'*(Qr) and h =
pla+N)

Ik,

’

b

<esssup/ |v(x,t)|qd:c>N
Q

where Vi'P(Qr) is the closure of C§°(Qr) in space
of V4P(Qr), and

VIP(Qr) = L0, T; L9(Q) [ LP(0, T; WHP(%)).

Lemma5 Let Q,(n = 1,2,---) be a sequence of
bounded open sets in Qr, Qny1 C Qn. If for
any ¢ > 1, v € LY(Qr) and there exist some con-
stants g > 0, A, Cy, Cy > 0, K > 1, such that the
following inequality holds,

// ]v|°‘°+)‘Kn+1da:dt
Qn+1

K
< <C'0C'{L// |U|°‘0+>‘Kndazdt) .
Qn

Then
ess sup |v|
! 1
K _ n AK™0
< (00“01 J A °dmdt>
Q'VLO
holds, where -
Cy =Ck,
(o)
Ky =Y nk~(m)
n=ngo

forang € NT.

By the above two lemmas, we are able to get the
following theorem.

Theorem 6 Let Q2 be a uniformly C' domain. If u is
the unique solution of the equation (1) in Qp, and p >
max{1, ]3—]_:_]1} , then

)
8;EL§’§C i=1,2,--,N. (7
KA

(Qr),
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Proof: Since u is the unique solution of equation (1)
in 7, then we can assume that « is the limitation of
following regulation equation’s solutions.

ou . 1., 1. p—2
5= div([(d + E) (|Vul|* + E) 2 Vu] (8)
( ) EQr=0Qx (O T)
u(z,0) = ugp(x),x € Q, )
u(z,t) = g(x,t), (x,t) € 0Q x (0,T), (10)

where ug,,(x) is the smoothly mollified functions
of up(z). Let K C Q7 be an any compact set. Similar
to the proof Lemmas 2.3 in the Chapter 2 of reference
[1], which discusses the equation (2), we are able to
get

/ |Vuy,|?dzdt < C(q, K,p, N). (11)
K

Denote B,(x¢) = {z :
simplicity, denote u,, as u.
Now, we differentiate (8) about x;, and obtain

|z — x| < p}, and for

Oug, . 1. 1. p-2
87”;] = adiv|(d + ~)° Yy, (IVul® + ﬁ)pz V]
1 p—2
Hd+ (VU + )T uglee,.  (12)
n n
Let ; ;
0 0
=5
p
pn - p + 2n’
_ 1 3p
Pn = §(Pn + pny1) =p+ ot

By = By, (20),
By, = By (o),
Qn = B, x (T,,,T),
Qn =B, x (T4, T).
Assume that &, is the cut off functions smoothly

inQyp, (- t) € C&(Bn), then
é.n - O7Vt S T?’L7

& =1,¥(2,t) € Q,,.
2n+2

[Vén| <

2n+3
to

Let g € €, B4p(zg) = By, C Q. We
choose v = |Vu|? + L, multiply the two sides of (12)

Oggnté
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with 207 Uz, and integrate on By, X
can obtain the following equalities

/ / 20 uxj Jdtdx
ﬁ+1 ﬁo Ba,
_ ﬁ+1 / 2y 5+1dtdx

I +1 / / Enilov™dtdz, (13)

(%, ¢), then we

1 _
/ E0Pu, [(d+ —)*v = Ug, )z, dadt
Ba, n

= / 52 d+=— ) = Uz, |z; [v Uy, |, dxdt
to Ba,

p—

B / 2(d + >< g, )e, (00U, ) g, dadt
tTO Bz,

1 _
)T gl

t
- 2/ Snrlgnvﬁumj[(d+ 7d$dt
tTO B2, ’
! 1
- 0‘/ ﬁidxj(dJrf) Lyt uxi(v Uz, ), dxdt
Ba,

- / / fngnx? d+ ) ( ;zuﬂm) j’l}ﬁu@.jdﬂjdt

Za/ Ebna d M(d—i— ) 1,5 Uz@ ul.jdxdt (14)
tTO Bz,

1 2,,8+1
ddt
203+ 1) /3205 v

+//£d+ 0 T Uy, )y

= —a/ &d,,(d+ ) L'y, (Vg ) g, dudt
to Ba,

(0P ug) g, dadt

= Uz, )z; vﬁumj dxdt

! 1
- 2‘/t gné_nxl(d‘i‘ —)O‘(v
TO ; Bz,
- 2a/ Engnz z; (d+ ) 7) = Uy, VP Uy, dxdt
Yo JB,,

t D—
+ a/ / fflvﬁum.[(d—i-f)afldxjv%zumi}zidxdt
to B

+ ﬁ+ . / EnlnvHdadt. (15)
Using the fact that
e, | < |Vd| =1,Vz € Q. (16)

and by Young inequality, we have

V2 U 07 g
-4 5
<" |Vul|? +C(E)Up+22 ,

Issue 2, Volume 11, February 2012



WSEAS TRANSACTIONS on MATHEMATICS

p—2

v 2 uxlvﬁuzz%

p+26-2 p+28
EVT 2 Ugyg Uy +C(E)V 2,

IA

p=2 p+28
§nxbvﬁux (V2 Uy, )z, < e|VE|Pv 2

pt2s-4 9 p+28—2
+ev ‘V’U’ +ev 2 Uxixj uxixj .
and
p—2 8 p+28-2
(v uﬂ?i)wj(v u&?j)wi =V 2 Uge Uz,

28 -2 B—
RAL A L

+ﬁ(p2_ 2) B (7 )2,

From these formulas and (15), we can obtain

b
2(5_‘_ 1) BQp

+(1 ﬂo/ 52 p26= 2uxixjuzﬂjd:rdt
2 2

ﬁer - // 205 |V dadt
—2

ﬁo/ 52 p+26 6 Vu vv)2dxdt

2 (1 + |VEn|?)dudt

2v6+1d$

Y551 Ju / &Pt dadt. (17)

where ¢ is a appropriately small positive constant.
Case 1). When p > 2, denote

_ o pze 4(B41)
w=v 2 ,A= 0123

From (17), we can obtain

2
sup / (&rw )‘d:n—i—// 5n|Vw|) dxdt
Tn<t<T

1+— / / wzda:dt—i—— / / w’\dxdt] (18)

by Lemma 4 and (18),

/ / w?t 5y dxdr
Qn+l

< C

22n on
(1+ / dexdt—i-
Qn

Qn
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which implies that

// v#"'zﬁl\ﬁdﬂh
Qn+1
22n
(1+T)// 0"
P Qn
on 1+%
+ / / vﬁﬂdasz} :
0 n

where £k = 1+ % By choosing 23 = k™ — 2, the
above formula can be changed into

kn+1
// dxdr
Qn+1
22n
<C[ //U2+2dl‘d7‘
_|_7// v2dxd7'] . (19)
to n

on n
—// v%dxdT
to n
22n _ n
> (1+p2)// WIS dedr,  (20)
Qn

then by Holder inequality, we see that

n 2 paqk?
// B dadr < (f )p P=2 mesQ)y,
n 0

< C

If

which implies that
sup v < (=—)p-2. (21)
Bpx(2.T)

Then we can obtain Theorem 6.
If (20) isn’t true, we have

kn+1
// dxdr
Qn+l
2n kn k
// 2 T2 dxdr

<C

By Lemma 5,
supv < C’p_(N+2) // v¥+¥dxd7, (22)
Qn Q

where ng is a positive integer which makes k™ >
2 hold. Then we can obtain Theorem 6 according to
(11). Therefore, when p > 2,

8u

au loc(QT)
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Case 2). When p < 2, we can get

g— 1 B—
P+2 2Z|vaJ|2 Z p+22 4‘vU|2

J=1

p2/t0/Bz
p2//§2

Then according to (17),

and

p+2ﬁ 6

(Vu - Vo)2dxdr

p+ﬂ

\Vu]Qdach

52 ﬁ+1( )dl’

sup
L <</ Bap

+f / G ol dadr
974

gc// v Ve, PdadT
Q(2p, %)

+C / / &b dadr,
Q(20,72)

where o, = 2¥29=%  Then using Lemma 4, similar

to the discussion of the case (1), we can obtain

1
N(2—p) , kn+1 k
l// v T da:dT]
Qn+l

< 22”// Neop) gt
92n )} W-2)@)
+ o) // T dadr. (23)
If
92n W-2)@-p)
1—|—7 // +i de‘dT

22n NE—p)
> / / B+ dedr, (24)
then by Holder inequality, we have
N(2 )
// Phr dxdt
t 2 NE-p)+k"
< (#) 2-»p) mesQn,
p
which implies that
1o, -2
sup v < (—%)2—17
B,x(‘0,1) p
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If (24) isn’t true, then from (23), we have

// ’UN<24 p)
Qn+1

22n K"
<A1+ ,02)// oNCPE T dadr,

Then using Lemma 5, we obtain

1
kn+1 k

d:chl

sup v
t
Bpx(£,T)

2
_ n, k™0
C|p N2 // 2 dwdr] .
Q@ng

Also we can obtain Theorem 6 according to (11).
Therefore, when p < 2, also

8u
8u

loc (QT)

The proof of Theorem 6 is complete.

3 The continuity of the solution

Theorem 7 Supposed that v is a weak solution of
equation (1) in Qr, then for any compact set K C
Qr, (z1,t1), (72,12) € K,

\u(xl, tl) — U(.%'Q, tg)‘

1
< c(|wy — @o| + [t — t2[2), (25)

where ¢ is a constant only dependent on N, p,

Proof: Obviously we only need to prove that u sat-
isfies (25) in Br x (tg,T), for any R > 0 such that
Br C Q,ty € (0,T). Let u. be the usual mollified
function of u,

ue(z,t) =

T
= / Je(z —y,t — 7)u(y, 7)dydr,
0 RN

Je xu(x,t)

where 0 < € < tg <t < T —e. Then forany z1,zs €
Bpr, we obtain

- Y, t— T)U(y, T)dydT

/.
/RN Je(za — y, t — T)uly,
/.

T)dydr

[Je (21

—-Y, t— 7_) jg(l'Q_y, t_T)]
u(y, T)dydr

Issue 2, Volume 11, February 2012
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= /T/ /1 dlje(s71 + (1d5)$2y,t7)]
o Jrv Jo S

u(y, 7)dsdydr

— /oT/RN /01 Valje(sz1 + (1—8)xa—y, t—7)]

uly, 7)dsdydr(z1 — 2)

_ /DT/RN /01 Vylje(sz1 + (1= 8)z2—y,t—7)]

uly, 7)dsdydr(z1 — 72)

- /OT/RN/Oljg(s:cl+(1—S)x2—y7t—7')

Vyuly, 7)dsdydr(z1 — x2).  (26)
According to Theorem 6, we have

[ue ( :1:17 U (x2,1)]

<[ /RN/ el + (L= )2 =yt = 7))

\Vyu(y, 7)|dsdydr|z — 2

< cxy — w2, 27)

where and in what follows, c is a constant independent
of €.
2). Let0 < e <ty <ty <ty <T,BAt) =

B 3 (x0). @ € Co(B(AL)), w0 € Br, At =t —

t1. Then
/ () [ue(x,t2) — ue(z,t1)]dx
_ L du(, st + (1 — 5)t1)
/ (20) /0 dsdx

=t f @ f ) /RN

Jet(x — v, stz + (1 = s)t1 — 1)u(y,

=20 [ [

jET(J: - yvstQ + (1 - S)tl - 7—) ( Y,

T)dydrdsdx

T)dydrdsdzx.

For fixed (z,t) € Q1,0 < e <ty <t <T —c¢,
Je(x —y,t — 1) € CY(Q7). Let us choose the test
function in the definition of generalized solution (6)
as p(v) = Je(z —y,t — 1)
ou o 9
/ ((%(p +d* - |VulP~*Vu - Vo)dzdt = 0.

Then, we have
T
| [ derla—yosts + (st =r)u(y. T)dydr
0 JRN

T
= d® - IV, ulP~2V, u
/0 RN IVl v
Vyje(® —y, sta + (1 — s)t1 — 7)dydr.
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Thus, we obtain

[ eetets) — e, )l
B(At)

10T
:—At/ (x // d* - |VyulP~2V,u
B(At RN
Vyje(x y, sty + (1 — s)t1 — 7)dydrdsdz

:—At/// d* - [VyulP~2v /
Vyul yU B(AY)

Vapje(x —y, sty + (1 — s)t; — 7)dydrdsdz

o f i e

sty + (1 — 8)t1 — 7)d™ - |V, ulP~?V udydrdrds
1
= —At / / Vo de(d® - |VyulP~ 2V, u)
o JB(aY

(x, sta + (1 — s)t1)dzds. (28)
Let 6(s) € C}(R) satisfy
/ 0(s)ds =
R
and 0(s) = 0 when s > 1. For any h > 0, we define
(%)
(5h(8) = h .

By a approaching process, we know that (28) is also
true for any ¢ € Wol’l(B(At)). Choosing

(A1) 3 —|z—a0|—2h
¢ = pn(z) = /_ .

dn(s)ds
in (28), then

L o) ot = uo,t)do
B(A)

_ At /B(At) Sh((A8)3 — |2 — | — 21) f;__x";
Jo(d* - |VyulP~ 2V u) (z, sty + (1 — s)t1)dzds.
(29)
We notice that, when 2z € B(At),
lim p,(z) = 0.
But .
Sn((At)2 — |z — z9| —2R) =0
holds when |z — x| < (At)% — h, then 6, < § and

mes(B(At)\B (z,)) < ch(At) =

(AD)E—h
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Therefore using Theorem 6 and (29), we can obtain

< (A1)

/ on(x)[us(z, t2) — us(x,t1)]dx
B(At)
Letting h — 0, we obtain

< C(At)%.

/ e (2, t) — ez, £1)]dee
B(AD)

Then by the mean value theorem, there exist * €
B(At) such that

[V

lus(z*,t2) — us(z*,t1)| < c(At)2.
Noticing that

[ue (20, t2) — ue(z0, 1)
<ue(xo, ta) — ue (™, t2)| + |us(x™, t2)

—ue (2", )| + us (2", t1) — us(wo, t1)]
< (A3,

combining this formula with (26), letting e — 0, we
obtain the following formula

u(z1,t1) — u(z, 2)]
< Ju(wr,t1) — u(we, t1)] + [u(z2,t1) — u(ze, t2)|

1
< C(|$1 — 1‘2| + ‘tl — t2|2).

The proof is complete.

4 Continuity of the gradient of the
solution

In what follows, let u be the solution of (1) and let
Py = (zo,t9) € Q7,0 < R <1, > 1. If we denote

QM(Pov R)

R2
= (w,t):]:v—xo\<R,to—F<t<to )

Mi(R)ZeSS sup (Fug,),i=1,2,...,N.
QH(P(MR)
M, (R) = max ess sup |ug,],
' ISIEN T QuR)

then we can get the following propositions similarly
as Chapter 2 in [1], we omit the details here.

Proposition 8 Assume that

2MfL(R) > M, (R)
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and | satisfies
2M;,(R) > p > M, (R).

Then there exists £g = €o(p, N) such that, when

1

mesQy(Po, R) Py, R) (M, (R) — ug, ) dadt

mesQu(pO,R)//Qu( 0, R) (M7, (R) — ug, )?dx
< Eo(Ml'Z(R)Q,

it holds that

Mt (R
s sup oy, > D)
Qu(Po, %)

Proposition 9 Assume that
2M;(R) = My(R)
and p satisfies
2M;,(R) > p > M, (R).
Then for any €y > 0, there always exist some con-

stants A\, 3 € (0,1) which depend on p, N, such
that, if

1 N ,
g | QP B () = s, P

> 80(M$)27
then

mes {(a:,t) € Qu(Po, R) : iy, (z,1) < (1 — 5)1\@(3)}
> AmesQ,(FPo, R).

Proposition 10 Assume that
2M,(R) > My(R)
and p satisfies
2M;,(R) > p > M, (R).

Further assume that there exist some constants \, 3 €
(0,1) such that, if

mes {(a:,t) € Qu(Po, R) : g (z,8) < (1 — 5)1\@(3)}
> )\meSQH(Po,R),

then there exist constants 0,7y € (0, 1) which depend
onp, N, \, 3 such that

Mf#((SR) < fyML(R).
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Theorem 11 Ler p > max{1, %}, u is the gener-
alized solution of equation (1) in Qr, then g, (j =
1,2,---, N) is locally Holder continuous in Q.

Proof: The proof of the theorem includes three steps.
Firstly, choose the £g on Proposition 8. Secondly, de-
termine A, 3 on Proposition 9 according to . Lastly,
determine 4, v on Proposition 10 according to A, 8. In
particular, 4,7y is just dependent on N, p.

Choosing s € (1,2), which is close to 2, such that

2(2—s) 1
0s=2) > max{i,v}. (30)
Letting 0 < 79 < T, and Q7 = Q X

(10, T), o CC Qr be a bounded open set. Then
we obtain that Vu is bounded in €, )7 according to
Theorem 6. We may assume

< Mjy. (€2))

IVulloo @0r <

—2(2—3s) 2(2—s)

Denote M = Myd s¢=2 , then My = M§se-2).
Choose Ry € (0, 1] such that

Qan, (Po, Ro) C Q.
For any 0 < R < Ry, denote
tr = R°R3™(2Mp)*?,

~

Q(Py,R) ={(z,t);|x —xzo| < Ryto—tr <t <to},
ME(R) =ess sup (fug,), i=1,2,---,N;

Q(Po,R)
M(R) = 1I<n'a<}1(\/ ess sup |ug,|,
==Y QpoR)
0SCH(py,p) Ui = €SS SUD Ug; — €8S inf  ug,

Q(Po,R) Q(P07R)

= M;(R)+ M; (R).

In what follows, we will prove that there exist con-
stants p € (0,1) and C' > 0 which only depend
on N, p, such that

R
0SCH(py, ) Uy S CMo(5-)", V0 < R < Ro.

’ (32)
By (32), we immediately know that wug,, (i =
1,2...,N)is Holder continue in €2,,7, and know that
the theorem is true.
Now we prove (32). Define

Ry = sup{R € [0,Rpl;exist 1 < j < N,0 € {+,-},

Qingmei Xie, Huashui Zhan

Assume R; > 0 without loss of the generality. Other-
wise,

R 2
|M](R)| < 2M0<R*0)5*2, 1<j<N,0e{+ -}

then we obtain

= M;"(R)+ M; (R) < 4Mo(£)”,

0SCH Py, r) Vi o

;:;. Therefore formula (32) holds natu-

rally. Now according to the definition of My, My, we
canobtain 0 < Ry < ¢ ERO < Ry by (33). Therefore

there exists Ry and 5%R2 < R1 < Ry < Ry, such
that

where p =

Ry 25
IME(Ry)| < 2M0(R—§)p72 j=1,2...,N. (34

At the same time, there exist i, §, without loss of the
generality, we can choose 7 = 1,6 = +, such that

2

(53R s£—8
M (0% Ry) > 2Mo(“22) 2. (39)
0
Denote R
2—s
= 2Mo(S2)2. (36)
Ry

We will prove the following formula,

[ [ QutR RO (Ro) Vi
< eo(M; (Rg)*mesQy(Po, R). 37)

According to the definition of u, we clearly have

~

Qu(Po, R2) = Q(Py, Ra),

therefore we can obtain following formula from (35),
(36) and (30)

My, (Ry) = My (Ry),

2 1
My, (Ry) = M (57 Ry) > max{y, j}u.  (38)
Then according to (34) and (36), we obtain
2M1JL(R2) > pu > M, (R2). 39)

Let us prove (37) now. If (37) isn’t true, then ac-
cording to Proposition 9 and Proposition 10, we obtain

ML(&RQ) < 7ML(R2).

Noticing that Q,(Py, dR2) = Q(F, 5%R2), then we
can obtain

such that| M?(R)| = 2Mo(£)72 ). (33) M (5% Ro) = My, (6Rs) < M, (Ra) < .
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But this conflicts (38), therefore formula (37) holds.
Now, according to (38) and Proposition 8, we
have

ess  sup (40)

Qu(Po,2)

te 2Ty

As follows, according to (40), we will prove
that u,,  satisfies (32).
Differentiate (1) about x,,, obtain

Juy,,

5 = adiv(d*td,,, |VulP~2Vu)

+d* - (‘Vu|p72uxi):ci:cm‘

The above formula can be changed into

d=“0u _
Txm - (aij’vu‘p 2u$mﬁ?j)xi
= ad “div(d®* d,,, |VulP72Vu),  (41)
where
(p — 2)Uy, Uy,
Qjj :(Sij+4|vu‘2 J’
and 0;; is the Kronecker sign as usual. Let { =

r— w07 = A2t — 1),

QR = {(

Then v satisfies

v(&,T) = Ug, (z,1) ,
)¢l < R,—-R?* < 7 < 0L

ov

w |Vulr~?
or

— lai; = vg; e,

= ad “div(d* d,,, |VulP72Vu).  (42)

Therefore according to (31) and (40), we obtain

1 |\Vul,
GIWPS%‘( p P20, < Clnl?,
N , Ry
VneRY, (1) € Q( ).

Since €2 is bounded domain with appropriately
smooth boundary, d(z) = dist(x,0) is bounded.
Then according to (11) (16) and Theorem 6, we ob-
tain  |ad~*div(d®td,,, |Vu[P~2Vu)| is bounded.
This can explain that the formula (42) is uniformly
parabolic in QI(%) , then according to reference [5]
we obtain

08Cqy (pyv < C(5-)osc v, ¥V 0<R< i

Ry’ Q (%)

where C' > 0, 3 € (0,1) is just dependent on N, p.
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Backing to the variables (x, t), we obtain

OSCQu(po.R) am = C(Rg) O Quipo, 5 o
R
VO < R < f, m=1,2...N.  (43)

1). If R > Rs, according to the definition of Ro,
we obtain

0SCQ, (po,R) U < |My(R)| + |M,, (R)|

R 2=s
< 4AMy(—=)r2. (44)
Ry
2). If 2 < R < Ry, then
4R . 2
0SCQH (po.R)Yarm < OSCH. (po 4R) U < 4M0(R yp—2 =
(45)
3. f0 < R < %, then according to (43) and
(45), we obtain
R 3 4R2 2-s
o < C(=)P4M, =
OSCQu(p07R)u m — (RQ) 0( R[] )p

Letting p = min{3, Z%;}, we obtain

R, R R

V() = CMo(- )

0SCQ,, (po, R) Uarm < C'Mo(

Since Q(Py, R) C Qu(po, R), the formula (32) holds.
According to 1), 2), 3), we obtain Theorem 11
immediately. The proof is complete.
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