WSEAS TRANSACTIONS on MATHEMATICS

Bin Zheng

/
Application Of The (%)-expansion method For The Integrable
Sixth-Order Drinfeld-Sokolov-Satsuma-Hirota Equation

Bin Zheng
Shandong University of Technology
School of Science
Zhangzhou Road 12, Zibo, 255049

China

zhengbin2601 @126.com

G/

Abstract: In this paper, a generalized (

)-expansion method is used to seek more general exact solutions of the

integrable sixth-order Drinfeld-Sokolov-Satsuma-Hirota equation. As a result, the traveling wave solutions with
three arbitrary functions are obtained including hyperbolic function solutions, trigonometric function solutions and
rational solutions. The method appears to be easier and faster by means of some mathematical software.

/
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1 Introduction

During the past four decades or so searching for
explicit solutions of nonlinear evolution equations
(NLEESs) by using various different methods has been
the main goal for many researchers, and many pow-
erful methods for constructing exact solutions of non-
linear evolution equations have been established and
developed. Some of these approaches are the homo-
geneous balance method [8,9], the hyperbolic tangent
expansion method [10,11], the trial function method
[12], the tanh-method [13-15], the non-linear trans-
form method [16], the inverse scattering transform
[17], the Backlund transform [18,19], the Hirotas bi-
linear method [20,21], the generalized Riccati equa-
tion [22,23], the Weierstrass elliptic function method
[24], the theta function method [25-27], the sineCco-
sine method [28], the Jacobi elliptic function expan-
sion [29,30], the complex hyperbolic function method
[31-33], the truncated Painleve expansion [34], the F-
expansion method [35], the rank analysis method [36],
the exp-function expansion method [37] and so on.
Yet there is no unified method that can be used to deal
with all types of nonlinear evolution equations.

Recently a so-called (%,)—expansion method has
drawn a lot of attention. The method was presented
by Mmghang Wang in [38] at first. The main merits

of the (CT) expansion method over the other methods
are that it gives more general solutions with some free
parameters and it handles NLEEs in a direct manner
with no requirement for initial/boundary condition or
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initial trial function at the outset. The method was
soon been applied to other non-linear problems by
several authors [39-42].

/
In this paper we will apply the (%)—expansion
method to some nonlinear problems. In Section
!
2, we describe the universe process of the (G )-
expansion method. In section 3 and 4, we will obtain
the travelling wave solutions of the integrable sixth-

order Drinfeld-Sokolov-Satsuma-Hirota equation by
the method respectively. In section 5, we will give

Gl

some conclusions on the ( )-expansion method.

!/
2 Description of the (@)-expansion
method

In this section we describe the (%,)—expansion
method for finding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear
equation, say in two independent variables x, t, is
given by

P(uautauarvuttauxt,uxx) ) = 07 (21)

or in three independent variables z, y and ¢, is
given by

P(u, Uty Ug y Uyyy Uty Ugt, Uyt Uga, Uyy, ) =0

2.2)
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where v = wu(x,t) or v = wu(w,y,t) is an
unknown function, P is a polynomial in u = u(x,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear

terms are involved. In the following, we will give the
!

main steps of the ( G )-expansion method.

Step 1. Suppose that

U(ZD, t) = u(é)? §= f(.f,t) (23)

or

u(m, Y, t) = u(§)7 §= g(%, y7t) (24)

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(&)
Pu, u',u", ..

) =0. (2.5)

Step 2. Suppose that the solution of (2.5) can be
!
expressed by a polynomial in (%) as follows:
G/

)+ (2.6)

where G = G(¢) satisfies the second order LODE
in the form

G"+ )G +puG =0 (2.7)

Qm, .., A and p are constants to be determined
later, a;;,, # 0. The unwritten part in (2.6) is also a
polynomial in (%/), the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
!
the same order of (%) together, the left-hand side of
!
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,
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yields a set of algebraic equations for oy, ..., A and
Lb.

Step 4. Assuming that the constants oy, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting «,, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/

3 Application Of The (G )-
Expansion Method For The In-
tegrable Sixth-order Drinfeld-

Sokolov-Satsuma-Hirota Equation
We begin with the integrable sixth-order Drinfeld-

Sokolov-Satsuma-Hirota equation:

w — 6wWWy + Wegy — 6v; = 0 (3.1)
(3.2)

In order to obtain the travelling wave solutions of
(3.1) and (3.2), we suppose that

V¢ — Ve + 6wv, =0

w(zx, t) =w(§), v(z, t) =v(), E=x—ct (3.3)

c 1s a constant that to be determined later.

By using the wave variable (3.3), Eq.(3.1) and
Eq.(3.2) can be converted into ODEs:

—cw' — 6ww’ +w" — 60" =0 (3.4)
—cv' — 20" 4+ 6w’ =0 (3.5)
Suppose that the solution of (3.4) and (3.5) can be
/
expressed by a polynomial in (%) as follows:
m G/ ) n G/ .
w©) =Y a5y v€ =Y h(G) (36
i=0 i=0

a;, b; are constants, and G = G(§) satisfies the
second order LODE in the form:

G+ MG + G =0

where A and p are constants.

Balancing the order of w”’ and v in Eq.(3.4) and
the order of v"” and wv' in Eq.(3.5), we obtain m+3 =
n+l,n+3=m+n+1 = m=2,n=4. So
Eq.(3.6) can be rewritten as

(3.7)
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!/ /

w(€) = a2(5)2 + al(%) +ag, az Z0  (3.8)
" "3 G’
v(§) = b4(5) + bs(a) + 52(5)
() 4o, by £ 0 (39)

as, ai, ag, by, by, by, by, by are constants to be
determined later.

Then we can obtain

G G
w'(§) = 6a2(5)4 + (2a1 + 10a2)\)(5)3
G/
+(8agpu + 3a1 A + 4(12)\2)(5)2

/

G
+(6agAp + 2a1 4 + al/\2)<5>

+2a2® + a1 A\

/ !/

= —24a2(§)5 + (—54ag\ — 6a1)(6)4

w///(g) G

!

G
+(~ 1201\ - 38a)% — 40az0) (5 )?

/!

+(=52as A — Tag A? — 8ag\® — 8a1u)(%)2

!/

G
+(—14aa\?p — a1 X3 — 16azp? — 8a1)\u)(6)

—ai N2 — 2a1 % — 6agAp?
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! !

G G
(= 2b2=3bs A=) () (—b1 —2boA=3bspu) (5 )
!

G
+(=b1A = 252#)(5) —bip

V(&) = 20b4(%)6 + (12b3 + 36b4/\)(%)5

/

G
+(6bg + 213\ + 32b4p1 + 16b4A2)(5)4
G/
+(18b3ya -+ 28bsAu + 10b2A + 953X + 261) (5 )°

U

(31 A + Sbopt + 4bo A2 + 15bs A + 12b4u2)(5)2

/

G
+(6ba At + 2b1 11 + 6bgp® + bN)a)

+2bopi® + by A

/ /
— _1201;4(%)7 + (—60bg — SOOb4>\))(%)6

/!
+(—248byp — 24by — 244by\? — 144b3)\)(%)5

U/// (é-)

+(—392b A — 6by — 114b3p
/
—111b3A\? — 54bo\ — 64b4A3)(%)4

+(—40bop — 1263\ — 152b4p2 — 27b3\3
/

G
—168bs A — 38b2X* — 148bs A1) (5 )?

+(=T7bi A% — 108by A\ — 60b3p® — 52by A\
/

G
—8by 1 — 8bo A3 — 57b3A2u)(5)2

+(—=b1 A3 — 36bsApu® — 8bi A\p

/
5)
—6b3p® — 2b1 2 — by A2 — 6boAp?

—14bo A% 11 — 16byp® — 24byp®)(

Substituting Eq.(3.8) and (3.9) into (3.4) and
(3.5), collecting all terms with the same power of

U
(%) together, equating each coefficient to zero,
yields a set of simultaneous algebraic equations as
follows:

For Eq.(3.4):
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(—)0 D ocalp — 2a1,u2 — alx\Qu

—6agApu® + 6agayp + 6byp = 0 Vel
(5)1 : 2cbop — 12agbojt + 28 X%
+48bap® — 6a1bypt + 16b A\
( a 1+ 6024 — 1609y + 120009y +2b1 A3 — 6aghi A + by A
G +T72b3\u? + 32bop* = 0
—8ai A\ + 2casp + cai A
+6agai A — 14a2)\2u + 6b1 A

+12bop — a1 A 0 (%)2 1 —6apby + cby + 2¢cba A

—12agbaX — 18agbsp + 114b3A%p
G, , +16b2A° — 6agbip — 12a1bop
(=) ¢ aic+ 12apag\ + 6aiA 9
G +3cbsp + 1461 \° + 16011

2
+18b3p — Tar A" + 2caz A +216b4Au2 + 104bo At — 6a1bi A + 120b342 = 0
+18ajagp — 8aip — H2as A

+6b1 + 1209\ + 6a1ag — 8as\® = 0

Gl

(6)3 . —24agbap + 304byu® — 12a0bs
G s 2
— )3 18b3A + 18ajasA + 6
(g) 3A + 18a1a24 + baj +336b3 A + T6ba A2 + 206b4 N2
+12a3p — 40asp + 12apas —18agbsA — 12a1ba\ — 6a1by
+12by — 12a1\ — 38a\? +3cby A + 24by A + 2cby
+24byp + 2caz =0 +4cbypi + 80bop — 18ay by
—6asb1 A — 12a9bap 4 54b3 A3 = 0
G/
(5)4 : 18ajag — 5das A — 6aq
+24by X + 18b3 + 12a3)A = 0 G’
(5)4 : 108ba\ + 3cbz — 24agby A
+128b4 0% — 24ay by + 784byp)
!
(%)5 . 120,3 _ 24a2 + 24b4 =0 —18(12[)3M — 12@252)\ — 18&1[)3)\
+12b1 + 4cbg A + 228bs 1
For Eq.(3.5): —12a1by — 18agbs + 222030% — 6ashy = 0
G/
(5)0 : —6agbypu 4 cbyp 4 4bypi
GI
+12b31° 4 201 A%+ 1269 Ap* = 0 (5)5 t —24a1b4A + 48by — 24agbyp
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+496b4 1 4 288b3 \ + 4884 \? Drinfeld-Sokolov-Satsuma-Hirota equation (3.1)
(3.2) as follows:

+4eby — 24agby — 12a9bs
When A2 — 44 > 0

—18@1()3 - 18@2()3)\ =0

5 5
wy(§) = —5/\2 + 5()\2 —Ap).
G C'h1 4§+Ccoh1 A2 452
sinh — — sh — —
()" 600bA — 2dasbi) — 2Aarbs ! 2 e 2 i
C cosh — — 4u€ + Cysinh =/ A2 — 4pué
—18asbs + 120b3 = 0 2 2
3
+7p + ZAQ
G/
( G ) 240b4 — 24&2[)4 =0
5
v1(§) = *5()\ 4#
Solving the algebraic equations, we get the 1 1
results in two cases: Csinh 3 — 4p& + Cy cosh ) —Apg
1 1
Case 1: C1 cosh 3 — 4ué 4+ Cy sinh 3 —4ué
as = 10,a; = 10\ +5A2(A? — 4p).
3 1 1 2
ap =Tp+ Z)\Q C1 sinh 3 — 4p€ + Cs cosh 3 —4ué
— — 1 1
by = —40,b3 = —80A C1 cosh 3 — 4u€ + Cy sinh 5 —4ué
by = —40\% — 804 )
bi = —80, by = bo —20p(A" = 4p).
7 o1 1 2
c=14pu — 5/\2 (3.10) (1 sinh 3 — 4p€ + C cosh 3 — 4ug
where bg is an arbitrary constant. C1 cosh % — 4p€ + Cy sinh % —4pu€
Substituting (3.10) into (3.6), it follows 140N //\2 A — 1),
1 1
G/ G/ - _ 2 _
(f)—lo(G) +10/\(5)+7M+Z)\2 C’lslnh2 4u§+02005h2 A2 —4pg
1 1
C cosh — 4,u§ + Cysinh =4/ A2 — 4ué
v(§) = —40 — 80X
© (G) (G) —44—20M2+40A2+bo
¢, e 2
(40X — 80p) (—=)* — 80X (=) + bo where
G G
72
€=z — (14— gV)t (3.11) §=z— (l4u— At

by, C1, C9 are arbitrary constants.

where bg is an arbitrary constant.
In particular, when A > 0, = 0,C7 # 0,Cy =

Substituting the general solutions of Eq.(3.7)
into the formulae (3.11), we have three types of 0, we can deduce the soliton solutions of the inte-
grable sixth-order Drinfeld-Sokolov-Satsuma-Hirota

travelling wave solutions of the integrable sixth-order
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equation as:

|

wy(§) = —%Azsech?()‘g) 3)\2

v1(§) = %A‘ltanh‘l(%) + 5/\4tanh2(é§) —
40)\2tanh(—)

SAL 44002 + by

When A2 — 44 < 0

ws(€) = —oN 4

5(4u——A2)

—C4 s1nﬂ/4,u )\2§+CQCOS* dp — N2

(1 cos 5 4p — N2€ + Oy sin 5 A — N2¢€

3

() = 2 (4~ NP2

1
—Clsmf 4y — )\2§+Cgcos§\/4,u—)\25

1
C4 cosf 4y — /\2§+Cgsm§\/4u— N2

+5X2(4p — A?).

|

1
C4 cosf\/4u - /\2§+Cgsin§\/4u— N2

—20p(4p — N?).

1
-C sm —\/4p — N2 + Cy cos 3 4y — N2

|
|

—Clsmf 4/1,—)\2§+CQCOS% 4MA25)

1
C cos f\/4u — A2+ Oy sin§ Ay — N2¢
+40M/4p — N2 (p —1).

1
—-C s1n —/4p — N2€ + Cy cos 5 dp — )\25)

Clcosf 4y — )\2£+C'281n7\/4,u A2

_,)\4

where
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bg, C1, C are arbitrary constants.
When A2 — 44 =0
5.9 10C3 3.,
w3(€) = =N+ ——2— + Tu+ A

4
Ug(f) — 40 |:262 — Cl)\ — 02)\5]

2(c1 + )

_ 80\ |:262 — 61)\ — CQ/\§:|3

2(c1 + c2€)

+&mﬁ-&mﬂ%rwﬂ_@&r

2(c1 + c28)
2co — c1 A — o€
2(c1 + )

—80A [ ] + by

where { =z — (14p — %)\Q)t. bg, C1, Co are arbitrary
constants.

Case 2:

ay = 10,a1 =10\
19 11

_ Y 72
o = i+ A
by = —40, b3 = —80\

160 , 80
by == AT m

40 80
by =——X— —)\
1 3 3 H

7
bozbmc::§A2714u (3.12)
where bg is an arbitrary constant.

Substituting (3.12) into (3.6), we get that

ST T TITESA T e
umg)__lo((;) %—1OA((;)—k T H A
G, G 160

v@)=—MKG) 8@WG) + (= 3A2

80 G, 40

S - DG

G)+b0
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§=u—(—14p+ ;)\Q)t (3.13)

where bg is an arbitrary constant.

Substituting the general solutions of Eq.(3.7)
into (3.13), we also have three types of travelling
wave solutions of the integrable sixth-order Drinfeld-
Sokolov-Satsuma-Hirota equation (3.1) as follows:

When A2 — 44 > 0
5 5
wi (&) = —5/\2 + 5(% — 4p).

.. 1 1
(' sinh 5\/ A2 — 4p€ + Cy cosh 5 — 4pé
1 1
C1 cosh 3 — 4ué 4+ Cy sinh 3 —4ué
19 11
i 7)\2
+ 3 ®+
_ _§ )\2 —4 2
01(€) = —5 (% — 4.
1 1 4
C1 sinh 3 — 4p& + Cy cosh 3 —4p€
1 1
2 _ inh = _
C1 cosh 5\/ A2 —4p€ + Cysinh 5 g
+§)\2()\2 — 4p).
1 1 2
(1 sinh 3 — 4p€ + Co cosh 3 — 4ué
1 1
C1 cosh 3 — 4ué 4+ Csy sinh 3 —4ué
20
*?M()\Q —4p).
1 1 2
(1 sinh 3 — 4p€ + Co cosh 3 —4pE
1 1
C] cosh 3 — 4p€ + Cysinh 3 —4pE
5 20
N A R
+6 3 =+ 0p
where
72
§:x—(14u—§)\ )t
bg, C'1, Cs are arbitrary constants.
In particular, when A > 0,4 = 0,C; # 0,Cy =

0, we can deduce the soliton solutions of the inte-
grable sixth-order Drinfeld-Sokolov-Satsuma-Hirota
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equation as:
wi(§) = —%)\Zsech2(7§) 11)\2
v1(€) = —%)\4sech4(7€) 10)\4sech2(7§)+b0
When \? — 44 < 0

15}
5(#

1 1
S Ay — )2 - )2
—C1 sm2 4p — N2€ + Cy C082 4p — N2€

wsy(€) = —%AM — ).

2

Cy cos —\/4p — N2+ Cy Sln* 4y — N2
19 11
-~ 7)\2
+ 3
5 212
v2(§) = —5(4H - A"
1 1 4
—(C sin 5\/4/; — A\2& + Oy cos 3 4y — N2
1 1
C1 cos 3 Adp — N2€ + Cy sin 5 Ay — N2
5.9 2
1 1 2
—(C1 sin 3 4p — N2€ 4+ Cy cos 3 4y — N2
1 1
C1 cos 5 Adp — N2€ + Cy sin 5 4y — N2
20
=S A=),
2
/ 2 2
—Clsm§ dp— A §+Cgcos§ 4p — N2€
1 1
C1 cos 3 Ap — N2€ + Oy sin 3 Ay — N2
5 20
) N e ST
+6 3 w =+ 0o
where
72
523@—(14#—5)\ )t
by, C1, Cs are arbitrary constants.
When \? — 44 =0
5 10C3 19 11
w :—f)\2+72+— + =\
= Gy 12
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262 — Cl)\ — CQ)\§:|4

v3(8) = ~40 [ 2(c1 + )

209 — 1\ — cQAgr’ (—@XZ 80

2ot + caf) 3H)

—80A
| -

{202 — i\ — mgr (_40

80
— X3 ).
2(c1 + c2) 3 3 M)

|:262 —61)\—02/\5} b
2(c1 + 2€) °

where

7

E=a— (14p — §A2)t

bg, C1, Co are arbitrary constants.

Remark: the solutions of the integrable
sixth-order Drinfeld-Sokolov-Satsuma-Hirota equa-
tion mentioned above have not been reported so far
by others.

4 Conclusions

The main points of the method are that assuming
the solution of the ODE reduced by using the trav-
eling wave variable as well as integrating can be ex-

!
pressed by an m-th degree polynomial in (%) where

G = G(§) is the general solutions of a second or-
der LODE. The positive integer m is determined by
the homogeneous balance between the highest order
derivatives and nonlinear terms appearing in the re-
duced ODE, and the coefficients of the polynomial
can be obtained by solving a set of simultaneous alge-
braic equations resulted from the process of using the
method. Compared to the methods used before, one
can see that this method is direct, concise and effec-
tive. Moreover, the method can also be used to many
other nonlinear equations.
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