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1 Introduction

The Cohen-Grossberg-type BAM neural networks
model, which initially proposed by Cohen and Gross-
berg [1], have their promising potential for the tasks
of parallel computation, associative memory and have
great ability to solve difficult optimization problem-
s. Such applications heavily depend on the dynam-
ical behaviors. Thus, the analysis of the dynamical
behaviors of bidirectional associative memory neural
networks and Cohen- Grossberg neural networks are
important and necessary. In recent years, many re-
searchers have studied the global stability and oth-
er dynamical behaviors of the Cohen-Grossberg-type
BAM neural networks, see [2-10]. For example, In
[2], Cao and Song investigated the global exponential
stability for Cohen-Grossberg-type BAM neural net-
works with time-varying delays by using Lyapunov
function, M-matrix theory and inequality technique.
In [6], by constructing a suitable Lyapunov func-
tional, the asymptotic stability was investigated for
Cohen-Grossberg-type BAM neural network. In [7],
the authors have proposed a new Cohen-Grossberg-
type BAM neural network model with time delays,
and some new sufficient conditions ensuring the exis-
tence and global asymptotical stability of equilibrium
point for this model have been derived. The authors
in [8,9,10] have investigated the periodicity of Cohen-
Grossberg-type BAM neural networks with variable
coefficients.

In the factual operations, however, the diffusion

phenomena could not be ignored in neural networks
and electric circuits once electrons transport in a non-
uniform electromagnetic field. Hence, it is essential to
consider the state variables are varying with the time
and space variables. The neural networks with dif-
fusion terms can commonly be expressed by partial
differential equations. The study on the stability of
Cohen-Grossberg with delays and reaction-diffusion
terms neural networks, for instance, see [11-14], and
references therein.

In particular, the stability criteria for stochas-
tic Cohen-Grossberg neural networks becomes an at-
tractive research problem of importance. Some ini-
tial results have just appeared, for stochastic Cohen-
Grossberg neural networks, respectively, where, in
[15-20].

Higher-order neural networks have attracted con-
siderable attention, this is due to the fact that high-
order neural networks have stronger approximation
property, faster convergence rate, greater storage ca-
pacity, and higher fault tolerance than lower-order
neural networks. The authors in [21] have investigat-
ed the periodic solutions for a class of higher-order
Cohen-Grossberg-type neural networks with delays.
In [22], Huo, Li and Tang have investigated the dy-
namics of high-order BAM neural networks with and
without impulses. The authors have investigated the
exponential stability of high-order BAM neural net-
works with time delays [23].

Motivated by the above discussions, a class
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of stochastic reaction-diffusion high-order Cohen-
Grossberg-type BAM neural networks with time de-
lay is considered in this paper, we will derive some
sufficient conditions of existence, uniqueness and
the mean square exponential stability of the peri-
odic solution for stochastic reaction-diffusion high-
order Cohen-Grossberg-type BAM neural networks
with time delays by constructing suitable Lyapunov
functional, applying Itô formula and Poincaré map-
ping. The rest of this paper is organized as follows:
In Section 2 the model formulation and some prelimi-
naries are given. The main results are stated in Section
3. Finally, an illustrative example is given to show the
effectiveness of the proposed theory.

Consider the following stochastic reaction-
diffusion high-order Cohen-Grossberg-type BAM
neural networks

dui(t, x) =
l∑

k=1

∂
∂xk

(Dik
∂ui(t,x)
∂xk

)dt− ai(ui(t, x))

·[bi(ui(t, x))−
m∑
j=1

aijfj(vj(t, x))

−
m∑
j=1

cijfj(vj(t− τij , x))

−
m∑
j=1

m∑
k=1

Tijkfj(vj(t))fk(vk(t))− Ii(t)]dt

+
m∑
j=1

kij(vj(t, x))dωn+j(t),

dvj(t, x) =
l∑

k=1

∂
∂xk

(Ejk
∂vj(t,x)
∂xk

)dt− dj(vj(t, x))

·[ej(vj(t, x))−
n∑
i=1

bjigi(ui(t, x))

−
n∑
i=1

hjigi(ui(t− σji, x))

−
n∑
i=1

n∑
q=1

Sjiqgi(ui(t))gq(uq(t))− Jj(t)]dt

+
n∑
i=1

ρji(ui(t, x))dωi(t),

(1)
where i = 1, 2, · · · , n, j = 1, 2, · · · ,m, x =
(x1, x2, · · · , xl)T ∈ Ωi ⊂ Rl and Ωi is a
bounded compact set with smooth boundary ∂Ωi
and mes Ωi > 0 in space Rl; u(t, x) =
(u1(t, x), u2(t, x), · · · , un(t, x))T ∈ Rn, v(t, x) =
(v1(t, x), v2(t, x), · · · , vm(t, x))T ∈ Rm, ui(t, x) and
vj(t, x) are the state of the ith neurons from the neu-
ral field FU and the jth neurons from the neural field
FV at time t and in space x , respectively; Dik > 0
and Ejk > 0 correspond to the transmission reaction-
diffusion operator along the ith neurons and the jth
neurons, respectively; fj and gi denote the activation
function of the jth neurons and the ith neurons at
time t and in space x, respectively ; aij and cij weights
the strength of the ith neuron on the jth neuron at the
time t and t − τij , respectively; bji and hji weight-

s the strength of the jth neuron on the ith neuron
at the time t and t − σji, respectively; τij ≥ 0 and
σji ≥ 0 are nonnegative; Ii(t), Jj(t) denote the exter-
nal inputs on the ith neuron from FU and the jth neu-
ron from FV at the time t, respectively; ai(ui(t, x))
and dj(vj(t, x)) represent amplification functions;
bi(ui(t, x)) and ej(vj(t, x)) are appropriately be-
haved functions such that the solutions of model(1) re-
main bounded; Tijk and Sjiq are constants, and denote
the first- and second-order connection weights of the
neural networks, respectively; k(·) = (kij(·))n×m)
and ρ(·) = (ρji(·))m×n) denote the diffusion coef-
ficient; ω(t) = (ω1(t), ω2(t) · · · , ωn+m(t))T is an
n + m -dimensional Brownian motion defined on a
complete probability space (Ω,Γ, P ) with a natural
filtration {Γt}t≥0 generated by {ω(s) : 0 ≤ s ≤ t},
where we associate Ω with the canonical space gen-
erated by all {ωi(t)}, and denote by Γ the associated
σ− algebra generated by {ω(t)} with the probability
measure P .

The boundary conditions and initial conditions of
system (1) are given by

∂ui(t,x)
∂n = (∂ui(t,x)∂x1

, ∂ui(t,x)∂x2
, · · · , ∂ui(t,x)∂xl

)T = 0,

x ∈ ∂Ωi, i = 1, 2, · · · , n,
∂vj(t,x)
∂n = (

∂vj(t,x)
∂x1

,
∂vj(t,x)
∂x2

, · · · , ∂vj(t,x)∂xl
)T = 0,

x ∈ ∂Ωi, j = 1, 2, · · · ,m.
(2)

and {
ui(s, x) = ϕui(s, x), s ∈ [−σ, 0],
vj(s, x) = ϕvj(s, x), s ∈ [−τ, 0], (3)

for x ∈ Ωi, i = 1, 2, · · · , n, j = 1, 2, · · · ,m, where
σ = max

1≤i≤n,1≤j≤m
{σji}, τ = max

1≤i≤n,1≤j≤m
{τij},

ϕui(s, x) and ϕvj(s, x) are bounded and continuous
on [−δ, 0]× Ωi, δ = max{σ, τ}.

Consider a general stochastic system{
dx(t) = f(t, x(t))dt+ g(t, x(t))dw(t),
x(t0) = x0, t ≥ t0 > 0,

(4)

where f : R+ ×Rn −→ Rn, g : R+ ×Rn −→ Rn.
Let C1,2(R+ ×Rn;R+) be the family of all non-

negative functions V (t, x) onR+×Rn which are con-
tinuously twice differentiable in x and differentiable
in t. If V (t, x) ∈ C1,2(R+ × Rn;R+), an operator
LV (t, x) is defined from R+ ×Rn to R by

LV (t, x) = Vt(t, x) + Vx(t, x)f(t, x)

+
1

2
trace[gT (t, x)Vxx(t, x)g(t, x)],

where
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Vt(t, x) =
∂V (t,x)
∂t ,

Vx(t, x) = (∂V (t,x)
∂x1

, ∂V (t,x)
∂x2

, · · · , ∂V (t,x)
∂xn

),

Vxx(t, x) = (∂
2V (t,x)
∂xi∂xj

)n×n.

Applying Itó formula, we have

dV (t, x) = LV (t, x)dt+ Vx(t, x)g(t, x)dw(t).

2 Preliminaries
In order to establish the stability conditions for system
(1), we give some assumptions.

◦ (H1) : For each i = 1, 2, . . . , n, j = 1, 2, . . . ,m,
functions ai(t, z)), dj(t, z) are differentiable and
there exists Ai > 0, Dj > 0 such that 0 <
a′i(t, z)) ≤ Ai, 0 < d′j(t, z) ≤ Dj , and sat-
isfy ai(t, z) > 0, dj(t, z) > 0, this is, there
exist positive constants ai, āi, dj , d̄j , such that
0 < ai ≤ ai(t, z) ≤ āi,
0 < dj ≤ dj(t, z) ≤ d̄j , ∀z ∈ R.

◦ (H2) : For ai(t, z), dj(t, z), bi(t, z) and ej(t, z),
there exists βi > 0 and γj > 0, i = 1, 2, . . . , n, j =
1, 2, . . . ,m, for any z, y ∈ R , such that
(z − y)[ai(t, z)bi(t, z)− ai(t, y)bi(t, y)] ≥ 0,
|ai(t, z)bi(t, z)− ai(t, y)bi(t, y)| ≥ βi|z − y|;

(z − y)[dj(t, z)ej(t, z)− dj(t, y)ej(t, y)] ≥ 0,
|dj(t, z)ej(t, z)− dj(t, y)ej(t, y)| ≥ γj |z − y|.

◦ (H3) : The activation functions fj and gi are contin-
uously differentiable on x ∈ R, i = 1, 2, . . . , n, j =
1, 2, . . . ,m, and there exists constant f̄j > 0, ḡi >
0, Fj > 0 and Gi > 0, such that
supz |fj(z)| ≤ f̄j , supz |gi(z)| ≤ ḡi,
|fj(ξ1)− fj(ξ2)| ≤ Fj |ξ1 − ξ2|,
|gi(ξ1)− gi(ξ2)| ≤ Gi|ξ1 − ξ2|,

for any z, ξ1, ξ2 ∈ R.

◦ (H4) : Functions kij(·) and ρji(·) satisfy Lipschitz
condition, that is, there exist constant Lij > 0 and
Tji > 0, such that
|kij(ξ1)− kij(ξ2)| ≤ Lij |ξ1 − ξ2|,
|ρji(ξ1)− ρji(ξ2)| ≤ Tji|ξ1 − ξ2|,

for any ξ1, ξ2 ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . ,m.

◦ (H5) : Ii(t), Jj(t), ωi(t) and ωn+j(t) are continu-
ously periodic functions defined on t ∈ [0,∞) with
common period ω > 0, and they are all bounded,
denote
I∗i = sup

0≤t<∞
|Ii(t)|, J∗

j = sup
0≤t<∞

|Jj(t)|,

i = 1, 2, · · · , n, j = 1, 2, · · · ,m.

Definition 1 Let
Z∗(t, x) = (u∗1(t, x), u

∗
2(t, x), · · · , u∗n(t, x), v∗1(t, x),

v∗2(t, x), · · · , v∗m(t, x))T be an ω− periodic solution

of system (1) with initial value
ψ = (ψu1(t, x), ψu2(t, x), · · · , ψun(t, x), ψv1(t, x),

ψv2(t, x), · · · , ψvm(t, x))T ,
for every solution
Z(t, x) = (u1(t, x), u2(t, x), · · · , un(t, x),

v1(t, x), v2(t, x), · · · , vm(t, x))T
of system (1) with initial value
ϕ = (ϕu1(t, x), ϕu2(t, x), · · · , ϕun(t, x),

ϕv1(t, x), ϕv2(t, x), · · · , ϕvm(t, x))T ,
if there exist constants α > 0 and M > 1 , such that

n∑
i=1

E(∥ui(t, x)− u∗i (t, x)∥22)

+
m∑
j=1

E(∥vj(t, x)− v∗j (t, x)∥22)

≤Me−αt[E(∥ϕu−ψu∥)+E(∥ϕv−ψv∥)], t > 0,
then Z∗(t, x) is said to be exponentially stable in the
mean square, where E(.) denote mathematical expec-
tation,

∥ui(t, x)−u∗i (t, x)∥22 =
∫
Ωi

(ui(t, x)−u∗i (t, x))2dx,

∥vj(t, x)−v∗j (t, x)∥22 =
∫
Ωi

(vj(t, x)−v∗j (t, x))2dx,

∥ϕu − ψu∥ = sup
−σ≤t≤0

n∑
i=1

∥ϕui(t, x)− ψui(t, x)∥22,

∥ϕv − ψv∥ = sup
−τ≤t≤0

m∑
j=1

∥ϕvj(t, x)− ψvj(t, x)∥22.

Lemma 2 For (x1(t), x2(t), · · · , xm(t))T , (x∗1(t), x∗2(t),
· · · , x∗m(t))T ∈ Rm , if hj(xj) are continuously dif-
ferentiable on xj(j = 1, 2, . . . ,m), then we have

m∑
j=1

m∑
k=1

bijk[hj(xj)hk(xk)− hj(x
∗
j )hk(x

∗
k)]

=
m∑
j=1

m∑
k=1

(bijk + bikj)[hj(xj)− hj(x
∗
j )]hk(ξk),

where ξk lies between xj and x∗j , k = 1, 2, . . . ,m.

Proof. Let
F (xj , xk) = hj(xj)hk(xk)− hj(x

∗
j )hk(x

∗
k),

since hj(xj) are continuously differentiable on
xj(j = 1, 2, . . . ,m), thenF (xj , xk) are differentiable
on xj , xk, by Taylor formula, we can obtain
F (xj , xk) = F (x∗j , x

∗
k)

+
∂F (ξj ,ξk)

∂xj
(xj − x∗j ) +

∂F (ξj ,ξk)
∂xk

(xk − x∗k)

=
∂hj(ξj)
∂xj

hk(ξk)(xj − x∗j ) +
∂hk(ξk)
∂xk

hj(ξj)(xk − x∗k),

where ξj , ξk lies between xj and x∗j , it follows that
n∑
j=1

m∑
k=1

bijk[hj(xj)hk(xk)− hj(x
∗
j )hk(x

∗
k)]

=
m∑
j=1

m∑
k=1

bijk[
∂hj(ξj)
∂xj

hk(ξk)(xj − x∗j )

+∂hk(ξk)
∂xk

hj(ξj)(xk − x∗k)]

=
m∑
j=1

m∑
k=1

(bijk + bikj)
∂hj(ξj)
∂xj

(xj − x∗j )hk(ξk).

By using differential mean value theorem, we can get
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from the above equation
m∑
j=1

m∑
k=1

bijk[hj(xj)hk(xk)− hj(x
∗
j )hk(x

∗
k)]

=
m∑
j=1

m∑
k=1

(bijk + bikj)[hj(xj)− hj(x
∗
j )]hk(ξk),

where ξj , ξk lies between xj and x∗j , j = 1, 2, . . . ,m.

Lemma 3 Assume that

−2βi + 2AiI
∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |

+(āi + 2f̄jAi)|cij |+ |bji|d̄jGi + |hji|d̄jG2
i ]

+d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi| < 0,

(5)

−2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[L2
ij + |aij |āiFj + |cij |āiF 2

j

+(d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj | < 0,

(6)

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m, then there exists
α > 0, such that

α− 2βi + 2AiI
∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |

+(āi + 2f̄jAi)|cij |+ |bji|d̄jGi + eασ|hji|d̄jG2
i ]

+d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi| ≤ 0,

α− 2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[L2
ij + |aij |āiFj + eατ |cij |āiF 2

j

+(d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj | ≤ 0,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.

Proof: Let
φi(α) = α− 2βi + 2AiI

∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |

+ (āi + 2f̄jAi)|cij |+ |bji|d̄jGi + eασ|hji|d̄jG2
i ]

+d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi|,

ψj(α) = α− 2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[L2
ij + |aij |āiFj + eατ |cij |āiF 2

j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj |,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Obviously,
dφi(α)
dα > 0, lim

α→+∞
φi(α) = +∞, φi(0) < 0,

dψj(α)
dα > 0, lim

α→+∞
ψj(α) = +∞, ψj(0) < 0,

for i = 1, 2, . . . , n, j = 1, 2, . . . ,m.
Therefore, there exist constants αi, α∗

j

∈ (0,+∞), such that
φi(αi) = 0, i = 1, 2, . . . , n,
ψj(α

∗
j ) = 0, j = 1, 2, . . . ,m.

We choose
α = min{α1, α2, . . . , αn, α

∗
1, α

∗
2, . . . , α

∗
m},

then α > 0 and it satisfies that
φi(α) ≤ 0, i = 1, 2, . . . , n,
ψj(α) ≤ 0, j = 1, 2, . . . ,m,

which means there exists constant α > 0, such that

α− 2βi + 2AiI
∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |

+ (āi + 2f̄jAi)|cij |+ |bji|d̄jGi + eασ|hji|d̄jG2
i ]

+d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi| ≤ 0,

α− 2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[L2
ij + |aij |āiFj + eατ |cij |āiF 2

j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj | ≤ 0,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.

3 Main results
In this section, we will derive sufficient condition
which ensure the existence, uniqueness and the mean
square exponential stability of the periodic solution
for system (1).

Theorem 4 For the system (1), under the hypotheses
(H1)− (H5), there exists one ω-periodic solution of
system (1), and all other solutions of (1) exponentially
converge to it as t → +∞ in the mean square, if (5)
and (6) in Lemma 2 hold.

Proof: Let

Φ = {ϕ|ϕ =

(
ϕu
ϕv

)
, ϕu = (ϕu1, ϕu2, · · · , ϕun)T ,

ϕv = (ϕv1, ϕv2, · · · , ϕvn)T .}
For any ϕ = (ϕTu , ϕ

T
v )
T ∈ Φ, we define the norm of
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ϕ: ∥ϕ∥ = ∥ϕu∥+ ∥ϕv∥, in which

∥ϕu∥ = sup
−σ≤s≤0

n∑
i=1

∥ϕui(s)∥22,

∥ϕv∥ = sup
−τ≤s≤0

m∑
j=1

∥ϕvj(s)∥22,

then Φ is the Banach space of continuous function-
s which map ([−σ, 0], [−τ, 0])T into Rn+m with the
topology of uniform convergence.

For any (ϕTu , ϕ
T
v )
T , (ψTu , ψ

T
v )

T ,∈ Φ, we denote
the solutions of system (1) in the initial conditions( (

0
0

)
,

(
ϕu
ϕv

) )
,

( (
0
0

)
,

(
ψu
ψv

) )
,

as
u(t, x, ϕu) = (u1(t, x, ϕu), · · · , un(t, x, ϕu))T ,
v(t, x, ϕv) = (v1(t, x, ϕv), · · · , vm(t, x, ϕv))T ,
and
u(t, x, ψu) = (u1(t, x, ψu), · · · , un(t, x, ψu))T ,
v(t, x, ψv) = (v1(t, x, ψv), · · · , vm(t, x, ψv))T ,
respectively. Defining
ut(ϕu) = u(t+ ρ, x, ϕu), ρ ∈ [−σ, 0],
vt(ϕv) = v(t+ ρ, x, ϕv), ρ ∈ [−τ, 0], t ≥ 0, x ∈ Ωi,
then (ut(ϕu), vt(ϕv))

T ∈ Φ, for all t ≥ 0.
Let
yi(t, x) = ui(t, x, ϕu)− ui(t, x, ψu),
zj(t, x) = vj(t, x, ϕv)− vj(t, x, ψv),

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
From (1), we derive

dyi(t, x) =
l∑

k=1

∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

− [ai(ui(t, x, ϕu))bi(ui(t, x, ϕu))
− ai(ui(t, x, ψu))bi(ui(t, x, ψu))]dt

− ai(ui(t, x, ϕu)){
m∑
j=1

aij [fj(vj(t, x, ϕv))

− fj(vj(t, x, ψv))] +
m∑
j=1

cij [fj(vj(t− τij , x, ϕv))

− fj(vj(t− τij , x, ψv))]

+
m∑
j=1

m∑
k=1

Tijk[fj(vj(t, x, ϕv))fk(vk(t, x, ϕv))

− fj(vj(t, x, ψv))fk(vk(t, x, ψv))]}dt
+[ai(ui(t, x, ϕu))− ai(ui(t, x, ψu))]·
[
m∑
j=1

aijfj(vj(t, x, ψv)) +
m∑
j=1

cijfj(vj(t− τij , x, ψv))

+
m∑
j=1

m∑
k=1

Tijkfj(vj(t, x, ψv))fk(vk(t, x, ψv))

+ Ii(t)]dt +
m∑
j=1

[kij(vj(t, x, ϕv))

−kij(vj(t, x, ψv))]dωn+j(t), (7)

dzj(t, x) =
l∑

k=1

∂
∂xk

(Ejk
∂zj(t,x)
∂xk

)dt

− [dj(vj(t, x, ϕv))ej(vj(t, x, ϕv))

− dj(vj(t, x, ψv))ej(vj(t, x, ψv))]dt

− dj(vj(t, x, ϕv)){
n∑
i=1

bji[gi(ui(t, x, ϕu))

− gi(ui(t, x, ψu))] +
n∑
i=1

hji[gi(ui(t− σji, x, ϕu))

− gi(vi(t− σji, x, ψu))]

+
n∑
i=1

n∑
q=1

Sjiq[gi(ui(t, x, ϕu))gq(uq(t, x, ϕu))

− gi(ui(t, x, ψu))gq(uq(t, x, ψu))]}dt
+[dj(vj(t, x, ϕv))− dj(vj(t, x, ψv))].

[
n∑
i=1

bjigi(ui(t, x, ψu)) +
n∑
i=1

hjigi(vi(t− σji, x, ψu))

+
n∑
i=1

n∑
q=1

Sjiqgi(ui(t, x, ψu))gq(uq(t, x, ψu))

+ Jj(t)]dt +
n∑
i=1

[ρji(ui(t, x, ϕu))

−ρji(ui(t, x, ψu))]dωi(t), (8)

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
We consider the following Lyapunov functions

V1(t, y(t, x)) = eαt
n∑
i=1

y2i (t, x)

+
n∑
i=1

m∑
j=1

|cij |āi
t∫

t−τij
eα(s+τij)|fj(vj(s, x, ϕv))

−fj(vj(s, x, ψv))|2ds, (9)

V2(t, z(t, x)) = eαt
m∑
j=1

z2j (t, x)

+
m∑
j=1

n∑
i=1

|hji|d̄j
t∫

t−σji
eα(s+σji)|gi(ui(s, x, ϕu))

−gi(ui(s, x, ψu))|2ds, (10)

where α is given by Lemma 3.
From (7), applying Itô,s formula to V1(t, y(t, x)),

using Lemma 2, we have

dV1(t, y(t, x)) = αeαt
n∑
i=1

y2i (t, x)dt

+ 2eαt
n∑
i=1

yi(t, x){
l∑

k=1

∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

− [ai(ui(t, x, ϕu))bi(ui(t, x, ϕu))
− ai(ui(t, x, ψu))bi(ui(t, x, ψu))]dt

− ai(ui(t, x, ϕu)){
m∑
j=1

aij [fj(vj(t, x, ϕv))

− fj(vj(t, x, ψv))] +
m∑
j=1

cij [fj(vj(t− τij , x, ϕv))

− fj(vj(t− τij , x, ψv))]

+
m∑
j=1

m∑
k=1

Tijk[fj(vj(t, x, ϕv))fk(vk(t, x, ϕv))

− fj(vj(t, x, ψv))fk(vk(t, x, ψv))]}dt
+[ai(ui(t, x, ϕu))− ai(ui(t, x, ψu))]·
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[
m∑
j=1

aijfj(vj(t, x, ψv)) +
m∑
j=1

cijfj(vj(t− τij , x, ψv))

+
m∑
j=1

m∑
k=1

Tijkfj(vj(t, x, ψv))fk(vk(t, x, ψv))

+ Ii(t)]dt +
m∑
j=1

[kij(vj(t, x, ϕv))− kij(vj(t, x, ψv))]

· dωn+j(t)} +eαt
n∑
i=1

m∑
j=1

[kij(vj(t, x, ϕv))

− kij(vj(t, x, ψv))]
2dt

+
n∑
i=1

m∑
j=1

|cij |āi[eα(t+τij)|fj(vj(t, x, ϕv))

− fj(vj(t, x, ψv))|2 − eαt|fj(vj(t− τij , x, ϕv))
− fj(vj(t− τij , x, ψv))|2]dt
≤ αeαt

n∑
i=1

y2i (t, x)dt

+ 2eαt
n∑
i=1

{
l∑

k=1
yi(t, x)

∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

− βiy
2
i (t, x)dt+ āi

m∑
j=1

|aij |Fj |zj(t, x)||yi(t, x)|dt

+ āi
m∑
j=1

|cij ||fj(vj(t− τij , x, ϕv))

− fj(vj(t− τij , x, ψv))||yi(t, x)|dt
+āi

m∑
j=1

m∑
k=1

Fj |Tijk + Tikj ||zj(t, x)||yi(t, x)|dt

+[
m∑
j=1

|aij |f̄j +
m∑
j=1

|cij |f̄j +
m∑
j=1

m∑
k=1

|Tijk|f̄2j

+ I∗i ]Aiy
2
i (t, x)dt+

m∑
j=1

[kij(vj(t, x, ϕv))

− kij(vj(t, x, ψv))]yi(t, x)dωn+j(t)}
+eαt

n∑
i=1

m∑
j=1

L2
ijz

2
j (t, x)dt +

n∑
i=1

m∑
j=1

|cij |āi[eα(t+τij)

|fj(vj(t, x, ϕv))− fj(vj(t, x, ψv))|2
−eαt|fj(vj(t−τij , x, ϕv))−fj(vj(t−τij , x, ψv))|2]dt
≤ αeαt

n∑
i=1

y2i (t, x)dt

+ eαt
n∑
i=1

{
l∑

k=1
2yi(t, x)

∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

− 2βiy
2
i (t, x)dt+ āi

m∑
j=1

|aij |Fj [z2j (t, x)

+ y2i (t, x)]dt+ āi
m∑
j=1

|cij |[|fj(vj(t− τij , x, ϕv))

− fj(vj(t− τij , x, ψv))|2 + y2i (t, x)]dt

+āi
m∑
j=1

m∑
k=1

Fj |Tijk + Tikj |[z2j (t, x)

+ y2i (t, x)]dt +2[
m∑
j=1

|aij |f̄j +
m∑
j=1

|cij |f̄j

+
m∑
j=1

m∑
k=1

|Tijk|f̄2j + I∗i ]Aiy
2
i (t, x)dt

+ 2
m∑
j=1

[kij(vj(t, x, ϕv))− kij(vj(t, x, ψv))]

· yi(t, x)dωn+j(t)} +eαt
n∑
i=1

m∑
j=1

L2
ijz

2
j (t, x)dt

+
n∑
i=1

m∑
j=1

|cij |āi[eα(t+τij)|fj(vj(t, x, ϕv))

− fj(vj(t, x, ψv))|2 − eαt|fj(vj(t− τij , x, ϕv))
− fj(vj(t− τij , x, ψv))|2]dt

≤ 2eαt
n∑
i=1

l∑
k=1

yi(t, x)
∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

+ eαt
n∑
i=1

[α− 2βi + 2(
m∑
j=1

|aij |f̄j +
m∑
j=1

|cij |f̄j

+
m∑
j=1

m∑
k=1

|Tijk|f̄2j + I∗i )Ai + āi
m∑
j=1

|aij |Fj

+ āi
m∑
j=1

|cij |+ āi
m∑
j=1

m∑
k=1

Fj |Tijk + Tikj |]y2i (t, x)dt

+ eαt
m∑
j=1

[
n∑
i=1

āi|aij |Fj + āi
m∑
j=1

m∑
k=1

Fj |Tijk + Tikj |

+
n∑
i=1

|cij |āiF 2
j e

ατ +
n∑
i=1

L2
ij ]z

2
j (t, x)dt

+ 2eαt
n∑
i=1

m∑
j=1

[kij(vj(t, x, ϕv))

−kij(vj(t, x, ψv))]yi(t, x)dωn+j(t). (11)

From (8), applying Itô,s formula to V2(t, z(t, x)),
similarly, we also get

dV2(t, z(t, x)) ≤ 2eαt
m∑
j=1

l∑
k=1

zj(t, x)
∂
∂xk

(Ejk
∂zj(t,x)
∂xk

)dt

+ eαt
m∑
j=1

[α− 2γj + 2(
n∑
i=1

|bji|ḡi +
n∑
i=1

|hji|ḡi

+
n∑
i=1

n∑
q=1

ḡ2j |sjiq|+ J∗
i )Dj + d̄j

n∑
i=1

|bji|Gi

+ d̄j
n∑
i=1

|hji|]z2j (t, x)dt+ eαt
n∑
i=1

[
m∑
j=1

d̄j |bji|Gi

+
m∑
j=1

|hji|d̄jG2
i e
ασ +d̄j

n∑
i=1

n∑
q=1

Gi|sjiq + sjqi|

+
m∑
j=1

T 2
ji]y

2
i (t, x)dt+ 2eαt

n∑
i=1

m∑
j=1

[ρji(ui(t, x, ϕu))

−ρji(ui(t, x, ψu))]zj(t, x)dωi(t). (12)

Let
V (t, y(t, x), z(t, x)) = V1(t, y(t, x))+V2(t, z(t, x)).
Applying Itô,s formula to V (t, y(t, x), z(t, x)), from
(11)-(12), we can obtain
dV (t, y(t, x), z(t, x))

≤ 2eαt
n∑
i=1

l∑
k=1

yi(t, x)
∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

+ 2eαt
m∑
j=1

l∑
k=1

zj(t, x)
∂
∂xk

(Ejk
∂zj(t,x)
∂xk

)dt

+eαt
n∑
i=1

{α− 2βi + 2AiI
∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |+ (āi + 2f̄jAi)|cij |
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+ |bji|d̄jGi + eασ|hji|d̄jG2
i ]

+ d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi|}y2i (t, x)dt

+eαt
m∑
j=1

{α− 2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[L2
ij + |aij |āiFj + eατ |cij |āiF 2

j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+ āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj |}z2j (t, x)dt

+2eαt
n∑
i=1

m∑
j=1

[kij(vj(t, x, ϕv))− kij(vj(t, x, ψv))]

· yi(t, x)dωn+j(t) + 2eαt
n∑
i=1

m∑
j=1

[ρji(ui(t, x, ϕu))

− ρji(ui(t, x, ψu))]zj(t, x)dωi(t).
By Lemma 3, we obtain
dV (t, y(t, x), z(t, x))

≤ 2eαt
n∑
i=1

l∑
k=1

yi(t, x)
∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dt

+ 2eαt
m∑
j=1

l∑
k=1

zj(t, x)
∂
∂xk

(Ejk
∂zj(t,x)
∂xk

)dt

+2eαt
n∑
i=1

m∑
j=1

[kij(vj(t, x, ϕv))− kij(vj(t, x, ψv))]

· yi(t, x)dωn+j(t) +2eαt
n∑
i=1

m∑
j=1

[ρji(ui(t, x, ϕu))

−ρji(ui(t, x, ψu))]zj(t, x)dωi(t). (13)

From (13), we get
V (t, y(t, x), z(t, x)) ≤ V (0, y(0, x), z(0, x))

+ 2
t∫
0
eαs

n∑
i=1

l∑
k=1

yi(s, x)
∂
∂xk

(Dik
∂yi(s,x)
∂xk

)ds

+ 2
t∫
0
eαs

m∑
j=1

l∑
k=1

zj(s, x)
∂
∂xk

(Ejk
∂zj(s,x)
∂xk

)ds

+2
t∫
0
eαs

n∑
i=1

m∑
j=1

[kij(vj(s, x, ϕv))

− kij(vj(s, x, ψv))]yi(s, x)dωn+j(s)

+ 2
t∫
0
eαs

n∑
i=1

m∑
j=1

[ρji(ui(s, x, ϕu))

−ρji(ui(s, x, ψu))]zj(s, x)dωi(s). (14)

From (14), we have∫
Ωi

V (t, y(t, x), z(t, x))dx

≤
∫
Ωi

V (0, y(0, x), z(0, x))dx

+ 2
t∫
0
eαs

n∑
i=1

l∑
k=1

∫
Ωi

yi(s, x)
∂
∂xk

(Dik
∂yi(s,x)
∂xk

)dxds

+ 2
t∫
0
eαs

m∑
j=1

l∑
k=1

∫
Ωi

zj(s, x)
∂
∂xk

(Ejk
∂zj(s,x)
∂xk

)dxds

+2
t∫
0
eαs

n∑
i=1

m∑
j=1

∫
Ωi

[kij(vj(s, x, ϕv))

− kij(vj(s, x, ψv))]yi(s, x)dxdωn+j(s)

+2
t∫
0
eαs

n∑
i=1

m∑
j=1

∫
Ωi

[ρji(ui(s, x, ϕu))

−ρji(ui(s, x, ψu))]zj(s, x)dxdωi(s). (15)

From (9) and (10), we have
V (t, y(t, x), z(t, x))

≥ eαt[
n∑
i=1

y2i (t, x) +
m∑
j=1

z2j (t, x)], t ≥ 0. (16)

V (0, y(0, x), z(0, x))

=
n∑
i=1

y2i (0, x) +
m∑
j=1

z2j (0, x)

+
n∑
i=1

m∑
j=1

|cij |āi
0∫

−τij
eα(s+τij)[fj(vj(s, x, ϕv))

− fj(vj(s, x, ψv))]
2ds +

m∑
j=1

n∑
i=1

|hji|d̄j
0∫

−σji
eα(s+σji)

·[gi(ui(s, x, ϕu))− gi(ui(s, x, ψu))]
2ds. (17)

It follows from the boundary condition that
l∑

k=1

∫
Ωi

yi(t, x)
∂
∂xk

(Dik
∂yi(t,x)
∂xk

)dx

=
∫
Ωi

yi(t, x)∇(Dik
∂yi(t,x)
∂xk

)lk=1dx

=
∫
Ωi

∇ · yi(t, x)(Dik
∂yi(t,x)
∂xk

)lk=1dx

−
∫
Ωi

(Dik
∂yi(t,x)
∂xk

)lk=1 · ∇yi(t, x)dx

=
∫
∂Ωi

yi(t, x)Dik
∂yi(t,x)
∂xk

)lk=1ds

−
l∑

k=1

∫
Ωi

Dik(
∂yi(t,x)
∂xk

)2dx

= −
l∑

k=1

∫
Ωi

Dik(
∂yi(t, x)

∂xk
)2dx, (18)

where ∇ = ( ∂
∂x1

, ∂
∂x2

, . . . , ∂)∂xl )
T ,

(Dik
∂yi(t,x)
∂xk

)lk=1 = (Di1
∂yi(t,x)
∂x1

, . . . , Dil
∂yi(t,x)
∂xl

)T .
l∑

k=1

∫
Ωi

zj(t, x)
∂
∂xk

(Ejk
∂zj(t,x)
∂xk

)dx

=
∫
Ωi

zj(t, x)∇(Ejk
∂zj(t,x)
∂xk

)lk=1dx

=
∫
Ωi

∇ · zj(t, x)(Ejk
∂zj(t,x)
∂xk

)lk=1dx

−
∫
Ωi

(Ejk
∂zj(t,x)
∂xk

)lk=1 · ∇zj(t, x)dx

=
∫
∂Ωi

zj(t, x)Dik
∂zj(t,x)
∂xk

)lk=1ds
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−
l∑

k=1

∫
Ωi

Ejk(
∂zj(t,x)
∂xk

)2dx

= −
l∑

k=1

∫
Ωi

Ejk(
∂zj(t, x)

∂xk
)2dx, (19)

where
(Ejk

∂zj(t,x)
∂xk

)lk=1 = (Ej1
∂zj(t,x)
∂x1

, . . . , Ejl
∂zj(t,x)
∂xl

)T .
From (15)-(19), we obtain
n∑
i=1

E(∥ui(t, x, ϕu)− ui(t, x, ψu)∥22)

+
m∑
j=1

E(∥vj(t, x, ϕv)− vj(t, x, ψv)∥22)

≤ e−αt[
n∑
i=1

E(∥ϕui(0, x)− ψui(0, x)∥22)

+
m∑
j=1

E(∥ϕvi(0, x)− ψvj(0, x)∥22)]

+ e−αt
n∑
i=1

m∑
j=1

|cij |āiF 2
j

0∫
−τij

eα(s+τij)E(∥ϕvj(s, x)

− ψvj(s, x)∥22)ds +e−αt
m∑
j=1

n∑
i=1

|hji|d̄jG2
i

·
0∫

−σji
eα(s+σji)E(∥ϕui(s, x)− ψui(s, x)∥22)ds

≤ e−αt[1 + eασ

α

m∑
j=1

max
1≤i≤n

(|hji|G2
i )d̄j ]E(∥ϕu − ψu∥)

+e−αt[1 + eατ

α

n∑
i=1

max
1≤j≤m

(|cij |F 2
j )āi]E(∥ϕv − ψv∥)

=Me−αt[E(∥ϕu−ψu∥)+E(∥ϕv−ψv∥)], t > 0,
(20)

where M = max{1 + eασ

α

m∑
j=1

max
1≤i≤n

(|hji|G2
i )d̄j ,

1 + eατ

α

n∑
i=1

max
1≤j≤m

(|cij |F 2
j )āi} > 1.

Let
E(∥u(ϕu)− u(ψu)∥)

=
n∑
i=1

E(∥ui(t, x, ϕu)− ui(t, x, ψu)∥22),

E(∥u(ϕv)− u(ψv)∥)
=

m∑
j=1

E(∥vj(t, x, ϕv)− vj(t, x, ψv)∥22).

From (20), we have
E(∥u(ϕu)− u(ψu)∥)

≤Me−αt[E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)], t > 0,
E(∥u(ϕv)− u(ψv)∥))
≤Me−αt[E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)], t > 0.

We can choose a positive integer N , such that
Me−α(Nω+ρ) ≤ 1

3 , ρ ∈ [−δ, 0]. Now we define a
Poincaré mapping F: ρ→ ρ by
F (ϕu, ϕv)

T = (uω(ϕu), vω(ϕv))
T ,

then
FN (ϕu, ϕv)

T = (uNω(ϕu), vNω(ϕv))
T .

Let t = Nω, then have

E(∥FNϕu − FNψu∥)
≤ 1

3 [E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)],
E(∥FNϕv − FNψv∥)

≤ 1
3 [E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)].

By the integral property of measurable functions, we
can obtain

∥FNϕu − FNψu∥
≤ 1

3 [E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)], a.e.,
∥FNϕv − FNψv∥

≤ 1
3 [E(∥ϕu − ψu∥) + E(∥ϕv − ψv∥)], a.e..

This implies that FN is a contraction mapping, hence
there exist a unique fixed point (ϕ∗u, ϕ

∗
v)
T ∈ Φ, such

that FN (ϕ∗u, ϕ
∗
v)
T = (ϕ∗u, ϕ

∗
v)
T . Since

FN
(
F

(
ϕ∗u
ϕ∗v

))
= F

(
FN

(
ϕ∗u
ϕ∗v

))
= F

(
ϕ∗u
ϕ∗v

)

, then F (ϕ∗u, ϕ
∗
v)
T ∈ Φ is also a fixed point of FN ,

and so
F (ϕ∗u, ϕ

∗
v)
T = (ϕ∗u, ϕ

∗
v)
T ,

i.e.,
(uω(ϕ

∗
u), vω(ϕ

∗
v))

T = (ϕ∗u, ϕ
∗
v)
T .

Let (u(t, x, ϕ∗u), v(t, x, ϕ
∗
v))

T be the solution of sys-
tem (1) through

( (
0
0

)
,

(
ϕ∗u
ϕ∗v

) )
,

then (u(t+ω, x, ϕ∗u), v(t+ω, x, ϕ∗v))
T is also a solu-

tion of (1). Obviously

(
ut+ω(ϕ

∗
u)

vt+ω(ϕ
∗
v)

)
=

(
ut(uω(ϕ

∗
u))

vt(vω(ϕ
∗
v))

)
=

(
ut(ϕ

∗
u)

vt(ϕ
∗
v)

)
,

for all t ≥ 0. Hence

(
u(t+ ω, x, ϕ∗u)
v(t+ ω, x, ϕ∗v)

)
=

(
u(t, x, ϕ∗u)
v(t, x, ϕ∗v)

)
,

for all t ≥ 0.
This shows that system (1) exists one ω− periodic

solution, and other solutions of system (1) exponen-
tially converge to it as t → +∞ in the mean square.
This completes the proof.

Remark 1: In system (1), if kij(·) = 0, ρji(·) =
0, i = 1, 2, · · · , n, j = 1, 2, · · · ,m, we obtain
the following reaction-diffusion high-order Cohen-
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Grossberg-type BAM neural networks



dui(t,x)
dt =

l∑
k=1

∂
∂xk

(Dik
∂ui(t,x)
∂xk

)− ai(ui(t, x))

·[bi(ui(t, x))−
m∑
j=1

aijfj(vj(t, x))

−
m∑
j=1

cijfj(vj(t− τij , x))

−
m∑
j=1

m∑
k=1

Tijkfj(vj(t))fk(vk(t))− Ii(t)],

dvj(t,x)
dt =

l∑
k=1

∂
∂xk

(Ejk
∂vj(t,x)
∂xk

)− dj(vj(t, x))

·[ej(vj(t, x))−
n∑
i=1

bjigi(ui(t, x))

−
n∑
i=1

hjigi(ui(t− σji, x))

−
2∑
i=1

2∑
q=1

Sjiqgi(ui(t))gq(uq(t))− Jj(t)],

(21)
where i = 1, 2, · · · , n, j = 1, 2, · · · ,m.

Using same proof methods of Theorem 4, we may
obtain the following Theorem 5.

Theorem 5 For the system (21), under the hypothe-
ses (H1), (H2), (H3),H(5), if

−2βi + 2AiI
∗
i + 2

m∑
j=1

m∑
k=1

|Tijk|f̄2j Ai

+
m∑
j=1

[(āiFj + 2f̄jAi)|aij |

+ (āi + 2f̄jAi)|cij |+ |bji|d̄jGi + |hji|d̄jG2
i ]

+d̄j
m∑
j=1

n∑
q=1

Gi|sjiq + sjqi| < 0,

−2γj + 2DjJ
∗
j +

n∑
i=1

n∑
q=1

ḡ2j |sjiq|Dj

+
n∑
i=1

[|aij |āiFj + |cij |āiF 2
j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]
+āi

n∑
i=1

m∑
k=1

Fj |Tijk + Tikj | < 0,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m, there exists one
ω-periodic solution of system (21), and all other solu-
tions of (21) exponentially converge to it as t → +∞
in the mean square.

4 Example

In this section, we give an example for showing our
results.
Example 4.1. Consider the following stochastic
reaction-diffusion high-order Cohen-Grossberg-type
BAM neural networks(n = m = l = 2)



dui(t, x) =
2∑

k=1

∂
∂xk

(Dik
∂ui(t,x)
∂xk

)dt− ai(ui(t, x))

·[bi(ui(t, x))−
2∑
j=1

aijfj(vj(t, x))

−
2∑
j=1

cijfj(vj(t− τij , x))

−
2∑
j=1

2∑
k=1

Tijkfj(vj(t))fk(vk(t))− Ii(t)]dt

+
2∑
j=1

kij(vj(t, x))dωn+j(t),

dvj(t, x) =
2∑

k=1

∂
∂xk

(Ejk
∂vj(t,x)
∂xk

)dt− dj(vj(t, x))

·[ej(vj(t, x))−
2∑
i=1

bjigi(ui(t, x))

−
2∑
i=1

hjigi(ui(t− σji, x))

−
2∑
i=1

2∑
q=1

Sjiqgi(ui(t))gq(uq(t))− Jj(t)]dt

+
2∑
i=1

ρji(ui(t, x))dωi(t),

(22)
where
a11 =

1
42 , a12 =

1
35 , a21 = − 1

42 , a22 = − 1
35 ,

c11 =
1
44 , c12 =

1
88 , c21 = − 1

44 , c22 = − 1
88 ,

b11 =
1
50 , b12 =

1
50 , b21 =

1
100 , b22 = − 1

100 ,

h11 = − 1
50 , h12 =

1
50 , h21 = − 1

100 , h22 =
1

100 ,

Tijk =
1

1280 , Sjiq = − 1
1000 , i, j, k, q = 1, 2.

a1(t, x) = a2(t, x) = 1 + 1
πarctanx,

d1(t, x) = d2(t, x) = 2 + 1
πarctanx,

b1(t, x) = b2(t, x) = x,
e1(t, x) = e2(t, x) =

x
2 ,

f1(t, x) = f2(t, x) = 2sinx,
g1(t, x) = g2(t, x) = cosx,
kij(t, x) =

1
4sinx, ρij(t, x) =

1
8cosx,

Ii(t) =
π
24(2 + sint), Ji(t) =

π
16(1 + sint),

ωi(t) = ω2+i(t) = 1 + sint, i = 1, 2, j = 1, 2.
It is easy to show that we can choose the constants

in the conditions (H1)− (H5) as follows.
Fi = 2, Gi = 1, f̄i = 2, ḡi = 1, βi =

1
2 ,

γi =
3
4 , āi =

3
2 , ai =

1
2 , d̄i =

5
2 , di =

3
2 ,

Ai =
1
π , Di =

1
π , Lij =

1
4 , Tji =

1
8 ,

I∗i = π
8 , J

∗
j = π

8 , i, j = 1, 2.
We have the following results by simple calculation

−2βi + 2AiI
∗
i + 2

2∑
j=1

2∑
k=1

|Tijk|f̄2j Ai

+
2∑
j=1

[T 2
ji + (āiFj + 2f̄jAi)|aij |

+ (āi + 2f̄jAi)|cij |+ |bji|d̄jGi + |hji|d̄jG2
i ]

+d̄j
2∑
j=1

2∑
q=1

Gi|sjiq + sjqi| < 0,
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−2γj + 2DjJ
∗
j +

2∑
i=1

2∑
q=1

ḡ2j |sjiq|Dj

+
2∑
i=1

[L2
ij + |aij |āiFj + |cij |āiF 2

j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]

+āi
2∑
i=1

2∑
k=1

Fj |Tijk + Tikj | < 0,

for i = 1, 2, j = 1, 2.
It is straightforward to check that all conditions

needed in Theorem 4 are satisfied. Therefore, by The-
orem 4, system (22) has exactly one 2π− periodic so-
lution, and the 2π− periodic solution of system (22)
is mean square exponentially stable.
Remark 2: In system (1), if kij(·) = 0, ρji(·) =
0, i, j = 1, 2, the other parameters are the same as
that in Example 4.1. We have the following results by
simple calculation

−2βi + 2AiI
∗
i + 2

2∑
j=1

2∑
k=1

|Tijk|f̄2j Ai

+
2∑
j=1

[(āiFj + 2f̄jAi)|aij |

+ (āi + 2f̄jAi)|cij |+ |bji|d̄jGi + |hji|d̄jG2
i ]

+d̄j
2∑
j=1

2∑
q=1

Gi|sjiq + sjqi| < 0,

−2γj + 2DjJ
∗
j +

2∑
i=1

2∑
q=1

ḡ2j |sjiq|Dj

+
2∑
i=1

[|aij |āiFj + |cij |āiF 2
j

+ (d̄jGi + 2ḡiDj)|bji|+ (d̄j + 2ḡiDj)|hji|]

+āi
2∑
i=1

2∑
k=1

Fj |Tijk + Tikj | < 0,

for i, j = 1, 2.
It is straightforward to check that all conditions

needed in Theorem 5 are satisfied. Therefore, by The-
orem 5, system (21) has exactly one 2π− periodic so-
lution, and the 2π− periodic solution of system (21)
is mean square exponentially stable.

5 Conclusion
In this paper, some sufficient conditions have been
obtained ensuring the existence, uniqueness and the
mean square exponential stability of the periodic so-
lution for a stochastic reaction-diffusion high-order
Cohen-Grossberg-type BAM neural networks with
time delays. An examples is given to show the effec-
tiveness of the results. The given algebra conditions
are easily verifiable and useful in theories and appli-
cations.
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