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Abstract: In this paper, some new delay integral inequalities with two independent variables on time
scales are established, which can be used as a hand tool in the investigation of qualitative properties of
solutions of delay dynamic equations on time scales. Some applications for the established inequalities are
also presented, and new explicit bounds on unknown functions of delay dynamic equations are obtained.

Our results generalize some of the results in [16, 17].
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1 Introduction

The development of the theory of time scales was
initiated by Hilgewr [1] in 1988, and the purpose
of the theory of time scales is to unify continu-
ous and discrete analysis. A time scale is an arbi-
trary nonempty closed subset of the real numbers.
Many integral inequalities on time scales have
been established since then, for example [2-11],
which have been designed in order to unify con-
tinuous and discrete analysis. But to our knowl-
edge, the delay integral inequalities on time scales
have been scarcely paid attention to in the liter-
ature so far [12,13], and furthermore, nobody has
studied the delay integral inequalities with two
independent variables on time scales.

Our aim in this paper is to establish some
new delay integral inequalities with two indepen-
dent variables on time scales, and present some
applications for them.

For two given sets G, H, we denote the set of
maps from G to H by (G, H), while denote the
definition domain and the image of a function f
by Dom(f) and Im(f) respectively.

In the rest of the paper, R denotes the set
of real numbers and R, = [0,00). T denotes an
arbitrary time scale and T¢ = [zg,00) (T, Ty =
[y, 0) (T, where xo, yo € T. The set T* is de-
fined to be T if T does not have a left-scattered
maximum, otherwise it is T without the left-
scattered maximum. On T we define the forward
and backward jump operators o(t) € (T,T) and
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p(t) € (T, T) such that o(t) =inf{s € T,s > t},
p(t) = sup{s € T,s < t}.

Definition 1: A point ¢ € T is said to be left-
dense if p(t) = t and t # infT, right-dense if
o(t) =t and t # sup T, left-scattered if p(t) < ¢
and right-scattered if o(t) > t.

Definition 2: A function f € (T, R) is called rd-
continuous if it is continuous in right-dense points
and if the left-sided limits exist in left-dense
points, while f is called regressive if 1+ u(t) f(t) #
0, where pu(t) = o(t) —t. C,q denotes the set of
rd-continuous functions, while R denotes the set
of all regressive and rd-continuous functions, and

RT ={f|f€R, 1+u(t)f(t) >0, vVt € T}.

Definition 3: For some ¢t € T®, and a func-
tion f € (T,R), the delta derivative of f is
denoted by f2(t), and satisfies |f(o(t)) — f(s) —
A (o(t) = s)| < elo(t) — s| for Ve > 0, where
s € 4, and U is a neighborhood of t. The function
f is called delta dif ferential on T".

Similarly, for some y € T, and a function
f € (T x T, R), the partial delta derivative of
f with respect to y is denoted by (f(z, y))ﬁ, and
satisfies

[f(@,0(y) = f@,8) = (f(2,9)y (0 (y) — )]

< elo(y) - sl

for Ve > 0, where s € 4, and U is a neighborhood
of y.
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Definition 4: For a, b € T and a function f :
T — R, the Cauchy integral of f is defined by

b
[ roat=re) - ).

where FA(t) = f(t), t € T".

Similarly, for a, b € T and a function f :
T x T — R, the Cauchy partial integral of f with
respect to y is defined by

b
/ f(z,9)Ay = F(x,b) — F(z,a),

where (F(z,y))y = f(z,y), y € T".

2 Main Results

We will give some lemmas for further use.

Lemma 2.1 ([14], Gronwall’s inequality):

Suppose X € Ty is a fixed number, and

u(X,y), b(X,y) € Cra, m(X,y) € Ry with re-

spect to y, m(X,y) > 0. Then

y .
m(X, t)u(X,t)At, y € Ty

Yo

u(X,y) <b(X,y)+

implies

u(X.y) <X+ | e o ()X, ym(X, £) AL,

Yo

?/Eﬁ'o,

where e, (y, y0) is the unique solution of the fol-
lowing equation

(2(X. )y = m(X,y)=(X,y),

Lemma 2.2 [15]: Assume that a > 0,p > ¢ >0,
and p # 0, then for any K > 0

Z(Xv yO) =L

ar < Ik a+ P2 9Ks
p p

Theorem 2.1: Suppose u, f, g, h € Cpq(Tp X
TO,R+), p, q, r, m, C are constants, and p >
q>0,p>r>0,p>m=>0,p#0, C>0,1 €
(To,T), m(z) <2, —o0 < a=inf{n(z)}z €
T()} < xy. T € Q]I‘[),T), Tg(y) <y, —00 < ﬂ =
inf{r(y)},y € To} < yo. ¢ € Cra(([ev, o] X
[B,90]) NT?,Ry). K > 0 is an arbitrary con-

stant. If for (z,y) € To x To, u(x,y) satisfies the
following inequality

uP(x,y) < C+ /y /r f(s,t)ul(ri(s), 2(t)) AsAt
Yo Jo
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Yy rx
—i—/yo /xo g(s,t)u" (m1(s), m2(t)) AsAt

+/,,y /; /yt /w h(&mu™ (11(€), 72(n)) AL AnAsAt

(1)
with the initial condition:
u($7y> = (b(il',y) 1f£f € [OZ,LL'()] ﬂT or yve [573/0] ﬂT7
¢(T1( ) TQ(y)) < 057 V($7y) € TO X TO
if T(z) < o or 2(y) < yo,

@
then
u(z,y) < [Bi(w,y)+
[ entuo0)Bate) B 0,
(z,y) € T x To, (3)

where

Bi(z,y) = C+
/ / stiKP+g(s t)p;Kf
Yo p

/y/ ()

Ba(a, y)/x[f( >QK?+g<s WK

/y/ (€. KT Aganjas

Proof: Given a fixed X € Ty, and z €
[0, X]T, y € Top. Let the right side of (1) be
v(z,y). Then

|AsAt,

(2,y) < 07 (X, y),

IT. yeTo. (4)
If (z) > o aﬂdjz(y) > yp, then 7 (x) €
[0, X]NT, m2(y) € Toy, and

(z,9).

u(ri(x), 72(y)) <vr(ni(e), n2(y)) <v -
If 7 (x) < 29 or 12(y) < yo, then from (2) we have
u(ri(z), 72(y)) = d(71(x), 12(y))

< C7 < v (a,y). (6)

3=

u(z,y) <

Vo € [xo, X

3=
3=

From (5) and (6) we always have

ﬂ’]I‘ y € To.
(7)

u(ri(2), m2(y)) < 7 (2,y), @ € [10, X
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So

b'e
v(X,y)=C+ /y/ f(s,t)ul(mi(s), m2(t)) AsAt
yo /o

y rX
+/yo /xo g(s,t)u"(11(s), 2(t)) AsAt

[ X / [ Henn (@ mlaeandsar

X q .
<0+ [ [ 14,003 5.0 g, 005 5. ) Bsx
Yo

+/yy/X /yt /x:h@, s (€, ) AEADASAL,

(8)
From Lemma 2.2, for VK > 0, we have
ve(z,y) < LK 7 v(a,y) + UK,
vi(z,y) S LK 7 o(z,y) + 5K, (9)
v (2,y) < 2K v(w,y) + K
) < y)+ B

vorx a-p — q
v(X,y) < C+/ / [f(s,t)(%KTU(S’t)_F%K;)
Yo Y To

+9(s, )(TK%U(S t) + %K%)]AsAt

fo L L e

7K P YAEANAsAL

K?v@,nw

Y p—r _,r
§C+// stiKP+g(st) Kv»
Yo p p

+/ / h(f,n)mK%AﬁAn]AsAt
yo Jxo p

Y X _ .
+/ {/ (s, ) LK + g(s,)-K 7
yo Jxo p p

+/y:L:h(£,n)ZK

Yy
~ Bi(X,y) + / Bo(X, )o(X, )AL, (10)
Yo

5 AEAD As)u(X, t) At

From Lemma 2.1 we have

’U(X, y) < Bl(X7 y)
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Y ~
+/ en,(y,0(t))Ba( X, t)B1(X,t)At, y € Ty.
Yo

Then combining (4), (11) we obtain (11)
u(z,y) < [Bi(X, )+
/yy e, (y,0(t))B2(X, 1) B1(X, t)At]%,
0
x € [x0, X ﬂT ygTO (12)

Taking z = X, it follows

u(X,y) < [Bi(X,y)+

/yeBz(y,U(t))Bg(X,t)Bl(X,t)At]rlJ. (13)

Yo
Considering X € Ty is arbitrary, substituting X
with 2 we can obtain the desired inequality (3).

Remark 1: If we take T = R, p = ¢q =
1, g(x,y) = h(x,y) = 0, then Theorem 2.1 re-
duces to [16, Theorem 2.2], which is one case of
integral inequality for continuous function.
Remark 2: If we take T = Z, ¢ = p, a(x,y) =
C, b(z,y) =1, h(xz,y) = 0, the Theorem 2.1 re-
duces to [17, Corollary 2.6], which is one case of
discrete inequality.

Based on Theorem 2.1, we will establish a
Volterra-Fredholm type integral inequalities on
time scales with two independent variables in the
following theorem.

Theorem 2.2: Suppose u, fi, gi, hi € Crq(To X
TOaR-‘r)v 1= 172 p, q, T, m, Cz ¢) T, T2, C, /8
are the same as in Theorem 2.1, M € Ty, N € 'fo
are two fixed numbers, VK > 0 is a constant. If

for (z,y) € ([xo, M]T) x ([yo, N]NT), u(z,y)

satisfies the following inequality

uP(z,y) < C+/y /fB fi(s,t)ul(mi(s), ma(t)) AsAt
yo Jxo

—i—/yj /ﬂ: g1(s,t)u” (11(s), 2(t)) AsAt

" / / / / (. mu™ (71 (6). 72 () A€ARASAL

N M
—I—/yo / fa(s,t)ud(m1(s), 7a(t)) AsAt

+/yN/O 925, O (1 (5), o (1) As A

0
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+/u:V /: /y: /m: ha (& m)u™ (11(€), 72(n)) AEAnAsAt,

(14)

with the initial condition (2), then we have

Bg. ~ - 1
2% Bs(x, y) + Balx,y)}¥,
— Bs

C
u(z,y) <A{]
1
(z, ([zo, M](T) x ([yo, N][)T),  (15)
provided that B5 < 1, where
N M Za .
C=C+/ / ol DP9 K% 1 gos, ) T KE
Yo zo p p
t s _ m
+ / / ha(e, )P K F AgA] AsAL,
yo J xo p
jag y z - q - T
Bie.y) = / / O N L

t s
+/ / hi(&,n )7]) K'» A¢AnAsAL,

Yo Y xo

Bala,y) = /st DI (s, K

/yo/fnfn

Bawy) =1+ [ e, (0.0(0) Balas ),
Yo

w
7 AEAT]As

Bu(ey) = Buw)+ [ e, 0. 0(0) Bl 0B (1),

Yo

. N M q
B5 = / / fQ(S,t)*K
yo Jxo p

N M r ey
+ / / 9a(5,6) LK 7" By (s, t) AsAt
Yo Jxo b

%Eg(s, t)AsAt

N M t s m m—p ~
+ / / / / ha(€m) 25 Bae,m) ASAnAsAL,
Yo o Yo Y To

_ N M ¢ o~
BG :/ / fQ(S,t)*KTBzL(S,t)ASAt
yo Jaxo p
N M r r—p ~
+/ / g2(s,t)—K 7 By(s,t)AsAt
Yo o p

N M t s m p ~
/ / / / () I Byl mASAnAsAL
Yo o Yo Y xo

Proof: Let the right side of (14) be v(z,y). Then

u(z,y) <vr(z,y),

'ﬁ\'—‘
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(z,) € ([wo, M][\T) x ([yo, N](|T).  (16)

Similar to the process of (5)-(7) we have

Q=

u(r1 (), 72(y)) < vr(z,y),

(z,) € ([wo, M][\T) x ([yo, N](\T). (17)

Given a fixed X € [z9,M]NT, and = €
[5UO,X]HT7 y e [y()aN] ﬂTa then

ﬂT Y € [yo, N ﬂT
18)

U(J,‘7y) < U(X7 y)a T < .1307

Furthermore, considering

N M
v(zo,y0) = C —|—/ / fa(s, )ul (1 (s), 72(t)) AsAt

+ /y:V /x:\/l g2(s, t)u"(11(s), 72(t)) AsAt

' /yN /M / / ha(€,myu™ (71(€), 72(1)) A6 A AsAt,

(19)
we have

y rX
o(X,y) = O+ / / Fu(s, ) (71 (5), 7a(8)) As AL+

y X
/ / g1(s, t)u” (11(s), T2(t)) AsAt+
Yo Y xo
y rX pt s
/yo /xo /yo /xo ha(§,m)u™(11(§), T2(n)) ASAnAsAt
N M
[ oo menssas
N rM
/ / g2 (s, t)u" (11(s), 72(t)) AsAt+
Yo x0
N M ,t ps
/yo /wo /yo /wo ha(&,n)u™ (11 (§), 2(n)) AEAnAsAt

X
o /yo /3:0 [f1(s,t)v7 (5,t) + g1(s, )v? (s, t)| AsAt

/y /O /yo /mo hi(&,mv’ (&) AEARAsAL

—I—/yo /xo fa(s,t)ud(m1(s), 7a(t)) AsAt

N M
+/yo /ZO g2(s, t)u" (11(s), T2(t)) AsAt
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SN N LRI,

v(xo, Yo) / / [f1(s, t)v % (s,t) + g1 (s, t)v¥ (s,t)
Yo Y To

t s
[ [ memF e macanasae o)
Yo Jzo
Then similar to the process of (8)-(11) we can
deduce

v(X,y) < v(zo,y0) + Bi(X,y)+

[ e, 00 Ba(X ) w0, 0) + Ba(X. 1)

= v(@o, yo)[1 + /y ep, (Y, 0(t)Bo(X, t)At] + By (X, )

Yo

Yo

(21)
Combining (18), (21), it follows

o) < vlaom)L+ [ g, (00 (0)Ba(X, A0

Yo

+Bi(X,y) + / ’ e, (,0(t)) Ba(X, 1) By (X, t)At,

ﬂ']l‘ y € [yo, N ﬂ’l[‘ (22)

Taking x = X in (22), then considering X is se-
lected from [xg, M](T arbitrarily, substituting
X with z, yields

x € $0,

) < ool + [ g, (v0(0) Bale )0

Yo

+B1(z,y) + / ’ e, (,0(t)) Ba(x,t) By (z, 1) At,

Yo
(.’L‘ y 1'07 ﬂT yUa ﬂT (23)
that is,
v(@,y) < v(wo,y0)Bs(x,y) + Ba(,y),

(z,y) € ([xo, M mT ([yo, N ﬂT (24)

On the other hand, from (9), (17) and (19) we
obtain

N M .
v(zo,y0) < C+/ / fa(s,t)vr (s, t)AsAt
yo Jaxo
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N M .
+/ / g2(s, t)vr (s,t) AsAt
Y x

+/y:v :/y: /8 ha(€, v (€, ) AEARASAL

N M q a—p p—q 1
<or[ [ nendr T oot Txtasr
Yo Zo b p

N M - B i
+/ / 92(s, )(TK (s, t)—lrz%K?)AsAt
Yo

/y//yo/xoh“’ R (€ )+

7K » YAEANAsAL

= / / ]“2875g 5 v(s,t)AsAt
p
+/ / g2(s, )~ K 7" v(s, ) AsAt
Yo Jxo p
N (M pt ps
L N R
Yo xo Yo Y xo p

Then using (24) in (25) yields

“u(€,m) AEADAsAL
(25)

U(xo,yo)SéJr
N M q a—p _
//{fQ(Sﬂf)K”[U(ﬂfo,yo)BS(S’t)
yo Jxo p
+By(s, )]} AsAt
N M T—p ~
" / 0 / ol oo, po) By (s,
+By(s, )]} AsAt

N M t s m m—p ~
4 / / / ha(€m) 5 K7 (o, 0) B (€. m)
Yo Zo Yo Y o
+B4 (&,m)]AEAnAsAL

xo,yo{/yo/ s, ) B )

+9g2(s, t)EKT Bs(s, )] AsAt+

/N/M//hg(ame

N M ¢ s~
+ / / Pl ) LT Ba(s, ) AsArt
Yo Jxo b

"7 By (€, m) ASAnAsAt)
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N M
+/ / g2(s, t) K7 B4(s t)AsAt

o L[ e

- 5+U($0)y0)§5 +§67 (26)
which is followed by

7" Ba(€,m) AEARAsAL

5+§6
1—Bs

v(z0,Y0) < (27)
Combining (16), (24) and (27) we can obtain the
desired inequality (15).

Finally, we will establish a more general in-
equality than that in Theorem 2.2. Consider the
following inequality

(2, y) < 0+/y /xL(s,t,u(Tl(s),TQ(t)))AsAt

t s

+f ’ / ' / [ maEmuttn ), ) Acanasa

Yo Yo

N M
+/yo / L(s. 1, u(m(s), 7 (1)) AsAt

i /yN /M /yt / ha (& myu? (11 (€), 72(n) AEAn) AsAt,

(28)
with the initial condition (2), where u, p, ¢, C,
¢, a, B, T, hi, i =1,2 are the same as in Theo-
rem 2.1, M € Ty, N € Ty are two fixed numbers.
L e C(TyxTyx Ry,Ry), and 0 < L(s,t,x) —
L(s,t,y) < A(s,t,y)(x —y) for x > y > 0, where
Ae C(TO X TO X R+,R+).
Theorem 2.3: If for (z,y) € ([zo,M]NT) x
([yo, NJOT), u(z,y) satisfies (28), and K > 0 is
an arbitrary constant, then the following inequal-
ity holds

/\ ~

C + Bg
1—B

(,9) € ([0, M][)T) x ([yo, NI(T), (29

provided that B5 < 1, where

u(z,y) <{] 1Bs(x,y) + Ba(w,y)}7,

~ N oM p—1__1
czc+/ / Lis,t, =L k3 asart
p

Yo o

/y /O /yo /IO ha(&,m )TK”AfAUASAt,
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. y (o _
B (z, y)—/ / L(stpTKP)ASAt

////hlanpAgAnAsAt,
Yo Yo v Zo

Bo(z,y) = /[A(s y,iKp) L As
//yO/hlfn 9 K5 AgAn]As
Bs(x, y)_1+/ e, (v, 0(t)) Ba(z, 1) At,

Yo

&)

9) = B+ [ g, (00(0) Baler ) Bu(w. DM,

Yo

NoM p—1_ 1.1 15
A(s,t,——K7»)—K 7 Bs(s,t)AsAt
o Jxo p p

. N M p—1 11 15~
Bg = A(s,t,——K7»)=—K 7 By(s,t)AsAt
Y To p p

K% By(&,n)AEAnAsAL.

Proof: Let the right side of (28) be v(x,y). Then

ula,y) < v%<x,y>,
(z,y) € ([zo, M][)T) x ([yo, N]()T).  (30)
Similar to the process of (5)-(7) we have
u(ri(x), 72(y)) < v (z,y),

(z,y) € ([0, M ﬂT ([yo, N ﬂT (31)

M]OT, and let
N]T. Then

ﬂT Y € [yo, N ﬂT

3=

Given a fixed X € [z,
S [J;OaX]mT7 Y€ [y(]v

v(x,y) < U(‘Xv y)’ T e -1307
32)

Furthermore, considering

N M
v(xo,Y0) = C+/ / [L(s,t,u(T1(s), 72(t)))AsAt

+/y:V /: /y: /I: hol(faﬂ)uq(ﬁ(ﬁ),Tz(ﬂ))AéAnAsAa

(33)

we have

v(X,y) = C+/y /X L(s,t,u(ri(s), ™

Yo Y Zo

() AsAt
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N X / [ e mmscanasar

N M
+/ / L(s,t u(m(s),
Yo xo
N M ¢ s
+/yo /a60 /yo . ha (& mut(11(£), 72

y X 1
<C +/ / L(s,t,vr(s,t))AsAt
Yo J Zo

+/y: /: /y: x: ha(€,m)or (€, ) AEAnAsAL
N /y N / M L(s,t, u(m(s), 72(£))) AsAt
- N / / [ e maacarasar

y X 1
= v(zo,y0) + / / L(s,t,vr(s,t))AsAt
Yo Y xo

; /yy / X /y / o (E.m)ub (€ m) ACARASAL.

(1)) AsAt

(m)AAnAsAt

(34)
From Lemma 2.2, we have
q a—p g d
o) < UK e + T
1 1— 1
vr(z,y) < %KTpv(x,y) + LK.

So combining (34), (35) we obtain

U(Xa y) < Q]('1‘07 y0)+

v X 1 1= —-1
/ / L(s,t, leTpv(s,t) + LK%)ASAt
p p

Yo Y Zo

T L B A
/yo /xo Yo Jxo p

+;K%)A§AnAsAt

1
v(xo,Y0) / / L(s,t, fK 7 (s, t)—l—iKp)
yo 7o p

—L(s t—Kp)JrL( t,pTKB)]AsAt

T B A
/yo /zo Yo J o p

P g AcApAsAt
p
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< v(zo,y0)+

/y/XA(s t, :KP) K v(s t)AsAt

/ / 5% 7K”)]A8At

vo

“f, / / | e LK Acanje(x. 858
/yo / /yo /xo (&, ’7)7K”AEA77A3A15

< v(zo,y0)+

//A t—K) L5 Aslu(X, 1) At
Yo p

+/ / L(s,t,p;lK%)AsAt

Yo

///hlﬁn TKF A¢AnAsv(X, t)At
Yo v To

/.
/yo / /yo /zo (&, ’7)7K”AEA77A3A15

EQ(X, (X, t)At.

Yo
(36)
Similar to the derivation of (23) we obtain

- U($07y0) + B\I(X7 y) +

) < oot + [ g, (v.0(0)Bale A

Yo

+B(z,y) + /y ep, ¥, o(t))Ba(z, t) By (z, t) At,

Yo
(x,y) € ([xg, M ﬂT ([yo, N ﬂ’]l‘ (37)
that is,
v(z,y) < v(z0,40)Bs(x,y) + Bz, y),

(z,y) € ([zo, M][)T) x ([yo, N]()T).  (38)

On the other hand, from (31), (33) and (35) we
have

N M 1
v(:co,yo)gc+/ / L(s,t,vr)AsAt

Yo J o

+/ij /j /y: /xo ha(&,mvr (€, mAEARAsAL

N M

1 1 p—1_ 1

<C+ L(s,t,— K7 v(s,t) + ——K7?)AsAt
Yo Zo p p
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+/N/M/ [ e (K oten

PR AcAnAsAt
b

— —1_1
~L(s,t, LKP) —|—L(s,t,pTKzl>)]AsAt

[ e e

P i AcApAsAt
p

N M —1 1.1 1
< C+/ / Als, t, 22 K0 S K u(s, ) AsAt

p b
A
+/yo / /yo/mh2<f,n><§fquv(€m>

PR AcAnAsAt

51, —Kp)AsAt

b
N M
~ -1 1 1-p
:C’+/ / [A(S,t,pTK%)EKTU(SaﬂASAt

+/yN /M /y / hal&m) KT 0(6, ) AEAT]AsA.

(39)
Then using (38) in (39) yields
N oM
~ -1 1.1 1-p
/U(J:OuyO) < C+/ A(Svt)LK;)iK ppx
o o p p

[v(x0, Yo Bg(S t) + B4(3 t)]AsAt

// //hg miKs

(o, y0)B3(&,n) + Ba(€,n)]AEAnAsAL
=C+ U(ﬂfo, Yo)

{/ / A(s, t, 71( ) K 7" By(s, t) AsAt
Yo

+/y /M /y /x h2(€’n)%K%§3(§777)A§AnAsAt}

N M
—1_ 11 1-p~
+/ A(s,t, P2 K9) K7 Ba(s, ) AsAt
P
Y
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N M gt ps . a=p
+ / / / / a(m) L Bal6.mAcAnAsAL
Yo o Yo Y To

= C + v(20,y0)Bs + B, (40)
which is followed by
6’ + Eﬁ

. 41
- (41)

v(zo,y0) <

Combining (30), (38) and (41
desired inequality (29).

) we can obtain the

3 Some Applications

In this section, we will present some applications
for the results we have established above, and try
to derive explicit bounds for solutions of certain
dynamic equations.

Example 1: Consider the following delay dy-
namic differential equation

(WP(z,9)y = Fls, t,u(n(s), 22 (1)),

(z,y) € Ty x To, (42)
with the initial condition

u(@,y) = é(z,y) it z € [a,xo] T or y € [5, 5] N T,
[6(n(@), m2(y))| < |C7, V(z,y) € To x Ty
if () < @0 or 72(y) < Yo,
(43)

where u € Cpq(Tp % ’f‘o,R), p > 0 is a constant,
C - Up<3307y0)7 ¢ € CT‘d(([ava]x [/67 yO]) m’]IQ, R)

«, (B, 11, To are the same as in Theorem 2.1.
Theorem 3.1: Suppose u(z,y) is a solution of
(42), and [F(s,t,2)| < f(s,0)[z|? + g(s,0)|[",
where f, g, ¢, r are defined the same as in The-
orem 2.1, then

uz,y)| < [Bl(x,y)+/y €5, (y, () Ba(, 1) B (2, 1) At]

Yo
(z,y) € Tp x Ty, (44)
where

Bi(z,y) = |C|+

y [z _ _ N
e R e IS

Yo Y To

Baw) = [ sy

0

VLK 4 g(s,y) - K 77 As.
p p
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Proof: The equivalent integral equation of (42)
can be denoted by

WPz, y) = c+/y / Fls,t,u(ri(s), ma())) AsAt.
yo Jxo (45)
Then

P (z, )| < |C| + /y / (5,1, u(ri(s), 7(1)))| AsAt

<icl+ [* [ fs.lun(o). no)asar

+/yj /x: g(s,t)|u(ri(s), ma(t))|" AsAt,

and a suitable application of Theorem 2.1 yields
the desired inequality (44).

Example 2: Consider the following delay dy-
namic integral equation

WPz, y) = c+/y / Fuls,t,u(ri (), 7 (t))) AsAt

N M
+/ / Fo(s,t,u(ri(s), 72
yo Jaxo

(z,9) € ([xo, M][)T) x ([yo, N](\T),  (46)

with the initial condition (43), where u €
Cra(To x To,R), p > 0 is a constant, C =
uP(zo,y0), M € Ty, N € Ty are two fixed num-
bers.

(1) AsAt,

Theorem 3.2: Suppose u(zx,y) is a solution of
(46), and |Fi(s,t,x)| < L(s,t,|x|), i = 1,2, where
L are defined the same as in Theorem 2.3, then
the following inequality holds

C + BG
1— B

(z,) € ([w0, M][T) x ([yo, N](\T), (47

luz, )| < {| |Bs(x,y) + Bz, y)}7,

provided that Bs < 1, where Bs(z,y), Ba(z,y),

B5, BG are defined the same as in Theorem 2.3
with hy(z,y) = he(z,y) =0, and

N M p—l 1
= \C!+/ / L(s,t,——K7)AsAt.
P

Yo o

Proof: From (46) we have

el <lcl+ [ ’ / C|Fu(s, tu(ry (), m(1))) | AsAt
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N M
+/ / |Fo(s,t,u(T(s), 72(t)))| AsAt

Yo JTo

e +/y /IL(s,t,]u(ﬁ(s),rg(t)DAsAt

N M
—i—/yo /IO L(s,t, |u(r1(s), m2(t)|) AsAt

<|Cl+ /y /$ L(s,t, |u(ri(s), 72(t)|) AsAt

N M
+/y0 /zo L(s,t, |u(Ti(s), 72(t)|) AsAt.

So by use of Theorem 2.3 we can obtain the de-
sired inequality (47).

4 Conclusions

In this paper, we established some new delay in-
tegral inequalities on time scales. As one can see,
the presented results provide a handy tool for
deriving explicit bounds for solutions of certain
delay dynamic integral and differential equations
on time scales, and Theorem 2.1 generalizes some
known continuous and discrete results in the lit-
erature.
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