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Abstract: In this paper, the mean square exponential stability of the periodic solution for stochastic reaction-
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1 Introduction

The Cohen-Grossberg-type BAM neural networks
model, which initially proposed by Cohen and Gross-
berg [1], have their promising potential for the tasks
of parallel computation, associative memory and have
great ability to solve difficult optimization problem-
s. Such applications heavily depend on the dynam-
ical behaviors. Thus, the analysis of the dynamical
behaviors of bidirectional associative memory neural
networks and Cohen- Grossberg neural networks are
important and necessary. In recent years, many re-
searchers have studied the global stability and oth-
er dynamical behaviors of the Cohen-Grossberg-type
BAM neural networks, see [2-10]. For example, In
[2], Cao and Song investigated the global exponential
stability for Cohen-Grossberg-type BAM neural net-
works with time-varying delays by using Lyapunov
function, M-matrix theory and inequality technique.
In [6], by constructing a suitable Lyapunov func-
tional, the asymptotic stability was investigated for
Cohen-Grossberg-type BAM neural network. In [7],
the authors have proposed a new Cohen-Grossberg-
type BAM neural network model with time delays,
and some new sufficient conditions ensuring the exis-
tence and global asymptotical stability of equilibrium
point for this model have been derived. The authors
in [8,9,10] have investigated the periodicity of Cohen-
Grossberg-type BAM neural networks with variable
coefficients.

In the factual operations, however, the diffusion
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phenomena could not be ignored in neural networks
and electric circuits once electrons transport in a non-
uniform electromagnetic field. Hence, it is essential to
consider the state variables are varying with the time
and space variables. The neural networks with dif-
fusion terms can commonly be expressed by partial
differential equations. The study on the stability of
Cohen-Grossberg with delays and reaction-diffusion
terms neural networks, for instance, see [11-14], and
references therein.

In particular, the stability criteria for stochas-
tic Cohen-Grossberg neural networks becomes an at-
tractive research problem of importance. Some ini-
tial results have just appeared, for stochastic Cohen-
Grossberg neural networks, respectively, where, in
[15-20].

Higher-order neural networks have attracted con-
siderable attention, this is due to the fact that high-
order neural networks have stronger approximation
property, faster convergence rate, greater storage ca-
pacity, and higher fault tolerance than lower-order
neural networks. The authors in [21] have investigat-
ed the periodic solutions for a class of higher-order
Cohen-Grossberg-type neural networks with delays.
In [22], Huo, Li and Tang have investigated the dy-
namics of high-order BAM neural networks with and
without impulses. The authors have investigated the
exponential stability of high-order BAM neural net-
works with time delays [23].

Motivated by the above discussions, a class
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of stochastic reaction-diffusion high-order Cohen-
Grossberg-type BAM neural networks with time de-
lay is considered in this paper, we will derive some
sufficient conditions of existence, uniqueness and
the mean square exponential stability of the peri-
odic solution for stochastic reaction-diffusion high-
order Cohen-Grossberg-type BAM neural networks
with time delays by constructing suitable Lyapunov
functional, applying /to formula and Poincaré map-
ping. The rest of this paper is organized as follows:
In Section 2 the model formulation and some prelimi-
naries are given. The main results are stated in Section
3. Finally, an illustrative example is given to show the
effectiveness of the proposed theory.

Consider the following stochastic reaction-
diffusion high-order Cohen-Grossberg-type BAM
neural networks

dui(t,x) = ai(D sl ) gt — a; (uy (1, )

[bz(uz(t ))—j;az‘jfj(vj(t»x))
- i cij f[(v;(t — 735, 2))

7j=1
- Z Tijr [ (v () fi(vk(t))

m
]:

I M~

— I;(t)]dt

—_

+ _%1 ki (v (t, @) dewn+(8),
=
!
dvj(t, z) = ; o (E jka”g); Nt — dj(v;(t, 7))
[GJ(UJ )) Z bﬂg%(%(t 5”))
_lﬁjlhjigi(ui( — 0ji,T))
- § 3 Siiagh (us(9)a (g (8)) — Ty (0]
+ 35 oyt 2) (1),
(1)
where ¢ = 1,2,--- n,j = 1,2,---.m, x =

($1,ZC2,'--,$[)T S Qi C Rl and Qi is a
bounded compact set with smooth boundary 0f2;
and mes €; > 0 in space RY; w(t,x) =
(ur(t, ), ua(t, ), -, un(t,2))T € R o(t,z) =
(v1(t,z),v2(t, 1), -, v (t, z))T € R™, u;(t, z) and
vj(t, z) are the state of the ith neurons from the neu-
ral field Fy; and the jth neurons from the neural field
Fy at time ¢ and in space x , respectively; D;;z > 0
and E;;, > 0 correspond to the transmission reaction-
diffusion operator along the ith neurons and the jth
neurons, respectively; f; and g; denote the activation
function of the jth neurons and the ith neurons at
time ¢ and in space x, respectively ; a;; and c;; weights
the strength of the ¢th neuron on the j¢h neuron at the
time ¢ and ¢t — 75, respectively; b;; and h;; weight-
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s the strength of the jth neuron on the ¢th neuron
at the time ¢ and ¢ — oj;, respectively; 7;; > 0 and
oj; > 0 are nonnegative; I;(t), J;(t) denote the exter-
nal inputs on the ¢¢h neuron from Fy; and the jth neu-
ron from Fy at the time ¢, respectively; a;(u;(t,x))
and d;(vj(t,z)) represent amplification functions;
bi(u;(t,z)) and ej(v;(t,x)) are appropriately be-
haved functions such that the solutions of model(1) re-
main bounded; T}, and Sj;, are constants, and denote
the first- and second-order connection weights of the
neural networks, respectively; k(-) = (kij(-))nxm)
and p(-) = (pji(-))mxn) denote the diffusion coef-
ficient; w(t) = (wi(t),w2(t) -, wWnem(t))T is an
n + m -dimensional Brownian motion defined on a
complete probability space (£2,T", P) with a natural
filtration {I'; };>0 generated by {w(s) : 0 < s < t},
where we associate ) with the canonical space gen-
erated by all {w;(¢)}, and denote by I" the associated
o— algebra generated by {w(¢)} with the probability
measure P.

The boundary conditions and initial conditions of
system (1) are given by

Oui(t,x) _ Oui(t,x) Oui(t,x) Oui (t,x)\T __ 0
on - ( dzx1 ° Oxzz 0 Om ) -
red, i=1,2,---,n

Ovj(t,x) _ (Ov;(tx) Ov;(tx) 6’[)J(t£1}) -0
on ( dr1 ° 0wy 0 Oz ) s
red, j=1,2,---'m
)
and
ui(s,x) = dui(s, x), s € [—0,0], 3)
v (s, ) = ¢u;(s,x),s € [—7,0],
forx € Q;,i =1,2,---,n,5 = 1,2,---,m, where
o = max {0y}, 7 =  max {7},

1<i<n,1<5<m 1<i<n,1<j<m
¢ui(s,z) and ¢y;(s, ) are bounded and continuous
n [—9,0] x Q;, § = max{o, 7}
Consider a general stochastic system

{ da(t) = f(t.2(0)dt + g(t, w(t)dw(t),
x(to) = xo,t > to > 0,

where f : Rt x R" — R",g: RT x R — R".
Let CY2(R* x R™; RT) be the family of all non-
negative functions V (¢, x) on Rt x R"™ which are con-
tinuously twice differentiable in = and differentiable
int. If V(t,z) € CH?(RT x R™; R"), an operator
LV (t,z) is defined from Rt x R" to R by
LV(La) = Vilt,x)+ Valt, ) f(t,2)
1
—&—ftra,ce[gT(t, x)vzz(ta m)g(t, HJ)],

[\)

where
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Vi(t,z) = 8‘/8(?“”), of system (1) with initial value
V. (-[; Q;) — (8V(t,z) vtz . BV(t,x)) ?P = (wul (ta x)v wu2(t7 x)a T >wun(t7 x)a 7#vl (ta 33'),
x\by or1 Oz ' Ozn ) " ) o 1/} (t :L‘))T
V. (t .’E) _ (82V(t,x)) ¢’U2( 71"‘7 s Pom\b, )
ezl ~ \Owi0xy X for every solution
Applying It6 formula, we have Z(t,x) = (ur(t,z),us(t, ), -, un(t, ),

U1 (ta l‘), Uz(ta l‘), e 77}m(t) x))T
of system (1) with initial value

¢ = (d)ul(tvx)a ¢u2<t7x); T 7¢un(t7x)a

dV(t,x) = LV (t,z)dt + Vi(t,x)g(t, z)dw(t).

1mi 1 ¢U1(t7$)7¢v2(t7x)7"'7¢’Um(t7x))Ta
2 Preliminaries if there exist constants o > 0 and M > 1, such that
. eqe .. n
In order to establish the stal?lllty conditions for system > E(||ui(t, ) — ur(t, 2)|]2)
(1), we give some assumptions. i=1
m

o (H1) : Foreachi = 1,2,...,n,j = 1,2,...,m, + 2 E([lv(t,z) — U;‘(t,:v)H%)

functions a;(t, 2)),d;(t,2) are differentiable and Jf}l .

there exists A; > 0,D; > 0 such that 0 < < Mem*[E((|¢u—tulD+E([|pv=1u[])], >0,

dj(t,z)) < A;,0 < di(t,2) < Dj, and sat- then Z*(t, x) is said to be exponentially stable in the

isfy ai(t,z) > 0,d;(t,z) > 0, this is, there mean square, where E(.) denote mathematical expec-

: L _ tation

exist positive constants gi,ai,dj,dj, such that ’ 9
() —ur(t = [ (ui(t, x)—ul(t, z))2d

AU i ot )= 6 )18 = [ (st )= (0,) P,

2
7 2
0<d; <djt,z) <dj,Vz € R. ot z) —vj(t, 2)|3 = [ (v;(t, 2) —v}(t,2))*dz,

o (H2) : For a;(t,z),d;j(t, z), bi(t,z) and e;(t, 2), W
there exists 3; > 0andy; > 0,i1=1,2,...,n,j = [¢u — Yull = sup Z [ (t, ) = Pui(t, )3,
1,2,...,m,forany z,y € R, such that —ostsbi=l
(z = )lai(t, 2)bi(t, z) — ai(t, y)bi(t, y)] > 0, [0 = ol = sup 3 [[du;(t, ) — ot 2)]3.
Jai(t, 2)bi(t, 2) — as(t, y)bi(t y)| = Bilz = yl; 0
(z = )ld;(t, 2)e;(t, 2) — dj(t,y)e;(t, y)] = 0, Lemma 2 For (z1(t), 22(t), - -, am ()T, (25 (t), 25(0),
|d;j(t, 2)e;(t, 2) — dj(t,y)e(t,y)| > iz — yl. s ()T € R™, if hy(x;) are continuously dif-
o (H3) : The activation functions f; and g; are contin- ferentiable on xj(j = 1,2,...,m), then we have
uously differentiableonz € R, i =1,2,...,n,j = Tf: g biiw [ (@) ha(2x) — B (@) ha(20)]
1,2,...,m, and there exists constant f; > 0,g; > j=1k=1 WEEIA I b
0, F; > 0 and G; > 0, such that &, CNTE (N B (o
sup, |fj(z)| < ijy sup, ’gl(z>’ < !77;, - ]EI k§1(b2]k + bzk])[h’] (x]) h] (x])]hk (é—k)y
|f(&1) — fi(&)] < Fjl&1 — &, where , lies between xj and x5, k = 1,2, ... ,m.
19:(&1) — 9i(&2)| < Gilé1 — &2,
for any z, &1, & € R. Proof. Let

F(zj,xp) = hj(zj)h(og) — hi(z5)he(2y),

since hj(z;) are continuously differentiable on
zj(j =1,2,...,m), then F(x;, z}) are differentiable
on z;, T, by Taylor formula, we can obtain

o (H4) : Functions k;;(-) and pj;(-) satisfy Lipschitz
condition, that is, there exist constant L;; > 0 and
T}; > 0, such that

|kij (&) — ki (§2)] < Lij|& — &, Flaj, ) = F(a}, )
|pji(€1) = pii(€2)] < Tjilé1 — Ea, P () ey | PG (e
forany &1, € R,i=1,2,...,n,j=1,2,...,m. ©) O J J Dy, k k
_ 9hi(§; ) 4 Ohe(ER) g (e
o (H5) : I;(t), J;(t),w;(t) and wy,;(t) are continu- = "ou, hie(&k) (25 — 27) + Zgg, i (&) (21, — ),
ously periodic functions defined on ¢ € [0, 0o0) with where &;, §, lies between x; and 27, it follows that
common period w > 0, and they are all bounded, nom " *
oot o0 g 2 X buelhs (@i)hi(ee) = hi(ahe(e))
I = sup |Li(t)|, JI= sup [|J;(t)], mom (e
I3 0§t<oo| 1( )| j 0§t<oo| J( )| — E Z bwk[ahajiggfj)hk(gk)(xj _x;)
221’2’771’]:1’2777” jzlkzlah (5)
+ 0 14(&5) (2 — )]
Definition 1 Ler g Oh, (&) x
— biir 4 b )& (0 oy, '
Z*(tul‘) = (UT(t,l‘),U;(t,fﬁ),'”,U:L(t,gj),vf(t,x), jzz:lkzzz( wk+ lk'j) 222 (xj a:j) k(gk)
vi(t,x), vk (t,x))! be an w— periodic solution By using differential mean value theorem, we can get
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from the above equation

32 3 bigulh e haen) — h (e )]

<.

= 55 3 b+ b)) = R e ),

where &j, &k lies between z; and :1: ,3=12/.

Lemma 3 Assume that
m m 2
—20; + 2A;1F + 2 21 kE \Tijk|fj A;
j=1k=1

+ Zl[TjQi + (@i Fj + 2541 5)
J= _ _ _
+(az + 2f] )|ng‘ + ’b]1|d Gi + |h]1|d]G12]

+d; Z Z Gilsjiq + sjqil <0,
j=1g¢=1

n n
—27; +2D;JF + Zl > 9718jiq| D;
i=1q=

+ Z[ + \aij\c’ziFj + ‘Cij’diF] ©)
(d G +26i Dj)|bjil + (d; + 2g: D)  hyil]
+a; E Z Fj|Tiji + Tinj| <0,
i=1k=1
fori=1,2,---,n,5 =1,2,---,m, then there exists

o > 0, such that

a—262+2AI*+22 5 | Tijel £7 Ai
J=1k=1

+ T2+ (@F + 2f5A)|as|

Jj=1 _ _
(al —l— 2f] )|Cij‘ + ’bjﬂdei + ea"|hji\del2]

n n
o — 2’yj + 2D]J]* + Z:l Zl g?’sjiq’Dj
i=1qg=
n

-

(cZG + 26D )|bjil + (dj +2g:D;) |hjil]
+a; ZF‘ka+TN€J’<O
forz:i 2:

+ ‘aij‘(iiFj + eaT’cZ‘jmiF]

on,g =12,

Proof: Let o m
vila) =a —20; + 24,17 + 2 Z Z | zgk|f A;
]: :

Z [T7 + (a:Fj + 2f; Ai)|aij]

J= _ _
(d + 2fJ )‘Cw’ + |bﬂ‘d Gi + eaU’hji’dez‘Q]
J Z Z Gilsjiq + Sjqil,

j=lg=1
n o n
1/}]'(05) = — 2’}/]' + 2DjJ; + Zl 21§]2'|5jiq|Dj
1=1q=

+3 (L
i=1

=

12j + |aij|c‘ziFj + eO‘T|cij|aiFj
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(JG +2g:D;)|bji| + (dj +23:D;)|hyil]

n m

Z Z Fi| Tk + Tikj)
f0r2:1_2 nji=1,2-,m
Obviously,
deded » 0, lim gi(a) =400, 9i(0) <0,

a—+00
dw]( a) : . _ )
>0, lm_vy(0) =40, 3;(0) <0

forz—1,2,...,n,j:1,2,...,m

Therefore, there exist constants o, o}
€ (0, +00), such that
vila;) =0, i=1,2,...,n,
wj(a;) =0, 7=12,...,m
We choose
a=min{ay,ag,...,apn, o, ab, ... ok},

then o > 0 and it satisfies that
vi(la) <0, i=1,2,...,n,
T/JJ(OC)SO J=L2,...,m,
which means there exists constant o > 0, such that

m m _
o =25+ 240 +2 % kz Tl [7Ai
j=1k=1

Ms

[T + (aZF- -+ 2,f]AZ)|al]|

J: — —

+ (@i + 2fa ileij| + [bjild;Gi + €27 hyild; GF]
+CZ Z Z Gilsjig + Sjqil <0,

j=1lg¢=1
a—2v; +2D;J7 + Z Z g; 2|sjiq| D;
’L— qf

+ Z[ .4 |aij|(_liF‘ —|—6aT|Cij|C_LiF

(d G +25:D ) |bjil + (dj + 23

+a; Zlkz Fujz]k"’_Tzkﬂ <O
= 1
fort =1,2,---

Dj)|hjil]
7”7.7 = 1727"'am

3 Main results

In this section, we will derive sufficient condition
which ensure the existence, uniqueness and the mean
square exponential stability of the periodic solution
for system (1).

Theorem 4 For the system (1), under the hypotheses
(H1) — (H5), there exists one w-periodic solution of
system (1), and all other solutions of (1) exponentially
converge to it as t — +o0 in the mean square, if (5)
and (6) in Lemma 2 hold.

Proof: Let

b = {¢|¢ = < ¢u ) ¢u - (¢u17¢u27"’ 7¢un)T’

Pu
¢v = (¢1)17 ¢v27 Co 7¢vn)T-}
For any ¢ = (¢, ¢1)T € ®, we define the norm of
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¢: 1ol = lléull + [I¢u]l. in which
19ull = sup_ @Z [ pui(s)13;

—O' S

9ol = sup_ ZH% Ol

—7<5<
then ® is the Banach space of continuous function-
s which map ([~¢,0],[—7,0])7 into R"*™ with the
topology of uniform convergence.

For any (¢, ¢1 )", (¥, ¢0)", € @, we denote
the solutions of system (1) in the initial conditions

(()-(2))-L0)-())

as

’LL(t, z, qbu) = (’LLl(t, x, ¢u)7 T 7un(ta z, ¢u))T,
v(t, T, ¢p) = (vi(t, @, P0), -, vm(t, @, ¢v))T7
and

U(t, z, wu) = (ul (t) xz, wu)7 U )un(ta z, wu))T’
U(t,x,"l/}v) = (vl(ta xz, w’v)a o 7Um(t71’71/1v))T’
respectively. Defining
ut(¢u) = u(t +p,, ¢U)7 pE [_07 0]7
’Ut(¢»u) = U(t+pax7¢’u)7p € [_7_70]775 > va S Qi>
then (us (o), vi(¢y))T € @, forall t > 0.
Let

yl(tvl‘) = ui(t7x) ¢u) - ui(t7$a¢u)a

Z](twr) = Uj(t7$7 ¢v) - Uj(ta x)dh))a
fori=1,2,---.n,j=1,2,--,m
From (1), we derlve

dyz(t .’E) amk( ik 8y8:(5th )dt
)

—la Z(Uz(t T, ¢u))bi(ui(t, , du))
— a;i(u;(t, $a¢u )bi(ui(t, x %))] 1

Db
—a;(ui(t, @, ¢u)){ 2 ais[f(vi(t, z, b))

7=1
— fi(vi(t, )] + E cijfi(v;(t
- f%(”jn(lt_Tija )]
+ Zl kzz:lTijk:[f](U](uxv¢v))fk(vk(t7xv¢v))

f](vj(t"rad)v))f (’Uk(tvxv¢v))]}dt
Hlai(ui(t 2, ¢u)) — ailuilt 2, 9u)))-
[E aij fj(vj(t, @, ¢v) +j§10ijfj(vj(t—ﬁja93>¢v))
S Tign 5 (vt 0)) fie(vt, 2, 16,)

k=1
0t + 3 s 0, 64)

- Tij,l’, ¢’U))

—_

MS“

_|_

~ S
l

+

—kij(vj(t, 2, 9y))]dwny;(t), @)

l
dzj(t,x) = Y S (B 220 gy

= T oxy,

- [dj(vj(t,;” Pv))e;j(vi(t, z, dy))
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- dj(vj(tﬂ x, ¢U))ej7(lvj(t’ xz, ¢v))]dt
- dj(vj(tvw,%)){z bjilgi(ui(t, z, du))

— gi(ui(t, z,¢y))] + Z h]z[gz(ul(t — O0jiy Ty bu))
_gg(vz;gt 0jiy, L 7wu))]
+ > Zl Sjiqlgi(ui(t, z, ou))gq(ug(t, z, du))

1=1q=
- gi(ui(t7 Z, wu))QQ(UQ(t7 xz, %))]}dt
+7[ldj(71j(t, T, ¢p)) — dj(“jéta z,1y))]-
(> bjigi(ui(t, z,vu)) + Z hjigi(vi(t

- Uji? x, d]u))
=1
n

+ Z Z ngqu(uz(t x wu))gq(uq(t wku))

i=1q=1
+ Jj (t)]dt + .;[pji(ui(ta xz, ¢u))

—pji(ui(t; x, u))|dwi(t), ®)

fori=1,2,---,n,j=1,2,---,m
We consider the following Lyapunov functions

Vilty(t.) = e 32 9 (1)

n o m t
; Z:: |clj‘ait7f” ea(S+Tij)|fj(v]'(S’xv ¢v))
_fj(vj(s7xawv))‘2ds7 (9)

Vat, 2(t, 7)) = et 32 22(t, 2)

e(s+054) lgi(ui(s,x, du))

—gi(ui(s, z,1,))ds, (10)

where « is given by Lemma 3.
From (7), applying It6>s formula to Vi (¢, y(t, x)),
using Lemma 2, we have

dVi(t,y(t, z)) = ac™ i y2 (t,x)dt

+2eatzyz<, >{z 2 (D 2Ly .

[az(ul(t €, ¢u))b (ul(t T, bu))
— a;(ui(t, x,@bu))bz(uz(t x @Z)u))]

= as(uilt,m, )L S aislf; (vt 7, 60)

j=1
— filvi(t, @,90))] + ji cij[fi (vt = 7ij, @, dw))
- f%(vzr(f Tij> T ¥v))]
+ 2221 ZlTuk[fa(%(t’l’ s Ou)) fre(vk (¢, 2, d))
— fi(vi(t,z, ) fr(vr(t, 2, 1y))] dt
+la ,(u (t, =, du)) — ai(ui(t, z,¢u))]-
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INgE

[

J

i3 03 ) + 32 i 030 =i, 30)
n ijkfj(vj(tvx,%))fk(vk(tw,wu))

)]dt + 5 kit 00)) -
oy (1)) e > 3 kij(vj(t, 2. 60))

i=1j=1
= ki (v (8, 2, ) dt

+ Z Z ‘Cz]’a [ (t+7is) ’f] U](t wv(b'u))

i=1j=1
— fi(j(t, @, )P — e fi(vj(t = 75, %, P0))
— fi(v;(t — 7ij, @, 00)) [*]dt

n
< aet 3 g2 )t

I
/_\ ||M3“

Eij(vj(t, @, )]

Oyi(t,z)
oxy,

afi{i yilt, x)

=1 k=1

— Bt 2)dt + i 3 Jagg|F |z (0, ) lwi(t, )|t
=

+a; Z |cigl| £ (vi(t = Tij, 2, Pu))

_fj( ( — Tij, X z, )| |yi(t, x)|dt
+a; Z Z F; ’szk +TszHZJ(t z)||yi(t, )|dt

(Dik )dt

[Z ‘a2]|f] + Z ’CZj‘fj + Z Z ’szk‘fQ
+ I;]Aiyi (t,x)dt + E[ ij

- km(t 7, 00wt x)dwnﬂ(t)}
€ot 32 3 L2 22 (L a)dt + Y 3 Jegla[en ()
i=1j=1 i=1j=1
| fi (vt @, d0)) — fi(vj(t 2, 40)) |
—e| fi (v (t—Tij, 2, Po)) — ](v](t Tij> @, Uy)) |*]dt

n
< ae®t 35 y2(t, z)dt
=1

Oy (t,z)
oxy,

Lot SSUY 2, )t

i=1 k=1
m

— 2B;y2 (t, x)dt + a; Zl |aij| F; [zf-(t, x)
J:

5U)a%k(Dik

+y2(t, 2)]dt + a il il [1£(03(t = 735, 7, 60))

— [i(vi(t — 7ij, @, 00)) |* + y2 (t, 2)]dt
m m

+a; 21 kZ F;| Ty + Tz‘ijZ]z(t,CC)
j=1k=1

m _ m _
+yi(t,x))dt +2[Zl lag;| fj + Zl |cij| £
J= J=
+ Zl kZl | Tjil £7 + IF] Asy (t, ) dt
= =

+2 5 (06, 60)) = s 03 80)
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' yz(ta x)dwn-iﬂ( )} _|_eat Z Zl Lzy ]( )dt
i=1j
* Z1 Z |cijlai[e” (t+7is) | fi(v;(t,z, b))
i=1j=1
— [iwj(t, 2, 0)|* — €| fi(v(t — 7ij, 2, du))

— fj(vj(t — Tij» T, %))ﬂdt
n

<2e* 30 3 wilt, 2) 5o (Di ayégf <)
i=1k=1

+ et Z[Oé—2/8i+2(§l: |aij| fi + Z leij|f;

+ ZlkZ ’szk|f2+I*)A +a; Z ’aZ]‘F
J 1 ]
m

+ai Z |cij| + @i Z Z Flez'jk + Tirj |y (t, =) dt

)dt

Se
Il

3

m m
et E[Z a,]aU]F +a; Yo 3 Fj|Tin + Tirgl
j=11i=1 j 1k=1

=1 t n m =1
+ 2e” Z Z [klj(vj(taxa¢v))

i=1j=1
—Fkij(v;(t, @, o)) ]yi(t, &) dwnyj(t).  (11)

From (8), applying It¢'s formula to Va(t, z(t, z)),
similarly, we also get

m [
Vit () < 267 35 0 () (B 5
] -

m
et 21[04 — 27 + 2(21 |bjilgi + 21 \hjs Gi
j 7 i=

3lsjigl + J7)Dj + d; Z |bji| G

(t,z)dt

<

3

_.I_
_
m:
=5
)

+

Mz S

|hjil]25 (¢, )dt + e Z[Z d; |b;i|Gi

=1 j=1

-
Il
_

+

|h]l|d GQ e Gi|5jiq + qui’

<.
I
—

1 MSTMS

+
’ﬂ

22 2)dt + 26" ﬁ it 2. 6.)

Ji

<
I
—

—pji(ui(t, z,¥u))] 2 (t, z)dw;(t). (12)

Let

V(L y(t @), 2(t ) = Vit y(t,2)) + Valt, 2(1,
Applying Ité s formula to V (¢, y(t, x), z(t, x)), fr
(11)-(12), we can obtain

))

4V (ty(t,2), 2(t,2))
< 2t 121 kzl yz(t x) (Dzk%ﬁ;m))dt
ot $8 5 (8 ) (B 5t

j 1k=1
m. m o
oot 3 {a— 26, 4+ 247 +2 3 3 [Tnl [PA
i= J=th=1

+ Zl[Tﬁ- + (@i Fj + 2fA0)|aij| + (@i + 2f;Ai)|ci]
J:
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’ij‘CZG + eaa‘hji‘J,GZ]
+d Z Z Gilsjiq +8]q1’}yz (t,x)dt

Jj= 1q7
Lot Z {a =2y, +2D,J + Zl 21 93 1s5iq| D;
= e
n
> (L7 + lajlaiFy + e7|eijlai F

+
=1 _

—|—( G +2_Qz )|b]1|+(d +2g;D )’h]l”
+ a;

i ; g:lF ’T’Uk"i'Tzk]Hz (t :L‘)dt
260 52 5% ki34, 00)) s (6, 0)
it @) dun 45 () + 2690 3 3 [pji(uit, 7, bu)

i=14=1
= pjiui(t, z, ¥u))] 25 (t, w)dwi(t).
By Lemma 3, we obtain

v (t, y(t x) z(t,x))
<2600 35 5 y(t, ) o (D 2
i=1k=1
Loty 2j(t, x) g (B, 2 dt
j=1k=1
+2e -21 Zl[kij(vj(t,xa Pv)) = kij(v; (¢, 2, 90))]
i=1j=
it m)dwn-i-j(t) +2e Zl > [pj’b(ul(t T, ¢u))
i=1j5=1
—pji(ui(t, z,v%u))] 25 (L, 2)dw;(t). (13)
From (13), we get
Vit y(t x),Z(l z)) < V(0,y(0,2),2(0,2))
+ 2f€as i > yz’(&@%(@k%‘l’”)ds
0 i=lk=1
! as moJ o 0z;(s,v)
+2 /e 3 Y zi(s,0) g5 (i =4, )ds
0 j=lk=1
t n m
+20f€a5 Zl Zl[kij(”J(Sam’ﬁbv))
i=1j=
- kii(vj(s, T, o)) |yi(s, T)dwny;(s)
+2[e* 30 3 [pji(ui(s, z, ¢u))
0 i=1j=1
—pji(ui(s, @, ¥u))] 25 (s, x)dwi(s)- (14)
From (14), we have
f V(t,y(t,z),2(t,z))dz
< f V(0,y(0,2),2(0,z))dx
t n 1 5 5 ( )
+2[e* 30 3 [ yils,v) go- (Dir7g, " )dads
0 i=lk=1Q;
t m
+2[e* > > [ zj(s,x)a—m(Ejkazégf m))dxds
0 j=lk=1¢;
t n o m
+2 [ e Z Z S (ki (vi(s, 2, ¢w))
0 i=1j=1Q;
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= i, 0 s 5, )9

n

+2fe” 55 [lojius(s, 2, 64))

i=1j=1Q;
—pji(ui(s, z,¥u))] 25 (s, ¥)dzdwi(s).

From (9) and (10), we have
V(t,yt, z), z(t,x))

atzyz tl‘

15)

t>0. (16)

Z (t,2)],

Jj=1

<
—
=
<
—

=)

2),5(0,2)
2(0,z) + > ZJZ(O,.%)
J=1

0
|cijlai [

—Tij

_fj(vj(&x»wv))Pds + Z Z |hﬂ|d f

]7 =1 70']7,

I
or
<

s
Il
—

T [f(v;(s, , 6u))

+
s
3

@
I
—
.
I
—

a(s+0oj;)

[gi(ui(s, x, dy)) — gi(ui(s,x,wu))}st.

It follows from the boundary condition that
!
0 i\l
X, st 2) o (D 25
= J it ) VD da

= fV yi(t, ) (Dip 258

- f_( a2 V(e )

x

A7

—1dz

y; (t,x
= J wilt,2)Di Qulba)yl | ds

'L

89@ (, x))de

—ZID

(18)

:—Z/le ayltm dl’,

k=1¢),

where V = (52, -2 .. 8—))T
(Dyy, 2t2))

oxy,

- ,DilM)T-

0z (t,x
= [ %(t.2)V(En slaly)

ot
= [ V-2t ) (Ejp B da

)k dx

o, oxy,
-] (B2 - Vzj(t, 2)da
' 0z(t,x
= | 2i(t,2) D L)) ds
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l
0z(t,x
- P

l
0zi(t,x
=3 [ gy, (19)
k=1g), k
Wha(t) 9z (t,x) 9z (t,x)
(B ey = (Bn 8, By T,

From (15)-(19), we obtain
+]Z_I E(|[vj(t, 2, dv) — vj(t, z,0)]13)
< e_at[i; E([|¢ui(0, z) — 1ui (0, 2)||3)

+ i E([¢0i(0, ) — 03 (0, 2) 2)]

n o m 0
S Y JeglaiFF [ e ST B(|| gy (s, x)
i=1j=1 77”
— tuj(s, 2)|[3)ds +e~* Zl > [hyild; G2
j=li=1
0
J et E(|puils, 2) — vuils, x)|[3)ds
—0ji
< e L+ 7 3 max (|hil G dE(|¢u — vull)
j=1 1<i<n

— oT n 2 —
e[ 7 3 ma (e | FR)aE (|6, — vl

= Me™[E(lpu—tul)+E(ldv—tul)), ¢ >0,
(20)

ao m —
where M = max{1 + <= " max (|hj;|G?)d;,
o Zii<i<n ’

1+ %i max (e | FP)ai} > 1.
Let
E(|lu(du) = u(su)l)
= Z E([Jui(t, z, ¢u) —
(HU(%) — u(¥)]])
= 3 Bt 60) -
From (20), we have
E(llu(¢u) — u(tu)l])
< Me™[E([l¢u — ¢ull) + E(ll¢ — tul))], > 0,
E([[u(pv) — u(th)]]))

< Mem[E([|u — ¢ull) + E(l¢0 — ¥o|D], > 0.
We can choose a positive integer N, such that

Me—eWete) < L1 p € [-5,0]. Now we define a
Poincaré mapping F: p — p by

Ui(t,fﬁ, @bu)H%)’

vi(t, @, 90 [13)-

0 F(¢ua ¢U)T = (Uw(¢u),vw(¢v))T7
then
FN(¢U7 ¢U)T = (uNw(¢u)7va(¢v))T-

Let t = Nw, then have
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E(|FN¢u — FNupy )

< 3E(lpu — ull) + E(lldw — o)),
E(|[FN ¢, — FNy )
< 3[E(6u — Yull) + E([ld0 — vul])].

By the integral property of measurable functions, we
can obtain

||FN¢U - FN@buH

< 3[E(léu — ¢ull) + E(ll¢v — vl)], a-e
||FN¢U - FvaH

< 3[E(léu — ¢ull) + E(ll¢v — vull)], a-e

This implies that FV is a contraction mapping, hence
there exist a unique fixed point (¢%, ¢*)T € ®, such
that F™ (65, 63)7 = (65,637 Since

()=l ()= ()

, then F(¢%, ¢*)T € @ is also a fixed point of F'V,

and so
F(oy, 05)" = (05, 03)7,
= (¢%, 05)".

(uw(¢f¢)77}w(¢2))T
Let (u(t,z, ¢%),v(t, 2, #%))T be the solution of sys-
tem (1) through

() (&)

then (u(t 4w, z, %), v(t +w,z, ¢*))7 is also a solu-
tion of (1). Obviously

Ut (D7) I (uw(oy)) _ ut(y,)
Vt4w(97) v (vw(97)) v(dy) )7

for all ¢t > 0. Hence

u(t+w,z,¢y) \ [ ult,z, o)
v(t+w,x,d5) |\ vtz 08 )

forall ¢ > 0.

This shows that system (1) exists one w— periodic
solution, and other solutions of system (1) exponen-
tially converge to it as ¢ — +oo in the mean square.
This completes the proof.

1.e.,

Remark 1: In system (1), if k;;(-) = 0, pji(-) =
0, = 1,2,---,n,7 = 1,2,---,m, we obtain
the following reaction-diffusion high-order Cohen-
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Grossberg-type BAM neural networks

l St
dul(tx Z %(Dzkaué:(ﬂt}; )) _ az(ul(t,l'))

k=1 m
[bi(ui(t, z)) — ; ai; f5(v;(t, z))
- § cij fi(v;(t
= > 2 T fi(vi () fi(v(t)) — Li#)],
) — 3 0 (B 250)) o1, 2)

Oxp \J Ozy

1
lej(v;(t,z)) — ZZ::l bjigi(wi(t, x))

— Tij, T))

NI
Il
—

N
I

—_
[}
Il

i

2D
where: =1,2,--- n,j=1,2,---.m
Using same proof methods of Theorem 4, we may
obtain the following Theorem 5.

Theorem 5 For the system (21), under the hypothe-
ses (H1), (H2), (H3), H(5), if

—2B; + 2A4;IF +2 E Z Tkl £7 A

+ Z [(a;F; +2f;A i)|aij‘
j= _ _
+ (EL + 2fj ileij| + [bjild;Gi + |hyild; G

+dj E Z Gi‘Sjiq + qui’ <0,
j=1¢=1

n n
—2v; +2D;JF + Zl Zl ggysjiqwj
1=1qg=

3

Z [laijla: Fy + |cijlai F;

(dG +2gz )bsil + (dj + 29, D;)|hji]

+a; E Z F‘Tl]k"i'Tzkﬂ <0,

for z = 1 2 ,n,j = 1,2,---,m, there exists one

-perlodlc solutmn of system ( 21 ), and all other solu-
tions of (21) exponentially converge to it as t — 400
in the mean square.

4 Example

In this section, we give an example for showing our
results.

Example 4.1. Consider the following stochastic
reaction-diffusion high-order Cohen-Grossberg-type
BAM neural networks(n = m =1 = 2)
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aui )
a%(pik#)dt — ai(ui(t, 7))

Mm

k

[bi(ui(t, z)) —

Jj=1
2

_]; cij fi(vj(t — 7ij, 7))
LSS Ty (o (0) () — Li(t)]de

7j=1 1

I
—

2
> aij fi(vi(t, x))

B
Il

IS

+ kl]( (t, 37))dwn+9 (t),

J
2 o Ov;(
dvj(t,2) = 2 g (Eji St))dt —

(v3(t,)) — 3 bjsgi(us(t, 2))

=1

- h‘j’Lg’L(uZ( O'ji,l’))

7,:1

- Z Z Sjiqgi(ui(t))gq(uq(t)) — J;(t)]dt

1= 1q7
+ :leji(Ui(t,x))dwi(t),

1

J

dj(v;(t, x))

‘lej

<.

(22)
where
a1 = 45, Q12 = 35, Q21 = —15, A2 = —3%,
Cll =44, Cl2=gg, C21 = —75 €22 = —gg,
bii = 55, b2 = =5, b21 = 155, 022 = — 10>

_ 1 1 1 1
hi1 = —55, h2 50 ha1 = — 1595 h22 100
i 10007 i, Jykyq=1,2.

as(t,z) = 1+ Larctanz,
di(t,x) = da(t,x) =2+ arctanm
b1<t,$) - bQ(ta .’IJ) =7,
el(tvx) = 62(t,l‘) = %7
fl(tam) = f2(tvx) = 2sinz,
91(t,z) = ga(t, ) = cosu,
kij(t,x) = 1sinz, pi(t,z) = 3cosz,
Ii(t) = 55 (2 + sint), Ji(t) = 15(1 + sint),

wi(t) = woyi(t) =1+ sint, i=1,2,57=1,2.
It is easy to show that we can choose the constants
in the conditions (H;) — (Hs) as follows.

F=2 Gi=1, f;=2 g=1, =3,
72_ 7a1_37 Q % d:gvd_%
Az‘=71r, Di=21 Ljj=1% Tj=g,
=3, J =35 4j=12

We have]the following results by simple calculation
—2B; + 2A,IF 42 i i Tkl £7 A
j=1k=1
i [T7 + (@i Fj + 25 A)|aij|
‘@ 2L A0less| + [bsild;Gi + Thyild; G

+d,; Z ZG\sm—i—s]q,]<O
j=1lqg=1
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—2vj +2D;JF + Z Z g]\sﬂq]D

i=1q=1
+ Z (L3 + |aijlaiFj + |eijlaiF;
(d G +ng Dbjil + (dj + 25

+a; Zl Z F; ‘,Tz]k +Tzk]| <0,
i=1 k=
fori =1, 2 ,j=1,2.

It is straightforward to check that all conditions

needed in Theorem 4 are satisfied. Therefore, by The-
orem 4, system (22) has exactly one 27— periodic so-
lution, and the 27— periodic solution of system (22)
is mean square exponentially stable.
Remark 2: In system (1), if k;;(:) = 0,pi(-) =
0,7,7 = 1,2, the other parameters are the same as
that in Example 4.1. We have the following results by
simple calculation

2 2 _
—20B; + 2A; I +2 21 kz Tyl 7 Ai
j=1k=1

Dj)lhjil]

2 _
Zl[(dz‘F‘ + 2f;Ai)|aqj)|
J _ _

+ (a + 2f] )‘Cw’ + |b]2‘d Gi + ‘hji‘dezZ]
+d;

Z ZG\leq+s]ql]<O
j=1lq=1

2 2
—2v; +2D;J; + Z Z 9;lsjia D;

+ Z [laijla; Fj + |cz]|az

(dG +29r )|bjil + (dj +2g:D;) ;]|
+a,zl z Fy[Ty + T | < 0,
P
fori, 5 = 1 2.

It is stralghtforward to check that all conditions
needed in Theorem 5 are satisfied. Therefore, by The-
orem 5, system (21) has exactly one 27— periodic so-
lution, and the 27— periodic solution of system (21)
is mean square exponentially stable.

5 Conclusion

In this paper, some sufficient conditions have been
obtained ensuring the existence, uniqueness and the
mean square exponential stability of the periodic so-
lution for a stochastic reaction-diffusion high-order
Cohen-Grossberg-type BAM neural networks with
time delays. An examples is given to show the effec-
tiveness of the results. The given algebra conditions
are easily verifiable and useful in theories and appli-
cations.
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