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1 Introduction

Research on non-linear equations is a hot topic. The
powerful and efficient methods to find analytic solu-
tions and numerical solutions of nonlinear equations
have drawn a lot of interest by a diverse group of
scientists. Many efficient methods have been pre-
sented so far such as in [1-7]. In recent years, ex-
act solutions of non-linear PDEs have been investi-
gated by many authors. Many powerful methods have
been presented by those authors such as the homo-
geneous balance method [8,9], the hyperbolic tangent
expansion method [10,11], the trial function method
[12], the tanh-method [13-15], the non-linear trans-
form method [16], the inverse scattering transform
[17], the Backlund transform [18,19], the Hirotas bi-
linear method [20,21], the generalized Riccati equa-
tion [22,23], the Weierstrass elliptic function method
[24], the theta function method [25-27], the sineCco-
sine method [28], the Jacobi elliptic function expan-
sion [29,30], the complex hyperbolic function method
[31-33], the truncated Painleve expansion [34], the F-
expansion method [35], the rank analysis method [36],
the exp-function expansion method [37] and so on.

The objective of this paper is to use a new method
!
which is called the (% )-expansion method [38-42].

!
The value of the (%)-expansion method is that one
can treat nonlinear problems by essentially linear
methods. Moreover, it transforms a nonlinear equa-
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tion to a simple algebraic computation.

We organize the rest of the paper as follows.
In Section 2, we give the main steps of the (%/)—
expansion method. In the subsequent sections, we
will apply the method to obtain the travelling wave
solutions of the variant Boussinseq equation and the
(2+1)-dimensional Nizhnik-Novikov-Veselov (NNV)
system. Some conclusions are presented in section 5.

/
2 Description of the (Cf)-expansion
method

/
In this section we describe the (% )-expansion
method for finding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear
equation, say in two independent variables x, ¢, is
given by

P(U,Uhux,Utt,’U/xt,uwz, ) = 07 (21)

or in three independent variables z, y and ¢, is
given by

P(’LL, Uty Ugy Uy y Utty Ugty Uyty Ugyy Uyy, -

) =0,
(2.2)
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where v = wu(z,t) or v = wu(z,y,t) is an
unknown function, P is a polynomial in u = u(x,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear
terms are involved. In the following, we will give the

!
main steps of the (% )-expansion method.

Step 1. Suppose that

U(LU, t) = U(f), §= S(xvt) (23)

or

§= g(xay7t) (24)

u(z, y, t) = u(f),

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(§)
P(u, v, u”, ..

) =0. (2.5)

Step 2. Suppose that the solution of (2.5) can be
!
expressed by a polynomial in (%) as follows:
Gl

u(§) = am(=)"+ ..

- (2.6)

where G = G(&) satisfies the second order LODE
in the form

G+ \G +uG =0 (2.7)

Qm, .-, A and p are constants to be determined

later, o, # 0. The unwritten part in (2.6) is also a
/

polynomial in (%), the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
!
the same order of (%) together, the left-hand side of
!
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,
yields a set of algebraic equations for «;y, ..., A and

ISSN: 1109-2769

192

Qinghua Feng, Bin Zheng

Step 4. Assuming that the constants av,, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting o, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/
3 Application Of The (&)
Expansion Method For The Vari-
ant Boussinseq Equation

We consider the variant Boussinseq equation [43]:

Ut + Uty + Vg + OUgyr = 0 (3.1)
v+ (uv) g + Puge, =0 (3.2)
where o and [ are arbitrary constants, 3 > 0.
Supposing that
E=k(xz—ct) (3.3)

By (3.3), (3.1) and (3.2) are converted into ODEs

—cu/ 4 uu +v — ak?c" =0 (3.4)

—cv' + () + k2" =0 (3.5)
Integrating (3.4) and (3.5) once, we have

—cu+ %u2 +v—ak’c’ =g (3.6)

—cv +uv + GRS = go (3.7)

where g; and go are the integration constants.
Suppose that the solution of (3.6) and (3.7) can be

/
expressed by a polynomial in (%) as follows:

m G,'
w(§) = a;(—=)" 3.8
© =3 o) (39)
n G/'
(% = bifl 3.9
©=3n(g) (39)

where a;, b; are constants, G = G(&) satisfies the sec-
ond order LODE in the form:
G"+ \G' +pG =0 (3.10)

where A and y are constants.
Balancing the order of u? and v in Eq.(3.6), the
order of u” and uv in Eq.(3.7), then we can obtain
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2m=n, n+2=m+n= m=1,n = 2, s0
Eq.(3.8) and (3.9) can be rewritten as

/

u(§) :a1(6)+a0’ a; #0 (3.11)
o€ = ba(E 2 40 b b0 (320)

ai, ag, ba, by, by are constants to be determined later.
Substituting (3.11) and (3.12) into (3.6) and (3.7)
and collecting all the terms with the same power

/
of (%) together, equating each coefficient to zero,

yields a set of simultaneous algebraic equations as
follows:

For Eq.(3.6):
/
(%)0 : —cag +by + %a% — g1 — ak?caidp =0
(Q)l . agay — ak?cai\? + by — 20k?cayp —
caq :%

(%)2 : %a% — 3ak?car A + by = 0
(%,)3 : —2ak?ca; =0
For Eq.(3.7):
G’ \o 2
(CT) s —cbg — go + Bk“a1 A\p + aphg = 0

!/
(%)1 : biag 4+ BkParX? + arby — cby +
28k%a1pu =0

(%)2 . a1by + baag + 3Bk%a A — cby =0
(%)3 : 2Bk%a1 + brar =0

Solving the algebraic equations above yields:

1 1
a; = ay, a0:5a1)\, b2:—§a%
14
bl——fal)\ by = —ial,u
1 /1 1
k:iQ\/;v c=0, 91:§(>‘2_4M)7 g2="0

(3.13)
where a; is an arbitrary constant.
Substituting (3.13) into (3.11) and (3.12), yields:

u© =m(Z) tzmr (314
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G’ 1 G’ 1
i 2 - G) ia?u (3.15)

v() = -
where £ = kx.

Substituting the general solutions of (3.10) into
(3.14) and (3.15), we have:

When A2 — 44 > 0

/N2 __
w(¢) = 2V o

- 2

1 1
C1 sinh 5 — 4pu€ 4+ Cy cosh 5 A2 —4ué

) 1 1
C1 cosh 5 — 4u€ + Cy sinh 5 A2 —4pué

242 2
A
0 () = - — Lt — U2 - ap)

1 1
(' sinh 5 — 4pé + Co cosh 3 A2 —4u€ )

) 1 1
C1 cosh 5 — 4u& + Cysinh 5 A2 —4u€

Where £ = kx, a1, C1, Co are arbitrary constants.
When A2 — 44 < 0

(6 = V=X
- 2

U2

- sm —\/4p — N2+ Cy cos —£\/4p — A2

(
C cos —\/4p — N2E+ Co sm —\/4p — N2

)\2
vQ(f)ZalT %alu @(4N 2?)

1 1
—Clsini 4M—A2§+Cgcos§ 4M—A2§2

1 1
Cq cos 5 dp — N2€ + Cy sm —\/4p — N2

Where £ = ka:, ay,Cq,Cs are arbltrary constants.
When \? — 44 =0

a1(2Cs — C1A = Co)8)

U/3(£) - (Cl T 02§> 2@1)\
242 22
_ al)\ N CLICQ N l 2

Where £ = kx, a1, C, Co are arbitrary constants.
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/
4 Application Of The (&)
Expansion Method For The (2+1)-
dimensional Nizhnik-Novikov-

Veselov System

In this section we will consider the (2+1)-dimensional
Nizhnik-Novikov-Veselov (NNV) system [44-45]:

U+ AUz +Dllyyy + cig +duy = 3a(uv), +3b(uw

Jy
(4.1)
Uy = Vy (4.2)
Uy = Wy (4.3)
Supposing that
§=kx+ly+wt (4.4)

By (4.4), (4.1), (4.2) and (4.3) are converted into
ODEs

wi! +ak3u" b3y +-cku/ +-diu’ = 3ak(uv) 43bl (uw)’

4.
. (15)
u =lv (4.6)
' = kw' (4.7)

Integrating (4.5), (4.6) and (4.7) once, we have

wutak3u” +bl3u" +cku-+dlu = 3akuv+3bluw+g

(4.8)
ku=1lv+ g2 (4.9)
lu=kw+ g3 (4.10)

where g1, g2, g3 are the integration constants.
Suppose that the solution of (4.8), (4.9) and (4.10)
Gl

can be expressed by a polynomial in (ﬁ) as follows:

m G/ .
u(€) = a;(—=) 4.11
O =2 0l (a.11)
n G/ )
v f = bi —) 4.12
©=20(F) (412)
S G/ )
w(§) = c(—=) 4.13
© =2 al) (4.13)

where a;, b;, ¢; are constants, G = G(&) satisfies the
second order LODE in the form:
G"+ NG+ pG =0 (4.14)
where A\ and y are constants.
Balancing the order of v” and uv in Eq.(4.8), the

order of v and v in Eq.(4.9), the order of w and w in
Eq.(4.10), then we can obtain m + 2 = m +n, m =

ISSN: 1109-2769

194

Qinghua Feng, Bin Zheng

n,m=s= m=mn=s=2,s0Eq.(4.11), (4.12)
and (4.13) can be rewritten as

u(©) = oS+ (&)t g, a0 (015
o=t E7 (&) e m o (@
w©) = E+a(E) b e a0 (417)

G G

as, ai, ap, bs, by, by, co, c1, ¢y are constants to be
determined later.

Substituting (4.15), (4.16) and (4.17) into (4.8),
(4.9) and (4.10) and collecting all the terms with

!
the same power of (%) together, equating each

coefficient to zero, yields a set of simultaneous
algebraic equations as follows:

For Eq.(4.8):

/
(5)0 : 2ak3a2,u2 + bl?’al)\u + 2bl3a2u2
+dlag + ckag — 3akagby — 3blagcy

+akdai \u + wag — g1 =0

!
(5)1 : 6akdaodp + ckay + bl3ai\?
—3blayco + dlai + 6bl2asAp
+way + akPa1\? — 3akagby + 2ak3a1y

—|—2bl3a1,u — 3blager — 3akabg =0

G/
(5)2 :

+dlay — 3blajcy + 4blPag\?
—3blascy + 8al<:3a2,u — 3akasbg

—3akagby + dak3as\? + 3bl3ai\

+86l3a2,u, — 3akai1b; — 3blages
+wag + 3ak3ai ) + ckas = 0
G/
(5)3 . 2bl3aq — 3akasby + 10ak3ag)
+10b13ag\ — 3blajcy + 2ak3ay
—3akalbg - Sblagcl =0
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Gl

(5)4 . —3akagby + 6ak3ag + 6bl*as — 3blagcy = 0

For Eq.(4.9):
/
(5)0 : kag —lbg — g2 =0
G/
(5)1 : kay — by =0

!

(5)2 : kag — by =0

For Eq.(4.10):

4
(%)O : lao — kCO — g3 = 0
(%,)1 s lag —kep =0
(%/)2 : lag — k‘CQ =0

Solving the algebraic equations above yields:

Case 1:
as = 2kl,
ap = 2kl
ag = 2kl
by = 2k2,
by = 2k2)\,
bo = 2k
co = 21,
e = 202),
co = 2124,
k=k 1=1
w = 4dak®p — ak3 2 — bI3A% — dl + 4blPp — ck

g1=g2=93=0 (4.18)

where k, [ are arbitrary constants.

Substituting (4.18) into (4.15), (4.16) and (4.17),
yields:

/ /

u(€) = 21@1(2)2 + 2l<:l)\(€) + 2klp

- - (4.19)
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v(€) = 2k2(%)2 - 21&(5) +2k*  (4.20)
w(€) = 212(%)2 - 2%(%) +2%  (4.21)

where
¢ = kx+ly+(dak®p—akP N2 —bIP N2 —dl4+-4b13 p—ck)t.

Substituting the general solutions of (4.14) into
(4.19), (4.20) and (4.21), we have:
When A2 — 44 > 0

EIN? N EI(\? — 4p)

u(§) = 2klp — 9 9

1 1
(' sinh 3 A2 — 4u€ + Oy cosh 3 A2 —4pu¢ )

(

1 1
C1 cosh 5 A2 — 4 + Cy sinh 5 A2 —4u€
DS
v (€) = 2k*p — 5 T ?(Az —4p)

.1 1
(' sinh 5\/)\2 — 4pu€ + Cy cosh B A2 —4pg ,
1 1
C1 cosh 5 A2 — 4u€ + Cy sinh 3

X
A2 —4p

22 2
wi(§) = 21 — - 50\2 —4p)

1 1
(' sinh 5 A2 — 4p€ + Oy cosh 5 A2 —4u€ )
( T T )
C cosh 5 A2 — 4u€ + Cy sinh 5 A2 —4u€

Where
¢ = kx+ly+(dak®p—akP N2 —bIP N2 —dl4+-4b1° p—ck)t,
k, 1, Cy, Cy are arbitrary constants.

When A2 — 44 < 0

EIN? N El(4p — N?)
2 2

us(§) = 2klp —
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k,l, Cy, Cy are arbitrary constants.

—C1 s1n —\/4p — N2+ Oy cos —\/4p — N2 Case 2:
( 1 )2 as = 2kl,
s\ Jap— a2 = — N2
C4 0052 "w— §+0251n 0w — A€ ar = 2K,
1
ap = gkl()\2 +2u)
K2A2 k2 by = 247,
a(€) = 2K = == + 5 (4 = N b = 202
1
) ' by = ng(/\Q +2)
O sin = /Ay — )2 z Y
‘ Ch sm12 dp — A€+ Cycos 2 4 — A {)2 )
(4 cos 5 dp — N2€ + Co sm —y/4p — A2 ¢ = 212,
1
co = ng()\Q +2p),
=k l=1
2 Py P 2 3 342 342 3
wy(§) =21 M_T+§(4M_/\ ) w = —4dak”u + ak’ A + bl°\* — dl — 4bl°p — ck
g1=92=93=0 (4.22)

where k, [ are arbitrary constants.
—C4 sm —\/4p — N2+ Oy cos —\/4p — N2

X 1 ) Substituting (4.22) into (4.15), (4.16) and (4.17),
C cos 3 4p — N2€ + Cysin 5 Ay — N2 yields:
h G, G 1
Where u(€) = 2hl( )P +2KIN( )+ k(N +2p) (4.23)
¢ = kx+ly+(dak® p—akP N2 —bIP N2 —dl4+-4b13 p—ck)t,
k,l, Cy, Cy are arbitrary constants. ! ! 1
v o(€) = (T + WNT) + 3K (2 + 20)
When A2 — 4y =0 (4.24)
G G 1
kIN2 2k1C2 w(€) = 212(5 )220 Z) 2P (AN2p) (4.25)
uz(§) = ———+ 5 + 2klp G G’ 3
2 (C1+Cx¢)
where
1232 2202 ) € = ka+ly+(—4ak3 pt-ak3 N2 b3 N2 —dl—4bl3 u—ck)t.
v3(§) = — + + 2k
O =" o e
Substituting the general solutions of (4.14) into
12)\? 202C2
ws(€) = — + 2 + 252# (4.23), (4.24) and (4.25), we have:
2 (Cy + Co¢)? When A2 — 44 > 0
Where
1 kKIN?  kl(N%—4
€ = ka+ly+(dak® p—ak® X2 —bIP N2 —dl+-4b1 i—ck)t, uy(§) = gkl(V +2p) - ——+ ( 5 )
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1 1
C1 sinh B —4p€ + C cosh B —4ué ,
( 1 1
(] cosh 3 —4p€ + Cysinh 3 —4ug
1 A2 kP
vi(§) = gkz(/\2 +2p) — 5 T 30\2 —4p)
1 1
(1 sinh 5 — 4p& + Cy cosh 3 —4ué )
( 1 1
C cosh 3 — 4u& + Cy sinh 3 —4ué
1 AP
wi(§) = ng()\2 +2pu) — - Tt 5()\2 —4p)
1 1
C} sinh 3 — 4p€ + C cosh 3 —4pé )
( 1 1
C1 cosh 3 — 4p& + Cy sinh 3 —4ué
Where

€ = ka+ly+(—4ak3 pt-ak3 N2 b3 N2 —dl—4bl3 p—ck)t,

k,l, C1,Cy are arbitrary constants.

When A2 — 44 < 0
usl) = LR(32 4 2p) - M MR =X
2873 HI— 3 2
—C4 smi 4p — N2€ + Oy cos 5 Ay — )\25
N :
T
C cos 3 4p — N2€ + Oy sin 3 dp — N2
© = 21202 120 - BX LB
2= 3 H)— T Bk
ISSN: 1109-2769 197
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1 1
—Clsin§ 4u—/\2§+Cgcos§ 4u—)\2§2

X

1
C cos 5 Ay — N2+ Cy sm —y/4p — N2

242 l2

w(§) = 31 N o) = (= N

—(C sin f\/4;z A2E + Oy cos —\/4p — A2
)?

dp — N2+ Cy Sln —\/4p — N2

X

1
C il
1 €OS 5

Where
€ = ka+ly+(—4ak3 pt-ak3 N2 b3\ —dl—4bl3 p—ck)t,
k,l, C1, Cy are arbitrary constants.

When \? — 44 =0

% 2k1C3

uz(§) = — 5 + (Cr + Cot)?

1
- ng(XZ + 2p)

k22 2k2C3 L]
v = — —+ k )\2 + 2
3(§) 5 @ +02,5) ( 1)
% 202C3
w3(§) = ——— + + 42 A+ 2
Where

€ = kx+ly+(—4ak?p+ak3 N2 b3 N2 —dl—4bl3 p—ck)t,

k,l, Cy, Cy are arbitrary constants.
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5 Conclusions

From above we have seen that the traveling wave so-

lutions of the variant Boussinseq equation and the

(2+1)-dimensional Nizhnik-Novikov-Veselov (NNV)
/

system are successfully found by using the (%-)—

expansion method.

Compared to the methods used before, one can
see that this method is direct, concise and effective.
As we can use the MATHEMATICA or MAPLE to
find out a useful solution of the algebraic equations
resulted, so we can also avoids tedious calculations.
This method can also be used to many other nonlinear
equations.
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