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Abstract: In this paper, we will try to construct the travelling wave solutions of the BBM equation with any order

by using a generalized (—) -expansion method. The BBM equation is reduced to a nonlinear ordinary differential
equations (ODE) by using a simple transformation. As a result, the traveling wave solutions of the BBM equation
are expressed in three forms: hyperbolic function solutions, trigonometric function solutions and rational solutions.

/
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1 Introduction expansion method over the other methods are that it
gives more general solutions with some free param-

Many non-linear evolution equations(NLEEs) are eters and it handles NLEEs in a direct manner with

widely used to describe complex physical phenom- no requirement for initial/boundary condition or ini-

ena. Research on NLEE:s is a hot topic. Many efficient tial trial function at the outset.

methods for finding analytic solutions and numerical The rest of the paper is organized as follows. In

solutions of nonlinear equations have been presented
so far such as in [1-7].

In this paper, we will construct the travelling wave
solutions of a non-linear equation. Also many ap-
proaches have been presented for constructing trav-
eling wave solutions of NLEEs. Some of these ap-
proaches are the homogeneous balance method [8,9],
the hyperbolic tangent expansion method [10,11], the
trial function method [12], the tanh-method [13-15],

Section 2, we describe the (G, -

and give the main steps of the method. In the subse-
quent sections, we will apply the method to the BBM
equation with Any Order. Some conclusions will be
given in the last section.

/
2 Description of the (Cr)-expansion

the non-linear transform method [16], the inverse scat- method
tering transform [17], the Backlund transform [18,19], ) ) ) G’ )
the Hirotas bilinear method [20,21], the generalized In this section we describe the (Cv)—expanswn
Riccati equation [22,23], the Weierstrass elliptic func- method for finding traveling wave solutions of non-
tion method [24], the theta function method [25-27], linear evolution equations. Suppose that a nonlinear
the sineCcosine method [28], the Jacobi elliptic func- equation, say in two independent variables z, t, is
tion expansion [29,30], the complex hyperbolic func- given by
tion method [31-33], the truncated Painleve expansion P, g, g, gt that, ) =0 (2.1)
[34], the F-expansion method [35], the rank analysis ) b By Tty Rty Haws - ’ )
method [36], the exp-function expansion method [37]
and so on.

In [38/], Mingliang Wang proposed a new method or in three independent variables z, y and ¢, is
called (% )-expansion method. Recently several au- given by

thors have studied some nonlinear equations by this
/

P(U, Uty Ug y Uyyy Utt, Ugty Uyt Uz, Uyy, ) = O)
method [39-42]. The main merits of the (ﬁ)' (

ISSN: 1109-2769 181 Issue 3, Volume 9, March 2010



WSEAS TRANSACTIONS on MATHEMATICS

where v = wu(x,t) or v = wu(w,y,t) is an
unknown function, P is a polynomial in u = u(x,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear
terms are involved. In the following, we will give the

!
main steps of the (Cv)—expansion method.

Step 1. Suppose that

U(ZD, t) = u(é)? §= f(.f,t) (23)

or

u(m, Y, t) = u(§)7 §= f(%, y7t) (24)

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(&)
Pu, u',u", ..

) =0. (2.5)

Step 2. Suppose that the solution of (2.5) can be
!
expressed by a polynomial in (%) as follows:
G/

)+ (2.6)

where G = G(¢) satisfies the second order LODE
in the form

G"+ )G +puG =0 (2.7)

Qm, .., A and p are constants to be determined
later, a;;,, # 0. The unwritten part in (2.6) is also a
polynomial in (%/), the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
!
the same order of (%) together, the left-hand side of
!
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,
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yields a set of algebraic equations for oy, ..., A and
Lb.

Step 4. Assuming that the constants «,, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting a,,, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/
3 Application Of The (G )-
Expansion Method For The BBM
Equations With Any Order

We consider the BBM equation with any order [43]:

up + aug + bu"uy — Uy =0, n >0 (3.1)
where a, b and r are known constants.

In order to obtain the travelling wave solutions of
Eq.(3.1), we suppose that
c is a constant that to be determined later.

By using the wave variable (3.2), (3.1) is con-
verted into an ODE

—cu' + av' + bu"u + erv” =0

(3.3)

Suppose that the solution of (3.3) can be ex-

!/
pressed by a polynomial in (%) as follows:

QlQ

u(€) = > ai( )’ (3.9

m
=0
where a; are constants.

Balancing the order of u"u' and v in Eq.(3.3),

wehavemn+m+1=m+3 = m:%. So we

. 2 : .
make a variable u© = v7, then (3.3) is converted into

2(a — ¢+ bw)n?v*’ + 2er(2 — n)(2 — 2n) (V)3

+bernvv’v”

+ 2n%crv*y” =0 (3.5)
Suppose that the solution of (3.5) can be ex-

!/
pressed by a polynomial in (%) as follows:

! G/

Zbi(a)i
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where b; are constants, G = G(€) satisfies the second
order LODE in the form:

G"+ )G +puG =0 (3.7)

where A and p are constants.

Balancing the order of v3v’ and (v')? in Eq.(3.5),
wehave 4l +1=3l+3 = [ = 2. So Eq.(3.6) can
be rewritten as

! /

o(E) = b +hu(T) T o, by A0 (38)

ba, b1, by are constants to be determined later. Then
we can obtain

V(O = A —n— ()
() = 205y + 3w (L2

!/

G
+(A%b1 + 251#)(5) + Aubi

! /

U/”(f) = *24()2(%)5 + (*541)2)\ — 6b1)(%)4

/
+(—12b; )\ — 38bo A% — 4052@(%)3
!

—l—(—52b2)\u — 761A2 - 852)\3 - 8b1ﬂ'>(%)2

/
+(—14bo N2 — by A3 — 16bop® — 8b1)\u)(g)
—bi N2 — 20y pu® — Gy A
Substituting (3.8) into (3.5) and collecting all

!
the terms with the same power of (%) together

and equating each coefficient to zero, yields a set of
simultaneous algebraic equations as follows:

/
(%)0 : —2n2bbgb1,u + 12crnb§u3 — 2n20rb%bl)\2,u

—dern®b3p® — 2n2abdbip — AnPerbib
—2benrboby by — bcrnbob%;f)\ — 807“1)“;’”3

+2n2cbgblu — 12n2crbgb2)\,u2 =0
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(CG:,)1 1202 erb3Apu® —24crn®bibo i —bernbi Ap’
—10bernbobybp Ap? — 2benrbob? i — 2benrbbyp®
—2benrbobi A2 — 6bn?b3b3p — 4benrbobs
—2n2abZby A + 2n2chibi A — 2n2bb3by A
—4n2abgb2 w— 4n2ab0b% W+ 4n20b0b% W
+4n2cbbop — 4n>bb3bas + 36crnbI Ap®
—24erb3Apu® — A8crb3bop® + T2crnbibo®

—24ern®bobibo Ay — 160rn2b%b1 Al — 4n20rbob%/\2,u,

—2n2erb2bi A3 — 32n%crbEbop® — Snerbob? p?
—28n2erbibaA? i = 0

G/
el

)20 —14ernb3 N2 pt-144crnby bap® —84crn®bi by \u?
—48¢crn?bib3p> — 2bernbI N’ — 2bernb i
—14bernbobybop® — 16bcrnbob%)\,u2 — 6bcrnb1b§u3

—11bernbibo A — 14bernboby ba A% i1 — 6bernbobi A\

—4an®b3ba X — 4an®bobIN + 4en’bobiI X
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+4en?b3bo\ — 4bn2biba\ — 18bn2b3b1bop
—12an2bobibagt + 12¢n>bobybapr — bernbob? A3

—6bn2bZb2 N — 6bn>bob3 i — 144crbibo Ay’
+36crnbi N2 + 216¢rnbibop® — 24crbi Ny

—96¢rbybap® + 36crnbip® — 16crn®bi 12

—T72crn? boby bgu2 —60crn? bob1bo A2u—32crn2 bob% AL

—24crn®bob3\u?® — 1dern®b3bi A2 — 16crn®b3ba\3

—104crn®biba Ay — dern®bobiA® — 16ernbiby
+2en2b2by — 2bn2b3by — 2an>bEby
—2an?b3 4+ 2enb3 0 — 24erb3p® =0

Gl

(G)3: —8an?b2byp+432crnbibaAp? —112ern3b2 by

—40crn®b3 A — 104crn®biba\? 11— 168crn?by b
—6bernbI Ay — 4bernb3p® — bernb3 N3
—20bernbobi N2 — 6bernbobybo A3 — 16bernbibo A2
—26bcrnby b%)\,uQ — 16bcrnb%b2,u2 — 36bcrnbobiba A

—6bn2bob3 X — 24bn%bob3bop + 8cn?b2bop
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—4bernbob? A2 — 4bernbob? i1 — 20bernbyba i
—18bn2b3b1ba X — 12an?bob1baX + 12¢n2bobyba)
—120n2b3b2 1 — S8an®bob3p + S8cn’bobapu
—32crn?bap® — 144crbibo N’y — 288crbybaAu?
+72crnb A\ + 216¢rnbiba\* p — 48crbi A\
—144crbibop® 4 12crnbi N + 96crnbsp®
—6crn2bi’A3 + 2160rnb%bg,u2 — 24Ocrn2bgblb2)\u
—5607"n2b0b%)\2u — 360rn2b0b1b2)\3 — 24crn2b(2)b1)\
—T76crn®b3ba\? — 28crn?bobIN? — 32¢rn?bobip
—64crn®bobip? — 80crn®babap — 2an>b3I
+2en?b3IN — 6bn*b3bT — dan’biby
—4an®bob? + 4en’bob? + den’biby

—4bn>b3by — 2bn2bip — 64crb3p®
—8erbi A =0

!

(%)4 : 2en?b3 — 2an?b3 + 432crnb b3N? 1
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+432crnbib3p? + 288crnb3Au? — 44crn®b3by\3

—280crn2bibo A — 108crn?b3Au? — dbernbi A2

—202¢rn?by b3A% 1—212crn®by bap® —34bernby b3

—Thernb2boX® — Abernb’ i — 42bcrnbiby A\

—48bernbob3 Aubern — 22bob1ba\? — 34bernbibip

—16bernb3Au® — 22bernbobybajp — 8an®byb3

+8cn2bob3 A — 30bn>boby b3 — 10bn2b3bop

—5bernbobiA — 8bernboba\® — 18bn2b3b by

—24bn%bob2bo X — 12an>bobiby 4+ 12¢n2boby by

—8an®b3bo\ + 8cn?bibo X — 120n*bab3N

—288crb?by At — 288crby b — 10an®bybaju

+10en?b1 b3 + T2ernb3bo A3 + 432crnbibo A

—48crb3ba\3 — 288crbbap? — 192crb3 A’

+36crnb3 A% 4 36¢rnb? i — 26crn>bi N2

—28crn26‘;’,u — 120rn2b%b1 — 192crn2boblbg,u
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—2080rn2b0/\,u — 1800rn2bgblb2/\2 — 108crnzb(2)b2)\
—48crn?bobi X — 32crn?bobIN3 — 24crbi N>
—2n2bb{\ — 6n%bbob? — 24crbip =0

o
(5)5 . —2bn>b} + 216crnb3bop + 144crnbbN3
+-864crnbyb3\p + 288crnb3N? pu — 184crnb3bop
—82crn?b1 b3\ — 176¢rn?bbaA? — 20bernbs i’
—2bernbobt — 512ern?b1baAp — 124crnb3\2p
—26bernbiba\? — Sbernbi A — 84bernby b\
—26bernbibaop — 14bernbiba\® — 20bernb3A?u
—26bcrnbobbe A — 10an?bib3\ + 10cn?b1baA
—28bernbobap — 28bernboba\? — 24crnbyb?
—300n2bob1 b3A — 24bn>bybby — 10bn>b3bo\
—120n2bobip — 18bn2bibsp — 128crn?b3 1’
—576crbibaAu + 216crnbiba\? — 144crb3by\?

—144crbibop — 96crbibaN3 — 192¢rby Ny
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+36crnbi X\ + 288crnbyu® — 36¢rnbiN
—480rn2b[2)b2 — 264crn2b0b1b2/\ — 1600rn2b0bgu
—152crn?boba A% — 192crbip? — 8an’b2by

+8cn2biby — 120n2b3b3 — San?byb3

+8cn?bobs — dan®biyp + 4enb3p

—24crb3N =0
(g)6 : —8crb? + 432crnbib3N? + 576crnbi A\
+432crnb b — 228crnbibo A — 296¢rn?b3 A
—8bernbs A3 — 310crn?b1b3N? — 320crnbybau
—2bernb? — 10bernbobiby — 31bernb2bo)
—50bernbyb3N? — 50bernbybip — 48bernb3Au
—12bn%bob3 A — 18bn2b2b3\ — 32bcrnbobiX
—30bn2bgb1 b2 — 14bn>b b3 + 216¢rnb?by )
—144crbibo) — 288crbib3A? — 384crbi A

+96crnb3A® — 48¢crn?b3N® — 120crn2bobi by

—216¢rn?bobs A — 64crbaA® — dan’bs\
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+4cn?b3X — 10bn2b3by — 10an?b, b

+10cn?b1b3 — 16ern?b3 + 12ernb3 = 0

GI
(5)7 . —28bernb3pu — 12bernb2by — 4an’bi

+72crnbiby + 288crnbiN? — 12bcrnbobs
—28bernbiA? — 172ern?b3A\% — 176¢rnb3
—14bn2b3by A — 58bernbibaN — 192¢rb3
+432crnbi b\ — 96¢rn2biby — A8crbiby
+4cen?by — 288crb1baN\ — 96¢rnbobs

—4bn2b3p 4 288crnbip — 18bn>bib3
—384crn?bibs\ — 12bn%bob3 = 0

/
(%)8 : 144crnbib3 — 156¢rnb1b3 — 192crbi\

+288crnbi\ — 32bcrnbi\ — 4bnb3\

—22bcrnby b3 — 204crn®b3N — 14bn*b3by

—96¢rb1b2 =0

!
(%)9 : —4bn2by — 64crb3 — 12bernb3

+96¢rnby — 80crn’by = 0

Solving the algebraic equations above, yields:
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by = [2ar(16 4 3bn — 24n + 20n?)]/

[b(—12rnA? — 24rn?p — dbrny — 2n?

+6rn2\? + 8rA% 4 48rnp + brnA? — 32ru)]

by = [2Xar(16 + 3bn — 24n + 20n?)]/

[b(—12rn\? — 24rn?u — Abrny — 2n?

+6rn?A\% 4 8rA? + 48rnp + brnA? — 32rp)]

bo = [2uar(16 + 3bn — 24n + 20n?)]/

[b(—12rnX\? — 24rn?u — 4brny — 2n?

+6rn? A2 + 8rA? + 48rnpu + brnA? — 32rpu)]

c = (—2an?)/(=12rnX\?* — 24rn*u — 4brny — 2n*

+6rn2\2 + 8rA% 4 48rnu + brnX? — 32rp)

¢ =z +y—[(—2an?)/(=12rn)\? — 240’ — dbrnp

—2n% 4+ 6rn? A% + 8rA? + 48rnp + brn\* — 32rp)|t

(3.9)

Substituting the general solutions of Eq.(3.7) into

(3.9), we have three types of travelling wave solutions
of the BBM equation (3.1) as follows:

Case 1: when A2 — 44 > 0
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v1(€) = {[2ar(16 + 3bn — 24n + 20n?)(\? — 4p)]/
[4b(—12rnA\? — 24rn®p — 4brnp — 202 + 6rn?\>

+87 A% + 48rnp + brnA? — 32ru)]}

1 1 2
(' sinh 5 A2 — 4p€ + Oy cosh B A2 —4pg

1 1
/\2 _ ch =4 /)2
C1 cosh 3 A2 —4pg + Casinh 5 A2 —4ug

X

—{[2ar(16 + 3bn — 24n + 20n*)\?]/

[4b(—12rn\? — 24702 — dbrnpu
—2n% + 6rn?\? + 8r\?

+48rnu + brn\? — 32ru)]}
+{[2par(16 + 3bn — 24n + 20n?)]/

[b(—=12rnA% — 24rn?p — dbrnp
—2n2 + 6rn2\? + 8r)\?

+48rnu + brnA? — 32rp)]}
Then 9
u1(§) = (vi(§))™m,

where
¢=x+y—[(—2an*)/

(—12rn\? — 24rn?u — dbrnp — 2n?
+6rn2 A% 4 8rA? + 48rnp + brnA? — 32rp)]t,

(' and (s are two arbitrary constants.

Case 2: when A2 — 41 < 0
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v2(€) = {[2ar(16 + 3bn — 24n + 20n?) (4 — A%)]/
[4b(—12rnA% — 24rn?p — dbrnp — 2n% + 6rn? A2

+8rA? + 48rnp + brnA? — 32ru)]}

2

1 1
—(C sin 3 4y — N2€ + Cy cos 3 4y — N2

1 1
C4 cos 5 A — N2€ + Oy sin§ 4y — N3¢

—{[2ar(16 + 3bn — 24n + 20n*)\?]/
4b(—12rnX\? — 24rn®p — 4brnp — 2n? + 6rn?\>?
1t 1t
+8rA? + 48rnp + brnA? — 32ru)]}

+{[2par(16 + 3bn — 24n + 20n?)]/

[b(—12rnA% — 24rn?p — 4brnu

—2n% + 6rn?A? 4 8r A% + 48rnu + brnA® — 32ru)]}

Then

Sheo

uz(§) = (v2(§))7,

where
¢=x+y—[(—2an*)/

(—12rnA? — 24rn®p — dbrnp — 2n? + 6rn\2
+87A% 4 48rnp + brnA? — 32rp)]t,

(1 and (5 are two arbitrary constants.

Case 3: when A2 — 4 =0
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v3(€) = {[2arc3(16 4 3bn — 24n + 20n?)]/
[b(—12rn)\? —24rn? p—4brnpu—2n2 +6rn?\24-8r\2
+48rnp + brnX? — 32rp)(c1 + c26)?]}
—{[2ar (16 + 3bn — 24n + 20n?)]/
[4b(—12rn\? — 24702 — dbrnp — 2n* 4 6rn*\?
+87 A2 + 48rnp + brnA? — 32ru)]}

+{[2par(16 4 3bn — 24n + 20n?)]/

[b(—12rnA% — 24rn2p — dbrnp

—2n% + 6rn?A? 4+ 8r A\ + 48rnu + brnA? — 32ru)]}

Then 5
us(§) = (v3(§) ™,

where
§=x+y—[(—2an%)/

(—12rnA? — 24rn®p — dbrnp — 2n? + 6rn\2

+87 A% 4 48rnu + brnX? — 32rp)]t,

C1 and (5 are two arbitrary constants.

4 Conclusions

!
On comparing between the (% )-expansion method
and the other methods, we come to the conclusion

!
that the (% )- expansion method is more powerful,

effective and convenient. It is a standard and com-
puterizable method which allows us to solve com-
plicated non-linear evolution equations in mathemat-

!
ical physics. We have noted that the (%)
method changes the given difficult problems into sim-
ple problems which can be solved easily.

-expansion
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