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Abstract: A type of coupled map lattice (CML) is considered in this paper. What we want to do is to define the form
of a traveling wave solution and to reveal its existence. Due to the infinite property of the problem, we have tried
the periodic case, which can be dealt with on a finite set. The main approach for our study is the implicit existence
theorem. The results indicate that if the parameters of the system satisfy some exact conditions, then there exists a
periodic traveling wave solution in an exact neighborhood of a given one. However, these conditions are sufficient,
but not necessary. In particular, the exact 2-periodic traveling wave solutions are also obtained. It gives some
examples for the conditions of parameters, 2-periodic traveling wave solutions exist when these conditions are

satisfied.
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1 Introduction

Pattern dynamics in coupled map lattices (CMLs)
have recently attracted considerable attention [1-9]. It
has been found that CMLs exhibit a variety of space-
time patterns such as kink-antikinks, traveling waves,
space-time periodic structures, space-time intermit-
tency and spatiotemporal chaos, etc. Furthermore, it
is believed that CMLs possess the potential to explain
phenomena associated with turbulence and other spa-
tiotemporal systems. Among all space-time pattern-
s, traveling waves play an important role in describ-
ing the long-term behavior of initial value problems
in coupled map lattices (CMLs). And they also have
their own practical background, such as, transition be-
tween different states of a physical system, propaga-
tion of patterns, and domain invasion of species in
population biology. There have been many interest-
ing studies on traveling waves in coupled map lattices
(CMLs), see [10-20]. In particular, the periodic trav-
eling wave solutions of coupled map lattices (CML-
s) have also been researched in recent years. For ex-
ample, Zhang et al. considered the existence of pe-
riodic traveling waves for the coupled logistic map
lattice dynamical system in [15], and gave the condi-
tions which can guarantee the existence of 2-periodic
and 3-periodic traveling waves. In [16], Lin et al. ob-
served the existence and nonexistence of doubly peri-
odic traveling waves in cellular neural networks with
polynomial reactions, they showed that the existence
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or nonexistence of doubly periodic traveling waves
can be guaranteed by adjusting parameters of the net-
works.

In this paper we consider the following coupled
map lattices (CMLs):

t+1 .t t t t
Uy, = u,+a (un_l —2un—|—un+1)

+B1 (un,) (1)

where t € N = {0,1,2,---} denotes the time and
neZ={-,-2-101,2 -} denotes spatial
coordinate, « is a positive constant, 3 is positive and
is treated as a parameter, and

fw=uu—-—a)(l—u), 0<a<l.

This is a discrete analogue of the well-known Nagumo
equation of the form

ou 0u

— =D— .t € R teRT,

ot = Doz /()@
where D is a positive constant. The continuous Nagu-
mo equation (2) is used as a model for the spread of
genetic traits [21] and for the propagation of nerve
pulses in a nerve axon, neglecting recovery [22] and
[23].

We note that equation (1) is also a discrete ana-

logue of the following space discrete Nagumo equa-
tion

2

dun

dt - d(un—l — 2uy, + un+1) + f (un) >

3
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where n € Z,d > 0. Equation (3) has been used to
derive equation (2), see [20].

In the recent studies of coupled map lattice (1),
see [3-6, 10-20], particularly, by the Shen’s viewpoint
in [10], we know that equation (1) exists infinitely
many stable non-monotone standing wave solutions
connecting v = Oand v = 1 when 0 < o < 1
and § = 1. At the same time, she also proved that (1)
exists an unstable standing wave solution connecting
u=0andu=1when0 < a < 1and g = 1. In this
paper we consider the existence of periodic traveling
wave solutions of problem (1) by using the implicit
existence theorem. Accordingly, we also give out the
exact lower bound of 3. However, such lower bound
is only a sufficient, but not necessary condition. In
fact, we also obtain some exact 2-periodic traveling
wave solutions by using the method similar to the one
in [15], and find that the equation (1) has 2-periodic
traveling wave solutions when [ is sufficiently small.
This is just the difference between present result with
the one in [16], because according to Lin’s view the e-
quation (1) has no 2-periodic traveling wave solutions
when || is less than some positive number.

The present paper is structured as follows. In the
next section we give the concept of periodic traveling
wave solution. In Section 3, the existence of nontrivial
periodic traveling wave solution of (1) is discussed,
and some examples about the results of this work are
presented. Finally we obtain some exact 2-periodic
traveling wave solutions of (1).

2 Periodic Traveling Wave Solution

The solution {ufl}ieejé of problem (1) can be calcu-
lated by using the deduction method for given initial
distribution {u} In the following we use the

nez’
. . N .
simple denotation {ufl} for {UZ};EE - In this paper

we search for a special kind of solution which satis-
fies ufjl = ufz ! for some [ € Z. Clearly, such a
solution is called a traveling wave solution since in
one period of time, the initial distribution is shifted [
units to the left if [ is positive, or [ units to the right if [
is negative. In the particular case when [ is 0, there is
no shift and the corresponding solution is also called a
stationary wave solution. More generally, let us cal-

t VtEN .
1 a real double sequence {un}n .z  traveling wave

withgeloeity’ —le Ziful! =ul  fort € N and
ned4s4.

Proposition 1 The solution {ut} of problem (1) sat-

isfies uttt = ule for some | € Z if and only if there

exists a function ¢ : Z — R such that

ul = p(n + 1t), neZ teN. 4)
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Proof: If u!, = p(n + It) holds true for some [ € Z
and ¢ : Z +— R, then ul™t = p(n +1(t + 1)) =
o((n+1)+1t) =ul, foraln € Zandt € N.
Conversely, if we let (k) = ug for every k € Z, then

t—1 t—2 0
up, = Upg = Upyor = " = Upqe
= p(n+1t),
and the proof is thus finished. (|

A solution {uﬁL} of problem (1) is said to be spa-
tially periodic if there is a constant w € N such that
ul,, = ul foralln € Zandt € N; and {ufl} is
said to be time periodic if there is a constant 7 € N
such that ut™ = u! foralln € Z and t € N. Space-
time periodic structures are important for understand-
ing the phase transitions in CMLs, see [21].

We say a traveling wave solution u!, = ¢ (n + It)
is periodic if there is a € N such that ¢ (m + ) =
@ (m) for all m = n + It € Z. Notice that a periodic
traveling wave propagate not only in space but also in
time, it should be spatially periodic and time periodic.
In fact, ¢ ((n + 0) 4 It) = ¢ (n 4 It) implies u!,, ; =
ul,, which is ensured by Proposition 1. Similarly, we

have u4 " = u!. So the period & should be § = kl
for some k € N.

3 Theory Results

Let
ul = p(n+1t),m =n+I1t(l > 0), 5)
substituting (5) into (1), we have
e(m+1)
=afp(m—1)+¢(m+1)]
+ (1 =2a) ¢ (m) + Bf (e (m)).
(6)

In view of Proposition 1, seeking the periodic travel-
ing wave solutions of (1) is equivalent to seeking the
periodic solution ¢ of (6). In the following we denote
©m = @(m) for convenience and discuss the exis-
tence of periodic solution ¢ to equation (6) on the set

E ={¢; omts =Ym, Yme 7},

where the positive integer J denotes the period of .
For the case § = 1, we have p(m) = ¢(1) for all
m € Z, and it is a trivial case. So in the following we
always assume § > 1.

Let A = 1/ then the equation (6) can be convert-
ed to

aX (pj—1+ @ji1)
+ (1 = 2a) Ap; + f(p;)-

AQijtl
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where f(p;) = ¢j(p; —a) (1 —¢;). To study the
existence of the solution for the above equation, we
define the functional:

F;(®,))
= —Apj+al(pj—1+ i)
+ (1 = 2a) Ap; + f(p5), (7

where j = 1,2,---,6, & = (9017902a"' 7905)Ta
where the superscript 'T” denotes the transpose and
® is a column vector. It is easy to see the equation (1)
has a periodic traveling wave solution ¢ € E only and
only if Fj(®,\) =0forevery j =1,2,--- 6.

It is easy to see that ¢* = 0,a and 1 are triv-
ial periodic traveling solutions of equation (1), that
is, Fj(®*,A\) = O0for j = 1,2,---,0 and ®* =
(0, ©*, -+, ©*)T with o* = 0,a or 1. In the follow-
ing we discuss the existence of the nontrivial periodic
traveling solutions ¢ € E.

3.1 Forthecasel =1
For the case [ = 1, relation (7) becomes

F;(®, )
= adpj_1+ (a—1)Apj

+(1=2a) Apj + f(pj) ®)
for j = 1,2,---,0. Since what we want to
find is the periodic function ¢ € FE, the rela-
tions as follows will be used: ;1 = s for
j = land ;41 = ¢ for j = 6. Denote
F((I)uA) = <F1(¢7)‘)7F2(®7)\>7 ,F(;((I),A))T,

then its Frechet derivative about & acting on ¥ =
(1,19, -+ ,2bs)T with ) € E can be calculated as:

OF (P, A
((9(1))\1; = (ij) x> ©)

where

aij = g(pi)iforj=j4=1,--- 6,

aij = a i forj=i—1,i=2,--- 6,

Q4 :(Oé—l))\i/)i+1f0rj:i—|—17i:1’... ,0—1,
a;j = ays forj =6,i=1,

ai; = (@ — 1)\ for j = 1,i =0,

a;; = 0 for the other,

glej) = =302 +2(a+1)g; —a+ (1 - 2a)A.
Correspondingly, we have

OF(®*,0)

55 L= (bij) 5y - 10)

where

N 07 the Other,
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and ®* = (¢}, 5, -+, ;)T is the trivial solution of
F(®,0) = 0and g(¢}) = —=3(¢})* + 2(a + 1)} —
a with 97 = 0,a or 1 forj = 1,2,---,4. Simple
calculations show that

—a for 7 =0,

a(l —a) for ¢i =a, (11)
—(1—a) for ¢;=1.

9(p;) =

We note that the trivial solution ®&* =

(9091‘,@37"' a@E)T of F(‘I),O) = 0 is the col-
lection of 0,a and 1. The reason is, in case
A = 0 and [ = 1 the equation (6) becomes

f(pj) = @ (g —a) (1 — ;) =0, hence 0, a and 1
are all solutions to it. For example, in case § = 4, ¢*
canbe (1,a,1,0)7, (0,0,a,1)7, etc.
We define the norm of a vector n =
(1, m2, -+ ,ns)" by Il = max |n;]. Certainly R°
1<5<6

is a Banach space under the above norm. Respective-
ly, the norm of a metric A = (a;;);, 5 is defined as

Al = 1
| Al 1gg>§5\azgl

To discuss the existence of solutions for equation
(6), we take the approach given in [13,14] and con-
sider it in the neighborhood of the trivial solution ®*
by using the implicit function theorem. The following
lemma given in [13] will be helpful.

Lemma 2 Let X,Y be the Banach spaces and A C R
be the index set, F € C*(X x A, Y') with F(x9, \o) =
0, Fx_l(l‘Oa)‘O) € L(Y7X)’ |Fm_1(’r07)‘0)” = M,
where M is a positive constant. Suppose the follow-
ing conditions also hold true for some r and p: (i)
1Fo (2, A) = Falzo, NIl < 557 for |lz — wol| < r
and [\ — No| < pi (i) [FlaoN| < 7 for
IAN = Xo| < . Then there exists exactly one func-
tion T : By(Xo) — By(xg), T(A) = x», such that
xy, = xo and F(xy,\) = 0, where B,,(\g) = {\ €
A; [A=Xo| < p}and By (xo) ={z € X; ||[x—z0] <
T}

In the following we only consider the case 0 <

a < 1/2. The case 1/2 < a < 1 can be dealt with
similarly. From (11) we have

maxi<;j<s |9(¢})| = max{a,a(l — a),
l—a}=1-a,
min; <j<4 [g(})| = min {a, a(1 — a),
1—a}=a(l—a).

12)

Denote g F = 0pF/0® and 06 F ! = 05 F~1/0®
for simple. We check the conditions for Lemma 2 as
follows.

From (10) we infer that the operator g F'(®, 0) is
invertible and

9o F~H(@*,0) = (cij) 505 » (13)
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where

@1#27@:]:17757

0, the other.

CijZ{

Accordingly,

JoaF (@, 0)]

= sup ||0aF 1 (@%,0)¥||
[[[l=1

_ 2

= sup max "

w)=11<5<8 | |g(¢})]
1

a(l—a)’

and hence M = 1/[a(1 — a)].
On the other hand, notice that

(14)

1) — 30*
nax; (a+1) = 3¢j]

= max{a+1, |[a+1—3al,
la+1—3|}
= 2—a,

and ||® — @*|| < rimplies |p; — ¢} < rforl <j <
d, we get

19(¢5) — ()]

< [(ej — ;) [=3(p; + ;) +2(a+1)]
+(1 = 2a) |
< i = @il - 13(9; — ¢j) — 65

+2(a+1)[+ 1 — 2a|X
< 3Blpj — P +12(a+1)
=697 - |¢; — @5 + 1 — 2alA

< 32422 —a)r+|1 -2\ (15)

Notice that |A — 0] < p, from (9), (10) and (15) it
is easy to see

HSL\IIP 1(0aF (2, ) — 0o (2", 0)) ||
V=1

= sup max {|g9(¢;) — g(;)] - [l
oy 12525 L9 o

o = LAI5], Aoy [}

= max {lg(es) — g(@}) la — 1A, ar}

_ max{1@?§6|g<w>—g<%>|,

la — 1|\, aA}
< max {3r? +2(2 — a)r + |1 — 2aly,
oo = 1, aps} . (16)
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On the other hand, we have
H ( ’ ) H 1<j’<i§5 | J ( ’ ) ’

= jmax laA@j 1+ (= 1D)Apj
+ (1 = 2a) Apj|

* *
112?%% lal_1 + (= 1))

+ (1 - 20&) @;Luv

IN

A7

where 7 = 0, aor1forl < j < é with g5 = 5
and 3 | = p]. We search for the bounds of 7 and
as follows.

Case 1: For the case 0 < a < 1/2, we have

max {3r2 +2(2—a)r

+1 = 2ap, | = 1p, o}
= max {3r’ +2(2 — a)r + (1 — 2a)u,

(1 =)}, (18)

max
1<5<6
+ (1 = 2a) ¢j|p

= |0480;11 —-(1- a)‘P}k'H

+(1 = 2a) ¢j|u

< (1=

lai_ 1 + (@ = 1))y

19)

In fact,

a‘P;’—l *(1*04)90%1

+ (1 - 2a) ¢;
a-l-(1-a)-0+(1—-2a)-1
1—a,

ag; 1 — (1 —a)pjn
+(1—2a)¢;
a-0—1-a)-14+(1-2a)-0
= —(1-a).

Let p = 1/2M = a(l — a)/2. To sat-
isfy ||0aF(®,\) — 0 F(®*,0)]] < 1/2M and
|IF(@*,\)|| < r/2M, from (18) and (19) it suffices
for

(1 — a)lu’ < p
3r2 +2(2 —a)r + (1 —2a)p < p, (20)
(L—a)u <rp.

Choose = rp/(1 — «) and r < 1 with

1-2
3r2+2(2—a)7“+ 1 @

pr = p,
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then it yields

. —A+ A2+ 12p 21
= ; ,

where A =2(2 —a) + (1 — 2a)p/(1 — ).
Case 2: For the case 1/2 < o < 1, we have
max {3r% +2(2 — a)r
—Hl - Qa‘lu’a ’a - 1’“7 O[:u’}
= max {37"2 +2(2—a)r
+(2a — Dy, ap},

* *
%, lag) 1+ (@ = 1)¢j

+ (1= 20) ¢j|p

= |0490;11 —-(1- a)‘P}k'H
— (20— 1) ]|

< ap.

(22)

(23)

Similarly, the sufficient conditions for
and ||F'(®*, \)|| < r/2M are as follows:

ap < p,
3r2 +2(2 —a)r + (2a —1)u < p,
ap < rp.

24

Choose i = rp/a and r < 1 with

200 — 1
pr = p,
a

3r? + 2(2—a)r+

then it also yields (21) with A =

(2a—1)p/a.
Case 3: For the case a > 1, through the same process
as the previous we get

—A++\A%2+12p
6 b

0
/r’
20 —1

2(2 — a) +

poo= (25)
where A = 2(2 —a) + p.

So condition (i) for Lemma 2 holds for ||® —
®*|| < rand A\ — 0| < pu respect to the above three
cases. Hence the equation F'(®,\) = 0 must have a
solution & = ®(A) which satisfies #(0) = ®* and
F(®(X),\) = 0. This leads to our final results as
follows.

Theorem 3 For the case 0 < a < 1/2andl =1, if
0 < 1/B < p, then the equation (1) has a nontrivial
periodic traveling wave solution u!, = p(n+1t) € £
in the neighborhood of ®*: B,(®*) = {®; || —
O*|| < r}, where ®* is a solution of F(®*,0) = 0,
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r = (—A+ A2+ 12p)/6 with p = a(l — a)/2,
A and p are given respect to the following cases: (a)
0<a<1/2 A=22-a)+p(l—-2a)/(1—a)
and p=pr/(1—a); (b)1/2 <a <1, A=2(2-
a)+pRa—-1)/a, pu=pr/joya>1 A=2(2-
a)+p, p=pr2a—1).

3.2 Forthecase2 <[< ¢

For the case 2 < [ < § (6 = kl for some k € N with
6 > 2), relation (7) can be rewritten as:

Fj(®,7)
= —Apjr+aXpjo1 +@ji1)
+ (1= 20) Apj + f(g;)
forj =1,2,---,0, here oo = s and ;11 = jt1-5
for j+1 > . The Frechet derivative of F'(®, \) about
® acting on W = (1,109, - -- ,2bs)T with ) € E can

be calculated as the previous, and the matrix for [ = 2
is

(26)

OF(2,))

0P @7)

= (dij)6><6 J
where

ij:a)\wi_lforj:i—Li:Z--- ,5
ij:Oé)\’gbi+1f0rj:i+1,i:1,-'- ,5—1,
ij:—)\zpi+2f0rj:i+2,i:1,~~ ,(5—2,
ij = —)\wzgr(g,g) forj=i4+(2—-40),i=0-1,6,
ij:a)\wlforjzl,izé,

ij :Oé)\i/Jngrj:(S,’i:l,

ij = 0 for the other,

)

d
d
d
d
d
d
d
d

and g(p;) = —3@? +2(a+1)p;—a+(1—-2a)\ In
case 3 <[ < § we can get a similar matrix, the only
difference is the locations of the terms —A;,; with
1 < j < 6. But this difference has no effect on the
expression (10) for the case A = 0. So (13)—(15) also
hold. Similarly, we get

H8<I>F(q)7 )‘) - 8¢>F((D*7 O)H

= sup max \|g(p;) — g(j)| - ¥,
||m||:1léfé5{ ’ S

aX|Y;], v}
— max {lr;l]‘;xécd 19(¢5) — g(})],
al, A}
max {37“2 +2(2—a)r+[1-2alp,

o, p}
[FC PN

laA (w1 + ©511)

IN

= max
1<5<8

A+ (L 20) A
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< * *
< gj&g!a(%_l +©ji1)

¢+ (1= 20) jlu,

where 3 = 0, aor 1l forl < j < 4. To
satisfy [|[0pF'(®,\) — 0e F(®*,0)|| < 1/2M and
|E(®*, \)|| < r/2M, it suffices for

—A+ A2+ 12p
r =
6 )

(28)

where A and p are given respect to the following two
cases:

A=2(2-a)+ (1 -2a)p,
W= pr, 0<a<%

29
A=22-a)+ (1-2)p, 29)
p=4=r a> 1,

This leads to a result as follows.

Theorem 4 Forthe case 0 < a < 1/2and2 <1<,
if0 < 1/8 < u, then the equation (1) has a nontrivial
periodic traveling wave solution ul, = o(n+1t) € E
in the neighborhood of ®*: B.(®*) = {®; ||® —
®*|| < r}, where ®* is a solution of F(®*,0) = 0, r
and (. are given by (28) and (29).

3.3 Forthecasel=¢

For the case [ = 4, relation (7) can be rewritten as:
Fi(®,2) = ai(pj-1+¢j+1)
—20p; + f(#5)

forj = 1,2,---,4, here g = s and w541 = 1.
The Frechet derivative of F'(®, \) about ¢ acting on
U = (21,109, - ,1bs)T withe) € E can be calculated
as

OF (P, \)

oo Y= (s

where

:g(QDZ)Y,ZJlfOI'Z:j:l, 757
e,-j:a/\wi_lforj:i—l,izz--- ,(5,
ei]‘:Oz)ﬂ/JH_lfOI'j:i-l-l,Z':l,--' ,(5—1,
€ij :CL>\1,[)1 forj: 1,i:5,

€ij :a)\wg fOI’j:(S,Z': 1,

e;; = 0 for the other,

9(pj) = =3¢7 +2(a +1)p; — a — 2aA.

)
N
<

It is easy to see (10)—(14) also hold for this case. Simi-
lar deduction as for (15) reveals that [g(;) —g(¢})| <
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3r2 +2(2 — a)r + 2a\. Hence

|00 F(®,\) — 0o F(2*,0)||
= sup max {‘Q(Soj) - 9(80;)‘ ) |¢j‘>

=1 170
aA|y;}
= max{ max o(e) - g5, a2}

< max {37‘2 +2(2 = a)r + 2o, ap},

[E(@% Al
BEREE) laA(@j1 + @j41) — 20265
< g o651+ )~ 2l
< 2ap,
where @7 = 0, aor 1l forl < j < 4. To

satisfy |0 F'(®,\) — 0p F(®*,0)|] < 1/2M and
|E(®*,\)|| < r/2M, it suffices for

2 — <
{ 3re+2(2 —a)r + 2ap < p, (30)

ap < p, 20 < Tp,

where p = 1/2M. Choose i = rp/2a and restrict
r < 1, then the sufficient condition for (30) is

—A+ A2+ 12p
T =
6 )

€29

where A = 2(2 — a) + p. This leads to the final result
as follows.

Theorem 5 For the case 0 < a < 1/2andl = ¢, if
0 < 1/B < p, then the equation (1) has a nontrivial
periodic traveling wave solution u!, = p(n+1t) € £
in the neighborhood of ®*: B,(®*) = {®; || —
O*|| < r}, where ®* is a solution of F(®*,0) = 0,
w=rp/2c and r is given by (31).

3.4 Discussion

In the previous section, we have studied the existence
of the periodic traveling wave solutions for the cou-
pled map lattice equation (1) for the case 0 < a <
1/2. In fact this request is coincident with that for the
continuous model (2), in that the positive steady state
u = 1 is dominant and there exists a wave front which
connects © = 0 and v = 1. Respectively, we can get
similar results for the case 1/2 < a < 1 which re-
flects the steady state v = 0 is dominant. Since the
CML problem (1) is an infinite one, it is very difficult
to deal with, so we transform it to be an finite one and
just discuss it on the set £. The main approach for
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our study is the implicit existence theorem. So all the
results hold only in a local neighborhood of a given
periodic traveling wave solutions ®*. In fact, what we
have revealed is the exact bounds of the neighborhood
and the parameters. Notice that a traveling wave so-
lution u!, = ¢ (n + It) is periodic with period § € N
means ¢ (m + ) = ¢ (m) for all m € Z, we mainly
pay our attention to the case 1 < [ < 4. In fact, 0
should be k times of [ for some k € N.

We take the case [ = § = 4 as an example to
show the meaning of our results. In this case, the wave
propagates 4 steps in the space x in a unit time ¢. Set
a=1/3,a=1and ® = (1,a,1,0)” which reflects
a easily known solution ¢* with ¢*(i + 4k) = ¢*(i)
forevery k € N with p*(1) = ¢*(3) =1, 9*(2) = a
and ¢*(4) = 0. To ensure the existence of 4—periodic
traveling wave solutions in a neighborhood of &,
according to Theorem 3, it needs 8 > 578.480524
with the bound » ~ 0.031116. But we don’t know
whether there is a periodic traveling wave solution for
B < 578.480524. It leaves to be an open problem.

We note that if the definition of the traveling wave
solution is extended to be the form ul, = ¢ (nk + it)
for some fixed k,l € N with k,[ > 1, then there is no
result Proposition 1. For example, K = 2 and | = 3
means the wave propagates 3 steps in the space x and
in 2 units of time ¢{. But how about a unit of time?
That is, how does the wave propagate on the odd time
points of the map lattice? This is also an open problem
which attracts us to make further study.

4 About 2-Periodic Traveling Wave
Solutions

In the above section, we have obtained some theory
results. However, by the final discussion, we find that
the theory results are not very good. Thus, in this sec-
tion we hope to find some exact traveling wave solu-
tions. It is well known that the 2-periodic solutions
are important. Thus, we will seek 2-periodic solution-
s. In this case, we have two cases, that is, (A) [ is odd,
or (B) [ is even.

When [ is odd, the equation (6) can be reduced to

2a—1)p(m+1)+ (1 —2a)¢(m)

+Bf(p(m)) = 0. (32)
A simple method is to solve the algebraic system
Y@ —y)+yly—a)(1—-y) =0, (33)
Yy —z)+z(r—a)(l-z)=0,
where
_ 2a—1
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However, it is difficult because we need to solve a 9-
order algebraic equation.

In the following, we will choose an other method.
Let

¢ (m)=aog+a (=)™,
e(m+1)=ay—a (-1)" (34)
where ag, a1 € R and a1 # 0. In this case, we have
—2ya1 (=1)" + f(p (m)) =0

which implies that
ai = 2ao (1 +a) — 3a§ — (a+27),
a% — aag — a% + aa% 35)

+ (1 +a—3ap)a} = 0.

So ayg satisfies the equation

1
x3—(1+a)x2+i(1+3a+37+a2)x

1
—g(a—l-%/) (a+1)=0 (36)
or
B 4+b’+ex+d=0, 37
where
b = —(1+a),
1 2
c = 1(1+3a+37—|—a),
1
d = —g(a+27)(a—|—1).

Thus we need to solve the algebraic equation (37).
To this end, let
r=Yy—- §7
(37) is changed into

Y2 +py+q=0,

where
b2 d be n 253
= C— — — _ _
b 31 3 o7
Assume that
y=u+tv,

we obtain the equation
(u+v)’ +pu+v)+q=0
or

(u+v) (Buv+p) +u® + 0> +¢=0.
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Clearly,
3
U°v :—p—andu +03=—q

27

implies that the above equation holds. Thus, we have

'
4
which implies that

up = AY3 vy = B3,

— A3y, vy = BY32,
A1/3w2 vy = B3,

Y = A1/3+Bl/3,
Yo = AY3w + B30,
ys = AV3w? + BY3w,

or
2 = A3 L BB b
T9 :A1/3w+B1/3w2—9,
z3 = AY3w? + BY3w ,
where
2 3
q q p
A== — 4 =
2 + 4 + 27’
2 3
q q p
B==-—1\/—+4+=—.
2 4 + 27
Denotes
q2 3
A=1 1+ 2
+ 27"

The following results are easﬂy obtained.

Proposition 6 A > 0 implies that the equation (36)
has only one real root

T = A1/3 +Bl/3 _ E,

When A = 0, the equation (36) has three real roots
and two of them are equal, that is

b q
- §>5U2,3 - _(5)

If A < 0, then the equation (36) has three real roots:

1 b
3= 33
3

T = 2 —Bcosf—é
3 3 3
D @ 27 b
= 2,/-Lcos(¥ 2
x9 3005(3—1— 3) 2
4 b
x3 = 2 §COS(§+§)—§
where cos p = —%(— %) 30<p<m
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To obtain the 2-periodic traveling wave solutions
of (1), we need to ask that ag is a real root of (36). On
the other hand, from (35) we also need to ask that

a? = 2ag (14 a) — 3a3 — (a +2v) > 0.

In this case, ag satisfies the condition
1

1 1
ga—g\/aQ—a—G’y+1+§<ao

11 1
<§a+§\/a2—a—6’y+1+§ (38)

when a? — 6y —a +1 > 0.

Proposition 7 Assume that a®> — 6y —a+1 > 0 and
that ag is a real root of (36), which satisfies the condi-
tion (38). Then the equation (1) may exist a non-trivial
2-periodic traveling wave solution.

When a + 2y = 0, thatis a = 2(1 —2a) /0
and 0 < a < 1/2, in view of Proposition 7, when ag
satisfies the condition

2
0<ag< §(1+a), (39)

there may exists a non-trivial 2-periodic traveling
wave solution.
In this case, the equation (36) is reduced to

1 3
—(1+a)x2+4<1+2a+a2>x:0

which has the roots

a+1 +V2a

T1,2 = B :l:Tandeg—O

Note that
a? = 2ap (1 4 a) — 3a?.
Thus, we can obtain a trivial solution ¢ (m) = 0 when
r3 — 0.
For

a+1 n V2a
2 47
ay satisfies the condition (39) for 0 < a < 1/2, we

have
1 1 V2
a) = :I:\/4(a2+ —a+1)— —a(1+a).

apg = Ir1 —

2 4
For
B 7a+1 v 2a
ag = T2 = 9 4 )

when 0 < a < 1, ag satisfies the condition (39), and
we have

V2a

1 1

So it is easy to see the following result.
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Proposition 8 When [ is odd and

GZW’O<

then the equation (1) exists a 2-periodic traveling
wave solution

1
_ 4
Oé<2 (0)

u% = ap + ai (_1)n+lt,
where
a-+1 vV 2a
ag = - —
0 2 4
and

1 1 V2a
=34/ =(a? + = H+—(1 .
aj \/4(a +gat )+ 1 (1+a)

When lis odd and a = 2 (1 — 2ct) /B < 1/2, the
equation (1) exists another 2-periodic traveling wave

solution l
t
ufl =ag+ay (—1)”Jr ,

where
vV 32a

a—i—1+
2 4

ag =

1 1 V2
a = :I:\/4(a2+ §a—|— 1) — Ta(l—l—a).

Remark 9 In Theorem 3 we can see that the equation
(1) has a nontrivial periodic traveling wave solution
when 1/ is bound. However, in Proposition 8, 1/3
can be unbound when o approaches 1/2 from the left.
In such a case the equation (1) still have the nontrivial
periodic traveling wave solution.

For example, we setl = 1,a = 0.5, = 0.4 <
1/2, according to the Theorem 3, the equation (1)
has a nontrivial periodic traveling wave solution when
8 > 121.36. But when 8 = 0.8 < 121.36, then
a + 2v = 0, the equation (1) still has periodic trav-
eling wave solution:

w(m) =0.5+£0.866  (—1)™.

So the Theorem 3 gives a sufficient, but not necessary
condition for the existence of periodic traveling wave
solution of (1).

When [ is even, we have

2 (m + 1) — 2 (m) + Bf (p (m)) = 0.

When ¢ (m) = apg+a1 (—1)" and ¢ (m + 1) = ag—
aj (—1)™, the above formula can be simplified

—2ya(=1)" + f(p (m)) =0,
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where v = «/f. In this case, we can also obtain
Propositions 6 and 7. However, we cannot obtain
Proposition 8 because a + 2y > 0. But we can ob-
tain the numerical 2-periodic traveling wave solution
by using mathematical software.

For example, let | = 2,a = 0.5,a = 0.2,8 =
83, a + 2y = 0.505 > 0, there are three 2-periodic
traveling wave solutions

p1(m) = 0.5+ 0.495 % (=1)™,
@2(m) = 0.254+0.251% (—1)™,
p3(m) = 0.746 £ 0.251 % (—1)™.

5 Conclusion

In this paper, we have investigated the existence of the
periodic traveling wave solutions for the coupled map
lattice (1). The conditions for the existence of the pe-
riodic traveling wave solutions are obtained by using
the implicit existence theorem, that is, the equation
(1) for the case 0 < a < 1/2 has a nontrivial periodic
traveling wave solution when 1/ is bound. In partic-
ular, we give the exact 2-periodic traveling wave solu-
tions and some examples for the conditions ensuring
that 2-periodic traveling wave solutions exist. From
these examples, we can see that the equation (1) still
have the nontrivial 2-periodic traveling wave solution
even though 1/ is unbound. So we conclude that the
conditions obtained in section 3 are sufficient but not
necessary.
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