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Abstract: In this work, we investigate some new Gronwall-Bellman type dynamic inequalities on time
scales in two independent variables, which provide a handy tool in deriving explicit bounds on unknown
functions in certain dynamic equations on time scales. The established results generalize the main results
on integral inequalities for continuous functions in [1] and their corresponding discrete analysis in [2].
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1 Introduction wo independent variables on time scales contain-
ing integration on infinite intervals, which gener-
alize the main results in [1] and [2], and present
some applications for them.

First we will give some preliminaries on calcu-
lus of time scales and some universal symbols used
in this paper. Throughout the paper, R denotes

During the past decades, with the development
of the theory of differential and integral equation-
s, a lot of integral and difference inequalities, for
example, [3-12] and the references therein, have
been discovered, which play an important role in
t}.u? research of boundedpess, glpbal exis'tence, sta- the set of real numbers and Ry = [0,00). Z de-
blllty of solutions of' differential ar.ld integral e- notes the set of integers. For two given sets G, H,
quations as well as difference equations. In these we denote the set of maps from G to H by (G, H).
inequalities, Gronwall-Bellman type inequalities A time scale is an arbitrary nonempty closed sub-
and their generations have been paid much atten- set of the real numbers. In this paper, T denotes
tion by many authors (for example, see [3-8]). On an arbitrary time scale. On T we define the for-
the other hand, Hilger [13] initiated the theory of ward and backward jump operators o € (T, T)

time scales, and one of the purposes of the theory and p € (T, T) such that o(t) = inf{s € T,s > t}

of time scales is to unify continuous and discrete _ ’ ’ '
L ; X = p(t) = sup{s € T, s < t}.

analysis. Since then, many integral inequalities on

time scales have been established(for example, see Definition 1 The graininess u(t) € (T,Ry) is

[14-20] and the references therein), which on one defined by u(t) = o(t) — t.

hand provide a handy tool in the study of qual-
itative as well as quantitative properties of solu-
tions of certain dynamic equations on time scales,

Remark 2 Obviously, u(t) = 0 if T = R while
u(t)=1if T = Z.

on the' other hand unify continuous and discrete Definition 3 A point t € T is said to be lefi-

analysis to some extent.. But t.olour_ knowlgdge, dense if p(t) = t and t # infT, right-dense if

Gronwall—Bel}man type meqqal.ltleg in twq inde- o(t) =t and t # sup T, left-scattered if p(t) < t

pendent on time scales containing integration on and right-scattered if o(t) > t.

infinite intervals have been paid little attention in

the literature so far. Definition 4 The set T" is defined to be T if T
In this paper, we will establish some new does not have a left-scattered mazimum, otherwise

Gronwall-Bellman type dynamic inequalities in t- it 1s T without the left-scattered mazimum.
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Definition 5 A function f(t) € (T,R) is called
rd-continuous if it is continuous in right-dense
points and if the left-sided limits exist in left-dense
points, while f is called regressive if 1+ u(t) f(t) #
0. C,q denotes the set of rd-continuous func-
tions, while R denotes the set of all regressive
and rd-continuous functions, and R = {f|f €
R, 14 u(t)f(t) >0, Vvt e T}.

Definition 6 For some t € T%, and a function
f € (T,R), the delta derivative of f at t is
denoted by f2(t) (provided it ewists) with the
property such that for every € > 0 there exists a
neighborhood 3 of t satisfying

[f(o(8)) = f(s) = fAH) (o (t) = 5)| < elo(t) s
for all s € 4L.

Similarly, for some x € T", and a function
flx,y) € (T xT,R), the partial delta derivative
of flx, y) with respect to x is denoted by

(f(z,y))5, and satisfies

[f(o(@),y) = f(s,9) = (f(z,9))2 (o(z) — 5)|

< eglo(x) — s|, forVe >0,

where s € M, and U is a neighbor-
hood of . The function f(x,y) is called
partial delta dif ferential with respect to © on
T*.

Remark 7 If T = R, then f2(t) becomes the
usual derivative f'(t), while f2(t) = f(t4+1)—f(t)
if T = Z, which represents the forward difference.

Definition 8 If FA(t) = f(t), t € T*, then
F is called an antiderivative of f, and the
Cauchy integral of f is defined by

JJ F(H)At = F(b) - F(a),

where a, be T.

Similarly, fora, b € T and a function f(x,y) :
TxT — R, the Cauchy partial integral of f(x,y)
with respect to x is defined by
Jo Fa.y)Ae = F(b,y) — Fa,y),
where (F(z,y))y = f(z,y), = € T".

The following theorem includes some impor-
tant properties for Cauchy partial integral on
time scales.

Theorem 9 If a, b, ¢ € T, a € R, and
f(xvy)7 g(xay) € C’r‘d(T X TvR); then
ISSN: 1109-2769
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(i) J,\f

(z,y) + g(z,y)| Az = [7 f(z,y)Az
+ [P g(x,y) Az,

(i) [, (@f)(@,y)At = a [ f(z,y)Az
(1i1) f: f@,y)Az = — [ f(z,y) Az,

() [ fz,y)Az = [¢ f(z,y)Az
+ [P f(a,y) Az,

(v) J; f(z,y)Az =0,

(vi) if f(x,y) >0 for alla <x <b, then
ff f(z,y)Az > 0.

Remark 10 If b = oo, then all the conclusions
of Theorem 1.1 still hold.

Definition 11 The cylinder transformation &y, is
defined by

LI if b0 (for = # — ),
z, if h=20,
where Log is the principal logarithm function.

Definition 12 For p(x,y) € R with respect to x,
the exponential function is defined by

cole,) = eapl "y (bl ) AT)

for s,z € T.

Remark 13 If T =R, then for x € R the follow-
ing formula holds

ep(, 5) = eap( / " p(r.y)dr)

for seT.
If T =17, then fort € Z,

rx—1

=[] +p(r,9)]

T=5

ep(z, s)

for s€T and s < x.

The following two theorems include some
known properties on the exponential function.
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Theorem 14 If p(z,y) € R with respect to z,
then the following conclusions hold

(i) ep(x,x) =1, and ep(z,s) =1,

(i1) ep(0(2), 5) = (1+ p(@)p(, 9)en(, 5),

(i1i) If p € KT with respect to x, then
ep(z,s) >0 forVs, z €T,

() If p € R with respect to x, then Op €

R,

(v) ep(x,s) = epé’x) = ecp(s,z), where
_ ___p=y)
©p)(@,9) = 1w
Theorem 15 If p(x,y) € R with respect to
x, x9 € T is a fized number, then the
exponential function e,(x,xo) is the unique so-
lution of the following initial value problem

{ (Z(way))ﬁ - p(a:,y)z(x,y),

Z(Jfo,y) =1

Remark 16 Theorem 9 14 and 15 are extensions
of [16, Theorem 2.2] and [21, Theorem 5.2, 5.1]
respectively.

Remark 17 For more details about time scales,
we advise the reader to refer to [22].

2 Main Results

For convenience of notation, in the rest
of this paper we always assume that
To = [v0,00)T, To = [yo,00)T,

where zg, yo € T, and furthermore assume

To CT*, Ty C T".
We will give some lemmas for further use.

Lemma 18 Suppose ¥ € 'ﬁ‘o is an arbitrarily
fized number, and u(z,Y) € Crq, m(x,Y) € Ry
with respect to x, m(x,Y) >0, then

u(z,Y) <a(z,Y) —I—/ m(s,Y)u(s,Y)As,xz € Ty
o
implies

w(@,Y) < a(z,Y) + / e (. 0(s))a(s, Y)

o
m(s,Y)As, z € Ty,

where e, yy(T,70) is the unique solution of the

3]

following problem

{ (Z(%,Y))? :m(x,Y)z(ac,Y),
z(x0,Y) = 1.
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The proof for Lemma 18 is similar to [21, The-
orem 5.6, and we omit it here.

Lemma 19 Under the conditions of Lemma 18,
and furthermore assume a(z,y) is nondecreasing
in x for every fixed y, then we have

U(£7Y) < CL(.’L',Y)Cm( Y)(x,l'()).

3]

Proof: Since a(x,y) is nondecreasing in z for
every fixed y, then from Lemma 18 we have

u(z,Y) <a(z,Y)+ /JC em(.Y) (z,0(s))a(s,Y)

zo

m(s,Y)As

<a(z,Y)[1+ /f em(.y)(T,a(s))m(s,Y)As].

zo

On the other hand, from [22, Theorem 2.39 and
2.36 (i)],

1 [ e . (s))m(s, Y )As = ey (,20)
xo

Then Collecting the above information we can ob-
tain the desired inequality.

Lemma 20 /23] Assume that a > 0,p > q > 0,
and p # 0, then for any K >0

a% < QK%Q—}— uf(%.
=p P
Theorem 21 Suppose sup y = oo, u, f, g, h,
yETo

a, b € Crq(Ty x 'E‘O,R+)Lp 18 a constant with

p > 1. If for (x,y) € Ty x Ty, u(x,y) satisfies the
following inequality

w(w9) < awy) +0(y) [ [ 0uls.0)

xo JY

Lg(s )+ / /t h(E, myul€, ) AnAEAtAs, (1)
then

u(x,y) < {a(ﬂc,y) + b(ZL', y)[Bl(ZL‘, y)

T / e (2 0(5)) Ba(5,4) Ba (s, ) As]}

0

X(z,y) € To x Ty, (2)
where
Bieo) = [ [ 0GK T als 04T K0)
o JY
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+ols0)+ [ / h e, MG K T alé.m)

P b Anagatas, (3)
p

Ba(,y) = / o+ | | nemanag

1 1
ST b AL (4)

Proof : Let

v = [ [ 10l + 5.0

o

S 0
/.1
xg Jt

Then

h(&,mu(§, n)AnAgJAtAs.  (5)

u(z,y)
N (6)
FixY € Ty, and let y € [Y,00) (T, z € Typ. Then

)= | | 1ttt 0) + g(s.t

+/z0 /too h(&, mu(€, n)AnAg]AtAs
= / /y [F(s.t)(als. 1) + b(s, )v(s, )7 + g(s, 1)

+/$0 /too h(E,m) (@€, n)+b(E, n)v(E, 1) F ARAE]AtAs.

(7)
From Lemma 20, for VK > 0 we have

D=

(a(z,y) + bz, y)v(z, y))

—_

7Kp

(ale ) + blap)o(a,) + T2 K,

’B

(x,y) € Ty x I']/fo. (8)

So combining (7) and (8), considering v(z,y) is
decreasing in y, it follows

o)< [T 0GK T a0

(s, (s, 1)) + p;lKi) +gls,t)

+/ | mencr’

7 (alE,n)
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+b(&, mv(&,m)) + ple;)AT]Af]AtAS
-, et
o 1
o menGr
// f(s,t) Kpb(st)(st)

+/;/,; h(fa”);K%b(f,n)v(g,n)AnAg]AtAs

K 7 als, t)+TlK )+ g(s,t)

Zalg, 77)—1—7[( YJANAE]AtAs

< Bi(z,Y)+ /93 Ba(s,Y)v(s,Y)As,

zo

9)

where Bi(z,y), Ba(z,y) are defined in (3) and (4)
respectively.
From Lemma 18, it follows

v(z,Y) < Bi(z,Y)

+/ eB,(.v)(T,0(s))Ba(s,Y)B1(s,Y)As, x € T.

o

N (10)
Since Y € Ty is arbitrary, then in fact (10) holds
for V(x,y) € (To x Ty), that is,

o) < Balw) + | e (2 0()) Ba(5, 1)

zo

Bl(say)AS’ (-"L',y) € (TO X :ITO)

Then combining (6) and (1
sired inequality.

(11)

1) we obtain the de-

Theorem 22 Under the conditions of Theorem
2.1, if for (x,y) € Ty x Ty, u(x,y) satisfies (1),
then
then

u(z,y) < {a(z,y) b, y)Bi(z, y)epy .y (@, 70)} 7,

(xay) € TO X r]’f0> (12)

where By(x,y), Ba(z,y) are defined the same as
in Theorem 21.

Proof: Considering Bj(z,y) is nondecreasing in
x, from (2) we have

U(flf,y) < {a’(m7y) + b(xa y)[Bl($,y)

+ / () 0(5)) Ba(s, 9) Bi(s, ) As]}F

o

<Aa(z,y) + b(z,y)B1(z,y)[1+
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/ eBz(»’y) <x70(8))B2(8a y)AS]}%, (.’137 y) € TO X ’]ﬂfO-
Zo

(13)
On the other hand, according to [12, Theorem
2.39 and 2.36 (i)] we have

0
(14)
Combining (13) and (14) we obtain the desired
inequality.

Corollary 23 Under the _conditions of Theorem
22, if for (z,y) € Ty x To, u(z,y) satisfies the
following inequality

ueg) < ale)+ [ [ UG 0u(s0) + 9060

o YUY
+ / 0 /t B mu(E m)ARAL AtAs,  (15)
then

u(x7y) < a(:c,y) + Bl(xay)eBz(.,y)(xv .%'0),

(z,y) € To x To, (16)
where
Bi(x,y) = /x /Oo[f(s,t)a(s,t) +9(s,t)
o Yy

" / / " h(emale, ) ApAgAtAs,  (17)

Ba(a.y) = / Clatt / / h h(€,n)A77A€](At)-
18

Theorem 24 Suppose sup y =00, u, f, g, p
yeTo
are the same as in Theorem 21, a, hi, hgy €

Cra(To x To, Ry), and a(z,y) is nondecreasing in

x for every fized y. If for (z,y) € Ty x Ty, u(zx,y)
satisfies the following inequality

T

WP (z,y) < alz,y) + / (5, 9)uP(s,4) As

o

i /w: /yoo[g(s, tyu(s, t) + hi(s,t)

+ / / ha(€.mul€, mAnAE|AtAs,  (19)
then

u(e,y) < {lale,y) + Bi(e.y)es, (@ 20)

ISSN: 1109-2769
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1 ~
€f(.y) (‘T>m0)}pa (m,y) € To x To, (20)
where

~ 1] 1-p

f(@,y) = 9@, y)(es(@,20)) K7

T 11 1-p
+/xo/y hz(ﬁ,n)(ef(,,n)(f,xo))pEK 7 AnAE,
(21)
g(@y) = g(x, y)(ef(.,y)(x,xo))ll’[;Klppa(xa y)+

LK+ h(e)
T oo 1.1 1-p
+ / 0 / € (ep(€20)) P K7l )

Pt Apac, (22)
p
Bi(e,y) = / / G(s.)AtAs,  (23)
To Y'Y

Bawy) = [ Fwvae )
Yy
Proof: Let

va) = ale)+ [ [ lgletuls 0 + (s

ro JY

4 / /t " ha(€ myule ) AnAL AtAs.  (25)

Then

T

WPz, y) < v(z,y) + / (s, 9)uP (5, y)As,

o

(az,y) € Ty x I']To. (26)
Fix Y € Ty, and let y € [V, 00) () T. Then

T

uP(z,Y) < v(:c,Y)—l—/ [f(s, Y)uP(s,Y)As, x € Ty.

o

(27)
Considering v(z,Y) is nondecreasing in x, by
Lemma 19 we obtain

uf(2,Y) <ov(x,Y)es yy(x,z0), © € To. (28)

Since Y is selected from 'ﬁ‘g arbitrarily, then in
fact (28) holds for Vy € Ty, that is

uf (z,y) <v(z,y)es (T, w0), (2,y) € (To x ']~I'0).
(29)
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Let

)= [ [T lotsstutsn) + ms.o)

xo JY

+ / / " ha(€ myu(€. n)AGAEATAS.  (30)

Then

v(z,y) = a(z,y) + c(z,y), (31)
and
w?(z,y) < (a(z,y) + c(z, y))es( ) (@, o),
(z,y) € (To x To). (32)

Combining (30) and (32) we have

o(@,y) = / ’ / lg(s, Duls, 1) + h(s, ] AtAS

o JY

/ / {a(s.)l(als. 1) + (s 1))e .oy (s 20)]

Tha(s,1) + // ha(€, m)(a(€,m)

+e(€,m)er.m (s 20)] ApAE}AtAs.  (33)

On the other hand, From Lemma 2.3 the following
inequality holds

3=

(a(z,y) + c(z,y))

[

p—1__1
7K P ( ($,y)+0($,y))+TKp,

’B

(ZC,y) € Ty x rf]f‘o.
So from (33) and (34

)< [ ’ / g5 1) e (s5,20)
o JY

[;Klpp(a(s, t) +c(s,t)) + TK;] + hi(s,t)

o[ rtemeste o

[1K 7 (a(é, m) (€, n>>+—1K 5 AnAEIALAS

(34)
) it follows

3=

// F(s,0)e(s,8) + (s, )] AtAs,  (35)

where f(z,y), §(z,y) are defined in (2
respectively.

1) and (22)
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According to Corollary 23 we obtain

c(z,y) < El(xay>€§2(.,y)(x?x0)v (36)

where Bj(z,y), Ba(x,y) are defined in (23) and
(24) respectively.

Combining (32) and (36) we get the desired
inequality (20).

Corollary 25 Under the _conditions of Theorem
24, if for (z,y) € Ty x To, u(z,y) satisfies the
following inequality

T

u(z,y) < alz,y) + / (s, p)u(s,y)As

o

n /x: /yoo[g(s, tyuls, t) + hy(s,t)

+ / 0 / ho(€. )u(€, ))AnAE AtAs,  (37)
then

u($7 y) < [a(.’t, y)+§1 (2177 y)eéz(x)y) (.’L', (EO)]ef(m,y) ($7 .’E())7

(z,y) € To x Ty. (38)
where

fz,y) = g(x, y)es(. (T, o)
/ / B, m)e j( (€. 70) ARAE,

9(x,y) = g(x,y)es( 4 (@, x0)a(z,y) + hi(z,y)

- /xo /y ha(&;mes(.m (&, wo)a(€, n)AnAg,

Bua) = | / " g(s, A,
Ba(a, ) = / RERN

Theorem 26 Suppose sup y =

yETo _
are the same as in Theorem 24, L € C(Ty x Ty
xRy, Ry), and 0 < L(s,t,x) — L(s,t,y) <
M(s,t,y)(x —y) for x > y > 0, where M €
C(To x Ty X R+,R+). If for (x,y) € Ty x Ty,
u(x,y) satisfies the following inequality

OO7 u? 0/7 f7 p

WP (z,y) < alz,y) + / " f(s,y)uP (5, 9)As

+// L(s,t,u(s,t))AtAs,
zo JY
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then
u(z,y) < {la(z,y) + Bi(z,y)ep, ., (@ 0)]
1 ~
ef(m,y)(xvx())}pa (x,y) € Ty x Tp. (40)
where
~ 11 1-p
f(x,y) - M(:L’,y, (ef(z,y)(xva))p(EK P a(x,y)
-1 1 11 1-p
DK (esuy (@ a0) 7K 7, (41)
p b
~ 1,1 1-p
g(x,y) = L(l‘,y, (ef(z,y)(xva))p<EK P a(x,y)
-1
+7Kp)) (42)
x,y :/ / (s, t)AtAs (43)
z Jy
)= [ Fia, (44)
Yy
Proof: Let

v(z,y) =a(z,y) + /I /00 L(s,t,u(s,t))AtAs.
0y (45)
Then

(o) < o) + [ " f(s.m)uP(s,9) s,

(m‘,y) € Ty x :]fo. (46)

Fix a Y € To, and let y € [V, 00) (T, then

uP(z,Y) < v(:U,Y)—i—/I f(s, Y)uP(s,Y)As, x € Ty.
(47)

Considering v(z,Y’) is nondecreasing in z, then
by Lemma 19 we obtain

uP(2,Y) <v(x,Y)epyy(z,70), € To. (48)

Since Y is selected from :]f() arbitrarily, then in
fact (48) holds for Vy € Ty, that is,

up(:n,y) < U(xvy)ef(x,y)(xaxO)a (-T,y) € Tp x ’]TO'
(49)
Let

c(:v,y):/: /OO L(s,t,u(s, t))AtAs.  (50)

ovY
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Then we have
v(z,y) = a(z,y) + c(z,y), (51)
and
uP(z,y) < (a(z,y) + (2, Y))e f(ay) (%, 7o),
(z,y) € To x Ty. (52)

Combining (34), (50) and (52

o(@,y) < / /yoo L(s,t, ((a(s, )

+e(s,1))e (o) (5,70)) ) AtAs

) we have

xT o0 l 1 17p
S/ / L(s,t, (ef(s,t)(saxo))”(EK P (a(s,t)
z0

Y

te(s, b)) + pglK;))AtAs
= /w /OO[L(s,t, (ef(&t)(s,:co))zl’(;Kl;p(a(s,t)
p—1__1
+c(s, b)) + TK ))
1 1 1

L5, (egtan) (5, 70)F K 7 as, )47 = K7))

1 1-p -1 1
+L(87 t, (ef(s,t) (8, .130)); (7KTG(Sv t)+pTK;))]AtAS

1

p
-1 _ 1 11 1-p
+]’7Kp>>(ef<s,t><s,mo>>p5f( > (s, 1)

1,1 _1-p —1
+L(57 tv (ef(s,t) (57 xO))E (EKITG’(Sa t)+LK%

p
VAL
where f(a:,y), g(z,y

respectively.
By use of Corollary 2.3 we obtain

1,1 1-p
t, (ep(s,t) (8 :L‘o))p(;?K P a(s,t)

-

)]AtAs

c(s,t) +g(s,t)]AtAs,  (53)

) are defined in (41) and (42)

C(x7 y) < Bl(xa y)€§2(w7y) ($, .%'(]), ($, y) € To x TOy
(54)
where Bi(z,y), Ba(z,y) are defined in (43) and
(44) respectively.
Combining (52) and (54
sired inequality (40).

) we obtain the de-
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3 Some Applications

In this section, we will present some applications
for the established results above, and new explicit
bounds of solutions of certain dynamic equations
will be derived.

Example 27 Consider the following dynamic e-
quation

uP(z,y) = alz,y) + /x /OO F(s,t,u(s,t))AtAs,
(z,) € To x T, (55)

where u, a € Crq(To X :]T(], R), and p is a constant
with p > 1.

Theorem 28 Ifu(z,y) is a solution of (55), and

(s, t,w)] < fs,0)lul + g(s,1), where f, g €
Cra(To x To,Ry), then we have

|u(z, y)| < {Ia(w,y)HBl(x,yH/gc €By(ay) (2, 0(5))

o

Ba(s,y)Bi(s,y)As]}?, (2,9) € To x Ty, (56)

where

i) = [ [ m[f(s,w(;ffl?m(s,t)r

oY
p—1__1
+7Kp) + g(s,t)]AtAs,
o 1 i
BQ(xay) :/ f(xvt)iK r At
Yy p
Proof: From (55) we have

u(e. )P < laog)|+ [ ’ / P (5.t u(s, 1) AtAs

< \a(x,y)\—i—/z /Oo[f(s,t)]u(s,t)]—i—g(s,t)]AtAs.
To JY

Then a suitable application of Theorem 2.1 yields
the desired inequality (56).

Example 29 Consider the following dynamic e-
quation

eg) = ¢+ [ Fils)bs

zo

+/$: /yoo Fo(s,t,u(s, 1) AtAs,  (57)

where u € Crg(To % ’f‘mR), (z,y) € Ty x To.
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Theorem 30 If u(z,y) is a solution of (57),
and |Fi(z,y)] < flz,y)u?(2,y), |Fale,y,u)] <
9@, y)lul + h(z,y), where f, g, h € Cra(To x

Ty, Ry), then the following estimate holds

u(z, y)| <

Ve + B 9)e g, 0 (@ 70)e o) (@ 20),

(z,y) € Ty x To, (58)
where
~ €f(x, )(1’,1‘0)
Fla.y) = g@,y);ﬁ? ,
3(2,y) = g(z, y) (e (0 (@, 20)) 7| l;i(;% +§]+h($a Y),
Biey) = [ [ g0

y
y
Proof: from (57) we have

)] < o)+ [ C |y (s )| As

+/x /OO |Fo(s,t,u(s,t))|AtAs
xo y
<low) + | " s,y luls, y)2As

n / 0 / lg(s. B)lu(s, O] + As, D] ALAS,

and then a suitable application of Theorem 24
yields (58).

Remark 31 From these applications, one can
see some explicit bounds for unknown functions
to certain dynamic equations on time Scales are
established by the present theorems.

Remark 32 If we take T =R, z9g =0, yo = 0,
then our Theorem 22,24 and 26 reduce to [1,
Theorem 1, 3, 5(a)] respectively.

Remark 33 If we take T = 7Z, o =0, yo = 0,
then our Theorem 22,24 and 26 reduce to [2, The-
orem 1, 3, 5] respectively with slight difference.

Issue 7, Volume 10, July 2011



WSEAS TRANSACTIONS on MATHEMATICS

4 Conclusions

In this paper, we established some new Gronwall-
Bellman Type dynamic inequalities in two inde-
pendent variables on time scales containing inte-
gration on infinite intervals. As one can see from
the presented examples, the established results
provide a handy tool in the study of bounded-
ness of solutions of certain dynamic equations on
time scales. Furthermore, the established results
generalize some known inequalities for continuous
functions and their corresponding discrete analy-
sis in the literature.
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