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1 Introduction

Throughout this paper, we always assume that H is
a real Hilbert space with inner product (-, -) and nor-
m || - |. Let C be a nonempty closed convex subset
of H. Recall that a mapping 7" from C' into itself is
nonexpansive if

[Tz =Tyl < [l = yll, Yo,y cC.

The set of fixed points of 7" is denoted by F'(T), that
is, F(T) = {x € D(T) : Tx = x}; fC C H
is nonempty, bounded, closed and convex and T is
a nonexpansive self-mapping on C, then F(T) is
nonempty.

Let A : C — C be an operator, the variational
inequality problem is to find * € C such that

VI: (Azx*,x —x*) >0, Vz € C. (D

The set of solutions of (1) is denoted by VI(C, A).
Multiple iterative schemes have been proposed to
approximating the fixed point of an operator, which
also is a solution of the variational inequality.
In 1953, Mann [1] proposed the following itera-
tive scheme:

2

where zg € C is an initial guess arbitrarily. If
an, € [0,1] satisfying 7 ;o (1 — @) = o0, then
the sequence {x,, } generated by (2) converges weakly
to a fixed point of 7.

In 2000, Moudafi [3] introduced the viscosity ap-
proximation method for nonexpansive mappings. Let

Tnt1 = nZp + (1 — ap)Tay,

ISSN: 1109-2769

480

f be a contraction on H, starting with an arbitrary ini-
tial 7o € H, define a sequence {x,, } recursively by

Tnt1 = anf(xn) + (1 —ap)Ta,, n >0, 3)

where {a,} is a sequence in (0,1). Xu [4] proved
that under certain appropriate conditions on {«, }, the
sequence {x, } generated by (3) strongly converges to
the unique solution z* € C' of the variational inequal-

ity
(I - flz*,z —2*) >0, Yz € F(T).

In 2001, Yamada [5] introduced the following hy-
brid iterative method:

Tni1 = Txy — pAF(Txy), n>0, 4)
where F'is a k-Lipschitzian and 7-strongly monotone
operator with k > 0,7 > 0,0 < p < 2n/k?, and then
he proved that if {\,, } satisfies appropriate conditions,
the sequence {x,, } generated by (4) converges strong-
ly to the unique solution # € F'(T') of the variational
inequality

(Fi,x— %) > 0,Va € F(T).

In 2006, Marino and Xu [6] introduced the gener-
al iterative algorithm
Tnt1 = anYf(xn) + (I —anA)Txn,n >0, (5)

where 7T is a self-nonexpansive mapping on H, f is a
contraction of H into itself with coefficient p € (0, 1)
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satisfies certain condition, and A is a strongly positive
bounded linear operator on H. He proved that {x,, }
generated by (5) converges strongly to a fixed point
a* of T', which is the unique solution to the following
variational inequality:

(vf = A)z*,z —2*) <0, Vo € F(T),

and is also the optimality condition for some mini-
mization problem.

In 2010, M. Tian [7] introduced the general itera-
tive algorithm

Tnt1 = anYf(zn) + (I — pan F)Tzp,n >0, (6)

where F' : H — H is an L-Lipschitzian and 7-
strongly monotone operator with L, > 0. Under
some mild assumptions, he proved that {z,} gener-
ated by (6) converges strongly to a point z* € F(T),
which is also the unique solution of the following vari-
ational inequality:

(WF =~ f)a* x —a®) =0, Vo € F(T).

Recently, many authors considered the iterative
schemes to approximating the fixed point of a strict-
ly pseudo-contraction. A mapping S : C — H is
said to be k-strictly pseudo-contractive if there exists
a constant £ € [0, 1) such that

ISz =Syl <z =yl + KT - S)z
_(I - S)yuzv any eC.

Note that the class of k-strict pseudo-contraction
strictly includes the class of nonexpansive mapping,
that is, S is nonexpansive if and only if S is O-
srtict pseudo-contractive; it is also said to be pseudo-
contractive if & = 1. Clearly, the class of k-strict
pseudo-contractions falls into the one between classes
of nonexoansive mappings and pseudo-contractions.

For finding an element of F(S) N VI(C, A),
Takahashi and Toyoda [8] introduced the following it-
erative scheme: x1 € C and

Tnt1 = QnZpn+ (1 —an)SPo(zy, — AMAzxy), n > 1,

and obtained a weak convergence theorem in a Hilbert
space, where {«,} and {)\,} are sequences satisfied
certain conditions.

For finding an element of F'(7'), Qin et al [9] in-
troduce a composite iterative scheme as follows with
1 =x € H:

{ Yn = PK[ann + (1 - 5n)T55n]7
Tny1 = Oén’Yf(xn) + (I — anA)yn, n>1,

where 7' is a non-self k-strict pseudo-contraction, f is
a contraction and A is a strong positive linear bounded
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operator. Under certain appropriate assumptions on
the sequence {«,} and {3,}, the iterative sequence
{x,} converges strongly to a fixed point of the k-strict
pseudo-contraction, which also solves some variation-
al inequality.

Let ¢ be a bifunction of C' x C'into R. The clas-
sical equilibrium problem for ¢ is to find z € C such
that

EP:d(x,y) >0, VyeC, %
denoted the set of solutions by E'P(¢). Given a map-
ping T : C — H, let

¢(3773/) = <T‘T7y - .CC>, Vl’ay € 07

then z € EP(¢) if and only if (T'z,y — z) > 0 for
all y € C, that is, z is a solution of the variational
inequality. Numerous problems in physics, optimiza-
tions and economics reduce to find a solution of (7).
Some methods have been proposed to solve the equi-
librium problem, see for instance, [2, 3] and the refer-
ences therein.

By using the general approximation method,
many authors constructed the compositive schemes to
obtained the common element of fixed points of non-
expansive mapping and solutions of equilibrium prob-
lem. Next, we list their main contributions.

For finding an element of EP(¢) N F(S), Ceng
et al [10] established the following iterative scheme:

¢(un7y) =+ %<y — Unp, Up — xn> 2 O,Vy € C?
Tntl = Qulp + (1 — ap)Suy, Yn €N,

under certain conditions, the sequences {x,} and
{un} converge weakly to an element of EP(¢) N
F(S). Under the same conditions, the sequences
{z,,} and {u,} converge strongly to an element of
EP(¢) N F(S) if and only if

liminf d(z,, EP(¢) N F(S)) =0,
n—oo
where d(z,, EP(¢) N F(S)) denotes the metric dis-
tance from the point x,, to EP(¢) N F(S).

To find an element of EP(¢) N F(S), Takahashi
and Takahashi [11] introduced the following iterative
scheme by the viscosity approximation method in a
Hilbert space: z; € H and

¢(un)y) + %<y — Un, Up — xn> > O,Vy € 07
Tn+1 = Oénf(xn) + (1 - an)Sum Vn € N.

Under suitable conditions, some strong convergence
theorems are obtained.
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For finding an element of EP(¢) N VI(C,A) N
F(5), recently Su, Shang and Qin [12] introduced the
following iterative scheme: x; € H and

¢(un7y) + %<y — Un, Un — mn> 2 O7vy € 07
Tnt1 = anf(xn) + (1 — an)SPo(un — A\ Auy,),
Vn € N.

Under suitable conditions, some strong convergence
theorems are obtained, which are extend and improve
the results of Iiduka et al [13] and Takahashi etal [11].

To find an element of EP(¢)NVI(C, A)NF(S),
Plubtieng and Punpaeng [14] also introduced the fol-
lowing iterative scheme: 1 = v € C' and

gb(”nai‘/) + %(y — Un, Up — xn) >0,Vy € C,

Yn = PC(Un - )\nAun>7

Tptl = QpU + BnTy + 'YnSPC(yn - )\nAyn)a
Vn € N.

Under suitable conditions, some strong convergence
theorems are obtained, which are extend some recent
result of Yao and Yao [15].

In 2009, Y. Liu [16] introduced two iterative
schemes by the general iterative method for finding a
common element of the set of solutions of an equilib-
rium problem and the set of fixed points of a k-strictly
pseudo-contractive non-self mapping in the setting of
a real Hilbert space.

¢>(Umy) + i<y — Up, Up — $n> >0, Vy € Ca
Yn = /Bnun + (1 - 671)5“717
Tn = anyf(xn) + (I — apnB)yn, Vn €N,

and x; € H arbitrarily,

G (tn,y) + 5= (Y = tn, un — ) >0, Vy € C,
Tnt1 = anYf(zn) + (I — anB)yn, Vn €N

where B is a strong positive bounded linear operator
on . Under some assumptions, the strong conver-
gence theorems are obtained.

In 2011, M. Tian [17] adopted the hybrid steepest
descent methods for finding a common element of the
set of solutions of an equilibrium problem and the set
of fixed points of a strict pseudo-contraction mapping
in the setting of real Hilbert spaces.

(b(un,y) =+ i<y — Un, Up — 5En> >0, Yy e,
Yn = /Bnun + (1 - ﬁn)Suna
Tn = (I - O‘muF)yTH Vn €N,
and 1 € H arbitrarily,
¢(un7y) + ﬁ@/ = Up, Up — xn> >0, Vy e C,

Yn = ﬁnun + (1 - Bn)suna
Tnt1 = (I - anﬂF)ym Vn € N?
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where F' : H — H be an L-Lipschitzian continuous
and n-strongly monotone operator on H with L,n >
0. Under some assumptions, the strong convergence
theorems are obtained.

Motivated and inspired by these facts, in this pa-
per, we introduce two iteration methods, for finding an
element of EP(¢) N F(S), where S : C — H is a k-
strictly pseudo-contractive non-self mapping, which is
also a solution of a variational inequality and then ob-
tained two strong convergence theorems. Our result-
s include Plubtieng and Punpaeng [18], S. Takahashi
and W.Takahashi [11], Tada and W.Takahashi [19], Y.
Liu [16] and M. Tian [17] as special cases. Further-
more, this paper will also be the development of the
results of Ceng et al [10] in different directions.

2 Preliminaries

Throughout this paper, we write x,, — « to indicate

that the sequence {x,} converges weakly to x and

x, — x implies that {x,,} converges strongly to z.

For any x € H, there exists a unique nearest point in

C, denoted by Pox, such that
le — FPex| <z —yll, VyeC

Such a Pz is called the metric projection of H onto

C. It is known that P is nonexpansive. Furthermore,
forx € Handu € C,

u=Pox < (x —u,u—y) >0,Vy € C.

A mapping F' : C' — (' is called L-Lipschitzian
if there exists a positive constant L, such that

|Fa— Fyl| < Lile — yll, Va,y € C.

Obviously, F' is nonexpansive if and only if L = 1.
F is said to be n-strongly monotone if there exists a
positive constant 7 such that

It is wildly known that H satisfies Opial’s condi-
tion [13], that is, for any sequence {x,, } with z,, — =,
the inequality

liminf ||z, — z| < liminf ||z, — y|,

holds for every y € H with y # x.

In order to solve the equilibrium problem for a
bifunction ¢ : C x C — R, let us assume that ¢
satisfies the following conditions:

(Al) ¢(z,x) =0,forall z € C,
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(A2) ¢ is monotone, thatis, ¢(z,y)+¢(y,z) <0, for
allz,y € C;

(A3) Forall z,y,z € C,limy o ¢p(tz + (1 — t)z,y) <
o(x,y);

(A4) For each fixed x € C, the function y — ¢(z,y)
is convex and lower semicontinuous.

Let us recall the following lemmas which will be
useful for our paper.

Lemma 1 (see [20]).Let ¢ be a bifunction from C' X
C into R which satisfying (Al), (A2), (A3) and (A4),
then, for any r > 0 and x € H, there exists a point
z € C such that

Bey) + oy =2z —a) 20 Wy e C

Further, if

)

Trx = {zeC:qb(z,y)—l—%(y—z,z—x) >0
Yy € C},
then the followings hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, that is,

||TT$_Try”2 < <Trx—Try,:c—y>, Vr,y € H;

(3) F(T,) = EP(¢);
(9) EP(¢) is nonempty, closed and convex.

Lemma 2 (see [21])If S : C — H is a k-strict
pseudo-contraction, then the fixed point set F(S) is
closed convex, so that the projection P gy is well de-

fined.

Lemma 3 (see [22]).Let S : C — H be a k-strict
pseudo-contraction. Define T : C' — H by

Tx=Xx+ (1—)\)Sxz,

foreach x € C, thenas \ € [k,1), T is a nonexpan-
sive mapping such that F(T) = F(S).

Lemma 4 (see [23]).In a Hilbert space H, there hold-
s the inequality

lz +yl* < llel® +2{y, 2 +y), Va,y € H.
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Lemma 5 (see [4]).Let {s,} be a sequence of non-
negative numbers satisfying the condition

$nt+1 < (1 —Yn)sn + Ynln, ¥n >0,

where {y,},{0n} are sequences of real numbers such
that:

(i} C[0,1] and Y~77 o n = 00,
(ii) limsup,, o 0n, < 00r Y07 Vn|dn| < 0.
Then, lim,,_,~, S, = 0.

Lemma 6 (see [7]).Let H be a Hilbert space, f :
H — H is a contraction with coefficient 0 < p < 1,
and F' : H — H is an L-Lipschitz continuous and n-
strongly monotone operator with L > 0, n > 0. Then

for 0 <~ < pun/p,
(—y, (WF —~vf)x — (uF —~f)y)
> (un—p)lle—yl? x,yeH

That is, (WF —~ f) is strongly monotone operator with
coefficient un — yp.

3 Main Results

In the rest of this paper we always assume that F' is an

L-Lipschitzian continuous and 7-strongly monotone
T

operator with L,n >0 and assume that 0 < v < T
7 = p(n — pL?/2). Let {T),} be mappings defined

as Lemma 1. Define a mapping S,, : C — H by
Spt = Bpx + (1 — Bp)Sz, Vx e C,

where (3, € [k, 1), then, by Lemma 3, S,, is a nonex-
pansive. We consider the mapping G,, on H defined
by

Gpr = [I — an(uF —7f)]SpTh, 2, v € Hn €N,
where o, € (0,1). By Lemma 1 and 3, we have
|Gz — Gnyl|
< [1—an(m =) Tx,x — T, ¥l
< [—an(r =)z —yll

It is easy to see that (5, is a contraction. There-
fore, by the Banach contraction principle, Gz, has a
unique fixed point 2 € H such that

xﬁ = [I — an(pF — ’Yf)]SnTAn*'Eg'

For simplicity, we will write z,, for 2% provided
no confusion occurs. Next, we prove that the sequence
{x,,} converges strongly to a point ¢ € F(S)NEP(¢)
which solves the variational inequality

(WF —~f)g,p—q) >0, Vp e F(S)NEP(¢). (8)
Equivalently, ¢ = Pp(synep(g)ll — (1F —~f)lq.
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Theorem 7 Let C be a nonempty closed convex sub-
set of a real Hilbert space H and ¢ be a bifunction
from C'xC into R satisfying (Al), (A2), (A3) and (A4).
Let S : C — H be a k-strictly pseudo-contractive
nonself mapping such that F(S) N EP(¢) # 0. Let
F : H — H be an L-Lipschitzian continuous and 1-
strongly monotone operator on H with L,n > 0 and
0 <y <3 7=pn- uL?/2). Let {x,} be a
sequence generated by

¢(Umy) + ﬁ@/ — Up, Up — I’n> 2 07 Vy S Ca
Yn = Bpln + (1 - 6n)suna
Tp = [I - Oén(/J,F - fo)]yTH Vn € Na

where u, = T\, Tn, Yn = Spun, and {N\,} C
(0, 400) satisfy iminf, oo A, > 0, if {a,} and
{Bn} satisfy the following conditions:

(ii) 0<k<pB,<A<1land li_)rn Bn =\

then {x,,} converges strongly to a point ¢ € F(S) N
E P(¢) which solves the variational inequality (8).

Proof: First, take p € F'(S) N EP(¢). Since u,, =
Ty, xn and p = T p, from Lemma 1, for any n € N,
we have

lun = pll = 1 Th, 20 — Th,pll < [lzn =2l 9
Then, since y,, = S, u, and S, p = p, we obtain that

[Sntn — Snpl|

lyn —pl =
< Hun _pH < Hxn _p”'

(10)
Further, we have

1 — an(pF =~ f)lyn — pll

H(I — Qb )y — (I — anpF)p
+an Y f(Yn) — anv f(p)
+anyf(p) — anpFp||

l2n — P

< (1= anm)|lyn — pll + anypllyn — pll
+an||(vf — pE)pll

< (I —an)||zn — pll + anypllz, — pl
+anl|(vf — uF)p|

< [1—=an(m=yp)lllzn — pll

Fan||(vf — pF)p|.

It follows that ||z, —p|| < T_le(fyf—,u,F)pH. Hence,

{x,} is bounded, and we also obtain that {u,} and
{yn} are bounded.
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Notice that

lun = ynll < llun — 2all + |20 — yall
= |lup — x|l +
1[I — an(pF —v)yn — ynll
= lun — @l + anll = (WF =7 f)ynll. (A1)

By Lemma 1, we have

lun = pl* < | Tx,2n — T, pII?

< (Tn —p,un —p)
= S0 — ol + I
—|lun —:an2).
It follows that

lun = pl* < llzn = plI* = llun —2al®. (12)

Thus, from Lemma 4, (10) and (12), we obtain

lzn = plI* = [T = an(uF = 7f)lyn — plI>
= |l = an(uF —vf)lyn
—[I — an(uF —vf)lp
—an(uF — v f)pl?

< | = an(pF = v)lyn
—[I = an(uF —7f)lpll®
+20 (= (pF — v f)p, zn — D)
< L= an(r =) llyn — plI?
+2an || = (WF =)l - l|lzn — pll
< 1= an(r =) llun — pll®
20| — (uF =~ f)pll - |20 — pll
< [ —an( =) (l2n — pl?
—[|zn — Un”Q)
20| — (uF =~ f)pll - |20 — pll
= [1=20n(1r —p) + a2 (T —vp)’]
lzn — pl> = [1 — an(r — 7p)]?
|zn — unH2 + 200 || — (nF =~ f)pl|
[Jzn = pl|
< [+ ai(r =) llzn —pl?

—[1 —an(r - ’YP)FHxn - un”Q
+2ap|| = (' =~ f)pll - |20 — pl|-
It follows that
[1— an(m =) |20 — un?

< a2 —vp)Ylzn —pl?

+2an|| — (uF =y )pll - |z = pl-
Since o, — 0 as n — oo, we have
lim |lu, — z,|| = 0.

n—oo
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From (11), we derive

lim [, — yn|| = 0. (13)
n—oo

Define T : C — H by Tx = Az + (1 — \)Sx.
Then T is nonexpansive with F/(T') = F'(S) by Lem-
ma 3. Since

[Tun = ynll + lyn—unl|

[Tun — unl| <
< A =Balllun—Sun ||+ llyn — unll,

by using (13) and 3,, — A we obtain

lim || Tu, — uy|| = 0.
n—oo

Since {u,} is bounded, there exists a subsequence
{un,} which converges weakly to g. We shall show
that ¢ € F'(S) N EP(¢). In fact, C is closed and con-
vex, and hence C' is weakly closed, we have g € C.
Let us show that ¢ € F'(S). Assume that ¢ ¢ F(T),
since u,, — q and g # T'q, it follows from the Opial’s
condition that

liminf ||u,, — ¢|| < liminf ||u,, — Tq||
n—oo n—oo

IN

lim inf (|, — T, || + | T2t — Tl
n—oo

< liminf ||u,, — ¢
n—oo

This is a contraction. So we get ¢ € F'(T') and hence
q € F(S).

Next, we show that ¢ € EP(¢). Since u, =
T\, xn, for any y € C we have
1
(b(una y) + 7<y — Up, Up — xn) > 0.
n
From (A2), it holds that
1
)\7<y — Up, Up — I‘n> 2 ¢(ya Un).
n

Replacing n by n;, we have

Up, — Tp,;
)\ > - ¢(y7 unz)

ng

<y - unm

Since w — 0 and u,, — g, it follows from (A4)

n

that 0> ¢(;J, q) forall y € C. Let

z=ty+(1—1t)g, Vte (0,1],y € C.

Then we have z; € C and hence ¢(2¢,q) < 0. From
(AT) and (A4) we get

gb(zt? Zt)
to(z,y) + (1 —1)o(z1,q)
t¢(zt7 y)7

0

INIA
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and hence 0 < ¢(z, y). From (A3) we get 0< ¢(q,y)
for all y € C and hence ¢ € EP(¢). Therefore,
q € EP(¢)NF(S).

On the other hand, since

Tn —(
= —an(uF —vf)q + [ — an(uF — vf)|yn
[ — an(pF —vf)lg

we have

[El

= an(uF =7 f)q, 2n—q) + (I —an(uF' =7 f)]yn
—[I = an(puF —~vf)lg, 2 — q)

< an(=(uF = vf)q, 2n — q)
+[1 = an(r = yp)lllzn — gl

which follows that

1
e —all® < = (= a0 ),
in particular,
lzn, —al® < — o i U ]

Since x,,, — g, it follows from above that x,,, — ¢ as
1 — 00.

Next, we show that ¢ is a solution of the varia-
tional inequality (8).

Since
tn = [ —on(uF —7f)lyn
= [I — an(pF = yf)|SnTx, zn,
we have
(ulj = 7f)an

= [(I — SnT,\n){L'n

Qn

—an(F = )T = SuTy, ).
For any p € EP(¢) N F(S),

(WF =~ f)xn, xn —Dp)
= _Oéi«f — SpTy, )y — an(uF = f) -

(I - SnT/\n)xm Tp — Q>

1
= _07<(I — STy, )xn — (I = SpTy,)q,

Tp — q) + (U — v f)I — SuTx, ) Tn,
Tp —q). (14)

Note that (I — S, T}, ) is monotone (i.e.,(z — y, (I —
SpTh, )z — (I — SpTy,)y) > 0,forall z,y € H, due
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to the nonexpansivity of S, 7, ). Replacing n in (14)
by n; and letting ¢ — co, we obtain

(WE'=~f)g:q —p)
= Zliglo((/‘F - 'Vf)mm’xm _p>
}gg@((#F =) — SniTAni)xnwxni —p)
= 0. (15)

IN

That is, g € EP(¢) N F(S) is a solution of (8).

To show that the sequence {z,} converges
strongly to ¢, we assume that x,,, — Z. Similar to the
proof above, we have & € EP(¢) N F(S). Moveover,
it follows from the inequality (15) that

(WF —=~f)a,q— 1) < 0. (16)
Interchange ¢ and Z to obtain
(WF = ~f)2, & —q) <0. (17)

From Lemma 6, adding up (16) and (17) yields

(um —p)llg — |2

< {qg—2,(WF —~f)g— (WF —~f)Z)
<

Hence, ¢ = %, and therefore x,, — ¢, as n — oo,

(I = (uF =vHla—a,9—p) >0
Vp € EP(6) N F(S).

This is equivalent to the fixed point equation

Pepynrs)L — (nF —~vf)lg=q.

The desired result follows. O

Theorem 8 Let C' be a nonempty closed convex sub-
set of a real Hilbert space H and ¢ be a bifunction
from C'xC into R satisfying (Al), (A2), (A3) and (A4).
Let S : C — H be a k-strictly pseudo-contractive
nonself mapping such that F(S) N EP(¢) # 0. Let
F : H — H be an L-Lipschitzian continuous and n-
strongly monotone operator on H with L, > 0 and
0<y <7, 7= w(n — uL?/2). Let {x,} be a
sequence generated by: v1 € H arbitrarily,

¢(Unay) + i@/ — Up, Up — $n> >0, Vy e C,
Yn = /Bnun + (1 - ﬁn)Suna
Tpy1 = [ — an(pF — v f)lyn, ¥n €N,

where wn, = T\, Tn,Yn = Spun, if {an}, {Bn} and
{An }satisfy the following conditions:

(i) {an} C (07 1)’hmn—>oo o =0, Zzozl Qp =
00, Y o7 | amt1 — | < oo;
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(i) 0 < k < B, < A< 1andlim, o By, =
A 220:1 |6n+1 - Bn| < 00

(iii) {\} < (0,00), limpyooAn, > 0,
oo g1 — An] < 00;

then {xy} and {u,} converges strongly to a point q €

F(S)NEP(¢) which solves the variational inequality
(8).

Proof: We first show that {x,,} is bounded. Indeed,
pick any p € F(S) N EP(¢) to derive that

[Zn+1 = pll = [ — an(pF —vf)]yn — pl
= H(I - anNF)yn — (I — anpuF)p

+an Y f(yn) —anvf(p) + anyf(p) —cnpFp|
< (1 —an7)|lyn —pll

+anypllyn — pll + anll(vf — pF)p||
< [ —=an(r=yp)lllzn —pll + anll(vf—pF)p.

By induction, we have

(vf—uF)pH},

1
o = pll < max {[lz1 = pll, ——|
T—p
and hence {x,} is bounded. From (9) and (10), we
also derive that {u,, } and {y,, } are bounded. Next, we
show that ||, +1 — z,|| — 0. We have

Znt1 — 2nl
= |T—=an(pF'=7f)]yn
I —atn—1(uF =~ f)]yn-1ll

< [1 - an(T - 'Yp)]”yn - yn71||
+om — an_1|||(vf = pF)yn—1]|
< [L=an(m = v0)llyn — yn—1ll + Ko — an—1],
(18)
where

K = sup{||(vf — uF)yn|| : n € N} < 0.
On the other hand, we have

lYn — Yn—1ll = [|Sntn — Sn—1un_1]|
||Snun - nun—IH + ||Snun—1 - Sn—lun—lH

”Un - Un—lH + HSnun—l - Sn—lun—l”-
(19)

<
<

From up41 =T\, Tn+1 and u, = T, z, , we get

n—+1

¢(un+1a y) + ﬁ(y — Up+1, Un+1 — xn+1> >0

Yy € C, (20)
¢(un7y) =+ ﬁ<y — Un, Up — $n> >0
Yy € C. 21)
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Putting y = u,, in (20) and y = uy,41 in (21), we have

¢(Un+1a un) + ﬁ@’/n — Un+1, Un4+1 — mn—i—1> >0

Yy € C,
¢(Un, un+1) + ﬁ<un+l — Up, Up — ﬂ371> >0
Vy € C.
From (A2) we get
. un_xn_un+1_$n+1>>0
<Un+1 U, A, )\n—i—l =Y,

and hence

<un+1 — Up, Up — Up+1l T Uptl — Ty,
An
)\n+1

(Un-‘,-l - xn+1)> > 0.

Since lim,,_, A, > 0, without loss of generality, we
can assume that there exists a real number a such that
An > a > 0 forall n € N. Thus, we have

||un+1 - un||2 < <un+1 — Unp, Tn+1 — Tn
An

) (1 = @)

+(1 -
( )\n-i-l

IN

a1 = wnll{ w41 =

A
(1 = )| lunsr = asal
n+1
and hence
A —-A
s = 1l < s~ + 220l pgy 22

where My = sup{||un, — zp|| : n € N}.
Now we estimate ||Syu,—1 —Sp—1un—1]|. Notice
that

1Sntun—1 — Sp—1un—1||

= |[Bntn—1+ (1 = Brn)Sun—1]
—[Ba—1un—1 + (1 = Bn—1)Sun—1]||

< [Bn = Bn-alllun—1 — Sun—1]|. (23)

From (22), (23) and (19), we obtain

Hyn - yanH
My
< Hl"n—$n71||+7|)\n—>\n71’
+|5n - anlmunfl - Sunfln
< Hl’n - xn—l” + ’)\n - )\n—llMl

"Hﬁn _Bn—1|M1' (24)
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where M is an appropriate constant such that
My
My > 0 + [[un—1 — Sup-1]], ¥Vn € N.

From (18) and (24), we obtain

[Zn+1 — 20|

< Kloy —ap—1|+ (1 — an(t —vp))
([[2n — Zp—1ll + [An — An—1| M1
'Hﬁn - ﬁn—l|M1)

< (1= an(r — P)lln — nal

+M (Joy, — ap—1|
—H)‘n - An—l’ + |ﬁn - /Bn—l‘)a

where M =max[K, M;]. By Lemma 5 we have

lim ||zp+1 — 24| = 0. (25)
n—oo

Using (22) and (24) together with [\, — A,—1| — 0
and |3, — Bn—1| — 0, we have

lim |Jupt1 — ug| = 0.
n—o0
Jim {lyn1 = ynll = 0.

From the equality

Tyt = [I — an(WF —vf)|yn
it follows that
|Zn — Tpa1 |l + [ Tna1 — ynll

Hxn - xn—f—lH
Fan|l = (Vf = wF)ynll.

Hxn - ynH <

From «,, — 0 and (25) we get
lim ||z, —yn| = 0. (26)
n—o0

For p € F(S)N EP(¢), we have

Ty, 20 — Th,p)?
<mn — D, Un _p>

|t — pH2 =

IN

1

5 Ulen = plI* + [lun = p]*
7Hun - ‘T’I’L”2)a

which implies that

lun = pII* < llzn = plI? = lun — 2al®. @7
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Thus from (10) and (27) we derive that

|Zns1 — plI* = ||[L—an(WF =7 )]yn—pl|°
= |l — an(uF =¥ )]yn
~[I — a(uF —vf)|p — an(uF — vf)p|?

< (L= an(t = 70)Pllyn — plI?
+2an || = (LF =~y )plllyn — pll
+al|l = (uF — v f)p?

< un _pH2
20| = (uF =~ f)plllzn — pll
+ap | = (uF =7 f)pl?

< lzn _pH2 — [Jun — anZ

20| — (WF — v f)pll||lzn — Pl
+aZ| — (uF —~f)p|*.

Since o, — 0, ||zr, — Zp+1]| — 0, we have

lim ||z, — u,| = 0. (28)
n—oo
From (26) and (28), we obtain
[t = ynll < llun = znll + llzn = yull = 0,
as n—o0o. (29)

Define amapping 7' : C' — Hby Tx = Ax+(1—
A)Sz. Then T is nonexpansive with F'(T') = F'(S) by
Lemma 3. Since

< NTun = ynll + llyn — unll
< A= Balllun —

from (29) and 3,, — X\ we obtain

lim ||Tu, — uy| = 0. (30)
n—oo

Finally we show that

lim sup((uF — v f)q,q — xp) <0

n—oo

where ¢ = Pp(s)npp(g)[{ — (1F — v f)]q is a unique
solution of the variational inequality (8). Indeed, take
a subsequence {z,, } of {x,} such that

Jim ((uF =~ f)a,q = an,)
= limsup((uf" — vf)q,q — =n).

n—oo
Due to {uy,} is bounded, there exist a subsequence
{“ni].} of {u,, } which converges weakly to w. With-
out lose of generality, we can assume that u,, —
w. From (28) and (30), we obtain z,, — w and
Tup, — w. By the same argument as in the proof
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of Theorem 7, we have w € EP(¢) N F(S). Since
q= PF(S)ﬂEP(qS) [I — (uF — Wf)]q, it follows that

lirrisup<(uF —7f)a:q — zn)

= ((uF'=~f)g,q —w) <0. 3D
From
Tn+1 — (¢
= —an(puF —vf)g + [I — an(uF = vf)|yn
—[I = an(pF —vf)lq
we get

201 — qll?
< I —an(pF =y f)yn — T —an(WF =~ f)lq|?
+20 (= (pF = vf)q Tn+1 — q)
< L= on(m—v0)Pllzn — gl
20 (—(uF —vf)q, Tnt1 — q).
This implies that

| Zns1 — Q||2
< 1= 2an(1 = 7p) + (an(T —7p))?]

20 — qlI? + 200 (—(uF = vf)q, Tny1 — q)
= [1—2an(r — )20 — ql?

+(an (T — ’YP))QHxn - qH2

+2an(—(uF —vf)q, Tnt1 — q)
= [1—2an(r —p)ll|zn — q?

20 (7 — 7p) an(72— 1P) s

1
T W =g (D}
= (1= y)llzn — ql’ + mbn

where M* = sup{[|z, —q||* : n € N}, v, =
20, (1 —yp) and 6, = 22T32) e 4 (= (uF -

VF)a: Tns1 — ).

It is easy to see that lim,, oo v = 0, Y o0 Y0 =
oo and lim sup,,_,, 0n < 0by (31). By Lemma 5, the
sequence {z, } converges strongly to g. O

_|_

Remark 9 If C = H, S is a nonexpansive mapping,
{Ba} =0, (a,y) = 0 forall z,y € C, \y = 1, i =
1 and F = A, then Theorem 8 reduced to Theorem
3.4 of G. Marino and H. K. Xu [6].

Remark 10 If u = 1 and F = B in Theorem 7 and
Theorem 8, we can obtain the corresponding results
inY. Liu [16].
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