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1 Introduction

In the present paper, we give an investigate on the
learning rates of the coefficient regularized classifica-
tion algorithm with differentiable convex loss.

Let (X,d) be a compact metric space, W =
{-1,1}, p(z,w) = p(w|z)px(xz) be a unknown
probability distribution on Z := X x W, where
p(wl|z) is the conditional probability distribution of
w for a given x and px () is the marginal probability
distribution of x. It is known that a binary classifier
is a function f(x) : X — W which divides X into
two classes, its prediction ability is measured by the
misclassification error (see [6, 34, 36, 37])

R(f) = Prob{f(x)# w}
_ /XP(w;é f(@)|z)dpx (z).

By [13] we know the classifier which minimizes
the misclassification error is the Bayes rule f. :=
sgn(f,) with f, being the regression function of

p,ie.,

fp(x) =
P(w =
where for a function f : X — R the sign func-
tion is defined as sgn(f)(z) = 1if f(z) > 0 and
sgn(f)(z) = —1if f(x) < 0. However, in many

practical applications, neither p nor f, are known,
what we have in hand are samples z = {(w;, w;) }I",
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drawn independently according to p. The task of clas-
sification learning is to find, through the samples z, a
good approximation f, of the regression function f,
from a hypothesis space and show the excess misclas-
sification error (see e.g. [6, 11, 30, 37])

R(sgn(f2)) — R(fe)-

The hypothesis space are usually taken to be the re-
producing kernel Hilbert spaces.

Let K(z,y) : X x X — R be continuous, sym-
metric and positive semi-definite, i.e., for any finite
set of distinct points X = {zy, 22, -, 2} C X,
the matrix K+ % = (K (;, xj))é,j:l is positive semi-
definite. Such functions are called Mercer kernels.

The reproducing kernel Hilbert space(RKHS)(see
e.g.[10, 11]) Hx associated with a Mercer kernel
K (z,y) is defined to be the closure of the linear s-
pan of the set of functions {K, := K(z,-) : z € X}
with an inner product (-, -) x satisfying

)

<K:L’7Ky>K:K(xay)7 x7y€X-

The reproducing property takes the form

A method of finding the binary classifier f.(z)
through the samples z is the SVM Tikhonov regular-
ization classification algorithm.

Let V(t) : R — [0, +00) be a given normalized
loss function for classification which will be defined
afterwards. Then, the Tikhonov regularized support

r e X.
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vector machine classification learning algorithms as-
sociated with the reproducing kernel Hilbert spaces
(RKHS) (Hx, ||-|| ) are defined by (see e.g. [11, 15])

S Vi(wif(z) + Al fllx), )

=1

1
= ar mim (—
f= 9p HK(m

where 1 > A > 0 are given regularization param-
eters which are commonly used to overcome the ill-
posedness.

By [2] we know the unique solutions f,(z) of (2)
takes the form

r € X,

Za]

IIZ.’E]

where o = (a1, a9+, ;) € R™. Scheme (2)
then can be simplified. In fact, [35] defined the fol-
lowing general coefficient regularized scheme

f- = faz7
1 m
a. = arg min [— ;V(wifa(xi))
+AQ ()], 3)
where Q(«) : R™ — R is a non-negative function

satisfying 2(0) = 0, and
{fa Z OC]

a:(a17a27"'7am)

%K,Y (x,x))

€ R™)

are kernel function spaces produced by the samples
X {z1,22, -+, 7y} and the kernels K(z,y).
The studies given in [28, 35, 38] show that the er-
ror analysis for (3) is not easy since the kernel s-
paces are dependent upon the samples. On the oth-
er hand, we notice that in many cases, for example,in
the function reconstruction and variable selection(see
[14, 16, 17, 19, 22, 29, 31]), one often takes the data
dependent kernel space

Ir

Hiy ={falz) = o K(z,y;) :

7=1

o = (a17a27”'7am)TGRm}
as the hypothesis space, where Y = {y1, 92, +,Ym}
is a given data in X. It can be equipped with some
properties according to our needs. For example, we
can choose Y C X such that H ;. 3 is density in the
measurable functions space which makes it possible
for us to construct the kernel approximating opera-

m
tors (see [23]). When Q(a) = m 3 |a;|?, we have
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the following coefficient regularized scheme with [-
penalization (see also [28, 35])

1

a,: = arg arg}%% [ ;V(wzfa(xl»
+Am Z 0%2]’ S
=1

where f, € H Ky

Equation (4) is a finite dimensional optimization
problem on R™ and its optimal solutions may be ob-
tained by optimal computation algorithm.

To show the performance of the algorithm (4), we
need to estimate the error (1). For these purposes we
need to study the mean error between f, () and the
ideal estimator f*(x) defined by (see 10)

f* = argmin, v ().

where £, v (f) = [,V (wf(x))dp. The minimum is
taken over all the functions which are measurable with
respect to px. If V/(t) = ¢? is the least square loss,
then, f* is exactly the regression function

@) = Bwl) = [ wdp(wlo)

and if V'(¢) is the hinge loss

Vi(t) =

then, f* = f. (see [37]).
(4) may be interpreted as a stochastic approxima-
tion of the following regularized risk minimization

(1—1t)4 = max{l —t,0},

Eyv(fa) + Amllal?]. (5)

)

P ._ P _ :
a'f = ayy, argarél}%r}n[

We now define the empirical distribution y,(z,w) on
Z by

B.lf@w) = [ f@wdn.

m

= L3 )

m i=1

(6)

for any bounded p—measurable function f(z,w) on
Z.

The normalized loss functions for classification
are defined as follows:

Definition 1 (see [30]). A function V R —
[0, +00) is called a normalized loss function for clas-
sification if it is convex, V'(0) < 0,1 is the minimal

zero of V().
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Examples of such normalized loss functions in-
clude the hinge loss V},(t) = (1 — t)+ for classical
SVM classifier and the g—norm V(t) = (1 — ¢)% for
SVM g—norm(q > 1) soft margin classifier(see, e.g.
[6]), the least square loss Vis(t) = (1 — t)?(see [39])
and other loss functions (see [20]).

Basing on above notations we give the main result
of the present paper.

Theorem 1.1. Let p(x,w) be a (joint) finite distri-
bution on Z,z = {(x;,w;)}", be samples drawn
randomly according to p(x,w) independently. V (t)
is a given normalized loss functions on R and satis-
fies V"(0) > 0.K(z,y) is a given kernel on X x X
and satisfies k =  sup |K(x,y)] < +o00. Y =
(z,y)eX xX

{y1,Y2, -+, Ym} is a given discrete set in X. o, is the
uniquely minimizer of scheme (4). Then, there is a
constant Cy depending upon V (t) such that, for any
0 < 0 < 1, with confidence 1 — 0, there holds

0 < R(sgn(f)) — R(fe)
4k2(4log? + /m) log?

< Cv[ py
<V + kO]
I
where ||V = esstzt[lpb}\‘/(t)\ and the
K —functional 7
Ky (0 = it (Ew(fa) = Euv ()

+mA [|al3).

(7) shows that, to give the learning rates,we
need to show the explicit convergence rates for the
K- functlonalK (f* A). When Vi, (t) = (1—t)?is
the least square loss we have the following estimate.

Theorem 1.2. Let p be a (joint) finite nonnega-
tive distribution on Z,z = {(x;,w;)}", be sam-
ples drawn randomly and independently according to

p(x,w). K(zx,y) is a given kernel on X x X and

satisfies k = sup  |K(z,y)] < 4o0. Y =
(z,y)eXxX

{y1,Y2, -+, Ym} is a given discrete set in X. c,, is the

uniquely minimizer of scheme (4) for the least square
loss Vis(t) = (1—t)2. Then, there is a constant C > 0
such that, for any 0 < § < 1, with confidence 1 — 9,
there holds

R(sgn(f-)) — R(fe)
6k log% oy
< C[W Ky, 7 (fp, M), ®)
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where
Y),* .
K" (fpN) = 0 (1Fy = fall3, + Amllal3).

When the loss V' is the hinge loss V},, we have the
following Theorem 1.3.

Theorem 1.3. Let p be a (joint) finite nonnega-
tive distribution on Z,z = {(z;,w;)}", be sam-
ples drawn randomly and independently according to

p(z,w). K(x,y) is a given kernel on X x X and

satisfies k = sup |K(z,y)| < 4o0. Y =
(z,y)eX xX

{y1,y2, -+, ym} is a given discrete set of X. o, is the

uniquely minimizer of scheme (4) for the hinge loss

Vi(t) = (1 — t)4. Then, for any 0 < 6 < 1, with
confidence 1 — 0, there holds
R(sgn(fz)) — R(fe)
4k2(4log? + /m) log? v
< WIS ET 05 4 1., 2.0

After giving the explicit rates for K\, Y) (for N)

and K Vi ( fes A) respectively, we give the exphclt ex-
cess estimates for (8) and (9) in Corollary 4.1 and
Corollary 4.2, respectively.

2 The Sample Error

By [6, 37, 39] we know for a normalized loss V()
and a distribution p on Z there is a positive constant
depending only upon V' such that

(Sgn( ) — ( c)
o (f) = Epv(fe),
lfV(t) (1 — )4
< (10)
Cv\/é’p,v(f) =& v (f*),

if V”(0) > 0,

if || flloo = sup |f(z)] < +oo.

Eq. (10) shows that, to give the excess misclassifi-
cation error (1), we need to bound the error

Vfa) = & (£,
Since
o (fa.) = Epv (f7)
< ’ng(faz) pV(fa(P))|
+gp,V(fa ﬂ)) gp,V(f*)a (1 1)
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we need to estimate the sample error

|5pV(faz) pV(fa(P))|
and the approximation error
5p,V(fa(p)) - 5p,V(f*)

respectively. The approximation error can be estimat-
ed with approximation theory(see [26]). The sam-
ple error, nevertheless, is the main part of the w-
hole estimate. The capacity-based approaches (see
e.g.[1, 3,5, 32, 33, 40]) and the capacity independent
approaches (see e.g.[4, 8,7, 9, 12, 21, 27]) are devel-
oped for these purposes.

In the present paper, we shall give an estimate for
the sample error with convex analysis, the parallel-
ogram identity and the large number law in Hilbert
spaces. We first give the representations of the solu-
tions of (4) and (5) with the derivatives of the loss,
with which show the robustness of the solutions on
the distributions. The sample error is then obtained.

Let ¢ > 1 be a given positive integer and R? be
the g-dimensional Euclidean space. Then, for any o« =

(051,042,"',04(1) € RY and/ﬁ = (Bhﬁ?a"'aﬁq) €

q
R we can define in R? the norm ||a||2 = ( 3 |oi|?)
i=1

Nl

and the inner product

q
a,B)2 =Y B
i=1

It is well known that if f(z) is a convex differen-
tiable function on X, one has(see [18])

f@) > f(z) + (Vf(z), 2’
where V f(z) is the gradient of f(x) at z.

Theorem 2.1. If the conditions of Theorem 1.1 holds,
then,for any 0 < 6 < 1, with confidence 1 — 6, there
is

7)a, z,2 € R™, (12)

o v (fo.) = Ev (fan)]
41{:2(410934—\/») log3

m

112
W w09

In particular, when' V- =V}, is the hinge loss,there
holds

Eovi (fo) = Ep i (faim)]
4k?(4log% + /m) log3
Am '

14)

To show (13) we need some lemmas.
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Lemma 2.1. Let V be a given normalized loss, p be
a distribution on Z. Then, there exists uniquely one

minimizer of o\P) of the problem (5) and
la®@ly < o/ LQ. as)
maA

Proof. The uniqueness of the minimizer can be ob-

tained by the fact that V' (¢) is a convex function and
A > 0. Since ® is the minimizer of (5), we have

Epv (faim) + Am|[al? |3 < &, v (fo) = V(0)

which gives (15).
We now give the representation of a(?) with
V().

Lemma 2.2. Let V be a given normalized loss func-
tion, p be a distribution on Z.a\P) is the solution of
(5) for the given p. Define vector functions

KY(:B) = (K(.%', yl)a K(:va?): T ,K(.%', ym))T

for given discrete sets Y C 'Y and any v € X. Then,
there are the following results:

(i). Let V,, be the gradient of V(w fo(x)) about
«. Then,

Va(V(wfa(z)))
= Ky(m)TwV'(wfa(:):)), (x,w) € Z. (16)

(ii). The unique solution alP) of (5) has the fol-
lowing explicit expression

= K+
2m /

where, for a vector function

f(:B,’LU) = (fl(x7w)7"'

and a function o(x), we define

f(w,w)alz) = (fi(zw)al), -

TwV'(wf oy (x)dp, (17)

 fm(@,w)) T
, fn(2, w)a(z))

and
/Zf(x,w)a(x) dp
= (/Zfl(wvw x)dp, - - / f(,w)e(zx) dp) "

Proof. (16) can be obtained by direct computations.

By the definition of a?) we have

0 = Va(/V(wfa(x))dp—l-)\maTa)|a:a(,,)

:t/K

TwV(wfom(x) dp 42X m alP).
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(17) then holds.

Following Lemma 2.3 provides the connections
among the solutions of (5) with respect to the distri-
bution p.

Lemma 2.3. Let V be a given normalized loss func-
tion, p and y be distributions on Z = X x W, a\?) and
a™) be the solutions of (5) for p and p respectively.
Then,

HOé ©) — oW

RS0
/K

In particular, if | is the empirical distribution
i (x, w) in (6), then, there is the following inequal-
ity

IN

TwV! (w0 ())dp

TV (wfo ())dplly. (18)

IIa(p —

H/K

- - Z KV(xi)Tin/(wifa@) (i)llo-(19)
i=1

IN

TwV'(wfpm (2))dp

Proof of (18). By the convexity of V' (¢) and (12) we

have
> wV (W (@) Ey(@) " (@) —al)
= (@ — o WV (wf, () Ky(2) "),
It follows

/V(w am)(x))dlt*/ V(wf 0 (x))dp
z z

> (@~ al?), [ V(@) K@) dp)y
Z

Since a®, a(?) € R™, then, the reformed parallelo-
gram equality gives

Ha(”)llg _ Ha(p)HS = 2(a —alP) o)

2

o — a3 (20)

It follows by (20) that
(& (fatw) + Aml[a][3)
(& (fawm) + Amal]]3)
> (0l = o, [ wV(w @) Kelo) du),
Z
— o) alP)

+2xm(a 9
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+Am|al?) — a(“)Hg.
> (@) = o, [ wV'(wly @) K@) dp
= [ WV sy @) (o) o),
+am|al?) — o W]3.
Since

(8M,V(fa(u)) + )‘mHO‘(M) Hg) -
+amlla?]3) <0

g,u,V(fQ(P))

we have by the Cauchy inequality that

AmHa(P) _ a(")Hg

< (@ =a, [ V(e @)K() du
/ WV (Wi (2)) K() T dp)y
< ol =Wy x| [ wV(whyo @) Ky ()T dn

~ [ V(i @) ()T dpl

Consequently, (18) holds.
taking p = .

Following large number law will play a vital role
in proving Theorem 2.1.

Lemma 2.4. (See [21]). Let H be a Hilbert space
and & be a random variable on (Z, p) with values in
H. Assume ||¢||lp < M < +oo almost surely. De-
note 02(&) = E(||€||%) and let {&}™, be indepen-
dent random drawers of p. Then, for any 0 < § < 1,
with confidence 1 — 0, there holds

(19) can be followed by

m

-3 (6~ BE
=1
. 2Mh;g;<2/6> . \/202(5)529(2/6)' o1

Proof of (13). By the definition of a(P) we have

1Epv (fa) = Epv (fam)]
< (& (faz)+Am||0<zH) (Ep v (fam)
+AmHOf ©)13) + Amll|ez |3 — Ha @3
= A+ mlllaz]3 — l®3], (22)
where
A = &Eulfa) —Evfaw)
+Am<uazuz> — [[a®[3).
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Rewrite (12) by
flx) = f(@') < (Vf(x),x —a')e, x,2" € R™
Then,

Epv(fa) = Epv (fam)

— /v(wfaz(z))dp—/ V(wf o (z))dp
VA Z

([ FaV@ha@)loc, dp.z =),

IN

On the other hand, by (20) we have

ez 3 — [la®|]3
= 2, — a(ﬂ)7az)2 _ Ha(P) _ a(“)Hg. (23)

It follows

A< ( /Z VoV (Wfa(@))|oen, dp, @z — a®),

+2x m(ay, a, — Oé(p))g

—ml|a; — a3
= (/ wV'(w fa. (.Z‘))K;(QS‘) dp + 2 ma,
z

13

([ wV'(wfo. @)Ky () dp

a, — ), — xmlla, — P

IN

_721‘)@‘/, wzfaz (xZ)) T(xl)

a —a<p>)2—AmHaP> — a3 (24)

(23),(22) and (24) gives

Epv (fa.) = Epv(foim)

< / WV (wfa, <x>>Ki<x> dp
- sz (Wi fa. xz))K;(:L'Z), oz — O‘(p))Q
vl — af + Ml - lal3)

< / WV (0 fo. (2) KL(2) dp
. sz (wi fa. xz)>K;(xZ)a Oz — a(p))Z
—Amna(ﬂ — az|2 + 2xm|(az, 0 — o)
+amjal? — a3

<

( /Z WV (w o () Ksr(2) T dp

T(xz) Gz — a(p))Q

- Z wzvl wzfocz (1’@))
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2xml|az [l x [lal” — az]l,

( / WV (wfo (@) K@) dp
= Z wiV

IN

wzfocz xz))K?(xl)T H2

+H*sz (wi fo, (2:)) K (xz)TH2)
><Haz—a M- (25)
Since (15), we have
V(0
atlloe < vtk x 2@, < by [V,
and
V(0
oo < Vi x sl < by [V,
Then, for any x € X there holds
[V (wfa. () K- ()2
< kvmx [VI(wfa.)lloo
!
< kym x HVH[_k ﬁ@k ﬁ@}, (26)
and
[wV (w00 (2)) B () |2
< kvmx [Vi(wfym)llso
!
< kvmx ’\V’\[ik\@’k\/@]- (27
Therefore,by (26)
I ] wV who @) K5 (@) dp
_*Z w; V' wlfaz x%)) K?(in)—r’b
< sup
IIh(m,wﬂIZSk\/ﬁwan[ik Ny
1 m
h(z,w) dp— — h(x;, w; 28
I, o) do— 3 hGasswnl 29
and by (27) we have

I / WV (], (@) Ko@) T dp
_72 w0V

wzfa(p) «Tz)) K?(xi)T HZ
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< sup

Peolsvma | g, e
D A

1 m
X h(x,w) dp — — h(x;, w;)|5(29
I, o) do = 3" w),29)
On the other hand, by (26) we have
|— Z w;V'
<Mf*uvu i OO
(0 V(O

(19), (29), (30),(21) and (25) give

wzfaz xz))KT(xl)THQ

[Epv (fa.) = Epv (faw)l
< 1
= X ( sup

Il hvmavl | e, e
0 A

1 m
X h(x,w)dp — — h(x;, w;
I, o) do =203 bl
/
Hheymx VI @, vgo)])

sup

X
IIh(mﬁw)Hzﬁ’me”V"'H Vo) ., Vo)
X A

1 m
<|| [ bl w) do = — 3" (i wlly: GD
=1

By (21) we know, with confidence 1 — §, there
holds

sup

Hh(l”w)H2<kaV||[_k\/@’k\/@]
1 m

X h dp — — h(x;, w;

I, o) do = 5 bl

2log(2/0)

IN

2log(2/96) n

kv/m % ( )

V() 1./ VO
)\ 7k >\ ]

< dklog(2/6) x [V - (32)
[- ]

V(0) v (0)
Xk X

(32) and (31) give
|<‘5 v(fa.) = E v (faw)l
< % x (4klog<2/6> VI

V(0) V(0)
A 7k: >\ ]
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+ky/m ¥ HV’H[ .

V() 4. /V(©0) )
A Ik A ]

!
x4klog(2/8) x |V H[_k\/@k\/@}'

(13) then holds.

Proof of (14). Simple computations give V}/(t) =
—1if ¢t < 1 and O if ¢ > 0. We then have
= 1. (14) follows from (13).

VN e e
[k ©) ()]
A

PN

3 The Approximation Error

We now show the approximation error.

Theorem 3.1. Let V' be a given normalized loss func-
tion, p be a distribution on Z = X x W, a'?) be the
solutions of (5) for p. Then,

Eorv (faun) = Epv (F) < E(F5,0). (33)

(33) shows that the approximation error is bound-
ed by the K -functional K ( 5.

Proof. By the definitions of o) and f* we have
Epv (faw) = Ev (f7)

Env(Fat0) = E (F7) + Amlja®]3
nf (€ (fa) + Amlall3 = £, ()

0

ININ

— KN,

(33) then holds. If V}, is the hinge loss, then,
f* = fc. In this case, we may give an estimate for

V),
K ().
Theorem 3.2. Let p € L?*(px) satisfy

/ny

Then, there is a discrete Y C X such that

e [A— 15,13
Y * 2
Ky (£.0) < L4 N3 - 3)

To show (35) we need a lemma.

Lemma 3.1.(see [24]) Let [* satisfy (34). Then, there
is a discrete set Y C X and an o € R™ such that

* A_Hf H2
1* = forllzpy S\/Tp“x (36)
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and mljo* |3 < [loll3 . -

Proof of Theorem 3.2. Since V}, is a Lipschitz func-
tion with Lipschitz constant 1, i.e.,

[Vi(t) —

we have by Lemma 3.1 that there is an o™ € R"™ and
a discrete set Y C X that

K (fe, )

= inf (18, (fa) -

inf ([ WVhwa(a)) = Vi(wfe(a))ldp

aER™
+)\m|]a”

aler}%fm /|fa -
inf (| fo— fc\z,pX+AmHaH§)

ch = farll2,x + Amlla”|3

A— ||fCH%p 2
T Al

4 Proof of the Results

V(| < |t =1, t,t' € R,

Ep v (o)l + Xmlla]l3)

IN

IN

()ldp + Aml|a3)

IN

IN

IN

Proof of Theorem 1.1. By (10),(11),(13)and (33) we
have (7).

Proof of Theorem 1.3. By (10),(11),(14) and (33) we
have (9).

Proof of Theorem 1.2. Since V}’(t) = 2 > 0, we
know by (10) that

Rsgn(/:)) — R(f.)
< CvyfE(f) = i (fy).

(37

Since

Epvi,(f2) = /Z(l —wfz(x))de

= [ w= £,
we have by [10] the equality
pv‘/ls(fz)_ PVls(fP)_HfZ_
which and (37) give
Rsgn(f=)) = R(fe) < Cvlfz = follzp- (38
On the other hand, by Theorem 2 of [25] we know
6k2 log%
A/m
V),
+ VKR (o ).

fp”%,p?

1fz = Follop <

(39)
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(38) and (39) give (8).

Corollary 4.1. Under the conditions of Theorem 1.3,
if f. satisfies (34), then, there is a discrete set Y C X
such that, for any 0 < § < 1, with confidence 1 — ¢,
there holds

§R(sgn(fz)) - §R(fc)
4k*(4log? + \/m) log3

m

A —|Ifell3
Al (40)

Proof. (40) can be obtained by (9) and (35).

Corollary 4.2. Under the conditions of Theorem 1.2,
if fp satisfies (34), then, there is a constant C' > 0
such that, for any 0 < § < 1, with confidence 1 — ¢,
there holds

R(sgn(fz)) — R(fe)

< 6k2 Iog% A— ch”%,px

- Am m
+\/X”(10||27PX‘ (41)

Proof. (41) can be obtained by Lemma 3.1 and (8).
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