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Abstract: - In this article, we study the degenerate parabolic problem, x%u, —(x”u,), =x°f(u), satisfying the
Dirichlet boundary condition and a nonnegative initial condition where q and A are given constants and f is
a suitable function. We show that under certain conditions the degenerate parabolic problem has a blow-up
solution and the blow-up set of such a blow-up solution is the whole domain of x. Furthermore, we give the
sufficient condition to blow-up in finite time. Finally, we generalize the degenerate parabolic problem into the
general form, k(x)u, —(p(x)u,), =k(x) f (u). Under appropriate assumptions on functions k, pand f, we still

obtain the same results as the previous problem.
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1 Introduction
Let T be any positive real number and g and 2 be

positive constants with Be[01) and
q+4=0. Let 1=(0,1), Q =1x(0,T), I and Q; be
their closure of | and Q,, respectively. In this

article, we study the degenerate parabolic initial-
boundary value problem,

X, = (x"u,), =X FU(x. 1), (x1)eQ,

g>0,

u(0,t)=0=u(Lt), te(0,T), @
u(x,0) = U, (x), xel,
where f and u, are suitable functions. In 1985, C.

E. Mueller and F. B. Weissler [12] studied the
behavior of solutions to the semilinear heat equation
U, =Au—-Au+ f(u), (x,t) e Qx(0,0),
u(x,t) =0, (x,t) € 0Qx(0,),
u(x,0) =u,(x), xeQ,
where Q is R" or a smooth bounded domain in
R", o0Q denotes the smooth boundary of Q,

(@)

A=>"0}, 220, fand u, are given function. They
i=1

proved that, under appropriated hypothesis,
solutions of problem (2) blow up in finite time and
in fact blow up only at a single point. Further, in
2009, J. P. Pinasco [13] established the blow-up
positive solutions of parabolic problems with

ISSN: 1109-2769

723

reaction terms of local and nonlocal type involving a
variable exponent,
u, =Au+ f(u), (x,t) e Qx(0,),
u(x,t) =0, (x,t) € 0Qx (0, ),
u(x,0) =u,(x), xe Q,
where QeR" is a bounded domain with a smooth
boundary &Q, and the source term is of the form

f(u)=a(x)u”™ or f(u):a(x)juq(*)(y,t)dy with

given functions a, p and g. For blow-up problems of
the degenerate semilinear parabolic type, in 1999, C.
Y. Chan and W. Y. Chan [3] proved the existence of
a blow-up solution of the degenerate semilinear
parabolic initial-boundary value problem
X, —u, = f(u), (xt)eQ,

u(0,t) =0=u(Lt), te(0,T),

u(x,0) =u,(x), xe 1,

where fand u,are given functions. They proved
existence and uniqueness of a blow-up solution of
problem (3) by transforming problem (2) into the
equivalent integral equation in terms of its Green’s
function. Furthermore, in 2006, C. Y. Chan and W.
Y. Chan [4] showed that under certain condition on
functions f and u,, a solution u of problem (3)
blows up at every point in 1. After paper [3]
published, in 2004, Y.P. Chen and C.H. Xie [8]

3)
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discussed the degenerate parabolic equation with the
nonlocal term:

u, —(x’u,), :j f (u(x,t))dx for (x,t) e Q;,

0

u(0,t)=0=u(Lt) fort € (0,T),
u(x,0) =u, (x) forx e .

(4)

They consider the local existence and uniqueness of
a classical solution. Under appropriate hypotheses,
they obtained some sufficient conditions for the
global existence and blow-up of a positive solution
of problem (4). Additionally, in 2004, Y.P. Chen,
Q. Liu and C.H. Xie [7] studied the degenerate
nonlinear reaction-diffusion equation with nonlocal
source:

1
X, —(x’u,), = ju P(x,t)dx for (x,t) € Q;,
0

u(0,t) =0=u(Lt) fort € (0,T),
u(x,0) =u,(x) forx e .

®)

They established the local existence and uniqueness
of a classical solution of problem (5). Under
appropriate  hypotheses, they also get some
sufficient conditions for a global existence and
blow-up of a positive solution. Furthermore, under
certain conditions, it is proved that the blow-up set
of the solution of problem (5) is the whole domain.
In 2010, P. Sawangtong, B. Novaprateep and W.
Jumpen [15] established the existence of a blow-up
solution of the following degenerate parabolic
problem with the localized nonlinear source:
U —@( pO)U, ), = T (Ul 1)) for (x,) € Q.
u(0,t) =0=u(Lt) fort € (0,T),

u(x,0) =u,(x) forx e 1,

(6)

where k, p, f and u,are suitable functions. In 2010

P. Sawangtong and W. Jumpen [14] studied the
degenerate parabolic problem (6). In this article we
continuos to study the degenerate parabolic problem
(6) and our objective is to show that before blow-up
phenomenon will occur, the degenerate parabolic
problem (1) has a unique continuous solution uon
the finite time interval T, with T, >0for any xel.
Moreover, the sufficient condition to guarantee
occurrence of finite time blow-up and the blow-up
of such a blow-up solution are given. In order to
make more complete, we extend our degenerate
parabolic problem (1) into the more general form:
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k(x)u, — (p(x)u, ), = k(x) f (u(x,,t)) where k and pare
given functions. Under some conditions, we also
obtain the same results as the degenerate parabolic
problem (1). In order to obtain our results for
degenerate parabolic problem (1), we need
assumptions on functions f and u, as follows.

(A) f eC?*([0,0) is convex with f(0)=0 and
f(s)>0 for s>0.
(B) u, eC2(1), u,(0)=0=u,(1), u, is nonnegative on
I and u, satisfies the inequality,
%(Xﬂdd%}- X f (U, (x))=0onl. (7
We note that by proposition 2.1 of [12], condition
(A) implies that fis increasing and locally
Lipschitz continuous on [0, x).

A solution u of the degenerate parabolic problem
(1) is said to blow-up at the point b in finite time T
if there exists a sequence (x .t) with t <T such

that (x,,t.)— (b,T) and u(x,,t ) — . Furthermore,
the set consisting of all blow-up points of a blow-up
solution is called the blow-up set.

This paper is organized as follows. In section 2,
we find associating eigenfunctions and eigenvalues
to the degenerate parabolic problem (1). We prove
the existence and uniqueness of a solution of
problem (1) before blow-up occurs by using the
Banach fixed point theorem and give the sufficient
condition to blow-up in finite time in section 3 and
4, respectively. In section 5, we give the blow-up
set of such a blow-up solution of the degenerate
parabolic problem (1). The extended problem,
k(x)u, —(p(x)u,), =k(x)f(u), of the degenerate

parabolic problem, x%u, —(x”u,), = x°f(u), is studied
in the last section.

2 Eigenvalues and Eigenfunctions

By using separation of variables [9] and [11] on the
homogenous problem corresponding to problem (1),
we obtain the singular eigenvalue problem,

%( ﬂz_i’j+,1xq¢;(x):0forxel, (8)
¢(0) =0=gp().
18

Let o(x)=x 2 y(x). Then
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) _ -1
P0)=x 7 y'(x)+[¥jx = y(x) ©)
and
1p —p-1
D=2 Y00+ A-AX 2 y(X)
+(%)(—_ﬁ‘2_1)x_ﬁ2—3y(x). (10)

Substituting equation (9) and (10) in equation (8),
we obtain

] 1 _B\(—p_1) £
xﬂ{x ety o (P2 L y(x)}
+ﬁx“{x12ﬂy’(x)+[1_2ﬂj T (x)}+/1qu12ﬂ (x)=0
or

up b1 (1o gy 2R
X2 y'"(X)+Xx 2y (x)+] AxIx ? —(TJ 2 |y(x)=0.

(11)

1+

Dividing both sides of equation (11) by x 2, we get

y"(x)+§y'(x)+{zx” (1 Zﬂj }y(x) 0. (12)

Multiplying both side of equation (12) by x*, the
singular eigenvalue problem (8) becomes

2 " q-p+2 1 ﬂ
(x)+xy(x>+{ e ”y(x) .

y(0) is bounded and y(1) = 0.

2
Again, we set x=z97*?, Then

-8
V(x) = (q‘—g”] 207y'(2)

and

9-p-2

, a-B+2Y 253 . (a-B\a-B+2) ¢ 1
y(X){TJ AN y(2)+( 5 j{ 5 )z /e y(zj)xq(pn(x)(pm(x)dx {

From equation (13), we have
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2 2(9-p)
[q_:§+2j Zq—ﬁ+2y'!(z)
(2

2 2
+(q—_/23+2J 2y'(2) +{/122 —[#j }y(z) =0

or

+2y (Z)}

422 (=B
@-p+2° (q-p+2)
y(0) is bounded and y(1) = 0.

2°y"(2) +zy' (Z)J{ 2])/(Z) =0,

(14)
Thus, we see that equation (14) is a Bessel equation.
Its general solution of a Bessel equation (14) is
given by
y(z) = A, (wz)+BJ_, (@7)

—u

1

_ 2
where u= 1=/ , 0= 24 ,
q-p+2 q-pg+2
arbitrary constants and J, denotes the Bessel
function of the first kind of order (> 0). Turning to

the boundary condition, at z=0 leads to B=0 and
then we obtain

A and B are

y(z) = Al (02). (15)
The boundary condition at x=1 gives the
following equation,

J,(@)=0. (16)
Then, by equation (15), the appropriate

eigenfunctions of the singular eigenvalue

problem (15) are

®n

1,8 qﬁ+2
2,0 =Ax2 J (@x 2 )

A7)
where w, is the n"root of equation (16). In order to
obtain the orthonormal property of ¢, with the
weight function x¢,

ifn=m

we use the

0 ifnzm’
orthogonallty of Bessel functions, that is,

Issue 9, Volume 9, September 2010



WSEAS TRANSACTIONS on MATHEMATICS

1 l 2 H

=J fn=
IXJ#(wnX)‘]/l(me)dX = 2 ,u+1(a)n) ' m:
0 0 ifnzm

to determine the value of constant A. To do so, we
consider

1 1 q-p+2
quwf(x)dx:Az.[x“‘”*l\ljﬂ(a)nx 2 )dx.

0 0

(18)

q-p+2

a-p+2 _ ap
Let y=x 2 . Then dy:[i;”jx 2 dx. Let us

consider the right-hand side of equation (18)

2l 192 e 2§ 2
A '[xq"”* Jun(@x 2 )dx= -B+2 yd,, (@,y)dy
0 0
A2

It follows from (18) and (19) that

2

1
[ X302 (x)dx = ia(@,).
0

q-p+2

Since the right-hand side of equation (18) must
equal to 1, the value of constant A is determined by
1

A (A-B+2)?
|‘J,u+1(wn)
singular eigenvalue problem (17) are defined by

. Hence, eigenfunctions ¢, of the

1 1-5 q-p+2

(@-A+2)*x 23, (ox * )
|‘]/1+1(a)n)

(20)

@, (X) =

Further, it follows from [1] that
2, =0(n?) asn — .

_ 15 1
Lemma 2.1 For any xel, |p,(x)|<cx 24! for

some positive constant c,.

Proof. By [1], we have

q-p+2
Ju(ox %)

<1forany u>0. (21)

It follows from [6] that
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2

1
1 A
< C,
|‘Jy+1(a)n) q_ﬂ+2

(22)

where ¢, is some positive constant. Therefore, by

equations (20), (21) and (22), the proof of this
lemma is complete.

3 Local existence of blow-up solution
In this section, we will show the existence and
uniqueness of a nonnegative continuous solution of
a degenerate parabolic problem (1). Green’s
function G(x,t,&,7) corresponding to the degenerate

parabolic problem (1) is determined by the
following system, for any xand &in I, and tand
zin (0,T),
XIG, (.1, £,7) = (X’G, (X, t,&,7)), = 5(Xx—E&)d(t—1),
G(x,t,&,7)=0fort <,
G(0,t,£,7)=0=G(t,&,7)

(23)
where & is the Dirac delta function. Let
G L&D = 8,00, (0 (24)
n=1

Substituting equation (24) into equation (23), we
obtain

© 0 d dq)
XD a Ve ()= a (t)—| xf —
3 e 00.0-3 n()dx( i

J =5(x—&)S(t-1).
Multiplying both sides by ¢, and then integrating
both sides with respect to x over its domain, we

have

X003 00,000 [ 0,003,051 2% ox

= j(ﬂn (x)6(x=&)d(t—7)dx.

By the orthonormal property of eigenfunctions ¢,

and the property of Dirac delta function, we get
a,(t)+ 4,a,(t) =9,(5)o(t-7)
or

d
4 (872 0) =2 ()ot-ne™
Integrating both sides from t to t with t <z, we

obtain

t

I%(e%san (S)) = J‘(pn (5)5(X_§)e)msds

b

or
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e™'a,(t) -e™"a, (1) = ¢, (£)e™".
Since G(x,t,&,7)=0fort<z, a,(t)=0 for all n.
We then obtain that a_(t) = ¢, (&)e " for any n.

Therefore the Green’s function corresponding to
problem (1) is defined by

G LED =Y 0, (00, (e for t>r,  (25)
n=1

where ¢, and 4, are eigenfunctions and eigenvalues

of the singular eigenvalue problem (8), respectively.

Lemma 3.1 For t>7, G(xt,&,7) is continuous for
(xt,&,7) eTx(O,T]xI_X[O,T).

Proof. By lemma 2.1 and equation (25), we obtain
that

5 18
2 £ 2

0 w l
Y 0,09, (£)e O <cix 2 E2 Y A2
n-1 n=1

w1
<c Y Aze ),
n=1

which converges uniformly. We then get the result.

Next lemma shows the positivity of Green’s
function G.

Lemma 3.2 Forany (xt,&,7) el x(0,T]xIx[0,T),
G >0 with t>r.

Proof. The proof of this lemma is similar to that of
lemma 4.c of [5].

To derive the equivalent integral equation of a
degenerate parabolic problem (1), let us consider
the adjoint operator L defined by
L =—x" ﬁ—ﬁ(xﬂ ij

ot ox OX
corresponding to the operator
L:Xqﬁ_i(xﬂi)

ot ox OX

of a degenerate parabolic problem (1). By Green’s
second identity, we obtain the equivalent integral
equation to problem (1) given by

u(x,t) :IéqG(X,t,§:0)Uo(§)d§

+[[&600t,¢,0) F (u(€,7))ddr. (26)

Theorem 3.3 There exists a finite time T, >0such

that a degenerate parabolic problem has a unique
continuous solution  u on the finite time interval
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[0,T,] forany xel.

Proof. Let M be a positive constant with

M >maxu,(x)+1. Locally Lipschitz continuity
xel

of f implies that for any |u/<M and |v|<M there is

a positive constant L depending on M such that
|f(u)-f(v)<Lu-v. Further, since

jijG(X,t,é’,r)dfdr—)O as t—0, there exists a
foir:ite time T, such that
f(M)ﬁqu(x,t,g,r)dgdml for te[0,T,]

and h

L”qu(x,t,g,r)dfdr <1 for te[0,T,].

V\;eonext define the space E by

E= {u €C(Q,) suchthat sup |u(x,t)|<M }
(x1)eQy,
Then, the space E is a Banach space equipped with

the norm |u[_ = sup |u(x,t)|]. Let ® be a mapping
(x<Qy

defined by
ou(xt) =I§QG(X,t,§,0)Uo(§)d§

+[ &6t ) f (u(g,7)dédr.

In order to apply the Banach fixed point theorem we
would like show that ® maps E into itself and @ is
a contraction mapping. Let uand v be any element
in E. We then have that

[@u(x, )] < jéqG(x,t,é,O)uo(é)dg"

+ . (27)

[[&etténfuEdsdr

Let us consider the following auxiliary problem,
XU, —(x"u,), =0, (x,t) € Qr,
u(0,t) =0=u(Lt), te(0,T),
u(x,0) =u,(x), xe.

(28)

From (26), a solution u of problem (28) is given by,
1

for any (xt)eQ,, u(xt)= j EIG(X,1,&,0)U, (£)dE.
0

On the other hand, Maximum principle for parabolic
type [10] implies that u(x,t) <maxu,(x) on Q.. We

then  obtain that, for any (xt)eQ,
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1

[£°6(x.t,¢,00dg <1. From inequality (27), we get
0

that, for any (x,t) e Q,,

|Du(x,t)| < maTxuo(x)+ f(M)ﬁqu(x,t,g, r)dEdr <M.

This shows that ®u e E for any u e E. Next, locally
Lipschitz continuity of f yields

|du(x,t) - dv(x1)|

< [[£'60t,&0)|f (U, ) - f(v(&,7)|ddr

Lﬁgqe(x t,&r)dédrju—v|. .

By deflnltlon of T,, we obtain that® is a contraction

mapping. Hence, by the Banach fixed point
theorem, the equivalent integral equation (26) has a

unique continuous solution u on 6T1. The proof of
this theorem therefore is complete.

Theorem 3.4 Let T, be the supremum of all T,

such that the solution u of the degenerate parabolic
problem (1) is bounded. If T, is finite, then

sup [u(x,t)| is unbounded as t convergesto T,

(DQr,

Proof. Suppose that sup [u(x,t)| is finite. Let N

(x.1)eQqr .

be any positive constant with N> sup |u(x,t)|+1.

(*<Qr,,
By theorem 3.1, there exists a finite time T, >T,,
such that the degenerate parabolic problem has a
unique continuous solution on QTZ. We then obtain
a contradiction to definition of T . Hence, we get

the result.

Lemma 3.5 If ve C(Q,)nC*(Q,) satisfies
X, —(xX*v,), = B(x,t)v(x,1), (x,t) eQ;,

v(0,t)>0 and v(Lt)>0,te(0,T),

v(x,0)>0, xe I_,

where B(x,t) is bounded and nonnegative on Q,
then v(x,t)>0 on Q.
Proof. Let g’ e (,1) be a positive constant and
w(x,t) = v(x,t) + 7L+ x**)e
where 7 is any positive constant and c is a positive

constant to be determined. We see that, on the
parabolic boundary, w>0. Let us consider that for
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any (x,t)eQ,
xtw, — (X", ), — B(x, t)w(x,t)

> peex LX) e (5~ ) D)

—ne® ((m)ax B(x, t)j(1+ X7
x,t

> neext L+ X7 7Y+ ne® (B - B)L- B) o7

—277ec‘( max B(x,t)j. (29)
(x,t)eQr

If (ng)ax B(x,t)<= (ﬁ B)1- "), then, by equation

(29),

xw, —(x’w, ), — B(x, t)w(x,t)

> petox L+ ") + e (B'~ )L~ B) { -
>0.
On the other hand we assume that

max B(x,t) >~ (ﬂ -B)A-5).

(x,t)eQy

Let x,(>0) be the root of equation,

max B =T (4 - A ),
and let C:W((mié B(X,t)j It follows

from equation (29) that
if x > x,, then the definition of ¢ yields

xtw, — (X", ), — B(x,t)w(x,t)

> ne® [qu (1+xF7)-2 max B(x,t)}

> pe® [cxg Q+xl7)-2 max B(x,t)}
>0,
and if x<x,, then

xw, —(x"w, ), — B(x,t)w(x,t)

> ne”ex* (L+ X" ) + e (' - )L~ B) 5
XO

—2ne” ( max B(x,t)j
(x,1)eQr

>0.
Therefore

w, —(x’w, ), —B(x, t)w(x,t) >0 0on Q; .
We would like to show that w>0o0n Q,. Suppose
that there exists a point (x,,t,) with w(x,,t)<0. We
define the set

A= {t such that w(x,t) <0 forsomexel} is non-

empty. Let t denotes its infimum. Since w(x,0) > 0,
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we have 0<t<T. Then there exists some x, el We define the function H by

1
such that w(x,,t)=0, w,(x,,t)<0 and w,(x,,t)=0. H(t):jxqu(x,t)(pl(x)dx. (30)
Since w attains its local minimum at (x,,t), we 0
have w,(x,,1)>0. Thus We note that since lim i)—>oo, there exists a
02 x3w, (%,,1) = xgw, (%, 1) = (W, (x,, 1)), — B, Hw(x,,t) > 0. positive constant z, such that
This contradiction shows that w>0o0nQ,. As f(s)—4s>0 foranys>z,. (32)
n — 0, we will get the result. Theorem 4.1 Let

[ o

We will give additional properties of the solution 2 f(s)-4s
uof the degenerate parabolic problem (1) in the

Then, for any initial function u, such that

next lemma. L
H(0) = j XU, (X)e, (X)dx > 2,,

Lemma 3.6 u>u, andu, =200n Q. 0 )

the solution u of a degenerate parabolic problem (1)

Proof. Let w(x,t)=u(xt)—u,(x)onQ,. For any blows up in finite time.

(x,t) €Qr, equation (7) implies that Proof. Suppose that u exists for all time t>0 for
Xiw, — (), = X F (u) +-3 d [X/} du, j any XGT._ By multiplying equation (1) both side by
dx dx @ and integrating with respect to x over its

>x(fu)-f(u,)) domain, we have

=X ey FO ah- j K 00 D), (0 (32)
where ¢, is a positive constant between uand u,.
Further, on the parabolic boundary,w>0. Then By CO”VEX'W Of f, we can apply the Jensen’s
lemma 3.5 yields that u>u,on Q,. Let h be any inequality to equation (32) and then we obtain
positive constant with he(0,T) de(t) > f(H(t)-AH ().
and z(x,t) =u(xt+ h)_—u(x,t) on Q, For any From equation (30), we differentiate the function H
(x,t) € Q;_,, we obtain with respect to x and then we have

95 _(x? — yd _yd 1
X%z, —(x"z,), =x"f (u(x,t+h))—x3f (u(x,t)) dH (t) :J‘xqul(x,t)gol(x)dx.
=x1f'(&,)z(x,1) dt 0

where ¢, is a positive constant between u(x,t+h) Thus lemma 3.6 yields that 9HO . o we further
and u(x,t). Moreover, since u>u, onQ,, we have dt
that get that H(t) > z, for all t. By equation (31), we have
2(x,0)=u(xh)-u, ()20  for  xel  and HO S fHE)-4H®) 20 fort>0and H(0) 2 2,.
z(0,t)=0=2z(t) for te(0,T-h). Lemma 3.5 at . .
o _ So we separate variables to find
implies that u, >0 on Q,. Therefore the proof of )

gJ- ds S]C- ds o
H(O)f(s)—ﬂls o T(s)—As

4 A sufficient condition to blow-up in Hence tis finite and a contradiction is achieved.
The solution can not exist for all positive time.

this lemma is complete.

finite time
In this section, we will give the sufficient
condition to ensure occurrence of blow-up in finite 5 Blow-up set
time. Let ¢,(>0) be the first eigenfunction of the In this section, the blow-up set for u of problem

singular eigenvalue problem (8) and A,(>0) its (1) is shown.

corresponding eigenvalue. Further, we assume that Theorem 5.1 The blow-up set of a solution u of the

1
jquDl(X)dX =1 degenerate parabolic problem (1) is 1.
0 Proof. From equation (26), there are two positive
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constants ¢, and c, such that
sup u(x,t)<c +02”f(u(§ 7))dé&dr.
(x, I)EQT

Theorem 3.2 impliesthatas t > T,

Trnax 1

j j f(u(&,7))dédr — oo,

On the other hand, there are two positive constant
¢, and c, such that

u(x,t)>c, +c4.t”1‘ f(u(¢, 7))d&dr forany (x,t) e Q; .
(33)

As t »>T_., we obtain that, by (33), u(x,t) >« for
all xel. Furthermore, for x<{0,1}, we can find a
that
Hence, the blow-up set of a solution of a degenerate

parabolic problem (1) is 1.

sequence  {(x,.t,)} such limu(x,,t,) = o.

6 Generalized problem

In this section, we extend our degenerate
parabolic initial-boundary value problem (1) in
more general form by replacing function
coefficients of u, and u , x*andx”, by functions
k(x) and p(x), respectively. We now consider the
following degenerate parabolic initial-boundary
value problem,

k()u, = (p(Qu,), =k(x) f(u), (x,t) € Q;,
u(0,t)=0=u(Lt), te(0,T),
u(x,0) = u,(x), xel,
where k and p are determined. In order to obtain
the same results as a degenerate parabolic problem

(1), we have to assume the following.
(C) kecC(l), k(0)=0 and k is positive on (0,1].

(D) peCi(l),
p' is positive on 1.
As obtaining equation (8) the corresponding
singular eigenvalue problem of (34) is defined by
i[ p(x)%)+/ik(x)¢(x) =0forxel,
dx dx

#(0) =0 = ¢(D).
We notice that it follows from conditions (C) and
(D) that the point x=0 is a singular point of
problem (35). From equation (35), we can rewrite
the corresponding singular eigenvalue problem (35)
in the following equivalent form,

(34)

p(0)=0, pis positive on (0,1] and

(35)
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k(x)

" p'(x)
x¢(x)+>{x ()}é() { 500

$(0) =0=¢(Q).

}¢(x):00n l

36

To ensure the existence of eigenfunctions ¢n( arzd
eigenvalues 4, we need an additional condition on
functions k and p.

x?k (X)
p(x)
x°k(X)
p(x)

(E) The limit of Xp(o;) and

xp'(x)
p(x)

are finite as x

and

converges to 0 and are analytic

at x=0.
We note that theorem 5.7.1 [2] implies that
eigenfunctions ¢, and eigenvalues 4, of a

n

corresponding singular eigenvalue problem (36)
exist. Moreover completeness of eigenfunctions ¢,

of a singular eigenvalue problem (36) results from
the next hypothesis.

(F ﬁH(x,g)Zk(x)k(g)dgdx is finite where H is the

corresponding Green’s function to problem (36).

Well-known properties of eigenfunctions ¢, and

eigenvalues A, are shown in next lemma referred to
[xx].

Lemma 6.1
6.1.1. j k(X)d, ()6, (x)dx :{

6.1.2. All eigenvalues are real and positive.
6.1.3. Eigenfunctions are complete with the weight
function k.
6.14.4 <A, <A <...

1 form=m,
0 form=n.

and lim 4, = oo

n—oo

A forn=m,

6L5jmmmuwxnm={"

0 forn=m.
6.1.6. ForanyneN, ¢, €C”((0,1]).

The Green’s function G corresponding to the
degenerate parabolic initial-boundary value problem
(34) is determined by the following problem: let
X,& bein land t,zin (0,T),
K(X)G, =(P(X)G,), =5(x=&)5(t-7),
G(0,t,&,7)=0=G(Lt,&,7),
G(xt,&,7)=0fort >,

where & is the Dirac delta function. As obtaining
equation (25), the corresponding Green’s function

37)
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of (37) defined by
G LED) =Y 4 (E)h (e » forx T and0<r <t<T.
n=1

The following lemma is due to properties of G
corresponding to problem (34).

Lemma 6.2. Assume that 4, =O(n®) for some s>1
as n— oo.

6.2.1.G is continuous forx,& e | and 0< r<t <T.

6.2.2.G is positive forx,é el and 0 < r<t <T.

As equation (26), the equivalent integral equation to
the extended degenerate parabolic problem (34) is
given by

u(x,1) = [k(&G(x1,£,7)uy(£)d&

+[ k&Gt &) f (u(€,7)ddr.

Next theorem shows the existence of an unique
solution of the extended degenerate parabolic
problem (34) before blow-up occurs

Theorem 6.3 There exists a finite time T, >0such
that the extended degenerate parabolic problem (34)
has a unique continuous solution u on the finite time
interval [0,T,] forany xel.

Proof. The proof of this theorem is similar to that of
theorem 3.3.

Let Tmx be the supremum of all T, such that the
solution u of the extended degenerate parabolic

problem (34) is bounded. The following theorem
says that the solution of the extended problem (34)
blows up in finite time if T ma is finite.

Theorem 6.4 if T is finite, then  sup |u(x,t)| is

(X D)€Qf g
unbounded as t converges to T max.
Proof. The proof of this theorem is similar to that of
theorem 3.4.

Furthermore we give the additional properties of a
solution uof the extended degenerate parabolic
problems (34). that is, positivity and increasing in
tof u. In order to obtain results, we need the
following lemma.

Lemma 6.5 Letvbe a classical solution of the
following problem:
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v, —i( p(x)v, ), = B(x,t)v(x,t) for (x,t) e Q;,
k(x) ”

v(0,t)=0=v(t) fort (0, T),

v(x,0)=u,(x) =0 forxel,
where B(x,t) is a honnegative and bounded function
on Q;. Then v(x,t) >0 for any (x,t) € Q.
Proof. Let n be any positive constant. Let
wW(x,t) = v(x,t) + (1+ x*)e”
where c is some positive constant with

¢ > max p'(x) + max p(x) + max k(x)( r)mu[(0 ]B(x,t).
xel xel xel x,t)elx[0,T

Let us consider

k(w, = (pOYw, ), —k(x)B(x, t)w(x,t)

=k(x)v, —(p(x)v,), —k(X)B(x,t)v(x,t) +cn(l+ x?)e®
—2ne” [xp'(x) + p(x)]—k(X)B(x, t)r (1 + x*)e"

> e e+ x") = 2[xp'(x) + p(9)] - k() B(x, )1+ x)}

> 2n7e” {c—[m@x p'(X) + max p(x)}
xel xel

—maxk(x) max B(xt)
xel

(x,)el=[0,T]
By the definition of c,we have that for any
(x,1) eaT, kO)w, —(p(x)w, ), —k(x)B(x,t)w(x,t) > 0.
We see that w(x,t) >0 for
(x,) € {0,1}x (0, T)UTx{0}. We next would like to
show thatw(x,t) >0 for any (x,t)eQ,. Suppose that
there exists a point (x,t)with w(x,t)<0. We
define the set A by

A = {t such that w(x,t) <0 for some x e I }.
Thus, the set A is non-empty. Let t =inf A Since
w(x,0) = u,(x) +7(L+x*) >0 for xel, we obtain that
t>0. Furthermore, since Ais closed, by the
definition of t, there exists a point x, in 1 such that
w(x,,t) =0, w,(x,,t) <0 and w,(x,,t) = 0.
Moreover, we also get that w_(x,,t)>0 because
w attains its local minimum at the point x,. Then we
have that

0> k(X,)W, (X,,t)

2 k(X)W (%, 1) = P0G )Wy, (%, 1) = P0G W, (%, 1)

K (%) B, WX, )

> 0.
Therefore, we get a contradiction. This shows that
w(x,t)>0 for any (x,t)eQ,. Since 7is arbitrary,
we let 7 — 0" and then we obtain the desired result.

Lemma 6.6 Let u be a continuous solution of the
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extended degenerate parabolic problem (34). Then
u(x,t) > u,(x) and u,(x,t) >0 forany (xt)eQ, .

To ensure that a solution u of the extended
degenerate parabolic problem (34) blows up in finite
time, we give the condition to guarantee the
occurrence for blow-up in finite time. Let ¢ (>0) be

the first eigenfunction of the singular eigenvalue
problem (35) and A (>0) its corresponding

eigenvalue. Moreover we suppose
j[k(x)¢1(x)dx =1

\;Ve construct the function H by
H(t) = jk(x)u(x,t)@(x)dx.

0 f(s)

lim—> _y oo,

S—w S
positive constant z, such that
f(s)—As>0foranys=z,.

Notice that since there exists a

Theorem 6.5 Assume that

]°- ds

— < ©

ZO f(s)—-45s

Then, for any initial function u, with

H(0) = jk(X)UO(X)¢1(X)dX 2 2,

the solution u of the extended degenerate parabolic
problem (34) blows up in finite time.

Proof. By modifying the proof of theorem 4.1, this
theorem is proven.

The last theorem concern the blow-up set of the
extended degenerate parabolic problem (34).

Theorem 6.6 The blow-up set of a solution u of the
extended degenerate parabolic problem (34) is 1.
Proof. The proof of this theorem is similar to that
of theorem 5.1.

7 Conclusion

In this work, we obtain four main results for the
degenerate parabolic problem (1) which are the
theorem 3.3, 3.4, 4.1 and 5.1. The first main result,
the theorem 3.3, says that there is a finite time T
with T >0 such that the degenerate parabolic
problem (1) has a unique solution uon the time
interval [0,T] for any x in I. Theorem 3.3 can be

proven by the Banach fixed point theorem. Let
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T, be the supremum of all T such that the solution

u of the degenerate parabolic problem (1) is
bounded. Theorem 3.4 shows that the solution u of
our degenerate parabolic problem (1) blows up if
T IS finite. In fact, T, may be not finite. This is

the reason why theorem 4.1 is constructed. Theorem
4.1 is the sufficient condition to blow-up in finite
time. The last main result of problem (1), theorem
5.1, indicates that the blow-up set of the degenerate
parabolic problem (1) is 1. We finally extend our
degenerate parabolic problem (1) into the general
form:  k(x)u, —(p(X)u,), =k(x) f (u(x,t)) where k
and pare given functions. Under some conditions,

we also obtain the same results as the previous
problem, that is, theorem 6.3-6.6.
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