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Abstract: In this paper, a new generalized Volterra-Fredholm type nonlinear integral inequality for dis-
continuous functions is established, which can be used in analysis for the boundedness of solutions of

certain Volterra-Fredholm type integral equations. Our results generalize the main results in [18, 19].
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1 Introduction

In recent years many integral inequalities for con-
tinuous and discontinuous functions have been es-
tablished, which provide handy tools for investi-
gating the quantitative and qualitative properties
of solutions of integral and differential equations
[1-17]. In the investigations for integral inequal-
ities, the idea of generalizing known integral in-
equalities have gained extensive attention.

In [18], Pachpatte established the following
integral inequality

h(t)

(a): wu(t)<k+ /h( ) a(t, s)[f(s)u(s)

s h(B)
+/ c(s,a)u(a)da]ds—i—/ b(t, s)u(s)ds,
h(e) h(e)

where wu(t) is unknown function with u(t) €
C(I,Ry), I = [, 0], a(t,s), b(t,s), c(t,s) €
C(D,Ry), D = {(t,s) e I? : « < s < t < B},
a(t, s), b(t, s) are nondecreasing in ¢ for each s € I,
h(t) € CY(I,I) is nondecreasing with h(t) <t on
I, k > 0 is a constant.

Recently, in [19, Theorem 2.1], the author
presented the following Volterra-Fredholm type
integral inequality that generalized the inequality

().
a(t)

() u(t) <k+ / o1 (3) [ (8)w ()

a(to)

—|—/Q(t0) oo (T)w(u(r))dr]|ds
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+ /a(to) oo (T)w(u(r))dr]ds,

where u(t) is unknown function and wu(t), f(t),
o1(t), oo(t) € C(I,Ry), a € CYI,1) is nonde-
creasing with a(t) < ton I, w € C(R4+,R4) is
nondecreasing with w(u) > 0 for u > 0.

In the present paper, we will establish a new
more generalized integral inequality for discon-
tinuous functions than the inequalities mentioned
above, also we will present one application for it,
and will obtain new bounds for solutions of cer-
tain Volterra-Fredholm type integral equations.

2 Main Results

In the rest of the paper, we denote the set of real
numbers as R, and Ry = [0,00). I, f, I denote
intervals in R, and I = [to,T], I = [0, A], I =
[yo, B] respectively, where T' > tg, A > z9, B >
1o are three fixed numbers.

Theorem 2.1 Suppose u(t) is a nonnegative con-
tinuous function defined on I with the first kind
of discontinuities in the points ¢;, i = 1,2, ..., n,
and tp < &1 < to < ... < tp < tpy1 = T.
h‘l(t) € C(IvR—i-)a i = 1,2, and fi(37t>7 gi(svt)7
Uilel)  Joilsl) ¢ (I x I, Ry), i=1,2. p>0is
a constant. 7(t) € C*(I,I) is nondecreasing with
T(t) < t, and T(t) > t; for Vt € (ti,ti+1], 1 =
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0,1,...,n. w € C(R4+,R+), and w is nondecreas-
ing with w(u) >0 foru>0. C >0, 5; >0, i =
1,2,...,n, and C, 3; are constants. If for ¢t € I,
u(t) satisfies the following inequality

WP(t) < O+

7(t) s
/ (s, Bwlus)) + g1 (s, ) / (€ (u(€)) e ds
T(to) T(to)

+f " o D)) +an (5.1 [

7(to) 7(to)

+ / (s, Do(u(s)) + g (s.1) / " ha()w(u(€))de]ds

+ / als, i (u(s)) + ga(s, 1) / " ha(©)wl(u(€))de)ds

+ Z Biu(t; — (1)
to<t;<t
then
7(t)
mws{GﬁAGFumn+/’ (s, 1)
T(tifl)
gi(s,1) /  hi(e)de)ds
7(to)

+/f [f2(s,1) + g2(s,1) /fs ho(€)delds}yr  (2)

holds for Vt € (t;—1,t;], i =1,...,n+ 1, where

Gi(v) :/ L s i=0,1,0n,  (3)
bi w(sr(t))
H;(t) = Gi(2t — b;) — G4(t), (4)
and H; are nondecreasingont > b;, 1 =0,1,...,n,
bo—Cb—a,—i—ﬂZZ, 1=1,2,....n, (5)
_1 T(ﬁi)
0 = G {Giam) + [ (At
T(tifl)
tor(st) [ m(delds
T(to)
t; s
[ i) + o) [ m@agash ©
ti—1 to

fori=1,2,...,n,

mi = H;_ 1{/(t » [f1(s,t:)+g1(s t)/T(tO)hl(f)df]ds
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+/t [f2(s,ti) + ga(s, i) /tshg(f)dg]ds}’

fori=1,2,..,

Proof: Firstly we assume C > 0. Let the right
side of (1) be v(t), then

(7)

n+ 1.

u(t) <wr(t), tel. (8)

Define
vi(t) = b+

/ " o)) 4 an ) [

T(ti) T(to)

ha(§w(u(§))d€]ds

(tit1) s

v
(i)

[ UaloO1tus) + a(5.0) [ hal©)u()acs

(s, Dw(u(s) 491 (5. ) / N

hi(§)w(u(§))dg]ds

+ /t - [fa(s, t)w(u(s))+ga(s,t) /t ho(&)w(u(€))de]ds

1=0,1,...,n.

Case 1: If t € (o, t1], considering by = C, then

v(t) =C+
T(t) s
/ (s, Dwlus)) +g1(s, ) / (€ (u(€)) e ds
7(to) 7(to)

(t1)

o
/ [fals, t)w
+ :sz(s o

S

[fl(svt)W(U(S))Jrgl(S?t)/ ha(§)w(u(€))dE]ds

7(to)

—|—g25t/h2
+gzst/h2

= Vo (t) (9)
From (8), obviously we have
ult) < vg (1), (10)

According to the assumption of 7(t) we have ¢y <
7(t) < tfort € (to,t1]. So7(t) € (to,t1], and then

ul(r () < of (1)) < v (1),
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Furthermore
vp(t) =

7(t) s 108, s
B,y 2lt) | o Ta(Owu©)delds

(to) ot

Lau(r (), ) / RGECQIELD

[P Dtu(e+ 2255 [ patute) g

ot Owlu®)) + go(t, 1) / B (€)o (u(€)) de]

T(t) 6f1(3’t) 891(57” s
S{/T(to)[ AT /T(to)hl(i)dﬁ]ds

7(t)
HA@),0) + g1 (r(0).1) / ) (a0
0ga(s,t

o [[PR0 Q) [ acas

0

A0+ onlt) [ ha(€)de] Y (o (1)).

Then ,
vy (t)

1

w(vg (1))

™ 9fi(s,t)  Ogi(s,t) [°
(e g [ mieadias

7(t)
ha(€)d€]T'(t)

<

HAEO.D +a(r(0.0) [

7(to)

t Ofa(s,t)  Ogal(s,t) [*
o [P0 1 202D [ (€yagas

0 to

HA )+ et [ e}, (1)

An integration for (6) with respect to ¢ from tg to
t yields
Go(vo(t)) — Go(vo(to)) <

7(t) s
/ (s )+ gn(s.1) / ha (€)de)ds
7(to) T(to)

+ /t [Fals, ) + g(s.8) /t Cha(E)delds,  (12)

where G is defined in (3).
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Considering Gq is nondecreasing, then it fol-
lows

vo(t) < Gy ' {Go(vo(to))+

7(t) s
/ Fils) + 1 (s.8) / ha (€)de]ds
7(to) T(to)

t s
) ) ho(&)dE]ds}. 13
# [1he0 + 0t [ haadds). (13)
Take ¢t = t; in (13) we can obtain

vo(t1) < Gy {Go(vo(to))+

/TT(tl)[fl(Satl) + g1(s, 1) /S

(to) 7(to)

T / (s, t1) + ga(s. ) / ha(€)de)ds). (14)

From (9) and (14) we have

h1(§)d€]ds

20(to) — C' = vo(t1) < Gy {Go(vo(to))+

T(tl) S
/ Fi(s.t1) + g1(s,11) /
7(to) 7(to)

T / o, t1) + gals. 1) / ha(€)d€)ds), (15)

h(§)dg]ds

that is,

Go(2vo(to) — C) — Go(vo(to)) <

/TT(tl)[fl(Sytl) +g1(s,t1) /S

(to) 7(to)

hi(§)dg]ds

11 s
s [+ s t) [ ha(©delds. o)
to to
Since Hy(t) = Go(2t—by) —Go(t) is nondecreasing
ont > by, and by = C, vp(tg) > C, then from (16)
it follows

vo(to) <
T(t1) s
Hy' ([ (s, t) + a5, ) / ha(€)de)ds
7(to) 7(to)
t1 S
+/to [f2(s,t1) +92(8at1)/t0 ha(§)d€]ds} = T(TL117,)

where m is defined in (7).
Combining (10), (13) and (17) we can obtain

Oyl

u(t) <of(t) <
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7(t) s 7(t) s
(G {Golma)+ / JCEERACE / RAGIE / o V() 2015 / I u(E) el
1)+l ) [ ma@agasnyy. 18) + [ s sttt [ @@
4 , , . 1(s, Hw(u(s 1(s, 1(Hw(u s
/to [f2(s 92 \ 2 T(ttl) g o)
Especially, if we take ¢ = ¢1, then we have +/ [f2(s, t)w(u(s)) +92(s,t)/ ho(€)w(u(€))d€]ds
u(ty) < v (t) < n / (s, Do(u(s)) + gals. ) / " ha()w(ul(€))de]ds
G71 G T(tl) ) h d d | O
(67" oty [, Bt [ mEaas s 0
+/t0 [f2(s,t1) +92(8,t1)/t0 ha(§)dE]ds}}r <ay + Bral +

7(t) s

[fl(s,t)w(U(S)Hgl(syt)/(t )hl(E)w(U(é))dé]dS

=ai, (19)
where a; is defined in (6).

(t2) s
Gase 2: I £ € (1, 1], then from the definition of ~ + |~ 0wt ot [ )hlw o (u(€) el
a; and (18), (19) we have ' ’
2

+/[f2(st —I—gzst/h

T(t1)

t—0<%t—0<%t<%. s
u(ty ) < vg (ta ) <y (t) <af +/ ol B +g2st/h2
So ty
v(t) = C+
7(t) s = b1+
7t + 7t h d d T(t) s
/T<to>{f (o tuls)) s )/Tao) H(Eule)elds [ 100 s [ mieeueaas
7(t2) s 17_ t T tos
# [ e ttaton o) [ m@stu@natts s [ oo [ m@ww@s
t s tl ST bo
+ /to [fo(s, )w(u(s))+g2(s,t) /to ha(§)w(u(§))d]ds + /t [fo(s, hw(u(s)) + ga(s, t) /t ha (€)w (u(€))d€]ds
+f s, tus)) 25,1 [ ta@ututenagias ], U thstuto) + o) | hatertuceieh
to to
+B1u(ts — 0) = v1(¢) (20)
i =C+ S Wher;hbl i? (lileﬁr}ed in (5) ) _—
2/T(t0) [f1(s,t)w(u(s))+g1(s, t)/(t0 hi(&)w(u(€))d€]ds as), Wzﬂca?l Sgtl;liim a similar process with (9)-
+2/t0 [f2(s, t)w(u(s)) + ga(s,t) / hao(€ u(t) gv%(t) <
7(t) 1
+/Tt )[fl(s,t)w( u(s))+g1 (s, t)/(t )hl(f) w(u(§))d€]ds {GT {G1(m2)+
T(lm T 7(t) s
+/T(t1) [f1(s, t)w(u(s))+g1(s, t)/tg) ha(§w(u(§))d€]ds /T(to)[f1(87t) + g1(s,1) /T(to) ha(§)d€]ds
t s 1
+/ 2, lw(uls)) + g2l ) / ha( +/ [fa(s,t) + g2(s,t) | ho(§)dE]ds}}tr. (21)
to to to
+/ [f2(s, t)w(u(s)) + g2(s,1) / ha (€ where my is defined in (7).
" Bty — 0) Especially, if we take t = 9, then we have
1ulty —
= vo(t)+ u(ts) < vf (t2) <
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{GTH{G1(ma)+
7(t2) s
[ ihsw e [ mEddds
T(to) T(to)

T / (s, t2) + ga(s. 12) / ha(€)de)ds} )

= ay, (22)

where ag is defined in (6).
Case 3: If for t € (tifl,ti],

1

u(t) < vy (t)

<A{G ' {Gia(mi)+

s

7(t)
/ Fils) + 1(s.8) /
T(tifl) T(t())

[ IR+ (o) [ hal©deldsh)

and especially

hi(§)dg]ds

1

u(t;) < Uffl(ti) <

{G 1 {Gi1(mi)+

7(t:) s
/ [fi(s,t;) + gl(S,ti)/ hi
T(ti—1) 7(to)

t;
+/ [f2(s,t:) + ga(s, 1)
ti—1
= ay,

then for t € (t;,ti41],

(§)d¢]ds

ho(€)de]ds}}

to

v(t) =C+

/:m (s Dyus)) +g1(s. 1) / S

(to) 7(to)

+f (o () 41 (5.1 / St

(to)
—|—ggst/h

/[f2(s o
/t:2[f2(8t )) + ga(s,t) / ha(§

ha(§)w(u(§))d€]ds

ha(§)w(u(§))d€]ds

(o)
2

+ Z /Bju(t]
to<t;<t
—C+
7(ts) s
2 / (s, Dwous))+on (5. 1) / (€ (u(€)) e ds
7(to) 7(to)
ISSN: 1109-2769 15
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+2 / als, o (u(s)) + ga(s. ) / " ha()w(ul€))de]ds

7(t) s
+/T t(,;) [f;(s,t)w(u(s))-l-gl(s,t) /T(to)hl(g)w(u(g))dﬂds
+/T(tti) [f1(s, )w(u(s))+g1(s,t) /T(to) ha (€)w(u(€))d€]ds
+/t_ [f2(s,t)w(u(s)) + ga(s, t)/ ha (€)w (u(€))d€]ds
+ ;Hl[fZ(St ))+g2(s,t) / ha (&

+ Z Bjult; - 0)
to<t;<t
< vi-1(ti)

T(tig1) )
+/T [f1(s, t)w(u(s))+91(s, 1) /‘r(to)

n / [l 0u5) + 2(5,1) [ " ha()w(ul(€))de]ds

to

hi (§)w(u(§))dE]ds

[ s 0006 aa() [ ha(€otul©)ica
—1—ﬁ2u(tl - 0)

1

<a;+ Bia] +
7(t) s
| ilsut)tats.n) [ m(@wu@)ds
(to)
T(t +1) s
/ [f1(s, t)w(u(s))+g1(s, t)/ hi(&w(u(§))dElds
T (to)
) + g2(s, ) / ha(€)u(u(€))deds

+92 S, t / hg
=b;+
7(t) s

/ (s, Bwlus)) + g1 (s, ) /
T(ts) 7(to)

T(tit1)
+ / (s, Bwo(u(s))+o1 (5. 1) /

7(ts) 7(to)

[ UaloO1tus) + a(5.0) [ hal©u()as

ha(§)w(u(€))dE]ds

S

ha(§)w(u(§))dE]ds

+ /t - [f2(s, )w(u(s))+ga2(s,t) / R (€)w(u(€))dE]ds

to

= U; (t)
where b; is defined in (5).

(23)
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Similar to (9)-(18), we can obtain

=

u(t) < v/ (t) <
{G;7HGi(mi)+

7(t) s
/ a(s.8) + 1(s,1) / ha (€)de)ds
7(ts) 7(to)

7

t s 1

+ [ 12t + a5,0) [ hal€)delas}P,
t; to

and the proof is complete for C' > 0.

If C = 0, we substitute C' with ¢ in the above
process, and then let £ — 0, then we can obtain
the desired inequality (2).

Corollary 2.2 Suppose u, p, C, w, 7, G;, H;,
a;, bj, m;, t;, B; are the same as in Theorem 2.1,
h(t) € C(I,Rs), f(s,1), g(s,1), 2, 2960 ¢
C(I x I,Ry). If for t € I, u(t) satisfies the fol-

lowing inequality

/T(t)
T(to)( ’
+/T(t0) [f(s,t)w(u(s))+g(s,t) /T(to) h(€)w(u(€))dE]ds

+ Y Bult;—0), (24)

to<t;<t

uP(t) < C+

s

[ h(§)w(u(§))dE]ds

7(to)

£(s, Ow(u(s))+9(s, 1) /
i)

then
u(t) < {G; 1 {Gi—1(my)+

7(t) s
[ tenrgs [
T(ti_l) T(to)

holds for Vt € (t;—1,t:], i =1,2,...,n+1,
where

h(§)dglds — (25)

Hi(t) = G;(2t — b;) — G4(t),
and H; are nondecreasingont > b;, 1 =0,1,...,n,

1

by = C, bi:ai—i—ﬂiaf, 1=1,2,...,n,

a; = G; LG _1(mi)+

7(ts) s
/ (st +g(s, 1) / h(E)de]ds}, i = 1,2,.m,
T(tifl) T(to)
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1 7(t:)
mi= B[ (Alst)
T(tifl)
—|—g(s,ti)/ h(§)dglds, i =1,2,...,n+ 1.
7(to)

Corollary 2.3 Suppose u, p, C, w, 7, G;, H;,
a;, bj, m;, t;, B; are the same as in Theorem 2.1,
and h(t), f(t), g(t), n(t) € C(I,Ry). Iffort € I,
u(t) satisfies the following inequality

uP(t) < O+

) [ " F(ehlus)) + a(s) /

(to) 7(to)

T(ti) s
(1) / o V)99 / . ME(u(E))aclds

+ 3 Byt - 0), (26)

to<tj<t

h(§)w(u())dE]ds

then
u(t) < {G; L {Gi—1(m)+

7(t) s
n(t) / F(5) + 9(s) / WE)delds  (27)

(ti-1) 7(to)
holds for Vt € (t;—1,t;], i =1,2,...,n+ 1, where

v 1
Gi(v) :/ ———ds, 1=0,1,...,n,
b w(sh (1)

Hi(t) = G;(2t — b;) — G4(t),
and H; are nondecreasingon t > b;, i1 = 0,1, ...,n,

1

by = C, bi:ai—i—ﬁiaf, 1=1,2,...,n,

a; = G {Gi—1(my)

7(ts) s
() / RCET / . HEaclas)
1=1,2,...,n,
7(ti)
mi = H-\ {n(t:) / e

+¢@/1)m@%u&¢:1a,wn+y

Remark If we take n(t) = 1, and u(t) is contin-
uous on [tg, T], then Corollary 2.2 reduces to [19,
Theorem 2.1]. Furthermore, if we take w(u) = u,
then Corollary 2.2 reduces Pachpatte’s result in
[18] with slight difference.
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Corollary 2.4 Suppose u, p, C, w, 7, G;, H;,

a;, bj, m;, t;, B; are the same as in Theorem 2.1,
0 0

h(t) € C(I,Ry), f(s,t), g(s,t), 2pt 20let) ¢

C(I xI,Ry). If for t € I, u(t) satisfies the fol-

lowing inequality

uP(t) < C+

S

h(§)w(u(§))d€]ds

S

h(§)w(u(§))dE]ds

[ st + gt [

to to

v [ o et +ots.0 [

to to

to<t;j<t

(28)

then

mwsﬂxﬁaqmm+/ F(s.1)

ti—1

+o(s.0) [ n€)delas (20)

to
holds for Vt € (t;—1,t;], 1 =1,2,...,n+ 1, where

v 1
Gi(v) :/ ——ds, i=0,1,...,n,
bi w(sr(t))
H;(t) = Gi(2t — b;) — G,(1),
and H; are nondecreasingont > b;, 1 =0,1,...,n,

1
bo =C, b = a; + Bia]

i i=1,2,...n,

m:qﬂmwmw+/"w@m

ti—1

+9(s,t;) /S h(§)d€lds}, i =1,2,...,n,

to

t;
mi= B Gt

(s, t:) /sh(g)df]ds, P=1.2nt .

to
Corollary 2.5 Suppose u, p, C,w, 7, G;, H;, a;,
bi, m;, t;, B; are the same as in Theorem 2.1, and

h(t), f(t), g(t), n(t) € C(I,Ry). If for t € I,
u(t) satisfies the following inequality

uP(t) < O+

S

nw/w@wwm+m@/h@mwm&w

to to

ISSN: 1109-2769 17
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S

—%n<t>j/i[f(sy»<u<s>>+—g<s>]f h(E)w(u(€))de)ds

to to

to<t;<t

(30)

then
u(t) < {G; 1 {Gi—1(m)+

n®/'U@+MQ/3@%w (31)

ti—1 to

holds for Vt € (t;—1,t;], i1 =1,2,...,n+ 1, where

Gi(v):/ %ds, 1=0,1,...,n,
bi w(s?(t))

Hi(t) = G;(2t — b;) — G4(t),

and H; are nondecreasingont > b;, 1 =0,1,...,n,

1
bo=C, bj=a; + Bia}, 1=1,2,...,n,

a; = G {Giz1(my)+

mm/”wwwaw/lwﬁwﬁiszmm

ti—1 to

t;
1m=H;mwn/[ﬁ@

ti—1

S
+g(s)/ h(§)dElds, i =1,2,...,n+ 1.
to
If we take n(t) = 1 in Corollary 2.3 and 2.5,
then we we can obtain another two corollaries,
which can be left to the readers.

3 Applications

In this section, we will present some examples to
illustrate the validity of our results in making es-
timates for the bounds of the solutions of integral
equations.

Example: Consider the retarded Volterra-
Fredholm integral equation of the form

uP(t) = a(t)+

t s

Mifs, t,u(7(s)), [ Ni(&u(T(§)))dE]ds

[ Ml tu(r(s), [ Na(e, u(r(€)))delds

to to

+ > Bult;—0), tel,

to<t;<t

(32)
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where u is a continuous function defined on [
with the first kind of discontinuities in the points
ti, 1 =1,2,...n,and tg < t] < tg < ... < t, <
tny1 =T, p > 0is a constant, a € C(I,I), 7 €
CY(I, R) is strictly increasing with 0 < 7(¢) < t
and 7(t) > t; for Vt € (t;,tiv1], ¢ = 0,1,...,n.
B; >0, j=1,2,..,n,and M € C(I*> x R?, R).

Theorem 3.1 Assume that u(¢) is a solution of
Eq. (32), and the following conditions satisfies

la(t)| < C

[ Mi(s,t, 2z, )| < f(s,0)|z|?T+ g(s, D)yl i =1,2

[Ni(z,y)| < h(@)|y|?, i=1,2

w(v) =01

(33)

where f(s,t),9(s,1), 2250 2900 € C(Ix I, Ry),
w € C(R4+,Ry), q is a constant with 0 < ¢ < p,
and C > 0 is a constant, then we have

u(t) < {GH{Gi1(my)+

T(t) s 1
[ en+atn [ @i,
(ti-1) 7(to)

vVt € (tifl,ti], 1=1,2,..,n+1, (34)

where

Gi(u) :/ ql( )ds, 1=0,1,...,n,
b t

Hi(t) = G;(2t — b;) — G4(t),

and H; are nondecreasingont > b;, 1 =0,1,...,n,

1
bo=C, b;=a;,+ Gial, i =1,2,...,n,

a; = G; LG _1(mi)+

T(ts) _ s
/ s, t2) + (s, ) / R(€)de]ds).
T(ti_l) T(to)

i=1,2,...n,
. T(ts)
my = B / st
T(ti_l)
45 t) [ RO}, =12 L
7(to)

Proof: From (32) and (33), for Vt € (t;—1,t], i =
1,2,...,n+ 1, we have

lu(t)] < C+
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[Mi[s, ¢, u(7(s)), SNl(&U(T(f)))d&]IdS

to to

+ [ als (s, [Nl u(r(©))ielas

to to

+ > Bilult; - 0)]

to<t;<t
< C+
/t (s, )u(r())]7 + g(s. )] / " Ny(€, u(r(€)))del)ds

" /t [ Dl () [ g(s, ) s Na(&;u(T(£)))dé]lds

+ S Bt —0))
< C+
/t (s, 8)[u(r(s))[1+g(s, 1 / " h(©)|u(r(€)|“de]ds

S

+/i[f(é‘,t)!U(T(S))\"Jrg(S,t)/ h(E)u(r(€))|"dE]ds

to to
+ Y Bilult; —0)]
to<t;<t
— O+

/t [F (s, Dlu(r(s)]+g(s. 1) / N

+ / [F (5, ) () [7+9(5. ) / B
+ 3 Blu(t; - 0)

to<t;<t

7(s)

(1)
_ 7.*1 U q
—C+/T(t0)[f( (A), )|u(N)]
A

+9(T‘1(>\),t)/ R () lu(n)|*dn)dX

7(to)

7(t;)
-1 q
+ / o) T 0]

A
+glr .0 [ o M It
S Bt —0))
—C+

T(t) _ A
/ FOLO[)7 + 5O t) / () () i) A
7(to) 7(to)
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T(t:) _ P
+ / FOLO[)] + (0 ) / . Bt anjix

(to)
+ > Bilult; —0)

to<t;<t

= C+

T(t)~ s
/ Fls, (lu(s)]) +3(s.1) / (€ ) (ju()])de)ds

(to) (to)

T(ti) _ _ s
+ / (s, Dw(Jus) ) 435, 1) / () (Ju(€)])de)d
7(to) 7(to)
+ Z Bjlu(t; — 0)]. (35)
to<tj<t
From the definition of H; we have
H(t) = [Gi(2t — b))~ Ct)] = — 2> —
(2t—b)r v
_ 2tr — (2t — bi)g >0 (36)

tr (2t — b;)?

fort>b;, i=0,1,...,n.
So H;(t) are nondecreasing on t > b;, i =
0,1,...,m. Then by an suitable application of

Corollary 2.1 we can obtain the desired inequality
(34).

Theorem 3.2: Under the conditions of Theorem
3.1, we have

pP—q p—q

u(t) < {5 mg " =)+

s

() _
/T(til) 7, tr+gle:2) [F(to)

where m;, b; are the same as in Theorem 3.1.

T(€)de)ds}+b, 7, 17,
(37)

Proof: As long as we notice

(v'r —b" ), i=01,..

(38)

> T,
p—q

then combining (38) and Theorem 3.1 we can eas-
ily deduce the desired result.
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4 Conclusions

In this paper, we have established a new gener-
alized Voterra-Fredholm type integral inequality,
which provide a handy tool in the investigation of
making estimates for bounds of solutions of cer-
tain integral equations. From the example one
can see new explicit bounds are derived by the
presented inequality. The process of establish-
ing the inequality in Theorem 2.1 can be applied
to the situation with two independent variables,
which can be left to the further research.
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