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Abstract: In this work we study a new completely integrable equation from the point of view of the theory of
symmetry reductions in partial differential equations. This equation has been proposed by Qiao and Liu in [24]
and it possesses peak solitons. We obtain the classical symmetries and the classical symmetries of the associated
potential system admitted, then, we use the transformations groups to reduce the equations to ordinary differential
equations. Physical interpretation of these reductions and some exact solutions are also provided. Among them we
obtain a travelling wave with decaying velocity and an smooth soliton solution.
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1 Introduction

The study of integrable equations has arisen lot of at-
tention in the last years. Among the integrable equa-
tions the study of peaked and cusped soliton equations
has been considered in many papers. In [28, 29, 30],
Wadati et al. proposed the cusp soliton, which is a
kind of peaked soliton. Recently in [24] Qiao and Liu
proposed a new completely integrable equation
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Ut_2 (u2>:mvx 2 (uz)m
which has no smooth solitons. In [24] the authors
proved that the new equation proposed Eq. (1) is
completely integrable. It was shown that (1) has bi-
Hamiltonian structure, and Lax pair that implies its
integrability by the Inverse Scattering Transformation.
By considering traveling-wave solutions the authors
found one peak soliton solutions and three-peaks soli-
tons solutions. The authors state that no smooth soli-
tons were found for equation (1), although equation
(1) is completely integrable. They claim to provide an
integrable system with no smooth solitons.

In this work, we study equation (1) from the point
of view of the theory of symmetry reductions in partial
differential equations. We obtain the classical symme-
tries admitted by (1) for arbitrary n, then, we use the
transformations groups to reduce the equations to or-
dinary differential equations. Physical interpretation
of these reductions and some elementary solutions are
also provided.

e))

ISSN: 1109-2769

254

In this paper, we apply the Lie group method of
infinitesimals transformations to the generalized equa-

tion ) )

2

By using this method we bring out the unexplored
invariance properties and similarity reduced ordinary
differential equations (ODE’s) of the above equa-
tion (2). First we obtain a point transformation
group which leaves the equation (2) invariant. In or-
der to find all invariant solutions with respect to s-
dimensional subalgebras, it is sufficient to construct
invariant solutions for the optimal system of order s.
The set of invariant solutions obtained in this way is
called an optimal system of invariant solutions. We
only consider one-parameter subgroups. For further
details [27]. By using the classical Lie method, we de-
rive exact solutions for the integrable equation. Some
of these solutions are smooth soliton solutions.

2 C(Classical symmetries

In this section we perform Lie symmetry analysis
for equation (2). Let us consider a one-parameter
Lie group of infinitesimal transformations in (x, ¢, u)
given by
¥ = x4+ ef(x, t,u) + O(e?),
t* =t +er(x,t,u) + O(e?),
u* = u+ed(z,t,u) + O(e?),

3)
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where ¢ is the group parameter. Then one requires that
this transformation leaves invariant the set of solutions
of the equation (1). This yields to the overdetermined,
linear system of eleven equations for the infinitesimals
&(z,t,u), 7(x,t,u) and ¢(x,t,u). The associated Lie
algebra of infinitesimal symmetries is the set of vector
fields of the form

2+¢_

0
V=40 o

“4)

Having determined the infinitesimals, the symmetry
variables are found by solving the invariant surface
condition

du O
@zga—zJﬁa—j—gb:o. 5)

By solving this system we get that for n # 1, £ =
§(x), T =7(),

¢:n1—L1<

where &, 7 and n must satisfy the following equations

5 48 d_T>
dr dt

2
n(2n+1) Z g = 0,
d4§ d2§ _ 9
det  da? ’
& et
, , dt;ac dt2 ’
d d

Solving this system we find that:
If n is arbitrary, the symmetries that are admitted by
(1) are

YTor P ot T ot n—10u
Ifn= —% the symmetries that are admitted by (1) are
; 0 n 2u 0
v v vi=t— + ——
17 27 3 8t 3 8u7
xr xX 8 —T —T
vy =e'——2ue vy =€ "—42ue " —.

Oz ou’ Oz ou

Our aim in this paper is to use the theory of symmetry
reductions to find traveling-wave solutions for (1).

In order to obtain these solutions, we consider the
following reductions arising from the optimal system
vector fields.
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3 Optimal systems and reductions

In order to construct the one-dimensional optimal sys-
tem, following Olver, we construct and are shown in
the appendix the commutator table (Table 1) and the
adjoint table (Table 2 ) which shows the separate ad-
joint actions of each element in v;, ¢ = 1...5, as it
acts on all other elements. This construction is done
easily by summing the Lie series.

The corresponding generators of the optimal system
of subalgebras are

avy + vo,

V3,

v + ng.
where @ € R and b € R are arbitrary.

In the following, reductions of the equation (1) to
ODE’s are obtained using the generators of the op-
timal system.

Reduction 1 By using the generator v + Avy we ob-
tain the similarity variables and similarity solution

z=x — A, u=h(z), @)
and the ODE FE
LSS <@>3( —2) (n—1)
P 2 P n n n
dh d“h
d>h dh
hn—l n—172°
+ 3 —h P n=>0
for n = —2 becomes
3 2 3
hzdh ghdhdh_12<@>
dz3 dz dz? dz 9)
pers 2 (
dz dz '

Reduction 2 By using the generator v3 we obtain the
similarity variables and similarity solution

z=x, u=t""f(z), (10)
and the ODE E;
w (AN 5 g e A PL (AN
f (@) n +;3§ + Ir i - df—d?)ff (%)
4 n+2_ n+1
+f /mzl—l—f e ) 3f T a2 n+
2fn (%) fn+2 f f4

(11
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For n = —2 becomes
3
sp pad f 72 (4L
f4k‘ Gdf dwdw2+ (d) _Gﬁ (12)

dx3 f 2 Tda

Reduction 3 By using the generator v +v3 we obtain
the similarity variables and similarity solution

z=ux—In(|t|), uztﬁh(x), (13)
and the ODE FEs5
dh\? dh d?h
LI (i n+1 3
<dz> 3h dz d=2 "
dh d3h dh d*h
—4 " n+2 2 n+1 2
h (dz)3 +h a3 " 6 dz d2 "
n [dh 9 nio dh 3 dh
+5h (glz) n“—h dzzn +h dzkrn 3
d h dh d“h dh
n+2 n+1 n
+h”+2d—hn—h3@k+h4k=o
dz dz
(14)
For n = —2 Eq (14) becomes
3h
IRy L 6d—
dz 23 (15)
2 dh
h h? dz ’

4 Potential symmetries

In [?] Bluman introduced a method to find a new class
of symmetries for a PDE. Suppose a given scalar PDE
of second order

F(x7t7uauxautuux:cauxtautt) - 07 (16)

where the subscripts denote the partial derivatives of
u, can be written as a conservation law

D
Ef($7 ta U, Uy, ut) - mg(ma t? U, U, ut) = 07
(17)
for some functions f and g of the indicated argu-

ments. Here -~ and £ are total derivative operators
Dz Dt

Through the conservation law (17) one can introduce
an auxiliary potential variable v and form an auxiliary
potential system

Ve = f(IE,t,U,UI,Ut),
vy = g(ﬂf,t, 'U,,'U,x,Ut). (18)

Any Lie group of point transformations

w = &(z,t,u,v)0y + 7(x,t,u,v)0,

F (@t 0)00 + (e, u, 0)00, (19
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admitted by (18) yields a nonlocal symmetry poten-
tial symmetry of the given PDE (17) if and only if the
following condition is satisfied

& +710+¢5#0. (20)

Let (2) be the generalized equation, in order to
find the potential symmetries we write the equation
in the conserved form. From this conserved form the
associated auxiliary system (21)

Vg = U
b= (W), — 7 (W) el

with potentials as additionals dependent variables is
given. If (u(x),v(x)) satisfies (21) then u(x) solves
(2). The classical method applied to (21) gives rise to
the following determining equations

dg ¢ d?¢
n42 05 2 208 o U2
e v
dr n+1 CW u ! 2¢ u !
a _ _9
et T n s

2
¢ 2y
d2u +n2pu"+n dtu =0

—nuﬁ—n 2d§+ dz/; s
dx dv dv dx

—TL

+2n—u—2—u = 0
T T
(22)

By solving this system we get only recover the classi-
cal symmetry of (2)

ézkl? T:k27 ¢:k47 =0
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5 Some travelling wave solutions

In the following we present some explicit solutions of
the second order ODE’s as well as the corresponding
travelling wave solutions of the new integrable equa-
tion n = —2. We also discuss some interpretation of
the similarity variables in the above reductions.

The most interesting particular case corresponds
to reduction (7). In this reduction the similarity vari-
able and similarity solution are respectively given by
z = x — A, u = h so that u(x,t) = h(z — At).
Consequently the corresponding solutions are travel-
ling wave solutions for any arbitrary constant n. Due
to the interest of this type of solutions, we study fur-
ther reductions for the associated ODE. First of all, we
see that this equation can be trivially integrated once.
Dividing (54) by h® and integrating once with respect
to z we have
d*h

—2hﬁ+6(

dh

2htk
! dz

) +2ch® —h* =0.

Now we can see that making the change of variables

h = y_% we get
d%y

2
@—y+—c+2k1:0

VY

Multiplying by dy and integrating once with respect
to z we get

dy\* 5
1 -y +4kiy+8cyy+ ko =0.

Making the change of variables y = a3 we get
9a?
- —=0.

9c do\ 2

2" (d_) 16
Derivating once with respect to z we get the linear
equation
d*a
dz?
from its general solution and unmaking the changes of
variables we get the following solutions

1
2 (sinh (22 + %))2/3

16 —9a =0,

) (23)
- ] \2/3°
2 k23 Jky (Sln (3742 + %))
Making the change of variables y = as we get
h= 207 . 4)

a2 3% 4 dNkg €% + 402
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The corresponding travelling-wave solutions of (1) are
1

2 \/_ (smh ( At)
1

3ks

+ )"

\/_k2/3\37k—(81n(3(” ) 3T))2/3

(25)
uw= Vi e2 (26)

f/ ko2 320 4 4 Ky 2T 4 4 N2

05~
A

T

Figure 1: Solution (57) with ko = 1, A = 1.

Figure 2: Solution (58) with ko = 1, A = 1.
For reduction (13) we have

u = t3h(z — log (1)). 27)

This solution describes a travelling wave with decay-
ing velocity.

In the following we present some explicit solu-
tions of the second order ODE (54). We search the
values of parameter n for which (54) admits solu-
tions in terms of the Jacobi elliptic functions. We also
present the corresponding travelling wave solutions of
the corresponding PDE.

By making the change of variables y = an equa-
tion (54) becomes

da d3a da
1
n kA ——n=0. 28
ot T E" @8
Integrating once with respect to z we get
2
anm+k1+fl—02‘—a 0. (29)
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We are now considering the equation
he + bh® + ch® + dh + e = 0. (30)

Equation (30) with b # 0 admits solutions in terms
of the Jacobi elliptic functions sn(kz,p), cn(kz,p)
when k p b ¢ d and e satisfy some conditions.

Equation (30) with b = 0 admits solutions
in terms of the Jacobi elliptic functions sn?(kz, p),
cn?(kz,p) when k, p, ¢, d and e satisfy some con-
ditions.

We now search for solutions of (30) of the form

by b
h:agy2+a1y~l—j+y—§—l—ao 31)

where y = y(z) is any of the Jacobi elliptic functions.
Substituting (53) into (30), and collecting the coeffi-
cients of y we obtain a system of algebraic equations
for ag; a1; ag; by; be; b; c; d; e; k; and p. Solving this
system gives, for y = sn(kz, p) the following sets of
solutions

We now search for solutions of (30) of the form

by b
h:a2y2+a1y+j+y—§+ao (32)

where y = y(kz,p) is any of the Jacobi elliptic func-
tions. Substituting (53) into (30), and collecting the
coefficients of y we obtain a system of algebraic equa-
tions for a0; al; a2; bl; b2; b; ¢; d; e; k; and p. Solving
this system gives the following sets of solutions

Solution 1

by

h:bl\/]_?SIl (kz,p)—l—m

+ap (33)

Where ay = by
cients are related by

= 0 and the remaining coeffi-

2 k?
b= T2

by

6&0]{72

CcC = 3

by
J 4agk? +Dbi%e

B a0b12
ai =bi"p
k‘2:— b126\/]_?
ag b12p3/2 +6ag b12p+ (ao b1? — 2&03) \/]_)

by #0

Solution (33) becomes
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h =b; tanh (k z) + +ag if p=1

b
tanh (k 2)

h =by sin (kz) + + ag if p=0

1
sin (k 2)

Solution 2
h=aisn (kz,p)+ ap (34)

Where as = by = b; = 0 and the remaining coeffi-
cients are related by

_2Kp  Gagk’p
b= 5 c =
a1 a21
d:(al —6&0) p+a1 2
312
k2 _ 312 e
(ao 312 -2 a03) P + ag 312
Solution (34) becomes
h =aj tanh (kz)+a9g p=1 (35)
h=a;sin(kz)+ag p=0
Solution 3
h= L + a (36)
“sn(kzp)
Where ao = by = a; = 0 and the remaining
coefficients are related by
2 k2
b=———
by
6 aQ k‘2
c= 3
by
d 4ag3k? +bi%e
N aQ b12
22— bi’e
ag b12p + ag b12 — 2ag?
b1 #0
Solution (36) for becomes
by
tan];l)al(k 2) 37)
h= =0
sin (k 2) ta P
Solution 4
by
h=ajcn (kz,p) + + ag (38)

cn(kz,p)
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where a2 = b = 0 and the remaining coefficients
are related by

b 2k%p
312
_ _6a0k:2p
312

Je (6a1 by +2a12 — 6a9?) k% p — a2 k?

= >
]{72— 3126

B (62a0 a;r by +2ag a2 — 2&03) p—ag a2

b2 _ a1 (p_ 1)

1= —""
p#0

Solution (39) for p = 1 becomes

h = ajsech (kz)+ag

Solution 5

h=ajcen (kz,p)+ ag (39)

where ao = bp = by = 0 and the remaining coeffi-
cients are related by

- 2k%p
a12
- _6a0/<;2p
N al?
P (2212 — 62a9%) k?p —a,? k>
= 2
a
(2a0a1? — 2a031) Ep—aga2k?
e =
2
aj
Fo (a1? —2a9% a1? + ag?) K2p + (ap? a1? — ar?) k2

312
Solution (39) for p = 1 becomes
h = aj;sech (kz)+ ag

and for p = 0 becomes

h = ay cos (kz) + ag

Solution 6

(40)
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where ao = by = a1 = 0 and the remaining coef-
ficients are related by

2k (p—1)
b:72
by
__6a0/<;2 (p—1)
= —b12
k? (2b12p—6a02p—b12+6a02)
d=— 5
by
a0k2 (2b12p—2302p—b12+2a02)
e = 3
by
(bl —a(]) (b1 +a0) k2 (b12p— a02p+a02)
f: b12

Solution (40) for p = 1 and p = 0 becomes
b

h=——"_4+ay p=1
h
secbl(k z)+ 0 @l
= — pa ¥ =
cos (k z) o P
Solution 7 Solution
h:agsn2(k:zp)+L+ao (42)
" sn?(kz,p)

Where b = a7 = b; = 0 and the remaining coeffi-
cients are related by

az =bap
o= 8%

= b2
d— 4k (bap+ ba + 3ag)

= b2

2]{72 (4b22p—2a0b2p—2a0b2—3a02)

e = bg
; 4 k2 (bap + ba + ag) (4b22p— a02)

= — b2

Solution (42) for p = 1 and p = 0 becomes

b
h = ag tanh? (k 2) + ———— if p=1
ag tanh” ( Z>+tanh2(kz)+a0 if p
b
h = ay sin? (k —_— j =0
ag sin” ( z)—i—sm2 2) +ag if p
Solution 8
b
h:azcn2(kz,p)+m+ao 43)
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Where b = a1 = by = 0 and the remaining coeffi-
cients are related by

Maria Luz Gandarias, Maria Santos Bruzon

Solution (46) for p = 1 and p = 0 becomes

b
bzzw h:m—i—% p=1 )
o= 6k2pp - Sinzb(zk 2) tao p=0
i _12]{72 (2a2p + 3agp — a) Solution 11
2 k2 (4a22pa%4a0a2p—3a02p—4a22+2a0a2) )
e = — - h =agcen” (kz,p) + ag (48)
f= 4k2 (2agp +aop —a2) (4a22p— O 4&22) Where b = a7 = b; = 0 and the remaining coeffi-

agp

Solution (43) for p = 1 becomes
h = agsech? (kz) + ag

Solution 9
h=agsn?(kz,p)+ag (44)

Where b = a7 = b; = 0 and the remaining coeffi-
cients are related by

:_6k2p
ag
g (4ag +12ag) k?p + dag k2
a2

.  (4agag +6a0%) k*p+ (2ap° +4agay) K

2 3y 12,82 2 2 2
fe (4&0 ag +4ag ) k p+(4a0a2 + 4 ag ag) k

a2

a27§0

Solution (44) for p = 1 and p = 0 becomes

h =ay tanh? (kz) +ag p=1

h=agsin?(kz)+ay p=0 (45)
Solution 10
ba
h=— 22 46
nZ(hep) T 40

Where b = a1 = by = 0 and the remaining coeffi-
cients are related by

_ 6k?
T,
d— 4 k2 (b2p+b2+3a0)

b
2 k2 (b22p+2a0b2p+2a0b2+3a02)
e = _
b
£ a0 (by+20) 1 (bap +a0)
ba

ISSN: 1109-2769 260

cients are related by

6k%p

C =
a2
d— _4K* (2agp +3agp — ag)
— >

2k* (ag’p+4agazp+3ap?p —a2? —2a0a2)

e =
ag
fo 4dag (ag +ag) k? (agp+agp — az)
ag

a27§0

Solution (48) for p = 1 becomes
h = agsech? (kz) + ag
and for p = 0 becomes

h = ay cos (kz) + ag

Solution 12

ba

h=—7—"—"—
en 2 (kz,p)

+ ag (49)
Where b = a1 = by = 0 and the remaining coeffi-

cients are related by

C_6l<:2 (p—1)
=
d__4k2 (2bap+3agp — by — 3ag)
= 0,
2 k2 (b22p+4a0b2p+3a02p—2a0b2—3a02)
e =
b
f:_4ao (bo +a9) k* (bap +agp — ag)
ba
Solution (49) for p = 1 and p = 0 becomes
ba
—— 2 _iay p=1
2
sec}éz(kzz) (50)
:cosz(kz)+a0 p=0
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Theorem Suppose that y is a solution of the following
ODE

d2h

E+n1h3+n2h2+n3h+n420 (51)
or

2 4 3

2
(Z—Z) +n12h n n;)h tnsh®+2n4h+ns =0
(52)

Then

by b
h:a2y2+a1y—l—j+y—§+ao (53)

is a solution of the ODE

d’h 3 9
E"th +ch*+dh+e=0 54)

<dh>2+ bht N 2¢h?

dz 2 3

with as = by = 0 and where the remaining coeffi-
cients are related by

+dh*+2eh+f =0 (55

ny = a12b

n2:a10+3aoalb

2

n _al C
5 6&2
blc—|—3a0bb1
ngy—=———
3
. _ bby?
T

Maria Luz Gandarias, Maria Santos Bruzon

Example 1 equation (54) with n = % admits the
solution

kX
h = 57
NG >7)

The corresponding travelling-wave solutions of (1)

B 2 /6 sech 32 (i)gﬂ

Figure 3: Solution (57) with ko = 1, A = 1.

are

3/2
26 sech 3(z — \t) (ﬁ) /

73 (58)

u =

Figure 4: Solution (58) with ko = 1, A = 1.

Example 2 equation (54) with n = % admits the
solution

4

225sn 4 (z, — 5)
4 k2 \2 59)

h =

2 3
e — — 3agd + (4a1 by +3a9”) ¢+ 12aga1 bbi + 32 bThe corresponding travelling-wave solutions of (1)

3
(56)
We observe that equation (54) is a particular case
of equation (30) for n = % where b = kX, c=0,d =
—1,e = ky and for n = %wherebzo,c: kX d=
—1, e = k1. We obtain the following: Equation (54)

admits any solution h = o> where « is any solution
of equation (30) with n = %, b=k\c=0,d=-1
and e = kj.

Equation (54) admits any solution & = o? where «
is any solution of equation (30) with n = %, b =0,
c=k\Nd=—1ande = kq.

In the following we present two examples:
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Figure 5: Solution (59) with ko = 1, A = 1.

225sn 4 ((m —At), — %)
4k2 N2

u =

(60)
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i S

Figure 6: Solution (60) with ko = 1, A = 1.

6 Conclusions

In this work we have discussed symmetry reductions
for the generalized equation (2). For n = —2 Eq. (2)
becomes Eq.(1) which is a new integrable equation in-
troduced in [24]. By using the classical Lie method,
we obtained reductions to ODE’s and some exact solu-
tions. We apply Lie classical method to the associated
potential system (21), but we do not get any potential
symmetry, moreover we loose some classical symme-
tries of (2). We obtain travelling waves with decaying
velocity and we exhibit an smooth soliton solution.
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8 Appendix A

Table 1: Commutator table for the Lie algebra

linear evolution equation. Prog Theor Phys 63

(a) w1 \P) V3 V4 V5
Vi 0 0 0 ' —vV5
Vo 0 0 Vo 0 0
V3 0 —ve2 O 0 0
vy —V4 0 0 0 —2vy
V5 Vs 0 0 2vy O
Table 2: Adjoint table .
Ad v Va2 V3 2! Vs
Vi Vi Vo V3 e‘vy e vy
Vo Vi Vo V3 —€Va V4 Vs
v3 Vi e vy V3 A2 V5
V4 V] +evy Vo v3 V4 Vs + 2evy
V5 V] — €Vs Vo V3 V4 — 2€vy V5
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