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Abstract: In the present article, we construct the traveling wave solutions involving parameters of some nonlinear
PDEs; namely the nonlinear Klein - Gordon equations, the nonlinear reaction- diffusion equation, the nonlinear

/
modified Burgers equation and the nonlinear Eckhaus equation by using the modified (%)— expansion method,
where G satisfies a second order linear ordinary differential equation. When these parameters are taken special
values, the solitary waves are derived from the traveling waves. The traveling waves solutions are expressed by

hyperbolic, trigonometric and the rational functions.
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1 Introduction

In recent years, the exact solutions of nonlinear PDEs
have been investigated by many authors( see for exam-
ple [1]-[45]) who are interested in nonlinear physical
phenomena. Many powerful methods have been pre-
sented by those authors such as the generalized pro-
jective Riccati equation expansion method [7, 31], the
sine / sinh-Gordon reduction method [32, 33], the re-
duction mKdV equation method [34], the tri-function
method [35, 36], the homogeneous balance method
[9], the hyperbolic tangent expansion method [29], the
tanh-method [8, 27], the nonlinear transform method
[16], the inverse scattering transform [1], the Back-
lund transform [21, 23], the Hirota’s bilinear method
[11, 12], the generalized Riccati equation [30], the
Weierstrass elliptic function method [22], the Sine-
Cosine method [27, 37], the Jacobi elliptic function
expansion [9, 38], the complex hyperbolic function
method [3],the truncated Painleve expansion [4], the
F-expansion method [25], the rank analysis method
[10], the ansatz method [14, 15, 16], the exp-function
expansion method [13], the sub- ODE. method [19],
the (%/)—expansion method [26], [40]-[45] and so
on.

Recently, Bin et al [40] and Zayed et al [42] have
obtained the exact solutions of some nonlinear PDEs
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using the modified (%)- expansion method. In the
present paper, we shall use the modified (%) - ex-
pansion method to find the exact solutions of some
different PDEs. This method is proposed by which
the traveling wave solutions of nonlinear equations are
obtained. The main idea of this method is that the
traveling wave solutions of nonlinear evolution equa-
tions can be expressed by a polynomial in (%),Where
G = G(§) satisfies the second order linear ordinary
differential equation G” (€) + AG'(€) + uG(¢) = 0,
where & = x — Vit, where A\, u and V are con-
stants. The degree of this polynomial can be deter-
mined by considering the homogeneous balance be-
tween the highest order derivatives and the nonlin-
ear terms appearing in the given nonlinear equations .
The coefficients of this polynomial can be obtained by
solving a set of algebraic equations resulted from the
process of using the proposed method. In the present
paper, the modified (%)—expansion method will be
applied to construct the traveling wave solutions of
the nonlinear Klein - Gordon equations, the nonlin-
ear reaction- diffusion equation, the nonlinear mod-
ified Burgers equation and the nonlinear Eckhaus e-
quation.
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2 Description of the modified (%)-
expansion method

Suppose that we have a nonlinear PDE in the follow-
ing form:

ey

F(u7ut7u:c7utt7uxt7uxa?7 """ ) - 07

where u = wu(z,t) is an unknown function, F' is a
polynomial in u = wu(x,t) and its partial derivatives,
in which the highest order derivatives and nonlinear
terms are involved. Let us now give the main steps for
solving Eq. (1) using the modified (%)—expansion
method [40,42]:

Step 1. The traveling wave variable

u(z,t) = u(f) 2
where V' is a constant, permits us reducing Eq. (1) to
an ODE for u = u(§) in the form

E=x—-Vt,

P(u, =V, o', V2", =V ... )=0, 3)

where P is a polynomial of u = u(¢) and its total

derivatives.
Step 2. Suppose that the solution of Eq. (3) can be

expressed by a polynomial in (%) as follows:

i=—m

Y(§) = 4)
where G = G(§) satisfies the following second order
linear differential equation in the form:

G+ )G +uG =0, (5)

where «;, A ,u are constants to be determined later,
am # 0ora_,, # 0and misa positive integer.
Step 3. Balancing the highest derivative term with
the nonlinear term in (3), we find the value of the pos-
itive integer m in (4). In some nonlinear equations
the balance number m is not a positive integer. In this
case, we make the following transformations [20]:

(a) When m = % where % is a fraction in the
lowest terms, we let

(6)

then substituting (6) into (3) to get a new equation in
the new function (&) with a positive integer balance
number.
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(b) When m is a negative number, we let

)

and substituting (7) into (3) to get a new equation in
the new function (&) with a positive integer balance
number.

Step 4. Substituting (4) into Eq. (3) and using Eq.(5),
collecting all terms with the same order of (%) to-
gether, and then equating each coefficient of the re-
sulted polynomial to zero, yields a set of algebraic e-
quations for o;, V, A and p .

Step 5. Since the general solutions of (5) have been
well known for us, then substituting «;, V' and the
general solutions of (5) into (4), we have the traveling
wave solutions of the nonlinear PDEs (1).

3 Applications

In this section, we apply the modified (%)— expansion
method to construct the traveling wave solutions for
some nonlinear partial differential equations, namely
the nonlinear Klein- Gordon equations, the nonlinear
reaction- diffusion equation, the nonlinear modified
Burgers equation and the nonlinear Eckhaus equation
which are very important in the mathematical physics
and have been paid attention by many researchers.

3.1 The nonlinear Klein - Gordon equations

with the cubic- quintic nonlinearity

Wazwaz [27, 28] investigated the nonlinear Klein -
Gordon equations and found many types of exac-
t traveling wave solutions including compact solution-
s, soliton solution, solitary patterns solutions and peri-
odic solutions using the tanh- function method . These
equations play an important role in many scientific
applications, such as the solid state physics, the non-
linear optics, the quantum field theory and so on (
see[17, 18, 24]).

3.1.1 Example 1.

We start with the following nonlinear Klein - Gordon
equation in the form:

gt — k gy + au — Bud + yu® =0,

(®)
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where «, 3, k and y are constants, provided v # O.
The traveling wave variable (2) permits us converting
equation (8) into the following ODE:

(V2 =" +au—pu® +yu® =0.  (9)

Suppose that the solution of the ODE (9) can be ex-
pressed by a polynomial in terms of (%) as follows:

m G/ 7
u(§) = Y o (G) , (10)
1= —m

where «; are arbitrary constants, while G () satis-
fies the second order linear ODE (5). Considering
the homogeneous balance between the highest order
derivative «” and the nonlinear term u° in (9), we get
m = % According to step 3, we use the transforma-
tion

u=[( &) (11)

where 1( £) is a new function of £. Substituting (11)
into (9), we get the new ODE:

1072 —B)2e” — vt ey~
BY® + = 0.

Determining the balance number m of the new Eq.

(12), we get m = 1. Consequently, we have the formal
solution of Eq.(12) in the form:

Y(E) = (g) +ay (g)_l +op.  (13)

After some calculation, we get

—poy + Ao (%)_1 + pa—q %/)_2, (14)

/ 2 ’
Y(€) =~ (%) — Ay (%) +a

’ 2
W(E) =2 (%) +3xa1 (€) +
041(2,u+)\2) (%) al,u/\—i—Aa_l

N —1 N —2
+(2p+ A)aq g%) + 3 pa—q (%)
+20 1 p? (%) -
(15)
and so on.

On substituting (13) -(15) into (12) collecting all
terms with the same powers of (%) and setting them
to zero then, we have the following system of algebra-
ic equations:

3 3
sza% — Zkza% +vaf =0,
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VZapay — Bad + 4yadag — k*aloy

V23N — k2ai) = 0,

—k20® M — Ba | + Viaga1p? — KPaga_qp?
+4v03 o + V202 A =0,

3 3
ZV20¢2,1M2 + 'Yaél — Zk201271[1/2 = 0,
—3k20¢1)\a_1,u - Sﬁalaz_l + 201
1

—|—4fya,1ag + 127041042_1040 — 5/{204004,1)\2
—]faga_lu + V2a0a_1/,L + 3V2a1)\a_1u
—l—iVana,l)\Q —3Ba_102 =0,

3 1 3
—§k2a0a1)\ — 5/4:204%/1 + §V2a1a_1

3 1 3
—§k2a1a_1 + ZVZQ%)? + ozoz% + §V2aga1)\

1

+4vada_y — 3Bacag + §V2a%u

1
—Zk2a%)\2 + 6yatad =0,
1 1 1
FVielipt VAl N — Tk a2 A7

3

+6v02 103 + aa? | + dyaad | — §k2aoa_1)\u

1 3
—§k2a2,1u - §k2a_1u2a1 — 35042,1010

3 3
—|—§V20471M2041 + §V20400471)\M =0,

1
—§k2a0a1)\2 + 3V g — 3Balo¢g
—3k2a1 a_q —1|— 20010 — 3Bata_y
—Klagaip+ §V2aoa1/\2 + 47(11043
+11/2a00zlu + 12704%041 109 = 0,
—ZVQa%MQ + fyaé + 4k2a2u + 2aa1a0—

1

—Bag + aad — ZV2a2,1 + Zk2a2,1

1
—§k2aoa1>\u + 12 70410(,1043 + 3V2a1a,1,u

1 3
+§V2a0a_1)\ + 67@%042,1 + §V2041)\2oa_1

1 3

—3k2a1a_1u — 51{32&00[_1)\ — 51{:2041)\204_1

1
—|—§V2a0a1)\,u
—6Ba1a,1a0 = 0. (16)

On solving the above algebraic equations (16) by us-
ing the Maple or Mathematica, we have

A 4o)\? 4a
al_ﬁojwuao_ﬁo([]\/[aa 1= EW) (17)
38°M — 2
_16a)\2’v_ k _M’

where M = A2 — 4y # 0 and k2 > 42
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Substituting (17) into (13) yields

da) (G dadp (G TP dan?
w0 =531 (&) +ar (G) + 5 @9
where
E=x—t kQ—%. (19)

On solving Eq. (12), we deduce that

1 /7 A cosh( \/7§)+B sinh(% VM €)
(Asmh( LM ¢&)+B cosh( r{))
_g it M >0,

G :
R 1 7 [ —Asin(2V/—M¢&)+B cos(: v/ —M¢) 20
G 2 -M ( Acos(;\/ M&)-}-Bsin(;\/—Mg) ) (20)
-3 if M<O0,
B

_ A if

A M =0,

BETA
where A and B are arbitrary constants and M = \? — 4.
On substituting (20) into (18), we deduce the following
types of traveling wave solutions of Eq. (12):
Case 1.If M > 0, then we have the hyperbolic solution

’(/} _ 2a) (ACOSh(%mE)+BSiHh(%\/M§)) +
BVM \ Asinh(iVM €)+Bcosh(3VM §)

2a)? 8(1)\,u

gar T+
Acosh(& VM €)+Bsinh(1VM €)
[\/M (Asinh(%m f)—&-Bcosh(;m 5)) - )\:|

(21)
—-1

Case 2. If M < 0, then we have the trigonometric solution

—Asin(3v/—M¢&)+B cos(%\/flwg)) +
Acos(3V ME)-&-Bsin(%\/Mf)

X

AGIH(E\/—ILIE)—‘,-BCOS(%\/—M&)) _ )\:| -1
Acos(3vV—ME)+Bsin(5vV/—M¢) '
(22)

wi
2a\?
Bar +

v

20 (
BV —
SaAu

On substituting (21) and (22) into (11) we have the
traveling wave solutions of Eq. (8).
In particular, if we set B =0, A# 0, A > 0,u =0,

in (21) then we get
2¢ 1

while if B # 0, A2 > B2, \ > 0, u = 0, then we have

u(§) = (23)

u(é) = \/2;[ [tanh(& + %/\g) + 1] , (24)

where &y = tanh ™! (%). Note that (23) and (24) represent
the solitary wave solutions of Eq (8). These solutions are
completely physical in the case >0 and k% > "‘

3.1.2 Example 2.

In this section, we study the following nonlinear Klein -
Gordon equation:

Ut — k2 Ugy + au — Bu + U =0, n> 2, (25)
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where «, 3,y and k are constants.
The traveling wave variable (9) permit us converting
Eq. (25) into ODE in the form:
(V2 = )" + au — pu™ +yu* 1 =0, n>2. (26)
Suppose that the solution of the ODE (26) can be ex-
pressed by polynomial in term of (%) in the same form
(10) where G(€) satisfies (5). Considering the homoge-
neous balance between the highest order derivative u” and
the nonlinear term u?"~! in (26), we get m = ﬁ Ac-
cording to step 3, we use the transformation

u=[p(H]**

where 1( &) is a new function of £. Substituting (27) into
(26), we get the new ODE

27)

(VQ_kQ) (n 1)277[}/2_|_ o 1)w¢// +0”j)
BY® +yu' =0,

Determining the balance number m of the new Eq. (28),
we get m = 1. Thus, the solutions of Eq. (28) have the
same form (13). Consequently,using the Maple or Mathe-
matica we get the following results:

(28)

2
a = (n-lﬁ-]lv)[ka o = (n-%l]\)/[)\ e (n-l-Bl]z;A)\a’
_ _nBg’M _ (n—1)2a
7= gz V= k? — ==
(29)
where M = \? — 4, # 0 and k2 > % Substituting
(29) into (13) yields
-1
_ (nt+Dra (& (n+Dpra (G’
WO = o ( )+ e (€) (30)
(n+1)X\%a
+ =
where
— 1)«
Y P i) i 31
=c = (3D

From (20) and (30), we deduce the following types of trav-
eling wave solutions of Eq.(28):
Case 1. If M > 0,then we have the hyperbolic solution

W= (n+1) e (Acosh(%\/ﬂ &)+ Bsinh(3VM 5))
zﬁf Asinh(1 VM €)+Bcosh(iVM §)

(n+DA%a | 2(nt1)pd
+352 BT S %MS%QX

|:(Acoah( \/7€)+Bsinh(%m E)) . ii|_1
Asinh(1 VM €)+B cosh(1VM §) VM ’

(32)

Case 2. If M < 0, then we have the trigonometric solution
—Asin($v/—M&)+B cos(%v—M¢) )

w (n+1)>\a<

28— \ Acos(3V=ME)+Bsin( %/~ ME)
+(n+1)/\2 _ 2(nt+lpla

26M B/ (—M)?
[(—Asin(ém£)+3cos(%ﬁﬁ))_ N }*1

Acos(V—M¢)+Bsin(Lv/—M¢) v—M '(33)

Issue 8, Volume 10, August 2011



WSEAS TRANSACTIONS on MATHEMATICS

On substituting (32) and (33) into (27) we have the
traveling wave solutions of Eq. (25).

In particular, if we set B = 0,4 # 0, A > 0,u = 0,
in (32) then we get the solitary wave solutions of Eq.(25)
as follows:

0o eV

while if B # 0, A2 > B?, X\ > 0, = 0, then we get

o) ={

M@{”*l[mm@+Aa+qy4,m>
A

where £y = tanh™ ( ). These solutions are completely
physical in the case >0 and k% > %

3.1.3 Example 3.

In this section, we study the following nonlinear Klein -
Gordon equation:
U — k2 Ugy + 0w — Bul ™" +4u" T =0, n > 2, (36)

where k, o, 8 and ~y are constants.

The traveling wave variable (9) permits us converting
Eq.(36) into ODE in the form:

(V2 — k" 4+ au — Bu' ™" + yu" T = 0. 37
Considering the homogeneous balance between the high-
est order derivative v and the nonlinear term ™ t! in (37),

we get m = % According to step 3, we take the transfor-
mation

3o

u=[y(&)] (38)

where ¢( £) is a new function of £. Substituting (38) into
(37), we get

(V2 —k?) [2(2 n)'’? + anw”] + an?y? 19
_BnQ'(/JS + ,Yn2w4 _ O7 ( )

Determining the balance number m of the new Eq. (39),
we get m = 1. Thus, the solutions of Eq. (39) has the same
form (13). Consequently, using the Maple or Mathematica
we get the following results:

Case 1.
ay =4 \ a(2 n)]\/[’ Qo = 2)‘\/ o= n)M’ (40)
_ ” *4 k2 n2a a
v = 16/3 ) oM Q1=
Case 2.
a1 = 4\/ 2 a@—n)M > ¥ = 2)‘\/ - n)]V[’ @1

—4)a
7= n165 \/k2+Wa0‘1—0

where M = A2 —4p # 0, k? + ’5]&‘ >0 andn > 2.
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We just list some exact solutions corresponding to case
1 to illustrate the effectiveness of the modified (%)— ex-
pansion method. Substituting (40) into (13) yields

_ B AN 8
v=4 al2—n)M (G) 2 al2—n)M’ (42)

where
2
E=x—ty\/k2+ Zz\; 43)

From (20) and (42), we deduce the following types of trav-
eling wave solutions of Eq.(36):

Family 1. If M > 0 and g < 0 then we have the hyper-
bolic solution

(0 =2>\\/a(2_¢nw+%\/a(2¢—n)x

|:< Acosh(1VM €)+Bsinh(1VM €) > A :|1

Asinh(34/M) &)+Bcosh(3VM ¢) ) VM
(44)
Family 2. If M < 0 and g > (0 then we have the trigono-

metric solution

Y = 2)\\/a(2—ﬁn)M - %\/a(nﬁ—% x

[(—Asin(%\/ng)-i-Bcos(%x/—]\/lé)) D }’1
Acos(2v—ME)+Bsin(3v/—M¢) vV—-M :
(45)

On substituting (44) and (45) into (38), we have the
traveling wave solutions of Eq. (36).

In particular, if B =0, A # 0, A\ > 0, x = 0, then we
obtain the solitary wave solutions of Eq.(36) as follows:

3 8 3 A "
o2 4 S P leothoe—1
b { a2 —n) + A2\ a(2—n) cot 2{
(46)
while if B # 0, A2 > B?, X\ > 0, = 0, then we have

u:{ 0426m(2+§2 [tanh(fo‘*‘;)\g)_l}ﬂ)}i

47
where &, = tanh_l( £). These solutions are completely

n2a

physical in the case £ < 0 and k2

3.2 Example 4. The nonlinear reaction- dif-
fusion equation

In this section we study the following nonlinear reaction-
diffusion equation [44]:

uy = (auP " uy), — Bu + yuP, (48)

where u(z,t) describles a population density, «,3, -y are
constant coefficients with v > 0 and p # 1. The traveling
wave variable u(z,t) = u(§) and £ = k(x — Vt) permits
us converting Eq. (48) into the ODE:

EVu' + a2k [(p—1)uP2u? +uP~ o] — Bu+~yuP = 0.
(49)
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Considering the homogeneous balance between the highest
order linear derivative «/ and the nonlinear term uP~! "
in (49), we get m = ﬁ. According to step 3, we take the
transformation .

u = [¢( f)]H ) (50
where ¥( £) is a new function of £. Substituting (50) into
(49), we obtain the new ODE

KV (1 =)oy + a2k [(2p — D)y + (1 — p) 49"
—B(1 = p)*¢® + (1 - p)*¥? = 0.
(51

Determining the balance number m of the new Eq.
(51), we get m = 1. Thus, the solutions of Eq. (51)
has the same form (13). Consequently, using the Maple or
Mathematica we get the following results:
Case 1.

. - 2 |2
al—Bm7 040—26 [m"‘l}a

(52)
_ _Ba [= _ -1 /= _
V=t /oo k_%,/ﬁ},a,l_o.
Case 2
_ M | A
1T v T2 [m“}’ (53)
)

_Ba [=v p_ (=) [—v —
V_T 77k_ a M 041—0,

where M = A2 — 4 > 0 and 1<0.

We just list some exact solutions corresponding to case
1 to illustrate the effectiveness of the extended (%)— ex-
pansion method. Substituting (52) into (13) yields

:@—1)/—7[ Bat [—
13 - pM:E—&—7 ik

From (20) and (54), we deduce for M > 0 that the hyper-
bolic solution has the form

v <Acosh(é\/M§)+Bsinh(%\/M§)> vy

(55)

(4

26 Asinh(%\/ﬂf)—i—Bcosh(%\/Mf) * 28
(56)
On substituting (56) into (50), we have the traveling wave
solution of Eq. (48). Note when M = A\? — 4 < 0, the

(%)— expansion method is no longer effective. This im-

plies that Eq.(48) has no such type solution. In particular,
it B=0,4%#0,A>0,u =0, then we get the solitary
wave solutions of Eq.(48) as follows:

u(€) = {ﬂmh %5 + 1]}” (57)

28
while if B # 0, A2 > B?, X\ > 0,4 = 0, then we have
u(§) = {Py tanh(&y + 1/\f) + 1] }1117 (58)
23 2

These solutions are completely
0 and 1 <0.

where &y = tanh_l(%).
physical in the case 7 >
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3.3 Example 5. The nonlinear modified
Burgers equation

In this section we study the following nonlinear modified
Burgers equation [45]:

up 4+ vy + QUugy = 0, 59)
where « is a positive constant.

The modified Burgers equation (MBE) is also called
the nonlinear advection—diffusion equation. It retains the
strong nonlinear aspects of the governing equation in many
practical transport problems such as nonlinear waves in a
medium with low-frequency pumping or absorption, ion
reflection at quasi-perpendicular shocks, turbulence trans-
port, wave processes in thermo-elastic medium, transport
and dispersion of pollutants in rivers and sediment trans-
port.  The traveling wave variable u(z,t) = u({) and
¢ = k(xz — Vt) permits us converting Eq. (59) into the
ODE in the form:

—Vu' 4+ v + aku” = 0. (60)
Considering the homogeneous balance between the high-
est order linear derivative v’ and the nonlinear term u? v’
in (60), we get m = % According to step 3, we take the
transformation

u=[p()*,

where 1( £) is a new function of . Substituting (61) into
(60), we obtain the new ODE

(61)

=2V ' + 200%Y + 20kyp)” — aky? = 0. (62)
Determining the balance number m of the new Eq. (62),
we get m = 1. Thus, the solution of Eq. (62) has the same
form (13). Consequently, using the Maple or Mathematica

we get the following results:

Case 1.
a1 = —gauk, g = %ak {—)\:I: \/M} (63)
V=5%VM ,01 =0.
Case 2.
alzgak:, ao—fozk‘ [)\i\/M}, (64)
V=+42/M, «a,1=0

where M = A2 — 4, > 0.

We just list some exact solutions corresponding to case
1 to illustrate the effectiveness of the extended (%)— ex-
pansion method. Substituting (63) into (13) yields

N\ —1
P(&) = fgauk <G> +4iak

- [f)\ + \/M} . (65)

where

§_k{xﬁ:a§t\/ﬂ] . (66)
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From (20) and (65) we deduce for M > 0, that the hyper-
bolic solution has the form

b= Fak|-A+ VM| - by
[(Acosh(%\/ﬂ £)+Bsinh(%m E)) . Li| -1
Asinh(1 VM €)+Bcosh(1VM ¢) ’

(67)

VM

On submitting (67) into (61), we have the traveling wave
solutions of Eq. (59). Note when M = A\?> — 4pu < 0,

the (%)— expansion method is no longer effective. This
implies that Eq.(59) has no such type solution.

3.4 Example 6. The nonlinear Eckhaus e-
quation

In this section we study the nonlinear Eckhaus equation [2,
5, 6, 43] which takes the following form:

iU+ gy +2u (U] + u) u=0, i=v=1. (68)

This equation is of nonlinear Schrodinger type. Eq. (68)
was found in [5] as an asymptotic multiscale reduction of
certain classes of nonlinear partial differential equations. In
[6], many of the properties of the Eckhaus equation were
investigated. The traveling wave variable

u(z,t) = UE)e! @™ ¢ = k(z —2at),  (69)
permits us converting Eq. (68) into the ODE:
—(B+ AU+ kK2U" +4kUU' + U =0.  (70)

where «, 3, k are constants.

Considering the homogeneous balance between the
highest order linear derivative U” and the nonlinear term
U2U’ in (70), we get m = % According to step 3, we take
the transformation

Nl

U =[(8)

where ¥( £) is a new function of £ . Substituting (71) into
(70), we obtain the new ODE

(71)

22 ) — k22 — 4(B + o)y + 8k + 4t = 0.

(72)
Determining the value of m in the new Eq. (72), we get
m = 1. Thus, the solutions of Eq. (72) has the same form
(13). Consequently, using the Maple or Mathematica we
get the following results:

Case 1.
a_q = —%uk, ag = f [—)\ + \/M} , 73)
B=Lk>M —4a?%, a1 =0,
Case 2
alz%k, aozf—’[)\:t\/M}7 (74)

0[,1:0,
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We just list some exact solutions corresponding to case
1 to illustrate the effectiveness of the extended (%)— ex-
pansion method. Substituting (73) into (13) yields

W (E) :—%Mk (g>_1+f [-ax VM. 09)

From (20) and (75) we deduce for M > 0 that the hyper-
bolic solution has the form

U— {_Lk {(Acosh(%mé)JrBsinh(%m E)) .
- VM Asinh(3VM¢)+B c?sh(%\/ﬁg)
-1 3
K - teasvan},
(76)
while if M = A2 — 4u = 0, then we have the rational
solution

R B N o]
U = l—S/\ k (M—Q) —4] (77)

On substituting (76) and (77) into (69), we have the
traveling wave solutions of Eq. (68). Note that (77) is

completely physical if {% - %} > -2 X>0,k>0
and p > 1.

4 Conclusion

In this work, the modified (G'/G)- expansion method
has been successfully applied to find exact solutions of
some nonlinear PDEs, via the Klein-Gordon equations, the
reaction-diffusion equation, the modified Burgers equation
and the Eckhaus equation. We have shown that this method
is direct,concise and effective, and can be applied to other
nonlinear PDEs in the mathematical physics. The ansatz
proposed in this paper is more general than the ansatz pro-
posed in Wang et al [26]. If we set the parameters in the
proposed method to special values, Wang et al method
can be recovered by this method. Therefore, our method
is more powerful than Wang et al’s method.
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