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Abstract: In this paper, some new delay integral inequalities with two independent variables on time
scales are established, which can be used as a hand tool in the investigation of qualitative properties of
solutions of delay dynamic equations on time scales. Some applications for the established inequalities are
also presented, and new explicit bounds on unknown functions of delay dynamic equations are obtained.
Our results generalize some of the results in [16, 17].
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1 Introduction

The development of the theory of time scales was
initiated by Hilgewr [1] in 1988, and the purpose
of the theory of time scales is to unify continu-
ous and discrete analysis. A time scale is an arbi-
trary nonempty closed subset of the real numbers.
Many integral inequalities on time scales have
been established since then, for example [2-11],
which have been designed in order to unify con-
tinuous and discrete analysis. But to our knowl-
edge, the delay integral inequalities on time scales
have been scarcely paid attention to in the liter-
ature so far [12,13], and furthermore, nobody has
studied the delay integral inequalities with two
independent variables on time scales.

Our aim in this paper is to establish some
new delay integral inequalities with two indepen-
dent variables on time scales, and present some
applications for them.

For two given sets G, H, we denote the set of
maps from G to H by (G, H), while denote the
definition domain and the image of a function f
by Dom(f) and Im(f) respectively.

In the rest of the paper, R denotes the set
of real numbers and R+ = [0,∞). T denotes an
arbitrary time scale and T0 = [x0,∞)

⋂
T, T̃0 =

[y0,∞)
⋂

T, where x0, y0 ∈ T. The set Tκ is de-
fined to be T if T does not have a left-scattered
maximum, otherwise it is T without the left-
scattered maximum. On T we define the forward
and backward jump operators σ(t) ∈ (T, T) and

ρ(t) ∈ (T, T) such that σ(t) = inf{s ∈ T, s > t},
ρ(t) = sup{s ∈ T, s < t}.
Definition 1: A point t ∈ T is said to be left-
dense if ρ(t) = t and t 6= inf T, right-dense if
σ(t) = t and t 6= sup T, left-scattered if ρ(t) < t
and right-scattered if σ(t) > t.

Definition 2: A function f ∈ (T, R) is called rd-
continuous if it is continuous in right-dense points
and if the left-sided limits exist in left-dense
points, while f is called regressive if 1+µ(t)f(t) 6=
0, where µ(t) = σ(t) − t. Crd denotes the set of
rd-continuous functions, while R denotes the set
of all regressive and rd-continuous functions, and
R+ = {f |f ∈ R, 1 + µ(t)f(t) > 0, ∀t ∈ T}.
Definition 3: For some t ∈ Tκ, and a func-
tion f ∈ (T, R), the delta derivative of f is
denoted by f∆(t), and satisfies |f(σ(t)) − f(s) −
f∆(t)(σ(t) − s)| ≤ ε|σ(t) − s| for ∀ε > 0, where
s ∈ U, and U is a neighborhood of t. The function
f is called delta differential on Tκ.

Similarly, for some y ∈ Tκ, and a function
f ∈ (T × T, R), the partial delta derivative of
f with respect to y is denoted by (f(x, y))∆y , and
satisfies

|f(x, σ(y))− f(x, s)− (f(x, y))∆y (σ(y)− s)|
≤ ε|σ(y)− s|

for ∀ε > 0, where s ∈ U, and U is a neighborhood
of y.
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Definition 4: For a, b ∈ T and a function f :
T → R, the Cauchy integral of f is defined by∫ b

a
f(t)∆t = F (b)− F (a),

where F∆(t) = f(t), t ∈ Tκ.
Similarly, for a, b ∈ T and a function f :

T×T → R, the Cauchy partial integral of f with
respect to y is defined by∫ b

a
f(x, y)∆y = F (x, b)− F (x, a),

where (F (x, y))∆y = f(x, y), y ∈ Tκ.

2 Main Results

We will give some lemmas for further use.

Lemma 2.1 ([14], Gronwall′s inequality):
Suppose X ∈ T0 is a fixed number, and
u(X, y), b(X, y) ∈ Crd, m(X, y) ∈ R+ with re-
spect to y, m(X, y) ≥ 0. Then

u(X, y) ≤ b(X, y) +
∫ y

y0

m(X, t)u(X, t)∆t, y ∈ T̃0

implies

u(X, y) ≤ b(X, y)+
∫ y

y0

em(y, σ(t))b(X, t)m(X, t)∆t,

y ∈ T̃0,

where em(y, y0) is the unique solution of the fol-
lowing equation

(z(X, y))∆y = m(X, y)z(X, y), z(X, y0) = 1.

Lemma 2.2 [15]: Assume that a ≥ 0, p ≥ q ≥ 0,
and p 6= 0, then for any K > 0

a
q
p ≤ q

p
K

q−p
p a +

p− q

p
K

q
p .

Theorem 2.1: Suppose u, f , g, h ∈ Crd(T0 ×
T̃0, R+), p, q, r, m, C are constants, and p ≥
q ≥ 0, p ≥ r ≥ 0, p ≥ m ≥ 0, p 6= 0, C > 0, τ1 ∈
(T0, T), τ1(x) ≤ x, −∞ < α = inf{τ1(x)}, x ∈
T0} ≤ x0. τ2 ∈ (T̃0, T), τ2(y) ≤ y, −∞ < β =
inf{τ2(y)}, y ∈ T̃0} ≤ y0. φ ∈ Crd(([α, x0] ×
[β, y0])

⋂
T2, R+). K > 0 is an arbitrary con-

stant. If for (x, y) ∈ T0 × T̃0, u(x, y) satisfies the
following inequality

up(x, y) ≤ C +
∫ y

y0

∫ x

x0

f(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ x

x0

g(s, t)ur(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ x

x0

∫ t

y0

∫ s

x0

h(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

(1)
with the initial condition:

u(x, y) = φ(x, y) if x ∈ [α, x0]
⋂

T or y ∈ [β, y0]
⋂

T,

φ(τ1(x), τ2(y)) ≤ C
1
p , ∀(x, y) ∈ T0 × T̃0

if τ1(x) ≤ x0 or τ2(y) ≤ y0,
(2)

then
u(x, y) ≤ [B1(x, y)+∫ y

y0

eB2(y, σ(t))B2(x, t)B1(x, t)∆t]
1
p ,

(x, y) ∈ T0 × T̃0, (3)

where
B1(x, y) = C+∫ y

y0

∫ x

x0

[f(s, t)
p− q

p
K

q
p + g(s, t)

p− r

p
K

r
p

+
∫ t

y0

∫ s

x0

h(ξ, η)
p−m

p
K

m
p ∆ξ∆η]∆s∆t,

B2(x, y) =
∫ x

x0

[f(s, y)
q

p
K

q−p
p + g(s, y)

r

p
K

r−p
p

+
∫ y

y0

∫ s

x0

h(ξ, η)
m

p
K

m−p
p ∆ξ∆η]∆s.

Proof : Given a fixed X ∈ T0, and x ∈
[x0, X]

⋂
T, y ∈ T̃0. Let the right side of (1) be

v(x, y). Then

u(x, y) ≤ v
1
p (x, y) ≤ v

1
p (X, y),

∀x ∈ [x0, X]
⋂

T, y ∈ T̃0. (4)

If τ1(x) ≥ x0 and τ2(y) ≥ y0, then τ1(x) ∈
[x0, X]

⋂
T, τ2(y) ∈ T̃0, and

u(τ1(x), τ2(y)) ≤ v
1
p (τ1(x), τ2(y)) ≤ v

1
p (x, y).

(5)
If τ1(x) ≤ x0 or τ2(y) ≤ y0, then from (2) we have

u(τ1(x), τ2(y)) = φ(τ1(x), τ2(y))

≤ C
1
p ≤ v

1
p (x, y). (6)

From (5) and (6) we always have

u(τ1(x), τ2(y)) ≤ v
1
p (x, y), x ∈ [x0, X]

⋂
T, y ∈ T̃0.

(7)
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So

v(X, y) = C +
∫ y

y0

∫ X

x0

f(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ X

x0

g(s, t)ur(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

≤ C+
∫ y

y0

∫ X

x0

[f(s, t)v
q
p (s, t)+g(s, t)v

r
p (s, t)]∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h(ξ, η)v
m
p (ξ, η)∆ξ∆η∆s∆t.

(8)
From Lemma 2.2, for ∀K > 0, we have
v

q
p (x, y) ≤ q

pK
q−p

p v(x, y) + p−q
p K

q
p ,

v
r
p (x, y) ≤ r

pK
r−p

p v(x, y) + p−r
p K

r
p ,

v
m
p (x, y) ≤ m

p K
m−p

p v(x, y) + p−m
p K

m
p .

(9)

Combining (8), (9) we have

v(X, y) ≤ C+
∫ y

y0

∫ X

x0

[f(s, t)(
q

p
K

q−p
p v(s, t)+

p− q

p
K

q
p )

+g(s, t)(
r

p
K

r−p
p v(s, t) +

p− r

p
K

r
p )]∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h(ξ, η)(
m

p
K

m−p
p v(ξ, η)+

p−m

p
K

m
p )∆ξ∆η∆s∆t

≤ C +
∫ y

y0

∫ X

x0

[f(s, t)
p− q

p
K

q
p + g(s, t)

p− r

p
K

r
p

+
∫ t

y0

∫ s

x0

h(ξ, η)
p−m

p
K

m
p ∆ξ∆η]∆s∆t

+
∫ y

y0

{
∫ X

x0

[f(s, t)
q

p
K

q−p
p + g(s, t)

r

p
K

r−p
p

+
∫ t

y0

∫ s

x0

h(ξ, η)
m

p
K

m−p
p ∆ξ∆η]∆s}v(X, t)∆t

= B1(X, y) +
∫ y

y0

B2(X, t)v(X, t)∆t. (10)

From Lemma 2.1 we have

v(X, y) ≤ B1(X, y)

+
∫ y

y0

eB2(y, σ(t))B2(X, t)B1(X, t)∆t, y ∈ T̃0.

(11)
Then combining (4), (11) we obtain

u(x, y) ≤ [B1(X, y)+∫ y

y0

eB2(y, σ(t))B2(X, t)B1(X, t)∆t]
1
p ,

x ∈ [x0, X]
⋂

T, y ∈ T̃0. (12)

Taking x = X, it follows

u(X, y) ≤ [B1(X, y)+∫ y

y0

eB2(y, σ(t))B2(X, t)B1(X, t)∆t]
1
p . (13)

Considering X ∈ T0 is arbitrary, substituting X
with x we can obtain the desired inequality (3).

Remark 1: If we take T = R, p = q =
1, g(x, y) = h(x, y) ≡ 0, then Theorem 2.1 re-
duces to [16, Theorem 2.2], which is one case of
integral inequality for continuous function.

Remark 2: If we take T = Z, q = p, a(x, y) ≡
C, b(x, y) ≡ 1, h(x, y) ≡ 0, the Theorem 2.1 re-
duces to [17, Corollary 2.6], which is one case of
discrete inequality.

Based on Theorem 2.1, we will establish a
Volterra-Fredholm type integral inequalities on
time scales with two independent variables in the
following theorem.

Theorem 2.2: Suppose u, fi, gi, hi ∈ Crd(T0 ×
T̃0, R+), i = 1, 2. p, q, r, m, C, φ, τ1, τ2, α, β

are the same as in Theorem 2.1, M ∈ T0, N ∈ T̃0

are two fixed numbers, ∀K > 0 is a constant. If
for (x, y) ∈ ([x0,M ]

⋂
T) × ([y0, N ]

⋂
T), u(x, y)

satisfies the following inequality

up(x, y) ≤ C+
∫ y

y0

∫ x

x0

f1(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ x

x0

g1(s, t)ur(τ1(s), τ2(t))∆s∆t

+
∫ y

y0

∫ x

x0

∫ t

y0

∫ s

x0

h1(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

f2(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)ur(τ1(s), τ2(t))∆s∆t
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+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t,

(14)
with the initial condition (2), then we have

u(x, y) ≤ {[ C̃ + B̃6

1− B̃5

]B̃3(x, y) + B̃4(x, y)}
1
p ,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (15)

provided that B̃5 < 1, where

C̃ = C +
∫ N

y0

∫ M

x0

[f2(s, t)
p− q

p
K

q
p + g2(s, t)

p− r

p
K

r
p

+
∫ t

y0

∫ s

x0

h2(ξ, η)
p−m

p
K

m
p ∆ξ∆η]∆s∆t,

B̃1(x, y) =
∫ y

y0

∫ x

x0

[f1(s, t)
p− q

p
K

q
p + g1(s, t)

p− r

p
K

r
p

+
∫ t

y0

∫ s

x0

h1(ξ, η)
p−m

p
K

m
p ∆ξ∆η]∆s∆t,

B̃2(x, y) =
∫ x

x0

[f1(s, y)
q

p
K

q−p
p + g1(s, y)

r

p
K

r−p
p

+
∫ y

y0

∫ s

x0

h1(ξ, η)
m

p
K

m−p
p ∆ξ∆η]∆s,

B̃3(x, y) = 1 +
∫ y

y0

e
B̃2

(y, σ(t))B̃2(x, t)∆t,

B̃4(x, y) = B̃1(x, y)+
∫ y

y0

eB̃2
(y, σ(t))B̃2(x, t)B̃1(x, t)∆t,

B̃5 =
∫ N

y0

∫ M

x0

f2(s, t)
q

p
K

q−p
p B̃3(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)
r

p
K

r−p
p B̃3(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p B̃3(ξ, η)∆ξ∆η∆s∆t,

B̃6 =
∫ N

y0

∫ M

x0

f2(s, t)
q

p
K

q−p
p B̃4(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)
r

p
K

r−p
p B̃4(s, t)∆s∆t

∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p B̃4(ξ, η)∆ξ∆η∆s∆t

Proof : Let the right side of (14) be v(x, y). Then

u(x, y) ≤ v
1
p (x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (16)

Similar to the process of (5)-(7) we have

u(τ1(x), τ2(y)) ≤ v
1
p (x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (17)

Given a fixed X ∈ [x0,M ]
⋂

T, and x ∈
[x0, X]

⋂
T, y ∈ [y0, N ]

⋂
T, then

v(x, y) ≤ v(X, y), x ∈ [x0, X]
⋂

T, y ∈ [y0, N ]
⋂

T.

(18)
Furthermore, considering

v(x0, y0) = C +
∫ N

y0

∫ M

x0

f2(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)ur(τ1(s), τ2(t))∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t,

(19)
we have

v(X, y) = C+
∫ y

y0

∫ X

x0

f1(s, t)uq(τ1(s), τ2(t))∆s∆t+

∫ y

y0

∫ X

x0

g1(s, t)ur(τ1(s), τ2(t))∆s∆t+

∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

f2(s, t)uq(τ1(s), τ2(t))∆s∆t+

∫ N

y0

∫ M

x0

g2(s, t)ur(τ1(s), τ2(t))∆s∆t+

∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

≤ C +
∫ y

y0

∫ X

x0

[f1(s, t)v
q
p (s, t) + g1(s, t)v

r
p (s, t)]∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)v
m
p (ξ, η)∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

f2(s, t)uq(τ1(s), τ2(t))∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)ur(τ1(s), τ2(t))∆s∆t
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+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)um(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

= v(x0, y0) +
∫ y

y0

∫ X

x0

[f1(s, t)v
q
p (s, t) + g1(s, t)v

r
p (s, t)

+
∫ t

y0

∫ s

x0

h1(ξ, η)v
m
p (ξ, η)∆ξ∆η]∆s∆t. (20)

Then similar to the process of (8)-(11) we can
deduce

v(X, y) ≤ v(x0, y0) + B̃1(X, y)+∫ y

y0

e
B̃2

(y, σ(t))B̃2(X, t)(v(x0, y0) + B̃1(X, t))∆t

= v(x0, y0)[1 +
∫ y

y0

eB̃2
(y, σ(t))B̃2(X, t)∆t] + B̃1(X, y)

+
∫ y

y0

eB̃2
(y, σ(t))B̃2(X, t)B̃1(X, t)∆t, y ∈ [y0, N ]

⋂
T.

(21)
Combining (18), (21), it follows

v(x, y) ≤ v(x0, y0)[1 +
∫ y

y0

e
B̃2

(y, σ(t))B̃2(X, t)∆t]

+B̃1(X, y) +
∫ y

y0

e
B̃2

(y, σ(t))B̃2(X, t)B̃1(X, t)∆t,

x ∈ [x0, X]
⋂

T, y ∈ [y0, N ]
⋂

T. (22)

Taking x = X in (22), then considering X is se-
lected from [x0,M ]

⋂
T arbitrarily, substituting

X with x, yields

v(x, y) ≤ v(x0, y0)[1 +
∫ y

y0

e
B̃2

(y, σ(t))B̃2(x, t)∆t]

+B̃1(x, y) +
∫ y

y0

e
B̃2

(y, σ(t))B̃2(x, t)B̃1(x, t)∆t,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (23)

that is,

v(x, y) ≤ v(x0, y0)B̃3(x, y) + B̃4(x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (24)

On the other hand, from (9), (17) and (19) we
obtain

v(x0, y0) ≤ C +
∫ N

y0

∫ M

x0

f2(s, t)v
q
p (s, t)∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)v
r
p (s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)v
m
p (ξ, η)∆ξ∆η∆s∆t

≤ C+
∫ N

y0

∫ M

x0

f2(s, t)(
q

p
K

q−p
p v(s, t)+

p− q

p
K

q
p )∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)(
r

p
K

r−p
p v(s, t)+

p− r

p
K

r
p )∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)(
m

p
K

m−p
p v(ξ, η)+

p−m

p
K

m
p )∆ξ∆η∆s∆t

= C̃ +
∫ N

y0

∫ M

x0

f2(s, t)
q

p
K

q−p
p v(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

g2(s, t)
r

p
K

r−p
p v(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p v(ξ, η)∆ξ∆η∆s∆t

(25)

Then using (24) in (25) yields

v(x0, y0) ≤ C̃+∫ N

y0

∫ M

x0

{f2(s, t)
q

p
K

q−p
p [v(x0, y0)B̃3(s, t)

+B̃4(s, t)]}∆s∆t

+
∫ N

y0

∫ M

x0

{g2(s, t)
r

p
K

r−p
p [v(x0, y0)B̃3(s, t)

+B̃4(s, t)]}∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p [v(x0, y0)B̃3(ξ, η)

+B̃4(ξ, η)]∆ξ∆η∆s∆t

= C̃ + v(x0, y0){
∫ N

y0

∫ M

x0

[f2(s, t)
q

p
K

q−p
p B̃3(s, t)

+g2(s, t)
r

p
K

r−p
p B̃3(s, t)]∆s∆t+

∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p B̃3(ξ, η)∆ξ∆η∆s∆t}

+
∫ N

y0

∫ M

x0

f2(s, t)
q

p
K

q−p
p B̃4(s, t)∆s∆t
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+
∫ N

y0

∫ M

x0

g2(s, t)
r

p
K

r−p
p B̃4(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
m

p
K

m−p
p B̃4(ξ, η)∆ξ∆η∆s∆t

= C̃ + v(x0, y0)B̃5 + B̃6, (26)

which is followed by

v(x0, y0) ≤
C̃ + B̃6

1− B̃5

. (27)

Combining (16), (24) and (27) we can obtain the
desired inequality (15).

Finally, we will establish a more general in-
equality than that in Theorem 2.2. Consider the
following inequality

up(x, y) ≤ C +
∫ y

y0

∫ x

x0

L(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ y

y0

∫ x

x0

∫ t

y0

∫ s

x0

h1(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η]∆s∆t,

(28)
with the initial condition (2), where u, p, q, C,

φ, α, β, τi, hi, i = 1, 2 are the same as in Theo-
rem 2.1, M ∈ T0, N ∈ T̃0 are two fixed numbers.
L ∈ C(T0 × T̃0 × R+, R+), and 0 ≤ L(s, t, x) −
L(s, t, y) ≤ A(s, t, y)(x− y) for x ≥ y ≥ 0, where
A ∈ C(T0 × T̃0 ×R+, R+).

Theorem 2.3: If for (x, y) ∈ ([x0,M ]
⋂

T) ×
([y0, N ]

⋂
T), u(x, y) satisfies (28), and K > 0 is

an arbitrary constant, then the following inequal-
ity holds

u(x, y) ≤ {[ Ĉ + B̂6

1− B̂5

]B̂3(x, y) + B̂4(x, y)}
1
p ,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (29)

provided that B̃5 < 1, where

Ĉ = C +
∫ N

y0

∫ M

x0

L(s, t,
p− 1

p
K

1
p )∆s∆t+

∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
p− q

p
K

q
p ∆ξ∆η∆s∆t,

B̂1(x, y) =
∫ y

y0

∫ x

x0

L(s, t,
p− 1

p
K

1
p )∆s∆t

+
∫ y

y0

∫ x

x0

∫ t

y0

∫ s

x0

h1(ξ, η)
p− q

p
K

q
p ∆ξ∆η∆s∆t,

B̂2(x, y) =
∫ x

x0

[A(s, y,
p− 1

p
K

1
p )

1
p
K

1−p
p ∆s

+
∫ x

x0

∫ y

y0

∫ s

x0

h1(ξ, η)
q

p
K

q−p
p ∆ξ∆η]∆s,

B̂3(x, y) = 1 +
∫ y

y0

e
B̂2

(y, σ(t))B̂2(x, t)∆t,

B̂4(x, y) = B̂1(x, y)+
∫ y

y0

eB̂2
(y, σ(t))B̂2(x, t)B̂1(x, t)∆t,

B̂5 =
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p B̂3(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p B̂3(ξ, η)∆ξ∆η∆s∆t,

B̂6 =
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p B̂4(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p B̂4(ξ, η)∆ξ∆η∆s∆t.

Proof : Let the right side of (28) be v(x, y). Then

u(x, y) ≤ v
1
p (x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (30)

Similar to the process of (5)-(7) we have

u(τ1(x), τ2(y)) ≤ v
1
p (x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (31)

Given a fixed X ∈ [x0,M ]
⋂

T, and let
x ∈ [x0, X]

⋂
T, y ∈ [y0, N ]

⋂
T. Then

v(x, y) ≤ v(X, y), x ∈ [x0, X]
⋂

T, y ∈ [y0, N ]
⋂

T.

(32)
Furthermore, considering

v(x0, y0) = C +
∫ N

y0

∫ M

x0

[L(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h1(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η∆s∆t,

(33)
we have

v(X, y) = C +
∫ y

y0

∫ X

x0

L(s, t, u(τ1(s), τ2(t)))∆s∆t
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+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

≤ C +
∫ y

y0

∫ X

x0

L(s, t, v
1
p (s, t))∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)v
q
p (ξ, η)∆ξ∆η∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)uq(τ1(ξ), τ2(η))∆ξ∆η∆s∆t

= v(x0, y0) +
∫ y

y0

∫ X

x0

L(s, t, v
1
p (s, t))∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)v
q
p (ξ, η)∆ξ∆η∆s∆t.

(34)

From Lemma 2.2, we have v
q
p (x, y) ≤ q

pK
q−p

p v(x, y) + p−q
p K

q
p ,

v
1
p (x, y) ≤ 1

pK
1−p

p v(x, y) + p−1
p K

1
p .

(35)

So combining (34), (35) we obtain

v(X, y) ≤ v(x0, y0)+∫ y

y0

∫ X

x0

L(s, t,
1
p
K

1−p
p v(s, t) +

p− 1
p

K
1
p )∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)(
q

p
K

q−p
p v(ξ, η)

+
p− q

p
K

q
p )∆ξ∆η∆s∆t

= v(x0, y0)+
∫ y

y0

∫ X

x0

[L(s, t,
1
p
K

1−p
p v(s, t)+

p− 1
p

K
1
p )

−L(s, t,
p− 1

p
K

1
p ) + L(s, t,

p− 1
p

K
1
p )]∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)(
q

p
K

q−p
p v(ξ, η)

+
p− q

p
K

q
p )∆ξ∆η∆s∆t

≤ v(x0, y0)+∫ y

y0

∫ X

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p v(s, t)∆s∆t

+
∫ y

y0

∫ X

x0

L(s, t,
p− 1

p
K

1
p )]∆s∆t

+
∫ y

y0

∫ X

x0

[
∫ t

y0

∫ s

x0

h1(ξ, η)
q

p
K

q−p
p ∆ξ∆η]v(X, t)∆s∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)
p− q

p
K

q
p ∆ξ∆η∆s∆t

≤ v(x0, y0)+∫ y

y0

[
∫ X

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p ∆s]v(X, t)∆t

+
∫ y

y0

∫ X

x0

L(s, t,
p− 1

p
K

1
p )∆s∆t

+
∫ y

y0

[
∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)
q

p
K

q−p
p ∆ξ∆η∆s]v(X, t)∆t

+
∫ y

y0

∫ X

x0

∫ t

y0

∫ s

x0

h1(ξ, η)
p− q

p
K

q
p ∆ξ∆η∆s∆t

= v(x0, y0) + B̂1(X, y) +
∫ y

y0

B̂2(X, t)v(X, t)∆t.

(36)
Similar to the derivation of (23) we obtain

v(x, y) ≤ v(x0, y0)[1 +
∫ y

y0

e
B̂2

(y, σ(t))B̂2(x, t)∆t]

+B̂1(x, y) +
∫ y

y0

e
B̂2

(y, σ(t))B̂2(x, t)B̂1(x, t)∆t,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (37)

that is,

v(x, y) ≤ v(x0, y0)B̂3(x, y) + B̂4(x, y),

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T). (38)

On the other hand, from (31), (33) and (35) we
have

v(x0, y0) ≤ C +
∫ N

y0

∫ M

x0

L(s, t, v
1
p )∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)v
q
p (ξ, η)∆ξ∆η∆s∆t

≤ C +
∫ N

y0

∫ M

x0

L(s, t,
1
p
K

1−p
p v(s, t)+

p− 1
p

K
1
p )∆s∆t
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+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)(
q

p
K

q−p
p v(ξ, η)

+
p− q

p
K

q
p )∆ξ∆η∆s∆t

= C +
∫ N

y0

∫ M

x0

[L(s, t,
1
p
K

1−p
p v(s, t) +

p− 1
p

K
1
p )

−L(s, t,
p− 1

p
K

1
p ) + L(s, t,

p− 1
p

K
1
p )]∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)(
q

p
K

q−p
p v(ξ, η)

+
p− q

p
K

q
p )∆ξ∆η∆s∆t

≤ C+
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p v(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t,
p− 1

p
K

1
p )∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)(
q

p
K

q−p
p v(ξ, η)

+
p− q

p
K

q
p )∆ξ∆η∆s∆t

= Ĉ +
∫ N

y0

∫ M

x0

[A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p v(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p v(ξ, η)∆ξ∆η]∆s∆t.

(39)

Then using (38) in (39) yields

v(x0, y0) ≤ Ĉ+
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p ×

[v(x0, y0)B̂3(s, t) + B̂4(s, t)]∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p

[v(x0, y0)B̂3(ξ, η) + B̂4(ξ, η)]∆ξ∆η∆s∆t

= Ĉ + v(x0, y0)

{
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p B̂3(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p B̂3(ξ, η)∆ξ∆η∆s∆t}

+
∫ N

y0

∫ M

x0

A(s, t,
p− 1

p
K

1
p )

1
p
K

1−p
p B̂4(s, t)∆s∆t

+
∫ N

y0

∫ M

x0

∫ t

y0

∫ s

x0

h2(ξ, η)
q

p
K

q−p
p B̂4(ξ, η)∆ξ∆η∆s∆t

= Ĉ + v(x0, y0)B̂5 + B̂6, (40)

which is followed by

v(x0, y0) ≤
Ĉ + B̂6

1− B̂5

. (41)

Combining (30), (38) and (41) we can obtain the
desired inequality (29).

3 Some Applications

In this section, we will present some applications
for the results we have established above, and try
to derive explicit bounds for solutions of certain
dynamic equations.

Example 1: Consider the following delay dy-
namic differential equation

(up(x, y))∆∆
yx = F (s, t, u(τ1(s), τ2(t))),

(x, y) ∈ T0 × T̃0, (42)

with the initial condition
u(x, y) = φ(x, y) if x ∈ [α, x0]

⋂
T or y ∈ [β, y0]

⋂
T,

|φ(τ1(x), τ2(y))| ≤ |C|
1
p , ∀(x, y) ∈ T0 × T̃0

if τ1(x) ≤ x0 or τ2(y) ≤ y0,
(43)

where u ∈ Crd(T0 × T̃0, R), p > 0 is a constant,
C = up(x0, y0), φ ∈ Crd(([α, x0]×[β, y0])

⋂
T2, R).

α, β, τ1, τ2 are the same as in Theorem 2.1.

Theorem 3.1: Suppose u(x, y) is a solution of
(42), and |F (s, t, x)| ≤ f(s, t)|x|q + g(s, t)|x|r,
where f, g, q, r are defined the same as in The-
orem 2.1, then

|u(x, y)| ≤ [B1(x, y)+
∫ y

y0

eB2(y, σ(t))B2(x, t)B1(x, t)∆t]
1
p ,

(x, y) ∈ T0 × T̃0, (44)

where
B1(x, y) = |C|+∫ y

y0

∫ x

x0

[f(s, t)
p− q

p
K

q
p + g(s, t)

p− r

p
K

r
p ]∆s∆t,

B2(x, y) =
∫ x

x0

[f(s, y)
q

p
K

q−p
p + g(s, y)

r

p
K

r−p
p ]∆s.
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Proof : The equivalent integral equation of (42)
can be denoted by

up(x, y) = C+
∫ y

y0

∫ x

x0

F (s, t, u(τ1(s), τ2(t)))∆s∆t.

(45)
Then

|up(x, y)| ≤ |C|+
∫ y

y0

∫ x

x0

|F (s, t, u(τ1(s), τ2(t)))|∆s∆t

≤ |C|+
∫ y

y0

∫ x

x0

f(s, t)|u(τ1(s), τ2(t))|q∆s∆t

+
∫ y

y0

∫ x

x0

g(s, t)|u(τ1(s), τ2(t))|r∆s∆t,

and a suitable application of Theorem 2.1 yields
the desired inequality (44).

Example 2: Consider the following delay dy-
namic integral equation

up(x, y) = C+
∫ y

y0

∫ x

x0

F1(s, t, u(τ1(s), τ2(t)))∆s∆t

+
∫ N

y0

∫ M

x0

F2(s, t, u(τ1(s), τ2(t)))∆s∆t,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (46)

with the initial condition (43), where u ∈
Crd(T0 × T̃0, R), p > 0 is a constant, C =
up(x0, y0), M ∈ T0, N ∈ T̃0 are two fixed num-
bers.

Theorem 3.2: Suppose u(x, y) is a solution of
(46), and |Fi(s, t, x)| ≤ L(s, t, |x|), i = 1, 2, where
L are defined the same as in Theorem 2.3, then
the following inequality holds

|u(x, y)| ≤ {[ Ĉ + B̂6

1− B̂5

]B̂3(x, y) + B̂4(x, y)}
1
p ,

(x, y) ∈ ([x0,M ]
⋂

T)× ([y0, N ]
⋂

T), (47)

provided that B̂5 < 1, where B̂3(x, y), B̂4(x, y),
B̂5, B̂6 are defined the same as in Theorem 2.3
with h1(x, y) = h2(x, y) ≡ 0, and

Ĉ = |C|+
∫ N

y0

∫ M

x0

L(s, t,
p− 1

p
K

1
p )∆s∆t.

Proof : From (46) we have

|up(x, y)| ≤ |C|+
∫ y

y0

∫ x

x0

|F1(s, t, u(τ1(s), τ2(t)))|∆s∆t

+
∫ N

y0

∫ M

x0

|F2(s, t, u(τ1(s), τ2(t)))|∆s∆t

≤ |C|+
∫ y

y0

∫ x

x0

L(s, t, |u(τ1(s), τ2(t)|)∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t, |u(τ1(s), τ2(t)|)∆s∆t

≤ |C|+
∫ y

y0

∫ x

x0

L(s, t, |u(τ1(s), τ2(t)|)∆s∆t

+
∫ N

y0

∫ M

x0

L(s, t, |u(τ1(s), τ2(t)|)∆s∆t.

So by use of Theorem 2.3 we can obtain the de-
sired inequality (47).

4 Conclusions

In this paper, we established some new delay in-
tegral inequalities on time scales. As one can see,
the presented results provide a handy tool for
deriving explicit bounds for solutions of certain
delay dynamic integral and differential equations
on time scales, and Theorem 2.1 generalizes some
known continuous and discrete results in the lit-
erature.
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