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Abstract: In this paper, we study the heterogeneous duopoly with product differentiation, in which one firm is
quantity setter and the other is price setter. The deterministic and stochastic models with delay are presented and
fuzzy and hybrid models, as well. For the stochastic disturbance model with delay, sufficient conditions are done
so that the steady state is asymptotically stable in mean and in mean square. Using programs in Maple 13 we make
some numerical simulations that verify the theoretical results.
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1 Introduction

In the recent literature, it has been proved that infor-
mation delay makes dynamic economic models unsta-
ble [11], [16], [3]. Information delay in dynamic eco-
nomic models has been introduced by Invernizzi and
Medio [4], and its application to dynamic oligopolies
has been examined by Chiarella and Khomin [1] and
Chiarella and Szidarovsky [2]. Also, its application
to IS-LM models has been studied by Neamtu et al.
[14], [15], [13]. For the Kaldor’s business cycle model
Takeuchi and Yamamura [20] have been analyzed the
effects caused by the fiscal policy with a fixed time
lag on the stability of economics. The destabilizing
effect of the time delay indicates that delay dynamic
models may explain various cyclic behavior of eco-
nomic variables. In the existing literature few studies
are given for price/quantity adjusting oligopolies, for
heterogeneous competitors and for markets with non-
linear demand functions.

Regarding the practical situations, where the de-
lay plays an important role, models with stochastic
perturbation are framed by stochastic differential de-
lay equation. In this paper, we investigate the effects
of random perturbation for delayed dynamics rent
seeking game and heterogeneous competition with
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product differentiation analyzing the steady state of
the models with stochastic perturbation.

The main purpose of this paper is to provide a
positive answer that different time lags can generate
different stochastic dynamics. Stochastic aspects of
the models are used to capture the uncertainty about
the environment in which the system is operating, the
structure and the parameters of the models being stud-
ied. A stochastic process can be expressed in two
ways, depending on the expected results. One way is
to perturbed the initial system with stochastic terms,
taking into consideration the equilibrium point of the
considered system, but in this case, determining the
equilibrium point, if it exists, is quite difficult. We
study a stochastic nonlinear duopoly model in a het-
erogenous competition and we prove sufficient con-
ditions that the steady state to be exponential asymp-
totically stable in mean, in mean square and to admit
bounded variance. Also, we take into consideration
the fuzzy and hybrid models.

In our present work, we use fuzzy differential
equations, that were firstly proposed by Liu [8]. This
is a type of differential equation, driven by a Liu pro-
cess, just like a stochastic process is described by a
Brownian motion. These two processes are different.
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A stochastic process is characterized by a probabil-
ity density function, so it is characterized by Fokker-
Planck equation. The random variables are repre-
sented using normal distribution and the phenomenon
has a repetitive characteristic. In the case of credi-
ble process, we are working with the distribution of
a fuzzy variable, but the process does not have this
aspect of repetitivity.

In the case when fuzziness and randomness si-
multaneously appear in a system, we will talk about
hybrid process. In this sense, we have the concept of
fuzzy random variable that was introduced by Kwak-
ernaak [5], [6]. A fuzzy random variable is a random
variable that takes fuzzy variable values. More gen-
erally, hybrid variable was proposed by Liu [9] to de-
scribe the phenomena with fuzziness and randomness.
Based on the hybrid process, we will work with differ-
ential equations characterized by Wiener-Liu process.
This can be computed using It-Liu formula [10]. In
some situations, there exist many Brownian motions
(Wiener processes) and Liu processes in a system,
therefore, we can take into consideration also multi-
dimensional It-Liu formula.

After this introduction, in Section 2 we describe
the dynamic deterministic and stochastic models for
heterogeneous competition with product differentia-
tion with isoelastic price functions. Also, the per-
turbated stochastic model for the deterministic model
is presented. In Section 3, the analysis of the lin-
ear stochastic differential equations with delay is
showed. Section 4 studies the linearized models for
the Cournot-Bertrand and Cournot-Cournot stochas-
tic disturbance models, where sufficient conditions are
done so that the steady state is asymptotically stable
in mean and in mean square. In section 5 the fuzzy
and hybrid models, corresponding to the Cournot-
Bertrand and traditional Cournot models with delay,
are presented. Some numerical simulations are per-
formed in Section 6, using programs in Maple 13.
Concluding comments are presented in the last sec-
tion.

2 The dynamic deterministic and
stochastic models for heteroge-
neous competition with product
differentiation

Assume that 2 agents compete for a rent, which will
earn a unit profit for the firm that actually will win
the rent. Let x;, + = 1,2, denote the effort of agent
i, + = 1,2, spends in order to win the rent, and let
b;, i = 1,2, b; > 0 be its cost. Consider firm 1 as
leader and firm 2 the follower. Let 71 > 0 be the
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parameter that characterize the delay. The determinis-
tic mathematical model with delay is described by the
differential equations with delay given by:

210
(z1(t) + 22(t))?
z1(t)
(z1(t — 71) + 22(2))?

Z1(t) = k] — by]

)

Bo(t) = kol — b,

where k; > 0,¢ = 1, 2 and the initial conditions:
x1(9) = (251(9),9 S [—7’1,0},1‘2(0) = gﬁg.

Now, we consider the Cournot-Bertrand competi-
tion in which two firms produce differentiated prod-
ucts. Firm 1 is a quantity setter and firm 2 is a price
setter. Let 1 and po be the output for the first firm
and respectively the firm 2’s market price. Let Ry (p2)
and Ry (1) be the reaction functions of the firms and
we assume that each firm has a fixed time delay 7;,
1 = 1,2 on its competitor’s variable.

The delayed deterministic dynamic model is
given by:

£1(t) = k1[Ri(p2(t — 72)) — ar21(t)]
Pa(t) = ka[Ra(x1(t — 11)) — aspa(t)]

where k; > 0,7 = 1,2 and a; > 0,7 = 1,2 and the
initial conditions:

331((9) :¢1 (9)7 0e [_7_27 0]7172 (9> :¢2(9)70 € [_Tlaq

2

The reaction functions can be considered as [17]:
1.

o 0 6
C
Ry(xy) = 92;1’

where 0 < 0; < 1,7 = 1,2 and ¢, co denote the con-
stant marginal costs for the Cournot Bertrand compe-
tition.

2.
0 Oox
Ri(p2) = \/ %—911?2732(951) = % — baxy,

“)
for the traditional Cournot competition in which both

firms are quantity setters.
3

Ri(ps) = |57 Bala) = [ 55 ©)
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in the case of Bertrand-Bertrand competition in which
both firms are price setters.

The models (1), (2) are determinist models de-
scribed by a system of differential equation with delay
given by:

&1 (t)=k1(f1(z1(t),22(t),22(t—72))—a171(t)) ©
Bo(t)=ka(f2(z1(t),22(t), 21(t—71))—a2z2(1))

with the initial conditions

xl(‘g) = ¢1(9)’ 0e [_717 O]va(e) = ¢2(9)’9 € [_7—2’ O]

Let the probability space (2, F,P) be given, and
w(t) € R be a scalar Wiener process defined on
2 having independent stationary Gaussian increments
with w(0) = 0, E(w(t) — w(s)) = 0 and E(w(t) —
w(s)) = min(t, s). The symbol E denotes the math-
ematical expectation [12]. The sample trajectories of
w(t) are continuous, nowhere differentiable and have
infinite variation on any finite time interval [7].

Assume that 1 = z7, v2 = x5 is a steady state
of (6), that means

fl(xix;?x;) - ale =0

fo(ay, x5, 27) — agxl = 0.

We are interested in finding the effect of the noise
perturbation on the steady state. Let the stochastic dis-
turbance model of (6) given by a system of stochastic
differential equations with delay:

dr1(t) = k1 ((fr(z1(t), za(t), ot — 12)))—
dt — ko1 (x1(t) — 27)dw(t), o

fa(@1(t), z2(t ) fvl(t—ﬁ)))

(t)

From a formal point of view, we can solve (7) and
write the stochastic process z1(t) = x1(t,w), z2(t) =
xo(t,w),

11(t) = 21(0) + / B (fr (1 (1), 22 (), 2t — 72))

—alxl(t))ds—klalfo (1(t) — 27)duw(s),

12(t) = 22(0) + / Ba(fala (1), 2o (), 1t — 71))—

— ags(t))ds — koo /0 (wa(t) — 23)du(s).
®)
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Linearizing (7) around the steady state yields the
linear stochastic differential delay equations:

y1(t) = ki[(a11 — a1)y1(t) + aray2(t)+
+ bioya(t — m2)]dt — kioyy1 (t)dw(t),
Y2(t) = kalao1y1(t) + (az2 — a2)y2(t)+
+ ba1y1 (t — m1)]dt — kaoaya(t)dw(t),

ofr af,
where aj; = pre (@ta3)> Q12 = 0752 (z1,23)»
2 8mg(t — 7'2) (z],25)> @21 0z, (a7 ,x3)> @422

df2

[ — * kY, b = = |(z*.2*)-
ale(xl,xﬁ 21 8$1(t-7’1)’( 123)

3 The analysis of the linear stochas-
tic differential delay equations

Consider the matrices:

A— ( ki(a1n — aq) k1a12 > 7

koaoy ka(az — az)

B 0 0 (0 kb2

kiory 0O Y1 )
C = Y = )
< 0 kooo > Y < Y2

From (9) we have:

dy = (Ay(t) + Biy(t — 11) + Bay(t — 12))dt—

— Cy(t)dw(t).
an

When 01 = o9 = 0, the stochastic differential
delay equation (11) is given by:

y(t) = Ay(t) + Bry(t — 1) + Boy(t — 12). (12)

From (12), if a1 = a9 = 0, by2 = 0, the charac-
teristic function of (12) is given by:

hi(\,71) = A2 — (k1a11 + kaag) A+

AT
+ kikeaiiazs — ki1kaaiag — L.

13)

k1koai2bare™

If a11 = a12 = a91 = ase = 0, the characteristic
functions of (12) is given by:

ha(\, 71, A2) = A — (kray + kaag) A+

(14)
+ klkgalag — k1k2512b216_)‘(71+72).
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Ifag = as =0, b1a = 0, let Cl([—Tl,O],IR2) be
the family of continuous functions ®! from [—7y, 0]
to IR?.

If a;; = a2 = ag1 = age = 0, let Co([— (71 +
72,0],IR?) be the family of continuous function ®2
from [— (71 + 72), 0] to IR%,

Using the fundamental solution Y'!, Y2 the solu-
tion of (12) with the initial condition y() = ®!(9) €
C1([-71,0],IR?) respectively y(8) = ®2() <
Co([—(m1 + 72),0],R?) is given by:

0
Yt — 7 — 5)®(s)ds,

o (15)

Yar(p =Y (£)2(0) +

respectively

0
Yo2 (1) :Y2(t)<1>2(0)+/ . Y2 (t—r1—12—5)®%(s)ds.
T1TT2

(16)

From (15), (16), the asymptotic behavior of
yp1 (1), Y2 (t) are determined by the fundamental so-
lutions Y'1(¢), Y2(¢).

We have the following result:

Theorem 1. [3] If a; = maz{Re(\) : hi(A) =
0}, respectively aa = max{Re(\) : ha(\) = 0},
then for & > «y respectively o > o there is the
constants k; = k1(a), ko = ka(«) such that the fun-
damental solution Y1, respectively Y2 satisfies the in-
equality:

YL(0)|| < ket respectively||Y2(t)|| < koe®?!,
a7
t > 0.

From Theorem 1, the solutions (15), respectively
(16) approach 0 as t — oo if and only if a; > 0
respectively as > 0.

When the characteristic equations hi(\) = 0,
h2(\) = 0 have pure imaginary roots, then the study
of the solutions for (12) leads to the existence of the
Hopf bifurcation and will be presented in the next sec-
tions.

Consider system (11) with o1 # 0, 02 # 0. From
the fundamental solution Y'!(¢), respectively Y?2(t),
the solution of (11) is a stochastic process given by:

maéw—yy®+A1ﬂ@—@cw&wu®5mw@
(18)

respectively

y(t, ©?) = yga(t

(7‘1—!—7‘2) )dw

1 J—
/ Y ( s)Cy(s— (19)
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where yg1(4), respectively yg2(4) 1s the solution given
by (15), respectively (16). The existence and unique-
ness theorem for the stochastic delay equation has
been established in [7].

The solutions y(t, ®1), respectively y(t, ®?) are
stochastic processes with distribution at any time t de-
termined by the initial function ®*(6), respectively
®2(0). From the Chebyshev inequality, the possible
rang of y at time tis a “almost” determined by its mean
and variance at time t. Thus, the first and second mo-
ments of the solutions are important for investigating
the solutions behavior.

We have used E to denote the mathematical ex-
pectation and we denote y(t, ') respectively y(t, ®?)

by y(t).

Proposition 1 If ay = ay = 0, byz = 0 the first mo-
ments of the solution of (12) are given by:

W) _ am(y) + BBty ), @)
and
E(y(t)) = Y(t)®'(0)+ " Yi(t—71—5)®'(s)ds.

—n
If a1 = max{Re(\) : hi(\) = 0}, then for any
a > «q there is a constant k1 = ki(«) so that:

1Byl < k| @™t > 0. @D

If a1 < 0, then (11) is the first moment exponen-
tially stable.

The proof can be obtained by taking the mathemati-
cal expectation of both sides of (11) and taking into
account the properties of It integral.

PropositionZ If a11 = a13 = a91 = a9y = 0, the
first moment of (12) is given by:

E(zit)) = BiE(y(t—71)) + B2 E(y(t — 1)), (22)
and
E(y(t)) = Y2(t)®(0)+
+ /0(71+72) Y3(t - (11 + 72) — 5)®?(s)ds. =

If ag = max{Re(\) : ha(\) = 0}, then for any
a > « there is a constant ky = ka(«) so that:

IE(y(t)]] < ki||®2|[e®, ¢ > 0. (24)

If g < 0, then (11) is the first moment exponen-
tially stable.
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Thus in the mean, the solution for the linear
stochastic equations (12) behaves precisely like the
solution of the unperturbed deterministic equations.

To examine the stability of the second moment of
y(t) for the linear stochastic differential delay equa-
tion (11). We use Itd rule to given the stochastic dif-

ferential of y(t)y(t)”.
We have:
& B0y (1) = B0y + y(t)dy" +
+Cy(t)'0) =
E(Ay(t)y(t)" +y)y(t)T AT + Biy(t — m)y(t)" +
+y(t)y" (t — 1) B + Bay(t — m)y’ (t)+
+y(t)y" (t =) By + Cy" (1)C).

(25)

Let R(t,s) = E(y(t)y’(t)) be the covariances
matrix of the process y(¢) so that R(¢,t) satisfies:
R(t,t) = AR(t,t) + R(t,t)AT + B R(t — 71, 1)+
+R(t,t—71)B] + BoR(t—72,t)+R(t,t—72) Ba+
+ CR(t,t)CT.

(26)
Proposition 3 The characteristic function of (26) is
given by:
h()\,Tl, 7'2) = (2)\ — 2]61(@11 — al) — k%J%)(?)\—

k20'2)(2)\ k’l(an — al)

kikooro2)—

— 2]432(&22 — (12)
— k(a2 — az) —
— 2k1k‘2(4)\ — 2k1(a11 — al) — 2k2(a22 — ag)—

— k:% K2O'2)(a12 + b1267/\n)(a21 + bz1€7>‘ﬁ).
(27

Proof. From (26) we have:

Ry (t,t) = (2k1(a1; — a1)+

+ k202 Ry1(t,t) 4+ 2k1a1aRio(t, 1)+

+ k1b12Ro1 (t,t — T2) + k1biaRia(t,t — 7o)
Ris(t,t) = kaas1 Ri1(t,t) + (k1 (a1 — a1)+

+ ko(age — ag))Rya(t,t) + kaboy R11(t — 11, t)+
+ ko(ag2 — a2)Raa(t,t) + ki1biaRao(t, t — T2)+

+ k1kaoro2Ria(t, t)

Rao(t,t) = 2kgasi Ria(t,t) 4 kabo Ria(t — 71, 1)+

(ng(agg — CLQ) + kQO'Q)RQQ(t t)
(28)
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Consider Ry;(t,s) = 9K, Ris(t,s) =
6>\(t+S)K12, Rgg(t, S) = €>\(t+S)K22, with Kq1, K12,
K99 constants. We replace them in (28) and setting
the condition that the system we obtain should accept
results different than 0, we get (27).

The stability of the second moments is ana-
lyzed studying the roots of the characteristic equation
h(A, 11, 72) = 0, for the cases a; = ag = 0, bjo = 0
and a11 = a12 = a1 = a9 = 0. We use the Routh-
Hurwitz theorem for determining the necessary and
sufficient conditions that this equation admits roots
with negative real part.

4 The analysis of the Cournot-
Bertrand and traditional Cournot

stochastic models with delay
The Cournot-Bertrand model with delay is given by

(2) with the reaction functions (3) and has the follow-
ing properties:

Proposition 4 [. The steady state is given by the
point (x3,p3), where
C2

*
TP =«
02&20[27 2

*
.’El —
where « is the positive root of the equation:

0102a2x — 019 a z? — 2clcga1a202(1 — 0162)z—
— 6162a1(1 — 9192) = 0;

2. The characteristic function of the linearized
system (9) in (x7,p3) is given by:

h(A7) =\ +
—AT

(kra1 + kaa2) A + kikoaias— (29)
— kikoye

where T = 1| + T9, ¥ = b12boy and

o1 91_1 o 1
12_(1—01)a « o Va
_lje 1
2V 02 2%\ /x7’

3. Ify € [—\/a1az, ~ 14z

ing occurs and the delay system is always locally
asymptotically stable;

4. Given v < —,/a1az, the dynamic system with
fixed time delay is locally asymptotically stable when
T < 19 and unstable when T > Ty,

), no stability switch-
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0
where T = 29 with:

wo
4 V(kai + k3a3)? — dkik3(a1a2 — %)
2 )
sinf = — (a1k1 + agk‘g)wg
k1kory ’
alklang — w%
Op = ——
COS U k‘lefy

and 0y € [5,7) if kiky —w} > 0and 6y € (0,%)
otherwise.

If a; = ag = 1 Theorem 2 from [17] is obtained.

Now, consider the stochastic perturbated model of
(2) given by the following system of stochastic differ-
ential equations with delay:

Cl{L'1<t) = k‘l [Rl(pg(t — 7'1)) — alwl(t)]dt—
— ko1 (21 (t) — 27)dw(t),

(30)
dpg (t) = k)z [Rz(a:l(t — 7'2)) — agpg(t)]dt—
— koo (p2(t) — p3)dw(t).
The linearized of the (30) is given by:
dyl(t) = (—klalyl(t) + klblzyg(t — Tl))dt—
—k d
101y1(t)dw(t), 31

dyg(t) = (knglyl(t — 7'2) — kgagyg(t))dt—
- kQUQyQ(t)dw(t).

We have considered y; (t) = y1 (t,w) and ya(t) =
y2(t,w). If we use E to denote the mathematical ex-
pectation and taking it in both sides of (31) by using
properties for Ito integral we obtain the first moments
of the solution of (31) that are given by:

E(y1(t)) = —kia1 E(y1(t)) + k1b12 E(y2(t — 7)),

E(ya(t)) = kaba1 E(y1(t — 1)) — kaao E(ya(t — 7).

(32)

To examine the stability of the second mo-
ments of y1(¢) and ys(t), for the linear stochas-
tic differential equations with delay (31), we
use Ito’s rule given by the stochastic differ-
ential of (y1(t),y2(t))T (y1(t),92(t)).  Denoted
by Ru(t,s) = Ei(ty(s)), Ria(t,s) =
E(yi(t)y2(s)), Roa(t,s) = E(ya(t)ya(s)). the se-
cond moments from (31) are given by:
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Rui(t,t) = (=2k1a1 + 02k?) Ry (L, 1)+
+ k1b1aRo1 (t — 71, t) + kibiaRia(t, t — 7o),
ng(t t) = (—kia1 — koag + kikoo109) Ria(t, 1)+
+ kobo1 R11(t — 71, t) + k1bioRoo(t, t — 72),
Raa(t, £) = (—2ksas + 02k3) Ras(t, 1)+
+ kobo1 Ria(t — 71,t) + kobai Ro1 (t — 71, t).

(33)

The characteristic function of system (33) is:

ho(\, T) = (2X 4 2k1a1 — k3o?)(2\ + 2ksa0—
— k303)(2\ + k1a1 + koas — kikooro2)—
ko (4N + 2(krar + kaas) — K2o? — k2o?)-
~biobare M,
(34)

where 7 = 71 + 7.
Using the notations n; = kjaj, ng = kaase, from
(34) we deduce:

ha(A,7) = Q3(A) — Qi(N)e™,
where
Q3(\) = (2A + 2ny — k20?)(2)\ + 2ng — k303)-
- (2XA + ny + ng — k1keoy09)
Q1(\) = 2k kobioboy (4\ + 20y + 2ng — k203 —
— k303).
If 7 = 0, the roots of the equation h3(\,0) = 0
have negative real part if the Routh-Hurwitz condi-

tions hold.
If we denote by:

c1 = 4(3(n1 + ng) — kio? — kios — kikooy09),
co = 2(2n1 — ko?)(2ny — k303) + 2(2(ny + no)—
— k207 — k2)(n1 + ng — kikooy09)
c3 = (2n1 — k203)(2ny — k303)(ny + no — k1kso102)
cq = 8k1k2bi2b21
c5 = 2k1kobiobo1 (2(n1 + n2) — kjoF — keo3),

then
(A7) = 8X% 4+ 1 A2 + co\ + 3 — (cah + ¢c5)e .
If

P2(N) = h(X,0) = 8X3 + i A2+ (e — ca) A+ 3 —c5
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and ¢2(0) = c3 —c5 < 0, p5(0) = c2 —cq4 > O or
$2(0) = c3 —c5 > 0, ¢5(0) = ca — ¢4 < 0, then the
equation ¢2(A) = 0 admits a positive root.

We obtain:
, w3 (8cs — c1c4) — w(cacsw — c3cy)
sinf = 5 53
c: — w?c]
wieq — w?(ese1 + caca) + c3cs
cost = 5 53
and

P(w) = 64w’ + (2 — 16co)w? + (3 — 2c1¢3 — )+

—i—cg —c%.

If wy is a positive solution of P(w) = 0 then:

w3(8cs — c1c4) — w(cacsw — czey)

To = —arctg
wo wiey — w?(cseqr + cqe2) + cscs

In what follows the analysis for the traditional
Cournot competition with the reaction functions given
by (4) is summarized in:

Proposition 5 /.
(710, p20), where

The steady state is given by

02 022"

T10 =~ T . =\
62(92 + agz*

with z* the positive root of the equation:

m2a323+(2a20om>—02) 22 H(m?03—2a,01 ) z2—a? = 0

O1co
and m = —=;
Oacy

2. The characteristic equation of the linearized
system in (x10, p20) is (9), where

1 01 1 0o

bi2 91+2M\/;7b21 92+2\/95TO -
(35)

3. The first moments of the solution are (32) with
b12 and bay from (35);

4. The second moments of the solution are (33)
with bio and boy from (35);

5. The characteristic function of (33) is given by
(34) with bio and bay from (35).

The analysis of the behavior for the mean and
mean square values can be done using the characteris-
tic equations hy (A, 7) = 0 and ha(\, 7) = 0.
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S The fuzzy and hybrid Cournot-
Bertrand and traditional Cournot
models with delay

Fuzzy differential equations are derived to model
fuzzy dynamic systems. Fuzzy differential equations
are mainly concerning probabilistic uncertainty based
on possibility measure. Recently, Liu (2008) intro-
duced a new kind of fuzzy differential equation based
on credibility measure. The study is moved from a
probabilistic space to a credibilistic one, as it is de-
scribed by Li and Liu [10]. This is a new theory that
deals with fuzzy phenomena. Fuzzy random theory
and random fuzzy theory can be seen as an extension
of credibility theory. A fuzzy random variable can be
seen as a function from the probability space to the
set of fuzzy variables, and a random fuzzy variable
is a function from the credibility space to the set of
random variables [10]. Let (6, P,C) be a credibility
space, where 6 is a nonempty set, P is a subset of 4, the
biggest o-algebra over 6 and C is a credibility mea-
sure.

If we consider C(t) a Liu process on credibility
space, we call a fuzzy differential equation, the inte-
gral equation of Volterra type, given by:

t t
x(t) = z(0) +/ f(s)ds+/ g(s)dC(s,z) (36)
0 0

with f and g real valued functions. The first in-
tegral is a Riemann integral, and the second one is
a Liu integral [21]. Formally, the equation (36) can
be written in a similar way to a stochastic differential
equation, like above:

dx = f(z)dt + g(x)dC(t, z).

The fuzzification is done by considering Liu pro-
cesses [6], C(t, z;), with z;, i = 1,2, 3 positive num-
bers that define the membership functions of the fuzzy
normal distributions

it zi) = 2(1 + exp(mz; /tV6)) Y i = 1,2, 3.

The system of fuzzy differential equations associ-
ated to (2) has the form:

i’l(t) = ]{71 [Rl(pg(t — ’7’2)) — alxl(t)]dt—

— k1p1(z1 — 27)dC(t, 21) 37)
P2(t) = ko[Ro(x1(t — 71)) — azpa(t)]dt—

— kaf2(z2 — 23)dC(t, 22)
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The mixture between fuzziness and randomness
leads to a hybrid process. In this sense, we have the
concept of fuzzy random variable that was introduced
by Kwakernaak [5], [6]. A fuzzy random variable
is a random variable that takes fuzzy variable values.
More generally, hybrid variable was proposed by Liu
[8] to describe the phenomena with fuzziness and ran-
domness. Based on the hybrid process, we will work
with differential equations characterized by Wiener-
Liu process. This can be computed using It-Liu for-
mula [10], [18].

Let (2, F,P) be a probabilistic space and
(0, P,C) a credibility space. If we consider w(t) a
Wiener process on the probability space, and C'(¢, z;),
1 = 1,2, 3 Liu process on credibility space, we call a
hybrid differential system associated to (2) the differ-
ential equations system given by:

dzy = k1[R1(p2(t — 12)) — ayz1(t)]dt—
— k1B (21 — 27)dC (¢, 21)—

— k1o1(21 — 1) dw(t)

dpa = ke[Ra(z1(t — 1)) — azpa(t)]dt—
— kofBo(w2 — x3)dC(t, 22)—

— kooa(xe — 5)dw(t)

g

(38)

6 Numerical simulations

The numerical simulation was made using a program
in Maple 13.

For the Cournot-Bertrand model we consider the
following parameters: k; = 0.2, ko = 0.5, 07 = 2,
o9 = 1,(11 = 2,&2 = 1,01 :4,02 = 3,
01 = 04, 65 = 0.2. We obtained the steady state
x] = 0.01593, p5 = 30.68. The real parts of roots
for the equations hi(\,0) = 0 and ha(\,0) = 0 are
negative. The mean values F(y;(t)), i = 1,2, the
mean square values E(y;(t)?), i = 1,2 and the vari-
ances D(y;(t)) = Ey;(t)2) — (E(yi(1))% i = 1,2
are asymptotically stable. In what follows we consider
T=3.

The orbits (n,y1(n,w)), (n,y2(n,w)) are pre-
sented in Figl and in Fig2 respectively:

100 }s& 300 400 500
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In figures Fig3d and Figd the orbits
(n, E(y1(n,w))), (n, E(y2(n,w))) are displayed:

00107
0,008
0.006- 84
0.0044

0.002-

100 200

mu\uﬂ‘ 0 100 200 300 400 500

The variances (n, D(y1(n,w))),
(n, D(y2(n,w))) are showed in Fig5 and Fig6:

L 120004
0,008
H 10000

00061 % i
K 80004

0004 60004 ;

00024 40009 ¢

. . . 2000
200 300 400, 500 .

From the above simulations we can notice that the
mean values and the variances of the state variables
are asymptotically stable.

For the traditional Cournot model the parameters
for the model are: k1 = 0.2, ks = 0.5, 01 = 2,
0'2:1,CL1 :2,6L2:1,Cl :4,62:3,91 204,
A2 = 0.2. We obtained the steady state z19 = 0.046,
p2o = 0.057. The real parts of roots for the equa-
tion h(A,0) = 0 are negative and the roots of equa-
tion h1(A,0) = 0 are given by: A\; = 0.011 and
A2 = —0.911. Therefore, the mean values F(y;(t)),
i = 1,2 are unstable and the mean square values
E(y;(t)?), i = 1,2 are asymptotically stable. In what
follows we consider 7 = 3.

The orbits (n,y1(n,w)), (n,y2(n,w)) are pre-
sented in Fig7 and in Fig8 respectively:

0 100 200 300 400 500 0 100 200 300 400 500

Issue 7, Volume 9, July 2010



WSEAS TRANSACTIONS on MATHEMATICS Mihaela Neamtu, Marilen Pirtea, Gabriela Mircea, Dumitru Opris

Figures Fig9 and FiglO display the orbits AN o,
. A 1604
(n, E(y1 (. w))). (n E(y2(n.w))):
IN\“-«_ 120-
22504 3 100
ooi0] 00254 oo 807
0.009 L 7
0.0084 0.020 . ]
2150 - 204
0.0074 "4,:\.'_‘ *
00067 0015+ 0 50 100 150 ' 50 100 150 o
0.005
0.0044 0.0104
0.0034
0.0054
0.0024
0 100 200 300 400 500 0 100 00 00 400 500
The variances (n, D(y1(n,w))),

(n, D(y2(n,w))) are showed in Figl1 and Fig12:

" oy If 1 = (B2 = 0 we get the stochastic model. In
oz this case we have:
- Fig 16 (n,z1(n,w)), Fig 17 (n, z2(n,w)):
From the above graphics we notice that for the N
traditional Cournot model the mean values and the sl N\
variances of the state variables are asymptotically sta- N
ble. M,
All these graphics justify the behaviors of the 2] N"-«_,.

models solutions as obtained in the theoretical section.
In what follows we consider the numerical sim-

ulation of the fuzzy model (37) and hybrid model

(38), as well. The numerical simulation of the terms ; o o

Bi(z1(t) — xF)dC(t, 2;) is done using the formula

Bi(xi[j] — =7 )L(j, 2;), where:

L(j, z) = 2(1 + exp(mz/(hS(i, )V6))) ",

7j—1
S(i,5) = Bi > wilk].
k=0

Weuseoy =3,00=5,0681=0,08=0,2 =

0.2, 29 = 03, a] = 2’ ag = 1’ cp = 4 cy = 3’ w0l
61 = 0.4, 05 = 0.2, k1 = 0.2, ko = 0.5 and obtain the EE
grapthS C200 2150 2200 2250 2300

Fig 13 (n,z1(n,w, z1)), Fig 14 (n, z2(n,w, 22)):

A similar simulation can be done for Cournot-
Cournot and Bertrand-Bertrand models.
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7 Conclusions

In this paper we have studied the Cournot-Bertrand
and Cournot-Cournot models described by the
stochastic differential equations with delay. The study
is done in the neighborhood of the steady state. Con-
ditions are found for the asymptotically stability of
the mean values and the variance of the state vari-
ables. These conditions are given using the charac-
teristic equations associated to the differential sys-
tems that describe the mean values and the mean
square values. A similar analysis can be done for the
Bertrand-Bertrand competition with the reaction func-
tions given by (4).

We have presented Cournot-Bertrand and
Cournot-Cournot models by considering stochastic
approach (by writing stochastic system of differential
equations), fuzzy approach (the fuzzy system of
differential equations associated to the deterministic
system) and hybrid system of differential equations,
as a combination of randomness and fuzziness.

The models from this paper can be extended con-
sidering the fractional integral [19].
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