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1 Introduction

In recent years many integral inequalities have
been established, which provide handy tools
for investigating the quantitative and qualitative
properties of solutions to integral and differen-
tial equations, for example, see [1-20], and the
references therein. In these investigations, most
of the known integral inequalities are concerned
of continuous functions [1-13], while few authors
take research in integral inequalities for discon-
tinuous functions [14-17]. Now let us first recall
some known inequalities in [14-17].

In [14, Theorem 2.1, 2.2, 3.1], the author es-
tablished the following three integral inequalities
for discontinuous functions:

(a1) : ϕ(t) ≤ n(t) +
∫ t

t0

g(s)ϕ(τ(s))ds

+
∑

t0<ti<t

βiϕ
m(ti − 0), m > 0;

(a2) : ϕ(t) ≤ ψ(t) + q(t)
∫ t

t0

g(s)ϕm(τ(s))ds

+
∑

t0<ti<t

βiϕ
m(ti − 0), m > 0;

(a3) : ϕ(t) ≤ n(t) + q(t)[
∫ t

t0

f(s)ϕ(σ(s))ds

+
∫ t

t0

f(s)(
∫ τ

t0

g(t)ϕ(τ(t))dt)ds]

+
∑

t0<ti<t

βiϕ
m(ti − 0), m > 0

where ϕ(t) is unknown nonnegative piecewise con-
tinuous function defined on [t0,∞) with the first
kind of discontinuities in the points xi, i =
1, 2, · · ·.

Based on (a1) − (a3), some new bounds are
derived for the unknown function ϕ(t) in [14].

Recently, in [15, Theorem 3, 5], the author
established two more general integral inequalities
for discontinuous functions as follows:

(b1) : u(x) ≤ ϕ(x)+q(x)
∫ x

x0

f(τ)W (u(p(τ)))dτ

+
∑

t0<ti<t

βiϕ
m(ti − 0), m > 0;

(b2) : u(x) ≤ u(0) + q(x)[
∫ x

x0

f(s)u(p(s))ds

+
∫ x

x0

f(s)(
∫ x

x0

g(τ)u(p(τ))dτ)ds]

+
∫ x

x0

h(s)W (u(σ(s)))ds

+
∑

t0<ti<t

βiϕ
m(ti − 0), m > 0

where u(x) is unknown function as ϕ(x) in
(a1) − (a3), and W ∈ (R+, R+), W (γβ) ≤
W (γ)W (β), W (0) = 0, W is nondecreasing.
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In [16, Theorem 2.1-2.3], the author presented
three inequalities for discontinuous functions with
two independent variables:

(c1) : ϕ(t, x) ≤ a(t, x) +
∫ t

t0

∫ x

x0

b(ξ, η)ϕ(ξ, η)dξdη

+
∑

t0<ti<t

γiϕ
m(ti − 0, xi − 0), m > 0;

(c2) : ϕ(t, x) ≤ a(t, x) +
∫ t

t0

∫ x

x0

b(ξ, η)ϕm(ξ, η)dξdη

+
∑

t0<ti<t

γiϕ
m(ti − 0, xi − 0), m > 0;

(c3) : ϕ(t, x) ≤ a(t, x)

+g(t, x)
∫ t

t0

∫ x

x0

b(ξ, η)ϕm(ξ, η)dξdη

+
∑

t0<ti<t

γiϕ
m(ti − 0, xi − 0), m > 0

where ϕ(t, x) is unknown nonnegative contin-
uous function with the exception in the points
(xi, yi), i = 1, 2, · · ·.

As one can see, (c1)− (c3) are the direct gen-
eralization for (a1) − (a3) from one independent
variable to two independent variables.

More recently, in [17, Theorem 2.1-2.3], the
author presented the following inequalities for dis-
continuous functions with two independent vari-
ables:

(d1) : u(t, x) ≤ ϕ(t, x)

+q(t, x)
∫ t

t0

∫ x

x0

f(τ, s)ω(u(τ, s))dτds

+
∑

t0<ti<t

βiu(ti − 0, xi − 0);

(d2) : u(t, x) ≤ ϕ(t, x)

+q(t, x)
∫ t

t0

∫ x

x0

f(τ, s)ω(u(τ, s))dτds

+
∑

t0<ti<t

βiu
m(ti − 0, xi − 0);

(d3) : um(t, x) ≤ ϕ(t, x)

+
nq(t, x)
m− n

∫ t

t0

∫ x

x0

f(τ, s)un(τ, s)ω(u(τ, s))dτds

+
∑

t0<ti<t

βiu(ti − 0, xi − 0)

where u(t, x) is unknown function as ϕ(t, x) in
(c1)− (c3), and ω is similar to W in (b1)− (b2).

One easily see (d1) − (d3) are the generaliza-
tion of (c1)− (c3).

The inequalities (a1)− (a3), (b1)− (b2), (c1)−
(c3), (d1)− (d3) have proven to be effective in de-

riving bounds for discontinuous solutions of cer-
tain integration equations and differential equa-
tions. More details about them can be referred to
[14-17].

In this paper, motivated by the work above,
we will establish more general integral inequali-
ties for discontinuous functions with one or two
independent variables. Also we will present some
applications for them.

2 Main Results

In the rest of the paper we denote the set of real
numbers as R, and R+ = [0,∞) is a subset of R.
For two given sets G, H, we denote the set of
maps from G to H by (G,H).

Theorem 1 Suppose u(x) is a nonnegative piece-
wise continuous function defined on [x0,∞) with
discontinuities of the first kind in the points
xi, i = 1, 2, ..., and 0 ≤ x0 < x1 < ... <
xn < ..., lim

n→∞
xn = ∞. q, ϕ ∈ (R,R+),

and q(x) ≥ 1, ϕ(x) > 0, ϕ(x) is nondecreas-
ing. βi are constants. βi ≥ 0. f ∈ (R+, R+).
σ ∈ =− class of continuous functions, that is,
σ ∈ (R,R), σ(t) ≤ t, lim

|t|→∞
σ(t) = ∞. ω ∈

(R+, R+), ω(0) = 0, ω(αβ) ≤ ω(α)ω(β), and ω
is nondecreasing. φ ∈ C(R+, R+) is strictly in-
creasing. ψ ∈ (R+, R+). Furthermore, assume
σ(x) > xi−1 for x ∈ (xi−1, xi], i = 1, 2.... If for
x ≥ x0, u(x) satisfies the following inequality

φ(u(x)) ≤ ϕ(x) + q(x)
∫ x

x0

f(τ)ω(φ(u(σ(τ))))dτ

+
∑

x0<xj<x

βiψ(φ(u(xj − 0))), (1)

then

u(x) ≤ φ−1{q(x)ϕ(x)G−1
i [

∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]},

x ∈ (xi, xi+1], i = 0, 1, 2, · · · , (2)

where Gi(s) =
∫ s
ci

1
ω(s)ds, i = 0, 1, 2...,

ci, i = 0, 1, 2... are constants, and c0 = 1,

ci = G−1
i−1[

∫ xi

xi−1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]+

1
ϕ(xi − 0)

βiψ{q(xi − 0)ϕ(xi − 0)×

G−1
i−1[

∫ xi

xi−1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]}

for i = 1, 2, · · ·.
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Proof: From (1), considering ϕ(x) is nondecreas-
ing, it follows

φ(u(x))
ϕ(x)

≤ 1 +
q(x)
ϕ(x)

∫ x

x0

f(τ)ω(φ(u(σ(τ))))dτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(x)

≤ q(x)[1 +
∫ x

x0

f(τ)ω(φ(u(σ(τ))))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

]. (3)

Let v(x) = φ(u(x))
ϕ(x)q(x) and

vi(x) = ci +
∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

i = 0, 1, 2.... Under the assumption σ(x) >
xi−1, x ∈ (xi−1, xi], i = 1, 2..., considering σ is
continuous, we have in fact σ(x) ≥ x0, for ∀x ≥
x0. Since u is nonnegative on [x0,∞), so
u(σ(x)) ≥ 0, ∀x ∈ [x0,∞). Furthermore we have
v(σ(x)) ≥ 0, ∀x ∈ [x0,∞), and

v(x) ≤ 1 +
∫ x

x0

f(τ)ω(φ(u(σ(τ))))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

= 1 +
∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ))v(σ(τ)))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(q(xj − 0)ϕ(xj−0)v(xj−0))
ϕ(xj − 0)

≤ 1+
∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(q(xj − 0)ϕ(xj−0)v(xj−0))
ϕ(xj − 0)

. (4)

Case 1: If x ∈ (x0, x1], the from (4) and the
definition of v0(x) we obtain

v(x) ≤ v0(x), x ∈ (x0, x1]. (5)

According to the assumption for σ we have x0 <
σ(x) ≤ x. Then v(σ(x)) ≤ v0(σ(x)) ≤ v0(x), and

v′0(x) =
f(x)ω(q(σ(x))ϕ(σ(x)))ω(v(σ(x)))

ϕ(x)

≤ f(x)ω(q(σ(x))ϕ(σ(x)))ω(v0(x))
ϕ(x)

,

that is,

v′0(x)
ω(v0(x))

≤ f(x)ω(q(σ(x))ϕ(σ(x)))
ϕ(x)

. (6)

An integration for (6) from x0 to x yields

G0(v0(x))−G0(v0(0)) ≤
∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ.

Considering v0(0) = 1 = c0, then G0(v0(0)) = 0,
and

v(x) ≤ v0(x) ≤ G−1
0 [

∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ].

(7)
Especially we have

v(x1 − 0) ≤ v0(x1 − 0) ≤ v0(x1)

≤ G−1
0 [

∫ x1

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ].

Case 2: If x ∈ (x1, x2], considering (7) holds for
∀x ∈ (x0, x1], then from (4) we deduce

v(x) ≤ 1+
∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
β1ψ(q(x1 − 0)ϕ(x1 − 0)v(x1 − 0))

ϕ(x1 − 0)

= 1 +
∫ x1

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
∫ x

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
β1ψ(q(x1 − 0)ϕ(x1 − 0)v(x1 − 0))

ϕ(x1 − 0)

= v0(x1)+
∫ x

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
β1ψ(q(x1 − 0)ϕ(x1 − 0)v(x1 − 0))

ϕ(x1 − 0)

≤ G−1
0 [

∫ x1

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]

+
β1

ϕ(x1 − 0)
ψ{q(x1 − 0)ϕ(x1 − 0)

G−1
0 [

∫ x1

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]}

+
∫ x

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

= c1 +
∫ x

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

= v1(x). (8)
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Then similar to the process of (5)-(7), we can de-
duce

v(x) ≤ v1(x) ≤ G−1
1 [

∫ x

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ].

(9)
Especially we have

v(x2 − 0) ≤ v1(x2 − 0) ≤ v1(x2) ≤

G−1
1 [

∫ x2

x1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ].

Case 3: Suppose

v(x) ≤ vj−1(x) ≤

G−1
j−1[

∫ x

xj−1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]

holds for x ∈ (xj−1, xj ], j = 1, 2...i. Then for
x ∈ (xi, xi+1], from (4) we obtain

v(x) ≤ 1+
∫ x

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(q(xj − 0)ϕ(xj − 0)v(xj − 0))
ϕ(xj − 0)

= 1 +
∫ xi

x0

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

+
∑

x0<xj<x

βjψ(q(xj − 0)ϕ(xj − 0)v(xj − 0))
ϕ(xj − 0)

≤ G−1
i−1[

∫ xi

xi−1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]

1
ϕ(xi − 0)

βiψ{q(xi − 0)ϕ(xi − 0)×

G−1
i−1[

∫ xi

xi−1

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]}

+
∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

= ci +
∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))ω(v(σ(τ)))
ϕ(τ)

dτ

= vi(x). (10)

Then similar to (5)-(7) we get that

v(x) ≤ vi(x) ≤ G−1
i [

∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ].

(11)

Considering u(x) = φ−1{q(x)ϕ(x)v(x)}, then it
follows

u(x) ≤ φ−1{q(x)ϕ(x)G−1
i [

∫ x

xi

f(τ)ω(q(σ(τ))ϕ(σ(τ)))
ϕ(τ)

dτ ]},

which is the desired result. �

Remark 2 Theorem 1 generalize many known
theorems in the literature. For example, if we take
φ(u) = u, ψ(u) = um, m > 0, ω(u) = u, then
Theorem 1 becomes [14, Theorem 2.1]. If we take
φ(u) = u, ψ(u) = um, ω(u) = um, m > 0, then
Theorem 1 becomes [14, Theorem 2.2]. If we take
φ(u) = u, ψ(u) = um, m > 0, then Theorem 1
becomes [15, Theorem 3].

Corollary 3 Suppose u(x), φ(x), f(x), q(x),
ω(x), ϕ(x), ψ(x), βi, i = 1, 2, · · · are the same as
in Theorem 1. If for x ≥ x0,

φ(u(x)) ≤ ϕ(x) + q(x)
∫ x

x0

f(τ)ω(φ(u(τ)))dτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0))),

then

u(x) ≤ φ−1{q(x)ϕ(x)G−1
i [

∫ x

xi

f(τ)ω(q(τ)ϕ(τ))
ϕ(τ)

dτ ]},

x ∈ (xi, xi+1], i = 0, 1, 2...,

where

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

ci = G−1
i−1[

∫ xi

xi−1

f(τ)ω(q(τ)ϕ(τ))
ϕ(τ)

dτ ]

+
βiψ{q(xi − 0)ϕ(xi − 0)G−1

i−1[
∫ xi

xi−1

f(τ)ω(q(τ)ϕ(τ))
ϕ(τ) dτ ]}

ϕ(xi − 0)

for i = 1, 2..., and c0 = 1.

Now we consider the integral inequality con-
taining multiple integrals for discontinuous func-
tion with one independent variable.

Theorem 4 Suppose u, φ, ϕ, ω, ψ, βi, i =
1, 2... are the same as in Theorem 1, σi, i =
1, 2, 3 ∈ = class of functions, f, g, h1, h2 ∈
(R+, R+), qi(x) ∈ (R,R+), qi(x) ≥ 1, i = 1, 2, 3.
Furthermore, assume min{σi(x), i = 1, 2, 3} >

WSEAS TRANSACTIONS on MATHEMATICS Qinghua Feng, Fanwei Meng

ISSN: 1109-2769 434 Issue 12, Volume 10, December 2011



xj−1 for x ∈ (xj−1, xj ], j = 1, 2, · · ·. If for
x ≥ x0, u(x) satisfies the following inequality

φ(u(x)) ≤ ϕ(x) + q1(x)
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))ds

+q2(x)
∫ x

x0

g(τ)φ(u(σ2(τ))ds

+q3(x)
∫ x

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))dsdτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0))), (12)

then for x ∈ (xi, xi+1], i = 0, 1, 2... we have

u(x) ≤ φ−1{q(x)ϕ(x)G−1
i [

∫ x

x0

exp(−Fi+1(τ))

f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))
ϕ(τ)

ω(exp(Fi+1(τ)))dτ ] exp(Fi+1(x))}. (13)

where

Fi+1(x) =
∫ x

xi

[
g(τ)ϕ(σ2(τ))q(σ2(τ))

ϕ(τ)

+h1(τ)
∫ τ

x0

h2(s)ϕ(σ3(s))q(σ3(s))
ϕ(s)

ds]dτ, i = 0, 1, 2...,

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

c0 = 1, ci = bi +
βiψ[ϕ(xi − 0)q(xi − 0)bi]

ϕ(xi − 0)
, i = 1, 2...,

bi = G−1
i−1[

∫ xi

xi−1

exp(−Fi(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(Fi(τ)))dτ ] exp(Fi(xi)), i = 1, 2...

bi, ci are all constants.

Proof: Let q(x) = max{qi(x), i = 1, 2, 3}, con-
sidering ϕ is nondecreasing, from (12) we have

φ(u(x))
ϕ(x)

≤ q(x)[1 +
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

]. (14)

Let v(x) = φ(u(x))
ϕ(x)q(x) , and

vi(x) = ci +
∫ x

xi

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

xi

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

xi

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ, i = 0, 1...

Then for x ≥ x0, we have

v(x) ≤ 1 +
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

. (15)

Under the assumption min{σi(x), i = 1, 2, 3} >
xj−1, x ∈ (xj−1, xj ], j = 1, 2..., considering σi

is continuous, we have in fact min{σi(x), i =
1, 2, 3} ≥ x0, for ∀x ≥ x0. Since u is non-
negative on [x0,∞), so u(σi(x)) ≥ 0, i =
1, 2.3, ∀x ∈ [x0,∞). Furthermore v(σi(x)) ≥
0, i = 1, 2.3, ∀x ∈ [x0,∞).
Case 1: If x ∈ (x0, x1], then from (15) it follows

v(x) ≤ v0(x). (16)

From the assumption for σi we have x0 < σi(x) ≤
x, i = 1, 2, 3. Then v(σi(x)) ≤ v0(σi(x)) ≤ v0(x),
and

v′0(x) =
f(x)ω(φ(u(σ1(x))))

ϕ(x)
+
g(x)φ(u(σ2(x))

ϕ(x)

+h1(x)
∫ x

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

ds

≤ f(x)ω(ϕ(σ1(x))q(σ1(x)))
ϕ(x)

ω(v(σ1(x)))

+
g(x)ϕ(σ2(x))q(σ2(x))

ϕ(x)
v(σ2(x))

+h1(x)
∫ x

x0

h2(s)ϕ(σ3(s))q(σ3(s))v(σ3(s))
ϕ(s)

ds

≤ f(x)ω(ϕ(σ1(x))q(σ1(x)))
ϕ(x)

ω(v0(x))
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+
g(x)ϕ(σ2(x))q(σ2(x))

ϕ(x)
v0(x)

+v0(x)h1(x)
∫ x

x0

h2(s)ϕ(σ3(s))q(σ3(s))
ϕ(s)

ds.

Furthermore,

v′0(x)− [
g(x)ϕ(σ2(x))q(σ2(x))

ϕ(x)

+h1(x)
∫ x

x0

h2(s)ϕ(σ3(s))q(σ3(s))
ϕ(s)

ds]v0(x)

≤ f(x)ω(ϕ(σ1(x))q(σ1(x)))
ϕ(x)

ω(v0(x)),

that is,

v′0(x)−F ′
1(x)v0(x) ≤

f(x)ω(ϕ(σ1(x))q(σ1(x)))
ϕ(x)

ω(v0(x)).

(17)
Multiplying exp(−F1(x)) on both sides of (17),

it follows
[v0(x) exp(−F1(x))]′

≤ exp(−F1(x))
f(x)ω(ϕ(σ1(x))q(σ1(x)))

ϕ(x)
ω(v0(x)).

(18)
An integration for (18) from x0 to x yields

v0(x) exp(−F1(x))− 1

≤
∫ x

x0

[exp(−F1(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)
ω(v0(τ))]dτ.

Let c(x) = {1+∫ x

x0

[exp(−F1(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)
ω(v0(τ))]dτ}.

Then v0(x) ≤ c(x) exp(F1(x)).
Moreover,

c′(x) = exp(−F1(x))
f(x)ω(ϕ(σ1(x))q(σ1(x)))

ϕ(x)
ω(v0(x))

≤ exp(−F1(x))
f(x)ω(ϕ(σ1(x))q(σ1(x)))

ϕ(x)

ω(c(x))ω(exp(F1(x))), (19)

that is,

c′(x)
ω(c(x))

≤ exp(−F1(x))
f(x)ω(ϕ(σ1(x))q(σ1(x)))

ϕ(x)

ω(exp(F1(x))). (20)

Integrating (20) from x0 to x, it follows

G0(c(x))−G0(c(0)) ≤
∫ x

x0

[exp(−F1(τ))

f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))
ϕ(τ)

ω(exp(F1(τ)))]dτ.

Considering G0(c(0)) = 0, then

c(x) ≤ G−1
0 [

∫ x

x0

exp(−F1(τ))

f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))
ϕ(τ)

ω(exp(F1(τ)))dτ ],

and
v(x) ≤ v0(x) ≤ c(x) exp(F1(x))

≤ G−1
0 [

∫ x

x0

exp(−F1(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(F1(τ)))dτ ] exp(F1(x)). (21)

Especially we have

φ(u(x1 − 0))
ϕ(x1 − 0)q(x1 − 0)

= v(x1− 0) ≤ v0(x1− 0) ≤ v0(x1)

≤ G−1
0 [

∫ x1

x0

exp(−F1(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(F1(τ)))dτ ] exp(F1(x1)) = b1.

Case 2: If x ∈ (x1, x2], then from (15) we have

v(x) ≤ 1 +
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
β1ψ(φ(u(x1 − 0)))

ϕ(x1 − 0)

= 1+
∫ x1

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ+
∫ x1

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x1

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
β1ψ(φ(u(x1 − 0)))

ϕ(x1 − 0)
+

∫ x

x1

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x1

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x1

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

= v0(x1)+
β1ψ(φ(u(x1 − 0)))

ϕ(x1 − 0)
+

∫ x

x1

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x1

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ
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+
∫ x

x1

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ. (22)

Considering (21) holds for ∀x ∈ (x0, x1], and the
definition of b1, then it follows

v(x) ≤ b1 +
β1ψ[ϕ(x1 − 0)q(x1 − 0)b1]

ϕ(x1 − 0)

+
∫ x

x1

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ +
∫ x

x1

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x1

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

= c1 +
∫ x

x1

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x1

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x1

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

= v1(x). (23)

Then similar to the process of (16)-(21), we can
reach the estimate

v(x) ≤ v1(x)

≤ G−1
1 [

∫ x

x1

exp(−F2(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(F2(τ)))dτ ] exp(F2(x)). (24)

Especially we have

φ(u(x2 − 0))
ϕ(x2 − 0)q(x2 − 0)

= v(x2− 0) ≤ v1(x2− 0) ≤ v1(x2)

≤ G−1
1 [

∫ x2

x1

exp(−F2(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(F2(τ)))dτ ] exp(F2(x2)) = b2.

Case 3: Suppose

v(x) ≤ vj−1(x)

≤ G−1
j−1[

∫ x

xj−1

exp(−Fj(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(Fj(τ)))dτ ] exp(Fj(x))

holds for x ∈ (xj−1, xj ], j = 1, 2, ...i, then for
x ∈ (xi, xi+1], from (15) we have

v(x) ≤ 1 +
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ

+
∫ x

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

= 1+
∫ xi

x0

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ+
∫ xi

x0

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ xi

x0

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

+
∑

x0<xj<x

βjψ(φ(u(xj − 0)))
ϕ(xj − 0)

+
∫ x

xi

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ +
∫ x

xi

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

xi

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

≤ bi +
βiψ[ϕ(xi − 0)q(xi − 0)bi]

ϕ(xi − 0)

+
∫ x

xi

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ +
∫ x

xi

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

xi

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

= ci+
∫ x

xi

f(τ)ω(φ(u(σ1(τ))))
ϕ(τ)

dτ+
∫ x

xi

g(τ)φ(u(σ2(τ))
ϕ(τ)

dτ

+
∫ x

xi

h1(τ)
∫ τ

x0

h2(s)φ(u(σ3(s)))
ϕ(s)

dsdτ

= vi(x). (25)

Then similar to (16)-(21), we deduce that

v(x) ≤ vi(x)

≤ G−1
i [

∫ x

xi

exp(−Fi+1(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)

ω(exp(Fi+1(τ)))dτ ] exp(Fi+1(x)). (26)

From the analysis above, considering

u(x) = φ−1{q(x)ϕ(x)v(x)},

we have completed the proof. �

Remark 5 If ϕ(x) ≡ u0 and u0 is a constant,
σ1(x) = σ3(x), f(x) = h1(x), q2(x) ≡ 1, q1(x) =
q3(x), φ(u) = u, ψ(u) = um, m > 0, then
Theorem 4 becomes [15, Theorem 5]. If q1(x) =
q2(x) = q3(x), f(x) = h1(x), g(x) ≡ 0, φ(u) =
u, ω(u) = u, ψ(u) = um, m > 0, then Theorem
4 becomes [14, Theorem 3.1].
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Corollary 6 Suppose u, φ, ϕ, ω, ψ, βi, i =
1, 2... are the same as in Theorem 1,
f , g, σi, qi, i = 1, 2 are the same as in
Theorem 4. If for x ≥ x0

φ(u(x)) ≤ ϕ(x) + q1(x)
∫ x

x0

f(τ)ω(φ(u(σ1(τ))))ds

+q2(x)
∫ x

x0

g(τ)φ(u(σ2(τ))ds+
∑

x0<xj<x

βjψ(φ(u(xj−0))),

then for x ∈ (xi, xi+1], i = 0, 1, 2... we have

u(x) ≤ φ−1{q(x)ϕ(x)G−1
i [

∫ x

x0

exp(−Fi+1(τ))

f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))
ϕ(τ)

ω{exp(Fi+1(τ))dτ ] exp(Fi+1(x))},

where

Fi+1(x) = exp{
∫ x

xi

g(τ)ϕ(σ2(τ))q(σ2(τ))
ϕ(τ)

dτ}, i = 0, 1, 2...,

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

c0 = 1, ci = bi+
βiψ[ϕ(xi − 0)q(xi − 0)bi]

ϕ(xi − 0)
, i = 1, 2...,

bi = G−1
i−1[

∫ xi

xi−1

exp(−Fi(τ))
f(τ)ω(ϕ(σ1(τ))q(σ1(τ)))

ϕ(τ)
×

ω(exp(Fi(τ)))dτ ] exp(Fi(x)), i = 1, 2...

If we take σ1(x) = σ2(x) = x in Corollary 6,
then we can obtain another corollary, which can
be left to the readers.

In the following we study the integral inequal-
ity for discontinuous functions with two indepen-
dent variables.

Theorem 7 Suppose u(x, y) is a nonnegative
continuous function on Ω =

⋃
i,j≥1

Ωi,j, Ωi,j =

{(x, y)|xi−1 < x ≤ xi, yj−1 < y ≤ yj} with
the exception in the points (xi, yi), i = 1, 2, ...,
where there are finite jumps, and x0 < x1 < ... <
xn < ..., y0 < y1 < ... < yn < ..., lim

n→∞
xn =

∞, lim
n→∞

yn = ∞. ϕ(x, y) is a positive nonde-

creasing function, that is, for ∀ (p, q), (P,Q) ∈ Ω
and p ≤ P, q ≤ Q it follows ϕ(p, q) ≤ ϕ(P,Q).
Furthermore, suppose q(x, y) ≥ 1, f(x, y) ≥ 0 and
f(x, y) = 0 for (x, y) ∈ Ωi,j , i 6= j. ω, φ, ψ, βi

are the same as in Theorem 1. If for x > x0, y >
y0 u(x, y) satisfies the following inequality

φ(u(x, y)) ≤ ϕ(x, y)

+q(x, y)
∫ y

y0

∫ x

x0

f(s, t)ω(φ(u(x(s, t))))dsdt

+
∑

x0<xj<x,y0<yj<y

βjψ(φ(u(xj − 0, yj − 0))) (27)

then
u(x, y) ≤ φ−1{q(x, y)ϕ(x, y)

G−1
i [

∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]},

∀(x, y) ∈ Ωi,i, i = 1, 2..., (28)

where

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

ci = G−1
i−1[

∫ yi

yi−1

∫ xi

xi−1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]+

βi

ϕ(xi − 0, yi − 0)
ψ{ϕ(xi−0, yi−0)q(xi−0, yi−0)

G−1
i−1[

∫ yi

yi−1

∫ xi

xi−1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]}

for i = 1, 2..., and c0 = 1.

Proof: Let v(x, y) = φ(u(x,y))
ϕ(x,y)q(x,y) , and

vi(x, y) = ci+
∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt,

i = 0, 1, 2, · · ·
Considering ϕ is nondecreasing, for x > x0, y >
y0 we have

v(x, y) ≤ 1 +
∫ y

y0

∫ x

x0

f(s, t)ω(φ(u(s, t)))
ϕ(s, t)

dsdt

+
∑

x0<xj<x,y0<yj<y

βjψ(φ(u(xj − 0, yj − 0)))
ϕ(xj − 0, yj − 0)

= 1 +
∫ y

y0

∫ x

x0

f(s, t)ω[ϕ(s, t)q(s, t)v(s, t)]
ϕ(s, t)

dsdt

+
∑

x0<xj<x,y0<yj<y

{ βj

ϕ(xj − 0, yj − 0)

ψ[ϕ(xj−0, yj−0)q(xj−0, yj−0)v(xj−0, yj−0)]}

≤ 1 +
∫ y

y0

∫ x

x0

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
∑

x0<xj<x,y0<yj<y

{ βj

ϕ(xj − 0, yj − 0)

ψ[ϕ(xj−0, yj−0)q(xj−0, yj−0)v(xj−0, yj−0)]} (29)
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Case 1: If (x, y) ∈ Ω1,1, then from (29) we have

v(x, y) ≤ v0(x, y). (30)

Given a fixed X such that x0 < X ≤ x1 and
x ∈ (x0, X], then v(x, y) ≤ v0(x, y) ≤ v0(X, y),
and

[v0(X, y)]′y =
∫ X

x0

f(s, y)ω(ϕ(s, y)q(s, y))ω(v(s, y))
ϕ(s, y)

ds

≤ ω(v0(X, y))
∫ X

x0

f(s, y)ω(ϕ(s, y)q(s, y))
ϕ(s, y)

ds,

that is,

[v0(X, y)]′y
ω(v0(X, y))

≤
∫ X

x0

f(s, y)ω(ϕ(s, y)q(s, y))
ϕ(s, y)

ds. (31)

Considering v0(X, y0) = 1, G0(v0(X, y0)) = 0,
an integration for (31) from y0 to y yields

G0(v0(X, y)) ≤
∫ y

y0

∫ X

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt.

Then
v(x, y) ≤ v0(X, y)

≤ G−1
0 [

∫ y

y0

∫ X

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]. (32)

Take x = X and considering X ∈ (x0, x1] is arbi-
trary, it follows

v(x, y) ≤ v0(x, y)

≤ G−1
0 [

∫ y

y0

∫ x

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt], (x, y) ∈ Ω1,1.

(33)
Especially we have

v(x1 − 0, y1 − 0) ≤ v0(x1 − 0, y1 − 0) ≤ v0(x1, y1)

≤ G−1
0 [

∫ y1

y0

∫ x1

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt].

Case 2: If (x, y) ∈ Ω2,2, then from (29) we have

v(x, y) ≤ 1+
∫ y

y0

∫ x

x0

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
β1ψ[ϕ(x1 − 0, y1 − 0)q(x1 − 0, y1 − 0)v(x1 − 0, y1 − 0)]

ϕ(x1 − 0, y1 − 0)

= 1+
∫ y1

y0

∫ x1

x0

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
∫ y

y1

∫ x

x1

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
β1ψ[ϕ(x1 − 0, y1 − 0)q(x1 − 0, y1 − 0)v(x1 − 0, y1 − 0)]

ϕ(x1 − 0, y1 − 0)

= v0(x1, y1)+
∫ y

y1

∫ x

x1

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
β1ψ[ϕ(x1 − 0, y1 − 0)q(x1 − 0, y1 − 0)v(x1 − 0, y1 − 0)]

ϕ(x1 − 0, y1 − 0)

≤ G−1
0 [

∫ y1

y0

∫ x1

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]

+
∫ y

y1

∫ x

x1

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
β1

ϕ(x1 − 0, y1 − 0)
ψ{ϕ(x1−0, y1−0)q(x1−0, y1−0)

G−1
0 [

∫ y1

y0

∫ x1

x0

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]}

= c1+
∫ y

y1

∫ x

x1

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

= v1(x, y) (34)

Following in the same manner as the process of
(30)-(33) we can deduce

v(x, y) ≤ v1(x, y)

≤ G−1
1 [

∫ y

y1

∫ x

x1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt], (x, y) ∈ Ω2,2.

(35)
Especially we have

v(x2 − 0, y2 − 0) ≤ v1(x2 − 0, y2 − 0) ≤ v1(x2, y2)

≤ G−1
1 [

∫ y2

y1

∫ x2

x1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt].

Case 3: Suppose

v(x, y) ≤ G−1
j−1[

∫ y

yj−1

∫ x

xj−1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]

holds for (x, y) ∈ Ωjj , j = 1, 2, ...i, then for
(x, y) ∈ Ωi+1,i+1, from (29) we have

v(x, y) ≤ 1+
∫ y

y0

∫ x

x0

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
∑

x0<xj<x,y0<yj<y

{ βj

ϕ(xj − 0, yj − 0)

ψ[ϕ(xj−0, yj−0)q(xj−0, yj−0)v(xj−0, yj−0)]}

= 1+
∫ yi

y0

∫ xi

x0

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

WSEAS TRANSACTIONS on MATHEMATICS Qinghua Feng, Fanwei Meng

ISSN: 1109-2769 439 Issue 12, Volume 10, December 2011



+
∑

x0<xj<x,y0<yj<y

{ βj

ϕ(xj − 0, yj − 0)

ψ[ϕ(xj−0, yj−0)q(xj−0, yj−0)v(xj−0, yj−0)]}

≤ G−1
i−1[

∫ yi

yi−1

∫ xi

xi−1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]

+
∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

+
βi

ϕ(xi − 0, yi − 0)
ψ{ϕ(xi−0, yi−0)q(xi−0, yi−0)

G−1
i−1[

∫ yi

yi−1

∫ xi

xi−1

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt]}

= ci+
∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))ω(v(s, t))
ϕ(s, t)

dsdt

= vi(x, y) (36)

Similar to Case 2 we can reach the estimate

v(x, y) ≤ vi(x, y)

≤ G−1
i [

∫ y

yi

∫ x

xi

f(s, t)ω(ϕ(s, t)q(s, t))
ϕ(s, t)

dsdt],

(x, y) ∈ Ωi+1,i+1. (37)

Considering u(x, y) = φ−1{q(x, y)ϕ(x, y)v(x, y)},
then we have completed the proof. �

Remark 8 Theorem 7 generalize many known
results. For example, if we take q(x, y) ≡
1, φ(u) = u, ω(u) = u, ψ(u) = um, m > 0,
then Theorem 7 becomes [16, Theorem 2.1]. If
we take φ(u) = u, ω(u) = ψ(u) = um, m > 0,
then Theorem 2.3 reduces to [16, Theorem 2.3].
If we take q(x, y) ≡ 1, φ(u) = u, ω(u) = ψ(u) =
um, m > 0, then Theorem 7 reduces to [16,
Theorem 2.2]. If we take φ(u) = u, ψ(u) = u,
then Theorem 2.3 reduces to [17, Theorem 2.1].
If we take φ(u) = u, ψ(u) = um, m > 0, then
Theorem 7 reduces to [17, Theorem 2.2]. If we
take φ(u) = um, ω(u) = ω̃(u)un, ψ(u) = u, m >
n > 0, then Theorem 7 becomes [17, Theorem
2.3].

Remark 9 Theorem 7 can easily be generalized
to the situation with delay items and four iterated
integrals, and the process of proof is almost the
same as in Theorem 7.

3 Some Applications

In this section, we will present two examples so
as to illustrate the validity of the above results in
making estimate for the bounds of the solutions
of certain integral equations.

Example 1: Consider the following integral
equation:

ln(1+u(x)) = C+
∫ x

x0

F (s, u(s))ds+
∑

x0<xj<x

u(xj−0)

(38)
with the initial condition u(x0) = eC − 1 > 0,

where u(x) is a nonnegative piecewise continuous
function defined on [x0,∞) with discontinuities
of the first kind in xi, i = 1, 2..., and 0 ≤ x0 <
x1 < ... < xn < ..., lim

n→∞
xn = ∞. Assume 0 ≤

F (x, u) ≤ f(x)(ln(1 + u))m, m > 0, where f ∈
(R+, R+).

If we let φ(u) = ln(u + 1), ψ(u) = eu −
1, ω(u) = um, ϕ(x) ≡ C, q(x) ≡ 1, βi ≡ 1,
then from (38) we have:

φ(u(x)) = ln(1 + u(x))

≤ C+
∫ x

x0

f(s)(ln(1+u(s)))mds+
∑

x0<xj<x

u(xj−0)

= C+
∫ x

x0

f(s)ω(φ(u(s)))ds+
∑

x0<xj<x

ψ(φ(u(xj−0))).

So according to Corollary 2.1 we can give the
bound of u(x) as

u(x) ≤ φ−1{CG−1
i [

∫ x

xi

f(τ)Cm−1dτ ]}, x ∈ (xi, xi+1]

where

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

ci = G−1
i−1[

∫ xi

xi−1

f(τ)Cm−1dτ ]

+
ψ{CG−1

i−1[
∫ xi

xi−1
f(τ)Cm−1dτ ]}
C

for i = 1, 2... and c0 = 1.

Example 2: Consider the following integral
equation with two independent variables:

eu(x,y) = C +
∫ y

y0

∫ x

x0

F (s, t, u(s, t))dsdt

+
∑

x0<xj<x,y0<yj<y

enu(xj−0,yj−0) (39)
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with the initial condition u(x0, y0) = lnC, where
u(x, y) is a nonnegative continuous function de-
fined on Ω =

⋃
i,j≥1

Ωi,j , Ωi,j = {(x, y)|xi−1 <

x ≤ xi, yj−1 < y ≤ yj} with the exception in
the points (xi, yi), i = 1, 2, ..., and 0 ≤ x0 <
x1 < ... < xn < ..., 0 ≤ y0 < y1 < ... < yn <
..., lim

n→∞
xn = ∞, lim

n→∞
yn = ∞. Furthermore,

assume 0 ≤ F (x, y, u) ≤ f(x, y)emu, where m,n
are positive numbers, and f(x, y) ≡ 0, ∀(x, y) ∈
Ωi,j , i 6= j.

If we take φ(u) = eu, ω(u) = um, ψ(u) =
un, q(x, y) ≡ 1, ϕ(x, y) ≡ C, βi ≡ 1, then accord-
ing to Theorem 2.3 we can obtain the bound of
u(x, y) as

u(x, y) ≤ φ−1{CG−1
i [

∫ y

yi

∫ x

xi

f(s, t)Cm−1dsdt]},

(x, y) ∈ Ωi,i, i = 1, 2...

where

Gi(s) =
∫ s

ci

1
ω(s)

ds, i = 0, 1, 2...,

ci = G−1
i−1[

∫ yi

yi−1

∫ xi

xi−1

f(s, t)Cm−1dsdt]

+
βiψ{CG−1

i−1[
∫ yi

yi−1

∫ xi

xi−1
f(s, t)Cm−1dsdt]}

C

for i = 1, 2... and c0 = 1.

Remark 10 We note that the methods in [1-17]
are not available here to make estimate for the
bound of the solutions of the presented two integral
equations.
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