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Abstract: In this paper, we introduce a new iterative scheme for finding the common element of the set of common
fixed points of infinitely many nonexpansive mappings, the set of solutions of an equilibrium problem and the
set of solutions of a general system of variational inequalities for inverse-strongly monotone mappings in Hilbert
spaces. We prove that the sequence converges strongly to a common element of the above three sets under some
parameters controlling conditions. This main result improve and extend the corresponding results announced by
many others. Using this theorem, we obtain three corollaries.
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1 Introduction and Preliminaries
Let H be a real Hilbert space with inner product ⟨·, ·⟩
and norm ∥·∥. ⇀ and → denote weak and strong con-
vergence, respectively. Let C be a nonempty closed
convex subset of H and F : C ×C → R be a bifunc-
tion of C × C into R, where R is the set of real num-
bers. The equilibrium problem for F : C ×C → R is
to find x ∈ C such that

F (x, y) ≥ 0 (1)

for all y ∈ C. The set of solutions of (1) is denoted by
EP (F ). Given a mapping T : C → H , let F (x, y) =
⟨Tx, y − x⟩ for all x, y ∈ C. Then z ∈ EP (F ) if
and only if ⟨Tz, y − z⟩ ≥ 0 for all y ∈ C, i.e., z is a
solution of the variational inequality. For solving the
equilibrium problem for a bifunction F : C×C → R,
let us assume that F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0

for all x, y ∈ C;
(A3) for each x, y, z ∈ C, limt→0 F (tz + (1 −

t)x, y) ≤ F (x, y);
(A4) for each x ∈ C, y 7→ F (x, y) is convex and

lower semicontinuous.
It is well known that for every point x ∈ H , there

exists a unique nearest point in C, denoted by PCx,
such that

∥x− PCx∥ ≤ ∥x− y∥

for all y ∈ C. PC is called the metric projection of H
onto C. PC is a nonexpansive mapping of H onto C
and satisfies

⟨x− y, PCx− PCy⟩ ≥ ∥PCx− PCy∥2 (2)

for every x, y ∈ H . Moreover, PCx is characterized
by the following properties: PCx ∈ C and

⟨x− PCx, y − PCx⟩ ≤ 0, (3)

∥x− y∥2 ≥ ∥x− PCx∥2 + ∥y − PCx∥2 (4)

for all x ∈ H , y ∈ C.
Let A : C → H be a mapping. The classical

variational inequality, denoted by V I(A,C), is to find
x∗ ∈ C such that

⟨Ax∗, v − x∗⟩ ≥ 0 (5)

for all v ∈ C. In this paper, u ∈ V I(C,A) denotes u
is a point of the set of solutions of the variational in-
equality V I(C,A). It is easy to see that the following
is true:

u ∈ V I(A,C) ⇔ u = PC(u− λAu), λ > 0. (6)

A mappingA ofC intoH is called α-inverse-strongly
monotone if there exists a positive real number α such
that ⟨Au−Av, u− v⟩ ≥ α∥Au−Av∥2 for all u, v ∈
C. It is obvious that any α-inverse-strongly monotone
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mapping A is monotone and Lipschitz continuous. A
mapping T of C into itself is called nonexpansive if
∥Tu − Tv∥ ≤ ∥u − v∥ for all u, v ∈ C. We denoted
by F (T ) the set of fixed points of T , i.e., F (T ) =
{x ∈ C : Tx = x}.

For finding an element of F (T ) ∩ V I(A,C),
Takahashi and Toyoda [1] introduced the following it-
erative scheme:

xn+1 = αnxn + (1− αn)TPC(xn − λnAxn), (7)

where x0 = x ∈ C, {αn} is a sequence in (0, 1) and
{λn} is a sequence in (0, 2α). Motivated by the idea
of Korpelevich [2], Nadezhkina and Takahashi [3],
Zeng and Yao [4] and Yao and Yao [5] proposed some
so-called extragradient methods for finding a common
element of the set of fixed points of a nonexpansive
mapping and the set of solutions of a variational in-
equality problem.

Let A,B : C → H be two mappings. Now we
concern the following problem of finding (x∗, y∗) ∈
C × C such that{

⟨λAy∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C,
⟨µBx∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C,

(8)

which is called a general system of variational in-
equalities where λ > 0 and µ > 0 are two constants.
In particular, if A = B, then problem (8) reduces to
finding (x∗, y∗) ∈ C × C such that{

⟨λAy∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C,
⟨µAx∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C,

(9)

which is defined by Verma [6] (see also [7]) and is
called the new system of variational inequalities. Fur-
ther, if we add up the requirement that x∗ = y∗,
then problem (9) reduces to the classical variational
inequality problem (5). For solving problem (8), re-
cently, Ceng et al. [8] introduced and studied a relaxed
extragradient method. Based on the relaxed extragra-
dient method and the viscosity approximation method,
W. Kumam and P. Kumam [9] constructed a new vis-
cosity relaxed extragradient approximation method.
Very recently, based on the extragradient method, Yao
et al. [10] proposed an iterative method for finding
a common element of the set of a general system of
variational inequalities and the set of fixed points of
a strictly pseudocontractive mapping in a real Hilbert
space.

On the other hand, let {Tn}∞n=1 be a sequence
of nonexpansive mappings of C into itself and let
{tn}∞n=1 be a sequence of nonnegative numbers in
[0, 1]. For each n ≥ 1, define a mapping Wn of C

into itself as follows:

Un,n+1 = I,
Un,n = tnTnUn,n+1 + (1− tn)I,
Un,n−1 = tn−1Tn−1Un,n + (1− tn−1)I,
...
Un,k = tkTkUn,k+1 + (1− tk)I,
...
Un,2 = t2T2Un,3 + (1− t2)I,
Wn = Un,1 = t1T1Un,2 + (1− t1)I.

(10)

Such a mapping Wn is called the Wn-mapping gen-
erated by Tn, Tn−1, . . . , T1 and tn, tn−1, . . . , t1; see
[11]. For finding a common element of the set of so-
lutions of the equilibrium problem (1) and the set of
common fixed points of infinitely many nonexpansive
mappings in H , Yao et al. [12] introduced the follow-
ing iterative scheme:{
F (un, x) +

1
rn
⟨x− un, un − xn⟩ ≥ 0, ∀x ∈ C,

xn+1 = αnf(xn) + βnxn + γnWnun,

where x0 ∈ H , {tn} is a sequence in (0, b] for some
b ∈ (0, 1), f is a contraction of H into itself and
{αn}, {βn}, {γn} are three sequences in (0, 1) such
that αn + βn + γn = 1. They obtained a strong con-
vergence theorem.

Motivated and inspired by the above works, in
this paper, we introduce an iterative method based
on the extragradient method and viscosity method for
finding the common element of the set of common
fixed points of infinitely many nonexpansive map-
pings, the set of solutions of an equilibrium prob-
lem and the set of solutions of a general system of
variational inequalities for inverse-strongly monotone
mappings in real Hilbert spaces. We establish some
strong convergence theorems for our iterative scheme.

In order to prove our main results, we also need
the following lemmas.

Lemma 1 ([13]) Let {xn} and {yn} be bounded
sequences in a Banach space X and let {βn} be
a sequence in [0, 1] with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose xn+1 = (1− βn) yn +
βn xn for all integers n ≥ 0 and lim supn→∞ ( ∥
yn+1 − yn ∥ − ∥ xn+1 − xn ∥ ) ≤ 0. Then
limn→∞ ∥ yn − xn ∥= 0.

Lemma 2 ([14]) Let H be a Hilbert space, C a
closed convex subset of H , and T : C → C a non-
expansive mapping with F (T ) ̸= ∅. If {xn} is a
sequence in C weakly converging to x ∈ C and if
{(I−T )xn} converges strongly to y, then (I−T )x =
y.
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Lemma 3 ([15]) Assume {an} is a sequence of non-
negative real numbers such that

an+1 ≤ (1− αn)an + δn, n ≥ 0,
where {αn} is a sequence in (0, 1) and {δn} is a se-
quence in R such that

(1)
∑∞

n=1 αn = ∞,
(2) lim supn→∞

δn
αn

≤ 0 or
∑∞

n=1 | δn |<∞.
Then limn→∞ an = 0.

Lemma 4 ([16]) Let C be a nonempty closed convex
subset of H and let F be a bifunction of C×C into R
satisfying (A1)− (A4). Let r > 0 and x ∈ H . Then,
there exists z ∈ C such that
F (z, y) + 1

r ⟨y − z, z − x⟩ ≥ 0 for all y ∈ C.

Lemma 5 ([17]) Assume that F : C × C → R sat-
isfies (A1) − (A4). For r > 0 and x ∈ H , define a
mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : F (z, y) + 1
r ⟨y − z, z − x⟩ ≥

0, ∀y ∈ C}
for all x ∈ H . Then, the following hold:
1. Tr is single-valued;
2. Tr is firmly nonexpansive, i.e., for any x, y ∈ H ,

∥Trx− Try∥2 ≤ ⟨Trx− Try, x− y⟩;
3. F (Tr) = EP (F );
4. EP (F ) is closed and convex.

Let {Tn}∞n=1 be a sequence of nonexpansive map-
pings of C into itself, where C is a nonempty closed
convex subset of a real Hilbert space H . Given a
sequence {tn}∞n=1 in [0, 1], we define a sequence
{Wn}∞n=1 of self-mapping on C by (10). Then we
have the following results.

Lemma 6 ([11]) Let C be a nonempty closed convex
subset of a real Hilbert space H . Let {Tn}∞n=1 be a
sequence of nonexpansive self-mappings on C such
that ∩∞

n=1F (Tn) ̸= ∅ and let {tn} be a sequence in
(0, b] for some b ∈ (0, 1). Then, for every x ∈ C and
k ≥ 1 the limit limn→∞ Un,kx exists.

Remark 7 ([12]) It can be known from Lemma 6 that
if D is a nonempty bounded subset of C, then for ε >
0 there exists n0 ≥ k such that for all n > n0

supx∈D ∥Un,kx− Ukx∥ ≤ ε,
where Ukx = limn→∞ Un,kx.

Remark 8 ([12]) Using Lemma 6, we define a map-
ping W : C → C as follows:

Wx = limn→∞Wnx = limn→∞ Un,1x
for all x ∈ C. Such a W is called the W -mapping
generated by T1, T2, · · · and t1, t2, · · ·. Since Wn is
nonexpansive, W : C → C is also nonexpansive.
Indeed, observe that for any x, y ∈ C,
∥Wx−Wy∥ = limn→∞ ∥Wnx−Wny∥ ≤ ∥x− y∥.

If {xn} is a bounded sequence in C, then we put
D = {xn : n ≥ 0}. Hence, it is clear from Remark 7
that for any arbitrary ε > 0 there exists N0 ≥ 1 such
that for all n > N0

∥Wnxn −Wxn∥ = ∥Un,1xn − U1xn∥
≤ supx∈D ∥Un,1x− U1x∥ ≤ ε.

This implies that limn→∞ ∥Wnxn −Wxn∥ = 0.

Lemma 9 ([11]) Let C be a nonempty closed convex
subset of a real Hilbert space H . Let {Tn}∞n=1 be a
sequence of nonexpansive self-mappings on C such
that ∩∞

n=1F (Tn) ̸= ∅, let {tn} be a sequence in (0, b]
for some b ∈ (0, 1). Then F (W ) = ∩∞

n=1F (Tn).

Lemma 10 ([8]) For given x∗, y∗ ∈ C, (x∗, y∗) is a
solution of problem (8) if and only if x∗ is a fixed point
of the mapping G : C → C defined by

G(x) = PC [PC(x− µBx)− λAPC(x− µBx)]

for all x ∈ C, where y∗ = PC(x
∗ − µBx∗).

Note that the mapping G is nonexpansive provid-
ed λ ∈ (0, 2α) and µ ∈ (0, 2β). Throughout this
paper, the set of fixed points of the mapping G is de-
noted by Γ.

Lemma 11 In a real Hilbert spaceH , there holds the
inequality

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H.

2 Main Results
Theorem 12 Let C be a nonempty closed convex
subset of a real Hilbert space H . Let F be a b-
ifunction from C × C → R satisfying (A1) −
(A4), the mappings A,B : C → H be α-inverse-
strongly monotone and β-inverse strongly mono-
tone, respectively. Let {Tn}∞n=1 be a sequence of
nonexpansive self-mappings on C such that Ω :=
∩∞
n=1F (Tn)

∩
EP (F )

∩
Γ ̸= ∅. Let f : C → C

be a ρ-contraction with ρ ∈ [0, 12). Suppose x1 ∈ C
and {xn} is generated by

F (un, y) +
1
rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C,

zn = PC(un − µBun),
yn = αnf(xn) + (1− αn)PC(zn − λAzn),
xn+1 = βnxn + γnPC(zn − λAzn) + δnWnyn,

where λ ∈ (0, 2α), µ ∈ (0, 2β),Wn is defined by (10)
for {tn} in (0, b] ⊂ (0, 1), {αn}, {βn}, {γn}, {δn}
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are sequences in [0, 1] and {rn} ⊂ (0,∞) is a real
sequence such that

(i) βn+γn+δn = 1 and lim infn→∞((1−2ρ)δn−
γn) > 0,

(ii) limn→∞ αn = 0 and Σ∞
n=1αn = ∞,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0

(v) lim infn→∞ rn > 0 and limn→∞ | rn+1 −
rn |= 0,
then {xn} converges strongly to x∗ = PΩf(x

∗) and
(x∗, y∗) is a solution of the general system of varia-
tional inequalities (8), where y∗ = PC(x

∗ − µBx∗).

Proof. Let Q = PΩ. Then Qf is a contraction of C
into itself. Since C is a closed set of H , there exists
a unique element of x∗ ∈ C such that x∗ = Qf(x∗).
For any x, y ∈ C and λ ∈ (0, 2α), we note that

∥(I − λA)x− (I − λA)y∥2
= ∥x− y − λ(Ax−Ay)∥2
= ∥x− y∥2 − 2λ⟨x− y,Ax−Ay⟩

+λ2∥Ax−Ay∥2
≤ ∥x− y∥2 + λ(λ− 2α)∥Ax−Ay∥2
≤ ∥x− y∥2,

(11)

which implies that I − λA is nonexpansive. In the
same way we can obtain that I − µB is also nonex-
pansive and

∥(I − µB)x− (I − µB)y∥2
≤ ∥x− y∥2 + µ(µ− 2β)∥Bx−By∥2 (12)

for all x, y ∈ C and µ ∈ (0, 2β). Let {Trn} be a
sequence of mapping defined as in Lemma 5 and let
x∗ ∈ Ω. Then x∗ = Wnx

∗ = Trnx
∗ and x∗ =

PC [PC(x
∗ − µBx∗) − λAPC(x

∗ − µBx∗)]. Putting
y∗ = PC(x

∗−µBx∗), we have x∗ = PC(y
∗−λAy∗).

Let vn = PC(zn − λAzn), we have that

∥un − x∗∥ = ∥Trnxn − Trnx
∗∥ ≤ ∥xn − x∗∥,

∥zn − y∗∥
= ∥PC(un − µBun)− PC(x

∗ − µBx∗)∥
≤ ∥un − x∗∥ ≤ ∥xn − x∗∥,

∥vn − x∗∥
= ∥PC(zn − λAzn)− PC(y

∗ − λAy∗)∥
≤ ∥zn − y∗∥ ≤ ∥xn − x∗∥

and

∥yn − x∗∥
≤ αn∥f(xn)− f(x∗)∥+ αn∥f(x∗)− x∗∥

+(1− αn)∥vn − x∗∥
≤ αnρ∥xn − x∗∥+ αn∥f(x∗)− x∗∥

+(1− αn)∥xn − x∗∥.

Since Wn is nonexpansive, we obtain

∥xn+1 − x∗∥
≤ βn∥xn − x∗∥+ γn∥vn − x∗∥

+δn∥Wnyn − x∗∥
≤ βn∥xn − x∗∥+ γn∥xn − x∗∥+ δn∥yn − x∗∥
≤ (βn + γn)∥xn − x∗∥+ δnαn∥f(x∗)− x∗∥

+δn(1− αn + αnρ)∥xn − x∗∥
= (1− αnδn(1− ρ))∥xn − x∗∥

+δnαn∥f(x∗)− x∗∥
≤ max{∥xn − x∗∥, 1

1−ρ∥f(x
∗)− x∗∥}.

By induction, we have that

∥xn − x∗∥ ≤ max{∥x1 − x∗∥, 1

1− ρ
∥f(x∗)− x∗∥}

for all n ≥ 1. Thus the sequence
{xn} is bounded. Consequently, the sets
{un}, {zn}, {vn}, {yn},{Wnyn},{Bun} and {Azn}
are also bounded.

Next, we claim that limn→∞ ∥xn+1 − xn∥ = 0.
Indeed, we define a sequence {sn} by xn+1 = βnxn+
(1− βn)sn, ∀n ≥ 1. Thus, we have

sn+1 − sn

=
xn+2 − βn+1xn+1

1− βn+1
− xn+1 − βnxn

1− βn

=
γn+1vn+1 + δn+1Wn+1yn+1

1− βn+1

−γnvn + δnWnyn
1− βn

=
γn+1(vn+1 − vn)

1− βn+1

+
δn+1(Wn+1yn+1 −Wn+1yn)

1− βn+1

+(
γn+1

1− βn+1
− γn

1− βn
)vn

+(
δn+1

1− βn+1
− δn

1− βn
)Wn+1yn

+
δn

1− βn
(Wn+1yn −Wnyn).

We note that

∥vn+1 − vn∥
= ∥PC(I − λA)zn+1 − PC(I − λA)zn∥
≤ ∥zn+1 − zn∥
= ∥PC(I − µB)un+1 − PC(I − µB)un∥
≤ ∥un+1 − un∥.

(13)

From un = Trnxn and un+1 = Trn+1xn+1, we note
that

F (un, y)+
1

rn
⟨y−un, un−xn⟩ ≥ 0, ∀y ∈ C (14)
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and

F (un+1, y) +
1

rn+1
⟨y − un+1, un+1 − xn+1⟩ ≥ 0

(15)
for all y ∈ C. Putting y = un+1 in (14) and y = un
in (15) respectively, we have

F (un, un+1) +
1

rn
⟨un+1 − un, un − xn⟩ ≥ 0

and

F (un+1, un) +
1

rn+1
⟨un − un+1, un+1 − xn+1⟩ ≥ 0.

So, from (A2) we have

⟨un+1 − un,
un − xn
rn

− un+1 − xn+1

rn+1
⟩ ≥ 0.

Hence

⟨un+1 − un, un − xn − rn
rn+1

(un+1 − xn+1)⟩ ≥ 0

and

⟨ un+1 − un, un − un+1

+ un+1 − xn − rn
rn+1

(un+1 − xn+1)⟩ ≥ 0.

Since lim infn→∞ rn > 0, without loss of generality,
we may assume that there exists a real number c such
that rn > c > 0 for all n ≥ 1. Then we have

∥un+1 − un∥2

≤ ⟨un+1 − un, xn+1 − xn

+(1− rn
rn+1

)(un+1 − xn+1)⟩

≤ ∥un+1 − un∥{∥xn+1 − xn∥

+ | 1− rn
rn+1

| ∥un+1 − xn+1∥}

and hence

∥un+1 − un∥
≤ ∥xn+1 − xn∥

+ 1
rn+1

| rn+1 − rn | ∥un+1 − xn+1∥
≤ ∥xn+1 − xn∥+ L1

c | rn+1 − rn |,

(16)

where L1 = sup{∥un − xn∥ : n ≥ 1}. Substituting
(16) into (13), we have

∥vn+1 − vn∥ ≤ ∥xn+1 − xn∥+
L1

c
| rn+1 − rn | .

(17)

Moreover, we have

∥Wn+1yn+1 −Wn+1yn∥
≤ ∥yn+1 − yn∥
≤ ∥vn+1 − vn∥

+αn+1∥f(xn+1)− vn+1∥
+αn∥f(xn)− vn∥

≤ ∥xn+1 − xn∥+ L1
c | rn+1 − rn |

+(αn+1 + αn)L2,

(18)

where L2 = sup{∥f(xn)− vn∥ : n ≥ 1}. From (10),
since Ti and Un,i are nonexpansive, we deduce that
for each n ≥ 1,

∥Wn+1yn −Wnyn∥
= ∥t1T1Un+1,2yn − t1T1Un,2yn∥
≤ t1∥Un+1,2yn − Un,2yn∥
= t1∥t2T2Un+1,3yn − t2T2Un,3yn∥
≤ t1t2∥Un+1,3yn − Un,3yn∥

· · ·
≤ (

∏n
i=1 ti)∥Un+1,n+1yn − Un,n+1yn∥

≤ L3
∏n

i=1 ti

(19)

for some constant L3 > 0. Combining (17), (18) and
(19), we have

∥sn+1 − sn∥

≤ ∥xn+1 − xn∥+
L1

c
| rn+1 − rn |

+
δn+1L2

1− βn+1
(αn+1 + αn)

+ | γn+1

1− βn+1
− γn

1− βn
| (∥vn∥+ ∥Wn+1yn∥)

+
L3δn
1− βn

n∏
i=1

ti.

Thus it follows from conditions (i)− (v) that (noting
that 0 < ti ≤ b < 1, ∀i ≥ 1)

lim sup
n→∞

(∥sn+1 − sn∥ − ∥xn+1 − xn∥) ≤ 0.

By Lemma 1 we get limn→∞ ∥sn − xn∥ = 0. Conse-
quently,

lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

(1− βn)∥sn − xn∥ = 0.

Further, we can obtain that limn→∞ ∥Azn−Ay∗∥ = 0
and limn→∞ ∥Bun − Bx∗∥ = 0. Indeed, from (11)
and (12) we get that

∥yn − x∗∥2

≤ αn∥f(xn)− x∗∥2

+(1− αn)∥PC(I − λA)zn − PC(I − λA)y∗∥2
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≤ αnL4 + (1− αn)(∥zn − y∗∥2

+λ(λ− 2α)∥Azn −Ay∗∥2)
≤ αnL4 + (1− αn)(µ(µ− 2β)∥Bun −Bx∗∥2

+∥un − x∗∥2 + λ(λ− 2α)∥Azn −Ay∗∥2)
≤ αnL4 + µ(µ− 2β)∥Bun −Bx∗∥2

+∥xn − x∗∥2 + λ(λ− 2α)∥Azn −Ay∗∥2,

where L4 = sup{∥f(xn) − x∗∥2 : n ≥ 1}. So, we
have

∥xn+1 − x∗∥2
≤ βn∥xn − x∗∥2 + γn∥vn − x∗∥2

+δn∥Wnyn − x∗∥2
= βn∥xn − x∗∥2 + δn∥yn − x∗∥2

+γn∥(yn − x∗) + αn(vn − f(xn))∥2
≤ βn∥xn − x∗∥2 + (1− βn)∥yn − x∗∥2

+αnL5

≤ ∥xn − x∗∥2 + (1− βn)αnL4 + αnL5

+(1− βn)[µ(µ− 2β)∥Bun −Bx∗∥2
+λ(λ− 2α)∥Azn −Ay∗∥2],

(20)

where L5 is some appropriate constant. It follows that

(1− βn)[µ(2β − µ)∥Bun −Bx∗∥2

+λ(2α− λ)∥Azn −Ay∗∥2]
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2

+αn((1− βn)L4 + L5)

≤ ∥xn − xn+1∥(∥xn − x∗∥+ ∥xn+1 − x∗∥)
+αn((1− βn)L4 + L5).

Since αn → 0, ∥xn − xn+1∥ → 0 and
lim supn→∞ βn < 1, we obtain limn→∞ ∥Azn −
Ay∗∥ = 0 and limn→∞ ∥Bun −Bx∗∥ = 0.

Now we show that ∥Wyn − yn∥ → 0 as n→ ∞.
Noting that PC is firmly nonexpansive, from ∥un −
x∗∥ ≤ ∥xn − x∗∥ we have

∥zn − y∗∥2

= ∥PC(I − µB)un − PC(I − µB)x∗∥2

≤ ⟨(I − µB)un − (I − µB)x∗, zn − y∗⟩

=
1

2
[∥(I − µB)un − (I − µB)x∗∥2 + ∥zn − y∗∥2

−∥(I − µB)un − (I − µB)x∗ − (zn − y∗)∥2]

≤ 1

2
[∥un − x∗∥2 + ∥zn − y∗∥2

−∥un − zn − µ(Bun −Bx∗)− (x∗ − y∗)∥2]

≤ 1

2
[∥xn − x∗∥2 + ∥zn − y∗∥2

−∥un − zn − (x∗ − y∗)∥2 − µ2∥Bun −Bx∗∥2

+2µ⟨un − zn − (x∗ − y∗), Bun −Bx∗⟩]

and from ∥zn − y∗∥ ≤ ∥xn − x∗∥ we also have

∥vn − x∗∥2

= ∥PC(I − λA)zn − PC(I − λA)y∗∥2

≤ ⟨(I − λA)zn − (I − λA)y∗, vn − x∗⟩

=
1

2
[∥(I − λA)zn − (I − λA)y∗∥2 + ∥vn − x∗∥2

−∥(I − λA)zn − (I − λA)y∗ − (vn − x∗)∥2]

≤ 1

2
[∥zn − y∗∥2 + ∥vn − x∗∥2 − ∥zn − vn

−λ(Azn −Ay∗)− (y∗ − x∗)∥2]

≤ 1

2
[∥xn − x∗∥2 + ∥vn − x∗∥2

−∥zn − vn + (x∗ − y∗)∥2

+2λ⟨zn − vn + (x∗ − y∗), Azn −Ay∗⟩
−λ2∥Azn −Ay∗∥2].

Thus, we have

∥zn − y∗∥2
≤ ∥xn − x∗∥2 − ∥un − zn − (x∗ − y∗)∥2

+2µ⟨un − zn − (x∗ − y∗), Bun −Bx∗⟩
(21)

and

∥vn − x∗∥2
≤ ∥xn − x∗∥2 − ∥zn − vn + (x∗ − y∗)∥2

+2λ⟨zn − vn + (x∗ − y∗), Azn −Ay∗⟩.
(22)

By (21) we get

∥xn+1 − x∗∥2

≤ βn∥xn − x∗∥2 + γn∥vn − x∗∥2

+δn∥Wnyn − x∗∥2

≤ βn∥xn − x∗∥2 + γn∥zn − y∗∥2 + δn∥yn − x∗∥2

≤ βn∥xn − x∗∥2 + γn∥zn − y∗∥2

+δn(αn∥f(xn)− x∗∥2 + (1− αn)∥zn − y∗∥2)
≤ βn∥xn − x∗∥2 + (1− βn)∥zn − y∗∥2 + δnαnL4

≤ ∥xn − x∗∥2 − (1− βn)∥un − zn − (x∗ − y∗)∥2

+2(1−βn)µ∥un−zn−(x∗−y∗)∥ · ∥Bun−Bx∗∥
+δnαnL4,

which implies that

(1− βn)∥un − zn − (x∗ − y∗)∥2
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2

+2(1− βn)µL6∥Bun −Bx∗∥+ αnL7

≤ ∥xn − xn+1∥(∥xn − x∗∥+ ∥xn+1 − x∗∥)
+2(1− βn)µL6∥Bun −Bx∗∥+ αnL7

(23)

for approximate constants L6 and L7. It follows from
(20) and (22) that

∥xn+1 − x∗∥2
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≤ βn∥xn − x∗∥2 + (1− βn)∥yn − x∗∥2 + αnL5

≤ βn∥xn − x∗∥2 + (1− βn)[αn∥f(xn)− x∗∥2

+(1− αn)∥vn − x∗∥2] + αnL5

≤ ∥xn − x∗∥2 + αnL5 + αn(1− βn)L4

−(1− βn)∥zn − vn + (x∗ − y∗)∥2

+2(1− βn)λ⟨zn − vn + (x∗ − y∗)

, Azn −Ay∗⟩,
which implies that

(1− βn)∥zn − vn + (x∗ − y∗)∥2
≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2

+L8∥Azn −Ay∗∥+ αnL9

≤ ∥xn − xn+1∥(∥xn − x∗∥
+∥xn+1 − x∗∥)
+L8∥Azn −Ay∗∥+ αnL9

(24)

for approximate constants L8 and L9. Note that ∥xn−
xn+1∥ → 0, αn → 0, ∥Bun−Bx∗∥ → 0and ∥Azn−
Ay∗∥ → 0. From (23) and (24) we deduce

lim
n→∞

∥un − zn − (x∗ − y∗)∥ = 0 (25)

and
lim
n→∞

∥zn − vn + (x∗ − y∗)∥ = 0. (26)

Since Trn is firmly nonexpansive for each n ≥ 1, we
have

∥un − x∗∥2

= ∥Trnxn − Trnx
∗∥2

≤ ⟨Trnxn − Trnx
∗, xn − x∗⟩

= ⟨un − x∗, xn − x∗⟩

=
1

2
(∥un − x∗∥2 + ∥xn − x∗∥2 − ∥xn − un∥2)

and hence ∥un − x∗∥2 ≤ ∥xn − x∗∥2 − ∥xn − un∥2.
It follows that

∥xn+1 − x∗∥2

≤ βn∥xn − x∗∥2 + γn∥vn − x∗∥2

+δn∥Wnyn − x∗∥2

≤ βn∥xn−x∗∥2 + γn∥zn−y∗∥2+δn∥yn − x∗∥2

≤ βn∥xn − x∗∥2 + γn∥un − x∗∥2

+δn(αn∥f(xn)−x∗∥2 + (1−αn)∥vn − x∗∥2)
≤ βn∥xn − x∗∥2 + (γn + δn)∥un − x∗∥2

+δnαnL4

≤ ∥xn − x∗∥2 − (1−βn)∥xn − un∥2+δnαnL4,

and hence

(1− βn)∥xn − un∥2

≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 + δnαnL4

≤ ∥xn − xn+1∥(∥xn − x∗∥+ ∥xn+1 − x∗∥)
+δnαnL4

for L4 = sup{∥f(xn)− x∗∥2 : n ≥ 1}. So, we have

lim
n→∞

∥xn − un∥ = 0. (27)

From yn = αnf(xn)+(1−αn)vn, we get ∥yn−vn∥ =
αn∥f(xn) − vn∥ → 0 as n → ∞. It follows from
(25), (26) and (27) that

limn→∞ ∥un − vn∥ = limn→∞ ∥xn − vn∥
= limn→∞ ∥xn − yn∥ = 0.

(28)

Since

δn∥Wnyn − xn∥
= ∥xn+1 − βnxn − γnvn − δnxn∥
≤ ∥xn+1 − xn∥+ γn∥xn − vn∥,

from ∥xn+1 − xn∥ → 0 and (28) we have ∥Wnyn −
xn∥ → 0 and hence ∥Wnyn − yn∥ → 0 as n → ∞.
Moreover, we get ∥Wyn − yn∥ → 0 as n → ∞ from
Remark 8.

Next, we show that

lim sup
n→∞

⟨f(x∗)− x∗, xn − x∗⟩ ≤ 0,

where x∗ = PΩf(x
∗). As {yn} is bounded, we can

choose a subsequence {yni} of {yn} such that yni ⇀
z ∈ C and

lim sup
n→∞

⟨f(x∗)− x∗, yn − x∗⟩

= lim
i→∞

⟨f(x∗)− x∗, yni − x∗⟩.

From ∥Wyn − yn∥ → 0 and Lemma 2, we ob-
tain z ∈ F (W ). It follows from Lemma 9 that
z ∈ ∩∞

n=1F (Tn). Let us show z ∈ EP (F ). Since
un = Trnxn, we have

F (un, y) +
1

rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C.

From (A2), we also have

1

rn
⟨y − un, un − xn⟩ ≥ F (y, un)

and hence

⟨y − uni ,
uni − xni

rni

⟩ ≥ F (y, uni).

From ∥un − xn∥ → 0 and ∥xn − yn∥ → 0
we get uni ⇀ z. Since ∥uni − xni∥ → 0 and
lim infn→∞ rn > 0, it follows from condition (A4)
that

0 ≥ F (y, z), ∀y ∈ C.
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For twith 0 < t ≤ 1 and y ∈ C, let yt = ty+(1−t)z.
Since y ∈ C and z ∈ C, we have yt ∈ C and hence
F (yt, z) ≤ 0. So from (A1) and (A4) we have

0 = F (yt, yt) ≤ tF (yt, y) + (1− t)F (yt, z)

≤ tF (yt, y)

and hence 0 ≤ F (yt, y). From (A3), we get 0 ≤
F (z, y) for all y ∈ C and z ∈ EP (F ). We shall show
z ∈ Ω. We note that

∥yn −G(yn)∥
≤ αn∥f(xn)−G(yn)∥

+(1− αn)∥PC [PC(un − µBun)

−λAPC(un − µBun)]−G(yn)∥
= αn∥f(xn)−G(yn)∥

+(1− αn)∥G(un)−G(yn)∥
≤ αn∥f(xn)−G(yn)∥+ (1− αn)∥un − yn∥
→ 0.

From Lemma 2 we have z ∈ F (G) and hence z ∈ Γ.
Hence z ∈ Ω. It follows from ∥xn− yn∥ → 0 and (3)
that

lim sup
n→∞

⟨f(x∗)− x∗, xn − x∗⟩

= lim sup
n→∞

⟨f(x∗)− x∗, xn − yn + yn − x∗⟩

≤ lim sup
n→∞

⟨f(x∗)− x∗, yn − x∗⟩

= lim
i→∞

⟨f(x∗)− x∗, yni − x∗⟩
= ⟨f(x∗)− x∗, z − x∗⟩ ≤ 0.

(29)

At last, we show that limn→∞ xn = x∗. From Lemma
11 we get that

∥xn+1 − x∗∥2

≤ ∥βn(xn − x∗) + γn(yn − x∗)

+δn(Wnyn − x∗) + γnαn(vn − f(xn))∥2

≤ ∥βn(xn − x∗) + γn(yn − x∗)

+δn(Wnyn − x∗)∥2

+2γnαn⟨vn − f(xn), xn+1 − x∗⟩
≤ βn∥xn − x∗∥2 + (γn + δn)∥yn − x∗∥2

+2γnαn⟨vn − x∗, xn+1 − x∗⟩
+2γnαn⟨x∗ − f(xn), xn+1 − x∗⟩

≤ βn∥xn − x∗∥2 + (1− βn)[(1− αn)∥vn − x∗∥2

+2αn⟨f(xn)− x∗, yn − x∗⟩]
+2γnαn∥vn − x∗∥ · ∥xn+1 − x∗∥
+2γnαn⟨x∗ − f(xn), xn+1 − x∗⟩.

It follows from ∥vn − x∗∥ ≤ ∥xn − x∗∥ that

∥xn+1 − x∗∥2

≤ βn∥xn − x∗∥2 + (1− βn)(1− αn)∥xn − x∗∥2

+2αn(γn + δn)⟨f(xn)− x∗, yn − x∗⟩
+2γnαn∥xn − x∗∥ · ∥xn+1 − x∗∥
+2γnαn⟨x∗ − f(xn), xn+1 − x∗⟩

≤ [1− αn(1− βn)]∥xn − x∗∥2

+2αnγn⟨f(xn)− x∗, yn − xn+1⟩
+2αnδn⟨f(xn)− x∗, yn − x∗⟩
+2γnαn∥xn − x∗∥ · ∥xn+1 − x∗∥

≤ [1− αn(1− βn)]∥xn − x∗∥2

+2αnγnL4∥yn − xn+1∥
+2αnδn⟨f(xn)− x∗, yn − xn⟩
+2αnδn⟨f(xn)− x∗, xn − x∗⟩
+2γnαn∥xn − x∗∥ · ∥xn+1 − x∗∥

≤ [1− αn(1− βn)]∥xn − x∗∥2

+2αnL4(γn∥yn − xn+1∥+ δn∥yn − xn∥)
+2αnδnρ∥xn − x∗∥
+2αnδn⟨f(x∗)− x∗, xn − x∗⟩
+γnαn[∥xn − x∗∥2 + ∥xn+1 − x∗∥2],

which implies

∥xn+1 − x∗∥2

≤ [1− (1− 2ρ)δn − γn
1− αnγn

αn]∥xn − x∗∥2

+
(1− 2ρ)δn − γn

1− αnγn
αn × { 2L4

(1− 2ρ)δn − γn
(γn∥yn − xn+1∥+ δn∥yn − xn∥)

+
2δn

(1− 2ρ)δn − γn
⟨f(x∗)− x∗, xn − x∗⟩}

where L4 = sup{∥f(xn)− x∗∥2 : n ≥ 1}.

Note that lim inf
n→∞

(1−2ρ)δn−γn
1−αnγn

> 0. We

have
∞∑
n=1

(1−2ρ)δn−γn
1−αnγn

αn = ∞. It follows from ∥yn −

xn∥ → 0, ∥xn − xn+1∥ → 0, (29) and Lemma 3 that
xn → x∗. This completes the proof. �

As direct consequences of Theorem 12, we obtain
three corollaries.

Corollary 13 Let C be a nonempty closed convex
subset of a real Hilbert space H . Let F be a b-
ifunction from C × C → R satisfying (A1) −
(A4), the mappings A,B : C → H be α-inverse-
strongly monotone and β-inverse strongly mono-
tone, respectively. Let {Tn}∞n=1 be a sequence of
nonexpansive self-mappings on C such that Ω :=
∩∞
n=1F (Tn)

∩
EP (F )

∩
Γ ̸= ∅. For fixed u ∈ C
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and given x1 ∈ C arbitrarily, {xn} is generated by
F (un, y) +

1
rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C,

zn = PC(un − µBun),
yn = αnu+ (1− αn)PC(zn − λAzn),
xn+1 = βnxn + γnPC(zn − λAzn) + δnWnyn,

where λ ∈ (0, 2α), µ ∈ (0, 2β),Wn is defined by (10)
for {tn} in (0, b] ⊂ (0, 1), {αn}, {βn}, {γn}, {δn}
are sequences in [0, 1] and {rn} ⊂ (0,∞) is a real
sequence such that

(i) βn + γn + δn = 1,

(ii) lim
n→∞

αn = 0 and
∞∑
n=1

αn = ∞,

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1,

(iv) lim
n→∞

( γn+1

1−βn+1
− γn

1−βn
) = 0

(v) lim inf
n→∞

(δn − γn) > 0,

(vi) lim inf
n→∞

rn > 0 and lim
n→∞

| rn+1 − rn |= 0.

Then {xn} converges strongly to x∗ = PΩu and
(x∗, y∗) is a solution of the general system of varia-
tional inequalities (8), where y∗ = PC(x

∗ − µBx∗).

Corollary 14 Let C be a nonempty closed convex
subset of a real Hilbert space H . Let the mappings
A,B : C → H be α-inverse-strongly monotone
and β-inverse strongly monotone, respectively and
{Tn}∞n=1 a sequence of nonexpansive self-mappings
on C such that Ω := ∩∞

n=1F (Tn)
∩

Γ ̸= ∅. Let
f : C → C be a ρ-contraction with ρ ∈ [0, 12). Sup-
pose x1 ∈ C and {xn} is generated by

zn = PC(xn − µBxn),
yn = αnf(xn) + (1− αn)PC(zn − λAzn),
xn+1 = βnxn + γnPC(zn − λAzn) + δnWnyn,

where λ ∈ (0, 2α), µ ∈ (0, 2β),Wn is defined by (10)
for {tn} in (0, b] ⊂ (0, 1), {αn}, {βn}, {γn}, {δn}
are sequences in [0, 1] such that

(i) βn + γn + δn = 1,

(ii) lim
n→∞

αn = 0 and
∞∑
n=1

αn = ∞,

(iii) 0 < lim inf
n→∞

βn ≤ lim supn→∞ βn < 1,

(iv) lim
n→∞

( γn+1

1−βn+1
− γn

1−βn
) = 0

(v) lim inf
n→∞

((1− 2ρ)δn − γn) > 0,

then {xn} converges strongly to x∗ = PΩf(x
∗) and

(x∗, y∗) is a solution of the general system of varia-
tional inequalities (8), where y∗ = PC(x

∗ − µBx∗).

Corollary 15 Let C be a nonempty closed convex
subset of a real Hilbert space H . Let the mappings
A,B : C → H be α-inverse-strongly monotone
and β-inverse strongly monotone, respectively and

{Tn}∞n=1 a sequence of nonexpansive self-mappings
on C such that Ω := ∩∞

n=1F (Tn)
∩

Γ ̸= ∅. For fixed
u ∈ C and given x1 ∈ C arbitrarily, {xn} is generat-
ed by

zn = PC(xn − µBxn),
yn = αnu+ (1− αn)PC(zn − λAzn),
xn+1 = βnxn + γnPC(zn − λAzn) + δnWnyn,

where λ ∈ (0, 2α), µ ∈ (0, 2β),Wn is defined by (10)
for {tn} in (0, b] ⊂ (0, 1), {αn}, {βn}, {γn}, {δn}
are sequences in [0, 1] such that

(i) βn + γn + δn = 1,
(ii) lim

n→∞
αn = 0 and Σ∞

n=1αn = ∞,

(iii) 0 < lim inf
n→∞

βn ≤ lim supn→∞ βn < 1,

(iv) lim
n→∞

( γn+1

1−βn+1
− γn

1−βn
) = 0

(v) lim inf
n→∞

(δn − γn) > 0.

Then {xn} converges strongly to x∗ = PΩf(x
∗) and

(x∗, y∗) is a solution of the general system of varia-
tional inequalities (8), where y∗ = PC(x

∗ − µBx∗).

Remark 16 We note that the results in Theorem 12
improved and extended the corresponding results in
Yao et al. [12] from equilibrium problem and infinitely
many nonexpansive mappings to equilibrium problem,
general system of variational inequalities and infinite-
ly many nonexpansive mappings.

Remark 17 Next, we can extend the main results of
this paper from Hilbert spaces to the general Bnanch
spaces.
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