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Abstract: In the present article, we construct the exact traveling wave solutions of nonlinear PDEs in
mathematical physics via the (1 4+ 1) dimensional modified Kawahara equation by using the following
two methods: (i) A further improved (%)— expansion method, where G = G(§) satisfies the auxiliary
ordinary differential equation [G’(£)]? = aG?(€) + bG*(&) + cGY(¢), where € = x — Vit while a,b, ¢ and
V are constants. (ii) The well known extended tanh- function method. We show that the exact solutions
obtained by these two methods are equivalent. Note that the first method (i) has not been used by anyone

before.
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1 Introduction

In recent years, the exact solutions of nonlin-
ear PDEs
thors( see for example [1]-[49]) who are inter-

have been investigated by many au-

ested in nonlinear physical phenomena. Many
powerful different methods have been presented
by those authors. For integrable nonlinear differ-
ential equations, the inverse scattering transform
method [2], the Hirota method [10], the truncated
Painleve expansion method [43], the Backlund
transform method [19]-[21] and the exp-function
method [4, 9, 36, 44, 45] are used in looking for
the exact solutions. Among non-integrable non-
linear differential equations there is a wide class
of the equations that referred to as the partially
integrable, because these equations become inte-
grable for some values of their parameters. There
are many different methods to look for the ex-
The most fa-
mous algorithms are the truncated Painleve ex-

act solutions of these equations.

pansion method [14], the Weierstrass elliptic func-
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tion method [13], the tanh- function method
[1,7,8, 32,34, 39, 46] and the Jacobi elliptic func-
tion expansion method [6, 16, 18, 30, 37, 38, 40].
There are other methods which can be found in
[11],[22],[23]-[29],[33].

Wang et al [30] have introduced a sim-
ple method which is called the (%)—expansion
method to look for traveling wave solutions of
nonlinear PDEs, where G = G(§) satisfies the
second order linear ordinary differential equa-
tion G"(&) + A\G'(§) + uG(§) = 0, where { =
x — Vit while
stants. For further references see the articles
[3,5,7, 20,41, 42, 48, 49]. Recently El-Wakil et al
[7] and Parkes [20] have shown that the extended
tanh- function method proposed by Fan [8] and

the basic (%)— expansion method proposed by

V,X and p are arbitrary con-

Wang et al [30] are entirely equivalent in as much
as they deliver exactly the same set of solutions to
a given evolution equation. This observation has
been pointed out recently by Kudryashov [15]. In
this article, we introduce an alternative approach
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which is called a further improved ( ) expansion
method to find the exact traveling wave solutions
G(&) sat-
isfies the auxiliary ordinary differential equation

[G'(6)]? = aG?(&) + bGA(€) + cG8(€), where a,b

and c are constants. This approach has not been

of some nonlinear PDEs, where G =

used by anyone before. It will play an important
role in constructing many exact traveling wave
solutions for the nonlinear PDEs via the (1 4 1)
The

objective of this article is to show that the exact

dimensional modified Kawahara equation.

solutions of these two equation obtained by using
the further improved (%)— expansion method and
the well known extended tanh- function method
are equivalent.

2 Description of a further
improved (%)— expansion
method

Suppose we have the following nonlinear partial
differential equation

F(u, ug, Ug, Uy, Ugg, Usgt, ...) = 0, (2.1)

where u = u(z,t) is an unknown function, F'is a
polynomial in u(x,t) and its partial derivatives in
which the highest order derivatives and the non-
linear terms are involved. In the following we
give the main steps of a further improved (%)—

expansion method:
Step 1. The traveling wave variable
u(z,t) =u(§), &=xz-Vt,

where V' is a constant, permits us reducing Eq.
(2.1) to an ODE for u = u(&) in the form

") =0

(2.2)

Plu,u u” o (2.3)
where / = d%.

Step 2. Suppose the solution of Eq.(2.3) can be

expressed by a polynomial in (%) as follows

u(§) = z”:ai (g)l,

1=0

(2.4)

where G = G(&) satisfies the following auxiliary

equation
[G'()) = aG?(€) +bG(€) +¢G°(€),  (2.5)
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where a;, a,b,c and V are arbitrary constants to
be determined provided «, # 0. The positive
integer n can be determined by considering the
homogeneous balance between the highest order
derivatives and the nonlinear terms appearing in
Eq (2.1) or (2.3).

More precisely, we define the degree of u(§)
as D[u(&)] = n which gives rise to the degree of
other expressions as follows

{ D[4 =n+q,

2.6
D[u?(%4)°] = np + s(q + n). 20

Therefore, we can get the value of n in (2.4).

Step 3. Substituting (2.4) into (2.3) and using Eq
(2.5), we obtain polynomials in G7(£), G'(£)G(€)
(j =0,4+1,£2,--
the resulted polynomials to zero, yields a set of

-). Equating each coefficient of

algebraic equations for «;, a, b, ¢ and V which
can be solved by Maple or Mathematica.

Step 4. The general solutions of the auxiliary
equation (2.5) have been well known (see, for ex-
ample [35, 47]) which can be written in the form

No )
1 [ —a b sech?®(y/af)
b2 —ac(1+e tanh(y/af))?
[ a b csch? (Va&)
2 b2 —ac(1+e coth(v/at))? w , a>0
[ 72
2a
3 | evV/A cosh(2+/a€)—b ] , a>0,A>0.
[ /2
2a
4 Le Acos(Q\/jag) } , a < O,A >0
[ 72
i 5 —Asmhzfg) bw ,a>0,A<0
[ 1/2
2a
6 Le Asin(2\/—7a§)_b} ,a < 0, A >0
[ —a sech?(y/af) 1/2
! b+25\/ﬁtanh(\/a§)-‘ ,a>0,¢>0
[ —a sec?(v/—af) 1/2
8 b+26\/iactan(\/ja§)—‘ ,a<0,¢>0
[ a csch?(y/af) 1/2
) b+2€\/7ccoth(\/>§)“ ,a>0,¢c>0
[ —a CSCQ(\/Tag 1/2
10 b+2e+/—accot \/Tag)-‘ , 4 < 0, c>0
1| [0 +5tanh(2\/5£)} L a>0,A=0
12 | [~ %(1+5coth(%\/5 )] a>0.A—=0
[ 2¢/at
13 (e2s¢%?i4b)2,64ac-| , a>0,
2e/a€ 1/2
4| [ a0 0=0
where A = b? — 4ac and ¢ = £1.
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Step 5. Substituting «;, V' and the general solu-
tion of Eq (2.5) into (2.4) we have many exact
traveling wave solutions of the nonlinear partial
differential equation (2.1).

3 Some applications

In this section, we apply the further improved
(%)- expansion method to construct the exact
traveling wave solutions for one dimensional mod-
ified Kawahara equation, which are very impor-
tant nonlinear evolution equations in the mathe-
matical physics and have been paid attention by

many researchers.

3.1 Example 1. On solving the mod-
ified Kawahara equation by a fur-
ther improved (%)— expansion

It is well known [12] that the modified Kawahara
equation has the form:

ut + autg + Buger — Yigzzzs = 0, (3.1)
where «, § and  are arbitrary constants. This
equation has been derived by Kawahara [12] as a
model for water waves in the long- wave regime
for moderate values of surface tension. The Kawa-
hara equation (3.1) gives an appropriate descrip-
tion of several phenomena observed in the dynam-
ics of the water-wave problem.

Let us now solve Eq. (3.1) by the proposed
method. To this end, we see that the travel-
ing wave variable (2.2) permits us converting Eq.
(3.1) into the following ODE:

C—Vu+ %auQ + Bu”" —yu® =0, (3.2)
where C' is a constant of integration. Considering
the homogeneous balance between the highest or-
der derivative and the nonlinear term in (3.2), we
deduce from (2.6) that D(u®) = D(u?). There-
fore n + 4 = 2n and hence n = 4. Thus, we get

Ga\* G"\? G'\?
w0 = oufG) +o(5) +o(5)
G/
“+oq 6 + . (3.3)
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Substituting (3.3) into (3.2), collecting all the

G/

terms of powers of (G) and setting each coef-

ficient to zero, we get the following system of al-
gebraic equations:

—Vasa + aasa’as + aasaag
+aajaga + aa3a3a4 + aa1a4a2

—Va; +acjag =0,

204031()36 + 3aaubtas + 1685&4021)
—31008yasc?ab + gaagc% — 3072vaac?b
—8736yaub®c + 6aarabc® = 0,

1
50«13()4 —Vayud® — 8407&4()4
3
+§aa§b2c + 3aasb’asc + aasctag

1
+§aa302 + 3aaja®c® + 112Basc%a
+245a202 + 3aagactas — 13207a2b2c
+aa302a1 + 6aaiab20 — 129607a4b2ac
+108ﬁa4b20 — 1920’}/0426261, — 793670(402(12

3 99
+2aa3c

a=0,

—2V agbe — 1280yasb®a + aasbe
+2aa4bcag + 2aazbarc — 12070421)3
+%aa§b3 + 6aagabase — 5312vaga’be
~1360yagbac + 3aajzabe + 6aaia’be
+28Basbe + 2aaiab3 + aagbiay
+1283aabe + 203a4b = 0,

—Vayub? = Vage + 6ﬁa2b2 — 2V ayac

2b2 3 2 2

+aagb®ap + 3aaia’b® + Jaasatc

+2aaia30 + aa%ca + aascag + aagb2a1

3
+§aa§b2a + 3aa4a20a2 + 2aagacag
+1aa2b2 + 28Baub®a + 16 32 2
5 02 agb®a 4+ 168asca + 32Baga”c
—1207a2b2a - 4967044b2a2 — 256’yagca2

1
—5127(14(130 + anﬁc + 3aagab®as

+2aazaaic = 0,
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4Basba — 327044@317 + 2aaqabag + 85044@217
+aadba — 2Vagab — 16yagba® + 20aia®h

1
+3aasa’bas — Vagh + acsbag + Eaa%b

3
+2aazacb + §aa§a21) =0,

aascdog — 5760704303 =0,
3aasblas — 8640w0¢302b =0,

2aaizbasc + 2aabea; — 288yaich
—360’}’0&3[93 + 54,8043[)0 + 0604453043
—2808vaszabc 4+ 6aagabage = 0,

aageoag + aagase + 8Fage — 2647043b2a
+aa3b2a2 —Vasc+ 3aa4ab2a3
+2aagacar + 2aasacsc + aagb®on
+3aaua’eas + 24Basac + 12Basb?
—128vya;ca — 24vonb? — 384yaza’ec = 0,

68asab — Vagb — 8yaiba + 20ab
+aaqaob + 2aazacsb + aagboyg

+3aaua’bas + 2aaaboy — 247a3a2b =0,

1
—27120vab%c? — 20480vaucta + iaagcg

+2aaia03 + 80604403 — 1920704203

+aasPas + 3040121)202 =0,
a1, L 9y
—13440vayc™ + Saaic = 0,
—326407a4c®b + 2aaibc® = 0,

3aa4b2agc — 384’}/04162 + aa302a2
+48,80[362 + aoytag — 4224’)/04302(1
+3aa4a02a3 — 360070431)20 =0,

1
—Vaya® + iaaga?’ —Vay+C

1 1
+§aa% + aa4a3a2 + iaaia‘l

Loy 2
—Vasa + aasaagy + 5040‘16‘ + aoza”oq

I 5y
—i—iaaza + aaya

2040 = 0.
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(3.4)

With the aid of Maple or Mathematica we can
solve the above system (3.4) to obtain the follow-
ing sets of solutions:

The set 1.
os = 802,
ay = =200
V= g,
V =aay — %, (3.5)
C = 50— [~28704apBa + 887040324
+169a2a?],

Oé3=0£1=0.

The set 2.
168D 8
Q4 = 1354
_ —224B(D+5)
2= 13a )
_ _Dp
7 = 2080a

V = 25 [65a0aD + 43688aD + 892800al,

C = 1ea0s [~ T488a0afaD + 1478452 D
—1185608aaga — 1196160322
+845030?],

ag = a; =0,
(3.6)
where D = _T?’l + %\/371
For the set 1, we have the following solutions:

7\ 4 N\ 2
u(g):1680ﬁ<G> _33605((;) ‘o

13aa \ G 13« G
(3.7)
where 11048
a
E=x— [aag -3 } t. (3.8)
While for the set 2, we have the following solu-
tions:
168D 5 (G'\* 2248(D +5) (G\?
we) =35, (G) T 13a G ) o
(3.9)
where

E=x— L[650[004D + 43685aD + 892803a).
(3.10)
According to the step 4 of section 2, we have
the following families of exact solutions
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If a > 0,A > 0, then the exact
solution for the set 1 has the form

Family 1.

_ 168060,
= 31§60 anh”(2+/af)
13 ﬁa tanh?(2y/a&) + ag, (3.11)

Family 2. If a < 0, A > 0, then the exact
solution for the set 1 has the form

1680
P fant(2v/~a )
tan®(2v/—a &) + ap, (3.12)

u =
33603a

* 13c

or

16806a
331630a cot*(2v/—a )
135“ cot?(2v/—a &) + ap. (3.13)

Family 3. If a > 0,A < 0, then the exact
solution for the set 1 has the form

_ 1680 Ba coth(21/a £)

13
coth?(2v/a €) + ap. (3.14)

3360 Ba
13

Family 4. If a > 0,¢ > 0 then the exact

solution for the set 1 has the form

1
e ggﬂ“ [tanh(v/ag) + coth(va§)]*
@
840
B ani(vag) seoth (Vag)?,  (315)
or
105 Ba? 8
pu— h
u ag éggcg csch®(vag)
840 Ba
- h? : 1
e Csch (Vag) (3.16)
Family 5. If a < 0,c¢ > 0, then the exact
solution for the set 1 has the form
105 Ba
u = ap+ o [tan(v/—a€) — cot(v/—a&)*
84008a
b 2 (v a) —cot(vVa)%. (317)
Family 6. If a > 0, b = 0, then the exact
solution for the set 1 has the form
10543 4, €€
——— coth
3328aac? * coth’( f)
168043 9
— th 1
209ac (4\f) +ao. (3.18)

Similarly, we can find the exact solutions for
the set 2, using (3.9) and (3.10) which are omitted
here.
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3.2 Example 2. On solving the modi-
fied Kawahara equation by the ex-
tended tanh-function method

With reference to the well known extended tanh-
function method [1, 7, 8, 32, 34, 39, 46], the so-
lution of the equation (3.1) can be written in the

form:
u€) = asd*(§) + azd’(€) + 2’ (€)
+a16(§) + ao, (3.19)
where ¢(¢) satisfies the Riccati equation
¢'(€) = R+ ¢*(¢) (3.20)

The Riccati equation (3.20) have the following so-
lutions: (i) If R < 0, then

#(¢) = —V/—R tanh(v/—R¢)
or (3.21)
¢(£) = —vV/—Rcoth(vV—R¢)

(ii) If R > 0, then

6(¢) = VEtan(VEE),
or (3.22)
$(¢) = —VRcot(VRE)
(iii) If R = 0, then
o6 = (3.23)

Substituting (3.19) along with (3.20) into (3.1) we
get the following polynomial:

1
(—840vay + §aai)¢8 + (azaay — 360va3) e’

1
+ (20ﬁa4+§aa§+aa2a4—20807a4R—1207042)q§6
+ (aagasz—816vagR—24~va1 +128ag +aa1a4)¢5
1
+ [iaag + aaros + oo + 660
—240ya3R + 3284 R — 16967a4R? — Vay]o?
+ [-40ya1 R+ aajag + 188asR — Vag
—576va3R? + aasag + 2ﬁal]¢3
4+ [8BawR + 12B3a4R* — 480y R? — 136yan R
—Vas + acsag + iaa%]ng
+ [-Vai +2BaiR — 120ya3R?
—167v01 R? + aoniog + Gﬁa3R2]¢>

1
— Voag+C1 — 16’ya2R3 + 50404(2)
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—24~yasR* + 2BasR* = 0 (3.24)
Equating the coefficients of this polynomial to

zero and solving the algebraic equations by Maple

or Mathematica, we have the following two sets of

solutions:
The set 3
_ —4208
Q4 = T3am >
_ —8408
- 13«

ag = o1 =0,
B

Y= %2R (3.25)
V =aay + 2766R,
C = 338a [T176cpa SR + 55440R? 32
+169a3a?).
The set 4
42D
Q4 = 130111%57
56 B(D1—5)
a2 = 1(3041 )

a3:a1:0,

_ Dip
7= 520R’

V= 65D [ 1092D1 RS + 65a9a Dy + 223205]%]

C = 15852 |- 187200 BRDy — 924D, 3°R?
+296403Raga — 7476032 R? + 84502a?],
(3.26)
where Dq = 31 + 32 V/31.

Thus, the exact solutions of the modi-
fied Kawahara equation (3.1) have the following
forms:

For the set 3 we deduce for R < 0 that

420 BR
u = 135 tanh* (v~ R¢)
840 BR
+ b tanh?(v—R¢) + ap, (3.27)
13
or
u= 42103ﬁR coth?(v/—R¢)
—|—841035R coth?(vV/—RE¢) + ap, (3.28)
while for R > 0 we deduce that
u= —42103£R tan(vR¢)
—841035R tan2(\/E§) + ag, (3.29)
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or
u= —42{)3£R cot*(V/RE)
B0 BR cot2(VRE) + a0, (3.30)
where
2768R
E=x— (aap + 15 )t

Similarly, we can write down the exact solu-
tions for the set 4, which are omitted here. From
the previous results, we have the following re-
marks:

Remark 1 If we put R = —4a  where a > 0
then the results (3.11) and (3.14) are equivalent
to the results (3.27) and (3.28) respectively.

Remark 2 If we put R = —4a wherea < 0 then
the results (3.12) and (3.13) are equivalent to the
results (3.29) and (3.30) respectively. From these
remarks we have the following observation:

The exact solutions of the modified Kawahara
equation obtained using the extended tanh- func-
tion method are equivalent to its exact solutions
obtained using the further improved ( %l )- expan-
ston method.

Remark 3 These solutions have been checked
with Maple by putting them back into the origi-
nal equation.

4 Conclusions

In summary, we have found the exact solutions of
the (1+ 1)-dimensional modified Kawahara equa-
tion (3.1) using two methods via the further im-
proved ( /) -expansion method and the extended
tanh-function method. We have arrived at the
observation that these exact solutions are equiva-

lent.
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