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Abstract: - Trigonometry is a branch of mathematics that deals with relations between sides and angles of 
triangles. It has some relationship to geometry, though there is disagreement on exactly what that relationship is. 
For some, trigonometry is just a subtopic of geometry. The trigonometric functions are very important in 
technical subjects like Astronomy, Relativity, science, engineering, architecture, and even medicine. In this 
paper, the rectangular trigonometry is introduced in order to be in the future a part of the General trigonometry 
topic. Thus, the definition of this original part is presented. The rectangular trigonometric functions are also 
defined. The importance of these functions is by producing multi signal forms by varying some parameters of a 
single function. Different signals and forms are analyzed and discussed.  
The concept of the rectangular Trigonometry is completely different from the traditional trigonometry in 

which the study of angles is not the relation between sides of a right triangle that describes a circle as the 
previous one, but the idea here is to use the relation between angles and sides of a rectangular form with the 
internal and external circles formed by the intersection of the rectangular form and the positive parts of  x’ox 
and y’oy axis in the Euclidian 2D space and their projections. This new concept of relations will open a huge 
gate in the mathematical domain and it can resolve many complicated problems that are difficult or almost 
impossible to solve with the traditional trigonometry, and it can describe a huge number of multi form periodic 
signals. 
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1 Introduction 
Trigonometry is a branch of mathematics that deals 
with triangles, particularly those plane triangles in 
which one angle has 90 degrees (right triangles) [1]. 
Trigonometry deals with relationships between the 
sides and the angles of triangles and with the 
trigonometric functions, which describe those 
relationships [2],[3]. Trigonometry has an enormous 
variety of applications. The ones mentioned 
explicitly in textbooks and courses on trigonometry 
are its uses in practical endeavors such as navigation, 
land surveying, building, and the like [4], [5]. It is 
also used extensively in a number of academic fields, 
primarily mathematics, science and engineering 
[6],[7],[8]. The mathematical topics of Fourier series 
and Fourier transforms rely heavily on knowledge of 
trigonometric functions and find application in a 
number of areas, including statistics 
[9],[10],[11],[12]. 
The Rectangular Trigonometry, which is introduced 
in this paper, is an original study. A new concept of 
trigonometry in the Euclidean 2D-space is 
introduced to define this trigonometry. Few 
examples are shown and discussed briefly. Figures 

are drawn and simulated using AutoCAD and 
Matlab. In fact, the rectangular trigonometry is 
based on the angular functions which are defined in 
the second section. The rectangular trigonometry 
and its functions are defined in the third and fourth 
sections. An example is treated in the fifth section. 
A survey on the application in the engineering 
domain is presented in the sixth section. Finally, a 
conclusion about the rectangular trigonometry is 
presented in section 7. 
 
 
2 The angular functions 
Angular functions are new mathematical functions 
that produce a rectangular signal, in which period is 
function of angles. Similar to trigonometric 
functions, the angular functions have the same 
properties as the precedent, but the difference is that 
a rectangular signal is obtained instead of a 
sinusoidal signal [13],[14],[15] and moreover, one 
can change the width of each positive and negative 
alternate in the same period. This is not the case of 
any other trigonometric function. In other hand, one 
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can change the frequency, the amplitude and the 
width of any period of the signal by using the 
general form of the angular function. 
In this section three types of angular functions are 
presented, they are used in this trigonometry; of 
course there are more than three types, but in this 
paper the study is limited to three functions. 
 
 
2.1 Angular function ሺ࢞ࢍ࢔ࢇ  ሻ࢞

 e i   the angular function related to the 
n , for , as: 

The xpress on of
(ox) axis is defi ed ܭ א  Ժ
ܽ݊݃௫ሺߚሺݔ ൅ ሻሻߛ ൌ

ቐ
൅1  ݂ݎ݋  ሺ4ܭ െ 1ሻ గ

ଶఉ
െ ߛ ൑ ݔ ൑ ሺ4ܭ ൅ 1ሻ గ

ଶఉ
െ  ߛ

െ1   ݂ݎ݋ ሺ4ܭ ൅ 1ሻ గ
ଶఉ
െ ߛ ൏ ݔ ൏ ሺ4ܭ ൅ 3ሻ గ

ଶఉ
െ ߛ

 (1) 

 
Fig. 1: ݊ ௫ ߚ

For ߚ  ൌ  1  and pression of the 

 The ܽ ݃ ሺ ሺݔ ൅  .ሻሻ waveformߛ
 

 ߛ ൌ  0 , the ex
angular function becomes: 

ܽ݊݃௫ሺݔሻ ൌ ൜
൅1  ݂ݎ݋  cos ሺݔሻ ൒ 0 
െ1  ݂ݎ݋  cosሺݔሻ ൏ 0   

 
 
2.2 Angular function ሺ࢟ࢍ࢔ࢇ  ሻ࢞

 e i o  the angular function related to the 
,  

The xpress on f
(oy) axis is defined  for ܭ א  Ժ, as: 
ܽ݊݃௬ሺߚሺݔ ൅ ሻሻߛ ൌ

൜ ൅1  ݂ߚ/ߨܭ2  ݎ݋ െ ߛ ൑ ݔ ൑ ሺ2ܭ ൅ 1ሻߚ/ߨ െ           ߛ
െ1   ݂ݎ݋  ሺ2ܭ ൅ 1ሻߚ/ߨ െ ߛ ൏ ݔ ൏ ሺ2ܭ ൅ 2ሻߚ/ߨ െ ߛ

      (2) 

 
Fig. T e ݊݃௬ሺ ሻ2: h ܽ ݔሺߚ ൅ ߛ

For ߚ  ൌ  1  and h  xpression of the 

ሻ waveform. 
 

 ߛ ൌ  0 , t e e
angular function becomes: 

ܽ݊݃௬ሺݔሻ ൌ ൜
൅1  ݂ݎ݋  sinሺݔሻ ൒ 0 
െ1  ݂ݎ݋  sinሺݔሻ ൏ 0   

 
 
 

2.3 Angular function ࢻࢍ࢔ࢇሺ࢞ሻ 
α (called firing angle) represents the angle width of 
the positive part of the function in a period, in this 
way, we can vary the width of the positive and the 
negative part by varying  only α. The firing angle 
mus
ܽ݊

t be positive. 
݃ఈ൫ߚሺݔ ൅ ሻ൯ߛ ൌ  

ە
ۖ
۔

ۖ
ۓ
൅1  ݂ݎ݋                                                                              
ሺ2ߨܭ െ ߚ/ሻߙ െ ߛ ൑ ݔ ൑ ሺ2ߨܭ ൅ ߚ/ሻߙ െ             ߛ

 
െ1   ݂ݎ݋                                                                             
ሺ2ߨܭ ൅ ߚ/ሻߙ െ ߛ ൏ ݔ ൏ ሺ2ሺܭ ൅ 1ሻߨ െ ߚ/ሻߙ െ ߛ

 

(3) 

 
Fig. 3: The ܽ݊݃ఈሺߚሺݔ ൅  .ሻሻ waveformߛ

 
 
3 Definition of the Rectangular 
Trigonometry 
 
 
3.1 The Rectangular Trigonometry unit 
The rectangular trigonometry unit is a rectangle 
centered in O (x=0; y=0) point of symmetry of the 
rectangle; the rectangle is symmetric about the axes 
(ox) and (oy) (F u eig r  4). 

e cribe this rectangle: 

݈݁݃݊ܽݐܴܿ݁ ൌ ൞

ݔ ൌ   ݎ݋݂       ܽ െ ܾ ൑ ݕ ൑ ܾ   
ݔ ൌ െܽ    ݂ݎ݋  െ ܾ ൑ ݕ ൑ ܾ   
ݕ ൌ    ݎ݋݂     ܾ െ ܽ ൑ ݔ ൑ ܽ    
ݕ ൌ െܾ   ݂ݎ݋   െ ܽ ൑ ݔ ൑ ܽ   

  (4) 

Four equations d s

 
Fig. 4: The Rectangular Trigonometry unit. 
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It is essential to note that ‘a’ and ‘b’ must be 
positive. In this paper, ‘a’ is fixed to 1. One is 
interested to vary only a single parameter which is 
‘b’. 
 
 
3.2 Intersections and projections of different 
elements of the Rectangular trigonometry on 
the relative axes 
From the intersections of the Rectangle with the 
positive parts of the axes ሺݔ݋ሻ  and ሺݕ݋ሻ , define 
respectively two circles of radii ሾܽ݋ሿ  and ሾܾ݋ሿ . 
These radii can be variable or constant according to 
the form of the rectangle. 
The points of the intersection of the half-line ሾ݀݋ሻ 
(figure 4) with the internal and external circles and 
with the rectangle and their projections on the axis 
ሺݔ݋ሻ and ሺݕ݋ሻ can be described by many functions 
that have an extremely importance in creating plenty 
of signals and forms that are very difficult to be 
created in the traditional trigonometry. 
 
D
ܽ : Is the intersection of the Rectangle with the 

sitive part of the axe ሺݔ݋ሻ that gives the relative 
rcle on (ݔ݋). It can be variable. 

efinition of letters in the Figure 4: 

po
ci
ܾ : Is the intersection of the Rectangle with the 

ositive part of the axe ሺݕ݋ሻ that gives the relative 
ircle on (ݕ݋). It can be variable. 

p
c

ntersection of the half-line  with the 
rcle of radius ܾ. 

ܿ: Is the i ሾ݀݋ሻ
ci

: Is the intersection of the half-line  with the 
ectangle. 

݀ ሾ݀݋ሻ
R

: Is the intersection of the half-line ሾ݋ the 
cle of radius ܽ. 

݁ ݀ሻ with 
r

he point on the axis. 
ci

: Is the projection of t  
: Is the projection of the point  on the  axis.  

ܿ௫ ܿ  ݔ݋
௫
: Is the projection of the point  on the  axis. 

݀ ݀ ݔ݋ 
݁ ݁ ݔ݋

he point on the ݋ axis. 
௫
ܿ : Is the projection of t  ݕ ܿ

: Is the projection of the point  on the  axis.  
௬

݀௬ ݀ ݕ݋ 
: Is the projection of the po  on the ݕ݋ axis. ݁௬ int ݁

: Is the angle between  ሻ axis and the half-
ne ሾ݀݋ሻ. 
ߙ  the ሺݔ݋
li
,ݔ݋Is the center (0, 0) of ሺ :݋  .ሻݕ݋
 
 

3.3 Definition of the Rectangular 
Trigonometric functions ࢔࢛ࢌࡾሺࢻሻ 
The traditional trigonometry contains only 6 
principal functions: Cosine, Sine, Tangent, Cosec, 
Sec, Cotan [2]. But in the Rectangular Trigonometry, 
there are 32 principal functions and each function 
has its own characteristics. These functions give a 
new vision of the world and will be used in all 
scientific domains and make a new challenge in the 
reconstruction of the science especially when 
working on the economical side of the power 
electrical circuits, the electrical transmission, the 
signal theory and many [other domains [13], 16]. 

The functions ,ሻߙሺݏ݆݁ܥ ,ሻߙሺݎܽ݉ܥ  ሻߙሺݎ݁ݐܥ
and ݏ݆݁ܥ௬ሺߙሻ, which are respectively equivalent to 
cosine, sine, tangent and cotangent. These functions 
are particular cases of the “Circular Trigonometry”. 
The names of the cosine, sine, tangent and cotangent 

ircular 
d C

 

are replaced respectively by Circular Jes, C
Mar, Circular Ter an ircular Jes-y. 
ሻߙሺݏ݆݁ܥ ֞ ሻߙሺݎܽ݉ܥ ;ሻߙሺݏ݋ܿ ֞  ሻߙሺ݊݅ݏ
ሻߙሺݎ݁ݐܥ ֞ ሻߙ௬ሺݏ݆݁ܥ ;ሻߙሺ݊ܽݐ ֞  .ሻߙሺ݊ܽݐ݋ܿ
 
The Rectangular Trigonometric functions are 
denoted using the following abbreviation 
 :”ሻߙሺ݊ݑ݂ܴ“
-the first letter “R” is related to the Rectangular 
trigonometry. 
-the word “ ሻߙሺ݊ݑ݂ ” represents the specific 
functions names that are defined hereafter: (refer to 
Figure 4). 
• Rectangular Jes functions: 
Rec. Jes: ܴ݆ ሻ ௢݁ݏሺߙ ൌ ௗೣ

௢௔
ൌ ௗೣ

௢௘
௢   

Rec. Jes-x: ௢ௗ

 (5) 

ሻߙ௫ሺݏ݆ܴ݁ ൌ ೣ
௢௘ೣ

ൌ
௘௦ሺఈሻ

ோ௝௘௦ሺఈሻ
஼௝

 

Rec. Jes-y: ܴ݆݁ݏ௬ሺߙሻ ൌ
௢ௗೣ
௢௘೤

 (6) 

ൌ ோ௝௘௦ሺఈሻ
஼௠௔௥ሺఈሻ

  (7) 

• Rectangu u c nlar Mar f n tio s: 

Rec. Mar:  ܴ݉ܽݎሺߙሻ ൌ ௢ௗ೤
௢௕

ൌ ௢ௗ೤
௢௖

  

Rec. Mar-x: 
௢ௗ೤

(8) 

ሻߙ௫ሺݎܴܽ݉ ൌ ௢௖ೣ
ൌ

஼௝௘௦ሺఈሻ
ோ௠௔௥ሺఈሻ (9) 

Rec. Mar-y: ܴ݉ܽݎ௬ሺߙሻ ൌ
௢ௗ೤
௢௖೤

ൌ ோ௠௔௥ሺఈሻ
஼௠௔௥ሺఈሻ

           (10) 

• Rectangular Ter functions: 

Rec. Ter:  ܴݎ݁ݐሺߙሻ ൌ ோ௠௔௥ሺఈሻ
ோ௝௘௦ሺఈሻ

                         (11) 

Rec. Ter-x:   
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ሻߙ௫ሺݎ݁ݐܴ ൌ
ோ௠௔௥ೣ ሺఈሻ
ோ௝௘௦೤ሺఈሻ

ൌ ሻߙሺݎ݁ݐܴ · ሻߙሺݎ݁ݐܥ

Rec. Ter-y: ܴݎ݁ݐ௬ሺߙሻ ൌ
ோ௠௔௥೤ሺఈሻ
ோ௝௘௦ೣሺఈሻ

       (12) 

ൌ ோ௧௘௥ሺఈሻ
஼௧௘௥ሺఈሻ

        (13) 

• Rectangular Rit functions: 

Rec. Rit: ܴݎ ሻ ௢݅ݐሺߙ ൌ ௗೣ
௢௕

ൌ ௗೣ
௢௖
௢ ൌ ௔

஼௧௘௥
ோ௠ ௥ሺఈሻ

ሺఈሻ
          (14) 

Rec. Rit-y: ܴݐ݅ݎ௬ሺߙሻ ൌ
௢ௗೣ
௢௖೤

ൌ ோ௥௜௧ሺఈሻ
஼௠௔௥ሺఈሻ

             (15) 

• Rectangular Raf functions: 

Rec. Raf: ܴݎ ೤݂ܽሺߙሻ ൌ ௢ௗ
௢௔

ൌ .ሻߙሺݎ݁ݐܥ ܴ

Rec. Raf-x: ܴܽݎ ௫݂ሺߙሻ ൌ
௢ௗ೤
௢௘ೣ

 ሻ  (16)ߙሺݏ݆݁

ൌ ோ௥௔௙ሺఈሻ
஼௝௘௦ሺఈሻ

               (17) 

• Rectang n : ular Ber fu ctions

Rec. Ber: ܴܾ݁ݎሺߙሻ ൌ ோ௥௔௙ሺఈሻ
ሺ ሻோ௥௜௧ ఈ

                          (18) 

Rec. Ber-x: 

ሻߙ௫ሺݎܾܴ݁ ൌ
ோ௥௔௙ೣ ሺఈሻ
ோ௥௜௧೤ሺఈሻ

ൌ ݎܾܴ݁ ሻߙ · ሻߙሺݎ݁ݐܥ

Rec. Ber-y: ܴܾ݁ݎ௬ሺߙሻ ൌ
ோ௥௔௙೤ሺఈሻ
ோ௥௜௧ೣሺఈሻ

ሺ        (19) 

ൌ ோ௕௘௥ሺఈሻ
஼௧௘௥ሺఈሻ

        (20) 

 
 
3.4 T e
Trigonome
 ሻ is defined as the inverse function ofߙଵሺି݊ݑ݂ܴ

ሻߙሺ݊ݑ݂ܴ . ሺܴ݂݊ݑെ1ሺߙሻ ൌ ሻሻߙሺ݊ݑ݂ܴ/1 . In this 
way du d number of functions is equal to 32 
princ  

h  reciprocal of the Rectangular 
tric function 

the re ce  
ipal functions. 

E.g.: ܴ݆݁ିݏଵሺߙሻ ൌ 1
ோ௝௘௦ሺߙሻ

 

 
 
3.5 Definition of the Absolute Rectangular 
Trigonometric functions ࡾഥ࢔࢛ࢌሺࢻሻ 
The Absolute Rectangular Trigonometry is 
introduced to create the absolute value of a function 
by varying only one parameter without using the 
absolute value “| |”. The advantage is that we can 
change and control the sign of a Rectangular 
Trigonometric function without using the absolute 
value in an expression. We will show some 
functions to get an idea about the importance of this 
new definition. To obtain the absolute Rectangular 
trigonometry for a specified function (e.g.: ܴ݆݁ݏሺߙሻ ) 
we must multiply it by the corresponding Angular 

Function (e.g.: ൫ܽ݊݃௫ሺߙሻ൯
௜
) in a way to obtain the 

original function if ݅  is even, and to obtain the 

absolute value of the function if ݅  is odd (e.g.: 
 .(|ሻߙሺݏ݆ܴ݁|
If the function doesn’t have a negative part (not 

alternative), we multiply it by ൫ܽ݊݃௫ሺߚሺߙ െ  ሻሻ൯௜ߛ
to obtain an alternating signal which the form 
depends on the value of the frequency “ߚ” and the 
translation value “ߛ”. By varying the last parameters, 
we can get a multi form signal.  
 

• തܴ݆݁ݏ௜ሺߙሻ ൌ ൫ܽ݊݃௫ሺߙሻ൯
௜           ሻߙሺݏ݆݁

ൌ
൫ܽ݊݃௫ሺߙሻ൯

ଵ · ሻߙሺݏ݆ܴ݁ ൌ ݅ ݂݅    |ሻߙሺݏ݆ܴ݁| ൌ 1

ݏ  ݅ ൌ 2
  

· ܴ     (21) 

൝
൫ܽ݊݃௫ሺߙሻ൯

ଶ · ܴ݆݁ ሺߙሻ ൌ ݂݅      ሻߙሺݏ݆ܴ݁

௫ሺߙሻ        (22) • തܴ݆݁ݏ௜,௫ሺߙሻ ൌ ൫ܽ݊݃௫ሺߙ െ ሻ൯௜ߛ · ݏ݆ܴ݁

ൌ ܽ݊݃௫ሺߙ െ ሻߛ · ݅ ݂݅   ሻߙ௫ሺݏ݆ܴ݁ ൌ 1
ݏ ሻ   2൜ܴ݆݁ ௫ሺߙ                               ݂݅ ݅ ൌ   

 ( 3) • തܴ݆݁ݏ௜,௬ሺߙሻ ൌ ቀܽ݊݃௬ሺ2ߙሻቁ
௜
· ሻ           2ߙ௬ሺݏ݆ܴ݁

ൌ
ܽ݊݃௬ሺ2ߙሻ · ሻߙ௬ሺݏ݆ܴ݁ ൌ ݅ ݂݅   |ሻߙ௬ሺݏ݆ܴ݁| ൌ 1

          ݂݅ ݅ ൌ 2  ቊܴ݆݁ݏ௬ሺߙሻ                                              

• ሺߙ ߙ
௜

        (24) തܴ݉ܽݎ௜ ሻ ൌ ቀܽ݊݃௬ሺ ሻቁ ·       ሻߙሺݎܴܽ݉

•    (25) തܴ݉ܽݎ௜,௫ሺߙሻ ൌ ቀܽ݊݃௬ሺ2ߙሻቁ
௜
·      ሻߙ௫ሺݎܴܽ݉

ሻߙ௜,௬ሺݎሻ    (26) തܴ݉ܽߙ௬ሺݎܽ݉ • ൌ ൫ܽ݊݃௫ሺߙ െ ሻ൯௜ߛ · ܴ

• തܴݐ݅ݎ௜ሺߙሻ ൌ ൫ܽ݊݃௫ሺߙሻ൯
௜ ·  ሻ                    (27)ߙሺݐ݅ݎܴ

And so on… 
 
 
3.6 Original formulae of the rectangular 
trigonometry 
In this section, a brief review on some remarkable 
formulae formed using the rectangular trigonometric 
fu  nctions.

• 
ோ௝௘௦ܾݔሺ௫ሻ

ோ௝௘௦ܾݕሺ௫ሻ
ൌ ݎ ݁ݐܥ  ሺݔሻ ൌ tan ሺݔሻ  

In fact: 
ோ௝௘௦ܾݔሺ௫ሻ

ோ௝௘௦ܾݕሺ௫ሻ
ൌ ோ௝௘௦ܾሺ௫ሻ/஼௝௘௦ሺ௫ሻ

ோ௝௘௦ܾሺ௫ሻ/஼௠௔௥ሺ௫ሻ
ൌ ஼௠௔௥ሺ௫ሻ

஼௝௘௦ሺ௫ሻ
ൌ

ሻݔሺݎ݁ݐܥ ൌ tan ሺݔሻ  
 

• ௕ሺ
ଶ ௔൫ܴ݆݁ݏ ሻ൯ݔ · ቀ

௕
ሺݎ݁ݐܥ ሻቁ െ ൫ܴ݉ܽݎ௕ሺݔ ൯ ൌ

ݏ • ್

ଶ
ݔ

ݔ
ଶ

ሻ ଶ 0  

ቀܴ݆݁ ௕
ିଵሺݔሻቁ

ଶ
ൌ ቀܴ݆݁ݏ௫ ିଵሺݔሻቁ ൅ ቀܴ݆݁ݏ௬್

ିଵሺ ሻቁ
ଶ
  

• ଵ ିଵ ଵ ܴ݆݁ݏ௫್ି ሺݔሻ · ௫್ݎܴܽ݉ ሺݔሻ ൅ ௬್ݏ݆ܴ݁
ିଵሺݔሻ · ௬್ݎܴܽ݉

ି ሺݔሻ 

ൌ ሻݔ௕ିଵሺݏ݆ܴ݁ · ሻݔ௕ିଵሺݎܴܽ݉ ൌ ቀ
ܽ
ܾ ሻቁݔሺݎ݁ݐܥ

ୟ୬୥ഁሺ୶ሻ·ୟ୬୥ഁሺ୶ି஠ሻ
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4 A survey on the Rectangular 
Trigonometric functions 
As previous sections, a brief study on the 
Rectangular trigonometry is given, and some 
examples are treated to show multi form signals 
made using the characteristic of this trigonometry. 
Four functions are given with examples. 
For this study the following conditions are taken: 
- ܽ ൌ 1 
- ܾ ൐ 0 the height of the rectangle from the center. 
- ሺݎ݁ݐܥሺߚሻ ൌ tan  ሻߚ ൌ ௕

௔
֜ ߚ ൌ Ct r ሺ௕

௔
arc e ሻ േ

ߚ - ൌ arctan ቀ௕
௔

   ߨ݇

ቁ ൌ arcCter ቀ௕
௔
ቁ  and ߚ  ;ሿ0א గ

ଶ
ሾ  only 

the positive part is considered because ܾ ൐ 0. 
 
 
4.1 Determination of the Rectangular Jes 
function 
The rectangular form in the figure 4 is written with 
four equations (4). Thus, given (5), the rectangular 
Je  be determin
In

s function can ed using these functions. 
 fact: 

- 1  For ܴ݆݁ݏሺݔሻ ൌ ߙ  א ሾെߚ;  ሿߚ
- 

୰ ሺఈሻ
ሻݔሺݏ݆ܴ݁ ൌ ௕

௔.஼୲ୣ
  For ߙ ;ߚሿא ߨ െ  ሿߚ

- െ1 For ܴ݆݁ݏሺݔሻ ൌ ߙ   ߨሿא െ ;ߚ ߨ ൅  ሿߚ
ሻݔሺݏ݆ܴ݁ - ൌ ି௕

௔.஼୲ୣ୰ ሺఈሻ
  For ߙ ߨሿא ൅ ;ߚ ߨ2 െ  ሾߚ

 
Thus the expression of the rectangular Jes can be 

sing the angular function expressions (2) 
efore the expression become: 

unified by u
and (3), ther

௕ܴ݆݁ݏ ሺݔሻ ൌ  

ܽ݊݃௬ሺݔ ൅ ሻߚ · ቀ௔
௕
Cterሺݔሻቁ

౗౤ౝഁሺ౮ሻశ౗౤ౝഁሺ౮షಘሻ

మ           (28) 
 
• Expression of the Absolute Rectang
തܴ݆݁ݏ௜,௕ሺݔሻ ൌ ሻݔ௕ሺݏ݆ܴ݁ · ൫ܽ݊݃௫ሺ ሻ൯௜            (29) 

ular Jes: 

ݔ   

• Multi form signals made by തܴ݆݁ݏ௜,௕  :ሻݔ
 

ሺ
Figures 5 and 6 represent multi form signals 
obtained by varying two parameters (݅ and ܾ). For 
the figures 5.a to 5.d the value of ݅ ൌ 2 , for the 
figures 6.a to 6.d the value of ݅ ൌ 1. 

  
a)  ݅ ൌ 2, ܾ ൌ 0.01 b)  ݅ ൌ 2, ܾ ൌ 0.2 

 

  
c)  ݅ 2, ܾ ൌ 100 

Fig. 5: multi form signals of the function തܴ݆݁ݏ௜,௕ሺݔሻ 
for ݅ ൌ 2 and for different values of ܾ ൐ 0. 

ൌ 2, ܾ ൌ 1  d)  ݅ ൌ

 

  
a)  ݅ ൌ 1, ܾ ൌ 0.01 b)  ݅ ൌ 1, ܾ ൌ 0.2 

 

  
c)  ݅ ൌ 1, ܾ ൌ 1  d)  ݅ ൌ 1, ܾ ൌ 100 

Fig. 6: multi form signals of the function തܴ݆݁ݏ௜,௕ሺݔሻ 
for ݅ ൌ 1 and for different values of ܾ ൐ 0. 
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Important signals obtained using this function: 
Alternate impulse train (positive and negative part), 
Impulse train (positive part only), square, rectangle, 
saturated saw signal, saturated triangle signal, 
continuous signal … 
 
These types of signals are widely used in power 
electronics, electrical generator and in transmission 
of analog signals [16].   
 
 
4.2 Determination of the Rectangular Mar 
function 
The rectangular form in the figure 4 is written with 
four equations (4). Thus, given (8), the rectangular 
Mar function can be determined using these 
fu nnctions. I  fact: 
- ୲ୣ୰ ሺఈሻ

௕
ሻݔሺݎܴܽ݉ ൌ ௔.஼    For ߙ א ሾെߚ;  ሿߚ

-  For ܴ݉ܽݎሺݔሻ ൌ ߙ  1 ;ߚሿא ߨ െ  ሿߚ
- ୲ୣ୰ ሺఈሻ

௕
ሻݔሺݎܴܽ݉ ൌ ି௔.஼  For ߙ ߨሿא െ ;ߚ ߨ ൅  ሿߚ

ሻݔሺݎܴܽ݉ - ൌ െ1   For ߙ ߨሿא ൅ ;ߚ ߨ2 െ  ሾߚ
 
Thus the expression of the rectangular Mar can be 

using the angular function expressions (2) 
fore the expression become: 

unified by 
and (3), there
ሻݔ௕ሺݎܴܽ݉ ൌ  

ܽ݊݃௬ሺݔ ൅ ሻߚ · ቀ௔
௕
Cterሺݔሻቁ

భష౗౤ౝഁሺ౮ሻ·౗౤ౝഁሺ౮షಘሻ

మ        (30) 
 
• Expression of the Absolute Rec ngula

തܴ݉ܽݎ௜,௕ሺݔሻ ൌ ሻݔ௕ሺݎܴܽ݉ · ቀܽ݊ ሺݔሻቁ
௜
         (31) 

ta r Mar: 

݃௬      

• Multi form signals made by ഥܴ݉ܽ݅ݎ, ሺݔሻ:
 

ܾ  
Figures 7 and 8 represent multi form signals 
obtained by varying two parameters (݅ and ܾ). For 
the figures 7.a to 7.d the value of ݅ ൌ 2 , for the 
figures 8.a to 8.d the value of ݅ ൌ 1. 
 

  
a)  ݅ ൌ 2, ܾ ൌ 0.01 b)  ݅ ൌ 2, ܾ ൌ 1 

 

  
c) ݅ ൌ 10 

Fig. 7: multi form signals of the function 
തܴ݉ܽݎ௜,௕ሺݔሻ  for ݅ ൌ 2  and for different values of 
ܾ ൐ 0. 

  2, ܾ ൌ d)  ݅ ൌ 2, ܾ ൌ 100 

 

  
a)  ݅ ൌ 1, ܾ ൌ 0.01  b)  ݅ ൌ 1, ܾ ൌ 1 

 

  
c)  ݅ ൌ 1, ܾ ൌ 10 d)  ݅ ൌ 1, ܾ ൌ 100 
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Fig. 8: multi form signals of the function 
തܴ݉ܽݎ௜,௕ሺݔሻ  for ݅ ൌ 1  and for different values of 
ܾ ൐ 0. 
 
 
4.3 Determination of the Rectangular Jes-x 
function 
The rectangular form in the figure 4 is written with 
four equations (4). Thus, given (6), the rectangular 
Jes-x function can be determined using these 

 functions. In fact: 

ݏ݆ܴ݁ ሺݔሻ ൌ ோ௝௘௦ሺ௫ሻ
ܾݔ ஼௝௘௦ሺ௫ሻ

   

ൌ ௔௡௚೤ሺ௫ାఉሻ
஼௝௘௦ሺ௫ሻ

· ቀ௔
௕
Cterሺݔሻቁ

౗౤ౝഁሺ౮ሻశ౗౤ౝഁሺ౮షಘሻ

మ             (32) 

 
• Expression of the bs lute Rectangula
തܴ݆݁ݏ௫್; ം೔ ሺݔሻ ൌ ሻݔ௫್ሺݏ݆ܴ݁ · ൫ܽ݊݃ ሺݔ െ  ሻ൯௜               (33)ߛ

A o r Jes-x:  

௫

• Multi form signals made by  തܴ݆݁ݏ௫್; ߛ೔ ሺݔሻ: 
 

Figures 9 and 10 represent multi form signals 
obtained by varying two parameters (݅ and ܾ). For 
the figures 9.a to 9.d the value of ݅ ൌ 2 , for the 
figures 10.a to 10.e the value of ݅ ൌ 1. 
 

  
a)  ݅ ൌ 2, ܾ ൌ 0.01  b)  ݅ ൌ 2, ܾ ൌ 0.2 

 

  
c)  ݅ ൌ 2, ܾ ൌ 1    d)  ݅ ൌ 2, ܾ ൌ 2 

Fig. 9: multi form signals of the function   തܴ݆݁ݏ௫್೔ ሺݔሻ 

for ݅ ൌ 2 and for different values of ܾ. 
 

  
a)  ܾ ൌ 0.01, ߛ ൌ 0   b)  ܾ ൌ 0.2, ߛ ൌ 1 

 

  
c)  ܾ ൌ 1, ߛ ൌ 0   d)  ܾ ൌ 2, ߛ ൌ 0 

 

 
e

Fig. 10: multi form signals of the function 
  തܴ݆݁ݏ௫್; ߛ೔ for ݅ ൌ 1 and for different values of ܾ and 

 .ߛ

)  ܾ ൌ 8, ߛ ൌ 1 

 
In electronic application and in modeling of signals 
sources, this function is very important especially in 
the controlled part of an electrical unit as in motor 
drives, robotics, and many other industrial electronic 
applications. The main advantage is that by varying 
the 3 parameters, one can control easily the input 
and the output power of a controlled circuit 
especially when a low or high impulse signal is 
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required. The other advantage is that the 

ቀ׬ ݔሻ݀ݔሺܾݔݏ݆ܴ݁
௧ା௣௘௥௜௢ௗ
௧ ቁ can takes values from 0 to 

∞ by varying only one parameter "ܾ". 
 
   
4.4 Determination of the Rectangular Rit 
function 
The rectangular form in the figure 4 is written with 
four equations (4). Thus, given (14), the rectangular 
Rit function can be determined using these functions. 
In fact: 

ݐ݅ݎܴ ሺݔሻ ൌ ோ௠௔௥ሺ௫ሻ
௕ ஼௧௘௥ሺ௫ሻ

  

ൌ ௔௡௚೤ሺ௫ାఉሻ
஼௧௘௥ሺ௫ሻ

· ቀ௔
௕
Cterሺݔሻቁ

భష౗౤ౝഁሺ౮ሻ·౗౤ౝഁሺ౮షಘሻ

మ          (34) 

 
• Expression of the Absolute Rectan

തܴݐ݅ݎ௜,௕ሺݔሻ ൌ ሻݔ௕ሺݐ݅ݎܴ · ቀܽ݊݃ ሺݔሻቁ
݅
              (35) 

 gular Rit: 

ݔ

• Multi form signals made by  തܴݐ݅ݎ௜,௕ሺݔሻ: 
 

Figures 11 and 12 represent multi form signals 
obtained by varying two parameters (݅ and ܾ). For 
the figures 11.a to 11.d the value of ݅ ൌ 2, for the 
figures 12.a to 12.e the value of ݅ ൌ 1. 
 

  
a)  ݅ ൌ 2, ܾ ൌ 0.07  b)  ݅ ൌ 2, ܾ ൌ 0.4 

 

  
c)  ݅ ൌ 2, ܾ ൌ 1    d)  ݅ ൌ 2, ܾ ൌ 10 

Fig. 11: multi form signals of the function 
തܴݐ݅ݎ௜,௕ሺݔሻ  for ݅ ൌ 2  and for different values of 
ܾ ൐ 0. 
 

  
a)  ݅ ൌ 1, ܾ ൌ 0.07  b)  ݅ ൌ 1, ܾ ൌ 0.4 

 

  
c 1, ܾ   d)  ݅ ൌ 1, ܾ ൌ 10 )  ݅ ൌ ൌ 1 

Fig. 12: multi form signals of the function 
തܴݐ݅ݎ௜,௕ሺݔሻ  for ݅ ൌ 1  and for different values for 
ܾ ൐ 0. 
 
 
5 Example using the rectangular 
trigonometry 
In this section, an example using the rectangular 
trigonometry is treated. For this, consider the 

tfollowing func ion: 

ଶݕ ൌ ቀ݇ ݔሺ்ݐܿ݁ െ .଴ሻݔ .௫್ሺ߮ݏ݆ܴ݁ ሻቁݔ
ଶ
            (36) . ݎ

With   is the amplitude of the signal, ݇
 is the controlled para

 s the period of the rectangular function, 
 meter, ܾ

i
  is the center of the rectangular function, 

ܶ 
଴ݔ

 ߮ is the frequency of the function . ܴ݆݁ݏ௫್

In fact, the rectangular function ݐܿ݁ݎ ሺݔ െ ଴ሻݔ , 
 

்
which is illustrated in figure 13 is defined as: 

ݔሺ்ݐܿ݁ݎ െ ଴ሻݔ ൌ ቊ1  ݂ݔ  ݎ݋଴ െ
்
ଶ
൑ ݔ ൑ ଴ݔ ൅

்
ଶ

                    ݁ݏ݅ݓݎ݄݁ݐ݋         0
 (37) 
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Fig. 13: ்ݐܿ݁ݎሺݔ െ ଴ሻ functݔ n form

Then: ݕ ൌ േ݇. ݔሺ்ݐܿ݁ݎ െ .  38) 

io  
 

.଴ሻݔ ௫್ሺ߮ݏ݆ܴ݁ ሻݔ       (
For a particular case, let ݇ ൌ 1, ܶ ൌ ଴ݔ ,ߨ ൌ 0 and 
߮ ൌ 1. 
 
The period of ܴ݆݁

ݏ ൌ
 :In fact .ߨ ሻ is equal toݔሺܾݔݏ

ܴ݆݁ ݔሺܾݔ ൅ ሻߨ   

௔௡௚ ሺ௫ାగା ሻ೤ ఉ
஼௝௘௦ሺ௫ାగሻ

· ቀ
௕
௔ C ሺݔ ൅ మter ሻቁߨ

౗౤ౝഁሺ౮శഏሻశ౗౤ౝഁሺ౮శഏషಘሻ

  

ൌ
െܽ݊݃௬ሺݔ ൅ ሻߚ
െݏ݆݁ܥሺݔሻ

· ቀ
ܽ
ܾ
Cterሺݔሻቁ

ୟ୬୥ഁሺ୶ିగሻାୟ୬୥ഁሺ୶ሻ
ଶ ൌ 

௔௡௚೤ሺ௫ାఉሻ
஼௝௘௦ሺ௫ሻ

· ቀ௔
௕
Cterሺݔሻቁ

౗౤ౝഁሺ౮షഏሻశ౗౤ౝഁሺ౮ሻ

మ ൌ   ሻݔሺܾݔݏ݆ܴ݁

Thus, the equation (38) bec
ݕ ൌ േݐܿ݁ݎగሺݔሻ. ݏ݆ܴ݁ ሺݔሻ               (39) 

 omes:  
௫್

When the parameter ܾ is varied, this new function 
(39) can be transformed to many shapes as 
illustrated in figures 14.a to 14.f 

 

 

  
a)  ܾ ൌ 0.001    b)  ܾ ൌ 0.1 

   
c)  ܾ ൌ 1    d)  ܾ ൌ 2 

  
e)  ܾ ൌ 5   f)  ܾ ൌ 9  

Fig. 14: Different shapes of the ݕ  function for 
different values of ܾ.  
 
 
6 A survey on the application of the 
rectangular trigonometry in 
engineering domain 
As we saw in the previous study, the main goal of 
the rectangular trigonometry is to produce a huge 
number of multi form signals using a single function 
by varying some parameters of this function, for this 
reason we can imagine the importance of this 
trigonometry in all domains especially in 
telecommunication, signal theory, electrical and 
electronic engineering. 
Particularly in electrical engineering: motor drives, 
robotics, or other electronic applications need many 
controlled circuits that produce different type of 
signals. In a goal to increase the efficiency, by using 
this trigonometry, one can develop a circuit that 
produces multiple forms of signals that respond to 
requirements. 
The functions of this trigonometry are easily 
programmed and simulated with softwares as 
Matlab and Labview, and many circuits can be 
formed to describe these functions. 
 
 
7 Conclusion 
In this paper, an original study in trigonometry is 
introduced. The rectangular unit and its 
trigonometry functions are presented and analyzed. 
In fact the proposed rectangular trigonometry is a 
new form of trigonometry that permits to produce 
multiple forms of signals by varying some 
parameters; it can be used in numerous scientific 
domains and particularly in mathematics and in 
engineering. For the case treated in this paper, 32 
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rectangular trigonometric functions are defined, and 
for each rectangular function, many periodic signals 
are produced by varying some parameters. 
The rectangular trigonometry functions will be 
widely used in electronic domain especially in 
power electronics. Thus, several studies will be 
improved and developed after introducing the new 
functions of this trigonometry. Some mathematical 
expressions and electronic circuits will be replaced 
by simplified expressions and reduced circuits. 
In order to illustrate the importance of this 
trigonometry, some functions are defined briefly and 
an example is treated. 
 
References: 
[1]  Claude Bayeh, M. Bernard, N. Moubayed, 

Introduction to the elliptical trigonometry, 
WSEAS Transactions on Mathematics, Issue 9, 
Volume 8, September 2009, pp. 551-560. 

[2]  N. Moubayed, Claude Bayeh, M. Bernard, A 
survey on modeling and simulation of a signal 
source with controlled waveforms for industrial 
electronic applications, WSEAS Transactions on 
Circuits and Systems, Issue 11, Volume 8, 
November 2009, pp. 843-852. 

[3]  Claude Bayeh, Application of the Elliptical 
Trigonometry in industrial electronic systems 
with analyzing, modeling and simulating two 
functions Elliptic Mar and Elliptic Jes-x, 
WSEAS Transactions on Circuits and Systems, 
ISSN: 1109-2734, Issue 11, Volume 8, 
November 2009, pp. 843-852. 

[4]  Claude Bayeh, “A survey on the application of 
the Elliptical Trigonometry in industrial 
electronic systems using controlled waveforms 
with modeling and simulating of two functions 
Elliptic Mar and Elliptic Jes-x”, in the book 
“ Latest Trends on Circuits, Systems and 
Signals”, publisher WSEAS Press, ISBN: 978-
960-474-208-0, ISSN: 1792-4324, July 2010, 
pp.96-108. 

[5]  M. Christopher, From Eudoxus to Einstein: A 
History of Mathematical Astronomy, Cambridge 
University Press, 2004. 

[6]  Eric W. Weisstein, Trigonometric Addition 
Formulas, Wolfram MathWorld, 1999-2009. 

[7]  Paul A. Foerster, Algebra and Trigonometry: 
Functions and Applications, Addison-Wesley 
publishing company, 1998. 

[8]  Frank Ayres, Trigonométrie cours et problèmes, 
McGraw-Hill, 1991. 

[9]  Robert C.Fisher and Allen D.Ziebur, Integrated 
Algebra and Trigonometry with Analytic 
Geometry, Pearson Education Canada, 2006. 

[10]  E. Demiralp, Applications of High 
Dimensional Model Representations to 
Computer Vision, WSEAS Transactions on 
Mathematics, Issue 4, Volume 8, April 2009. 

[11]  A. I. Grebennikov, Fast algorithm for 
solution of Dirichlet problem for Laplace 
equation, WSEAS Transactions on Computers 
Journal, 2(4), pp. 1039 – 1043, 2003. 

[12]  I. Mitran, F.D. Popescu, M.S. Nan, S.S. 
Soba, Possibilities for Increasing the Use of 
Machineries Using Computer Assisted 
Statistical Methods, WSEAS Transactions on 
Mathematics, Issue 2, Volume 8, February 2009. 

[13]  Q. Liu, Some Preconditioning Techniques for 
Linear Systems, WSEAS Transactions on 
Mathematics, Issue 9, Volume 7, September 
2008. 

[14]  A. I. Grebennikov, The study of the 
approximation quality of GR-method for 
solution of the Dirichlet problem for Laplace 
equation. WSEAS Transactions on Mathematics 
Journal, 2(4), pp. 312-317, 2003. 

[15]  R. Bracewell, Heaviside's Unit Step Function. 
The Fourrier Transform and its Applications, 3

rd
 

edition, New York: McGraw-Hill, pp. 61-65, 
2000.   

[16]  Milton Abramowitz and Irene A. Stegun, eds, 
Handbook of mathematical functions with 
formulas, graphs and mathematical tables, 9

th 

printing, New York: Dover, 1972. 
[17]  Vitit Kantabutra, On hardware for computing 

exponential and trigonometric functions, IEEE 
Transactions on Computers, Vol. 45, issue 3, pp. 
328–339, 1996. 

[18]  H. P. Thielman, A generalization of 
trigonometry, National mathematics magazine, 
Vol. 11, No. 8, 1937, pp. 349-351. 

[19]  N. J. Wildberger, Divine proportions: Rational 
Trigonometry to Universal Geometry, Wild Egg, 
Sydney, 2005. 

[20]  Cyril W. Lander, Power electronics, third 
edition, McGraw-Hill Education, 1993. 

WSEAS TRANSACTIONS on MATHEMATICS Claude Bayeh

ISSN: 1109-2769 114 Issue 3, Volume 10, March 2011




