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Department of Mathematics
Iuliu Maniu Street 50, 500091 Braşov
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Abstract: In the present paper we introduce the concepts of conformal metrical d-structure and of conformal
metrical N-linear connection with respect to the conformal metrical d-structure, corresponding to an 1-form on
a generalized Hamilton space. We determine the set of all conformal metrical N-linear connections in the case
when the nonlinear connection is arbitrary and we find important examples and particular cases. We find the trans-
formations group of these connections. We study the role of the torsion d-tensor fields T ijk, S

i
jk and S jk

i in this
theory, especially in the determination of the set of all semisymmetric conformal metrical N-linear connections
with respect to the conformal metrical d-structure, corresponding to the same nonlinear connection N. We give the
transformations group of these connections and other two important groups and we find their remarkable invari-
ants. Finally we determine the set of all metrical N-linear connections in the case when the nonlinear connection is
arbitrary, we give important examples and particular cases and for the case when the nonlinear connection is fixed
we find the transformations group of these connections.

Key–Words: second order cotangent bundle, nonlinear connection, N-linear connection, metrical d-structure, con-
formal metrical d-structure, conformal metrical N-linear connection, semisymmetric conformal metrical N-linear
connection, metrical N-linear connection, transformations group, subgroup, invariants.

1 Introduction

The geometry of the cotangent bundle
(T ∗M,π∗,M) has been studied by R.Miron,
S.Watanabe and S.Ykeda in [5], by K.Yano
and S.Ishihara in [14], by R.Miron, D.Hrimiuc,
H.Shimada and S.Sabău in [4], C. Udrişte and O.
Şandru in [12] etc. Contributions in development of
this theory had also:

The differential geometry of the second order
cotangent bundle

(
T ∗2M,π∗

2
,M

)
was introduced

and studied by R. Miron in [2] , R. Miron, D. Hrim-
iuc, H. Shimada, V.S. Sabău in [4], Gh. Atanasiu
and M. Târnoveanu in [1], C. Udrişte, M.Popescu and
P.Popescu in [11], C. Udrişte in [8], [9], C. Udrişte, D.
Opriş in [10], C. Udrişte, I. Tevy in [13], etc.

In the present section we keep the general setting
from R. Miron, D. Hrimiuc, H. Shimada, V.S. Sabău,
[4] and subsequently we recall only some needed no-
tions. For more details see [4] .

Let M be a real n−dimensional manifold and let(
T ∗

2
M,π∗

2
,M

)
be the dual of the 2−tangent bun-

dle, or 2−cotangent bundle. A point u ∈ T ∗2M can
be written in the form u = (x, y, p) , having the local
coordinates

(
xi, yi, pi

)
, (i = 1, 2, ..., n) .

A change of local coordinates on the 3n dimen-
sional manifold T ∗

2
M is

x̄i = x̄i
(
x1, ..., xn

)
,det

(
∂x̄i

∂xj

)
6= 0,

ȳi = ∂x̄i

∂xj
· yj ,

p̄i = ∂xj

∂x̄i
· pj , (i, j = 1, 2, ..., n) .

(1)

We denote by T ∗
2
M = T ∗

2
M \ {0} , where

0 : M −→ T ∗
2
M is the null section of the projection

π∗
2
.
Let us consider the tangent bundle of the dif-

ferentiable manifold T ∗
2
M,

(
TT ∗

2
M, τ∗

2
, T ∗

2
M
)
,

where τ∗
2

is the canonical projection and the ver-
tical distribution V : u ∈ T ∗

2
M −→ V (u) ⊂

TuT
∗2M, locally generated by the vector fields{

∂
∂yi

∣∣∣
u
, ∂
∂pi

∣∣∣
u

}
,∀u ∈ T ∗2M.

The following F
(
T ∗

2
M
)
− linear mapping

J : χ
(
T ∗

2
M
)
−→ χ

(
T ∗2M

)
, defined by:

J
(

∂
∂xi

)
= ∂

∂yi
, J
(
∂
∂yi

)
= 0, J

(
∂
∂pi

)
= 0,

∀u ∈ ˜T ∗2M (2)
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is a tangent structure on T ∗
2
M.

We denote with N a nonlinear connection on
the manifold T ∗

2
M, with the local coefficients(

N j
i (x, y, p) , Nij (x, y, p)

)
, (i, j = 1, 2, ..., n) .

Hence, the tangent space of T ∗
2
M in the point

u ∈ T ∗2M is given by the direct sum of vector spaces:

TuT
∗2M = N (u)⊕W1 (u)⊕W2 (u) ,

∀u ∈ T ∗2M.
(3)

A local adapted basis to the direct decomposition (3)
is given by:

{
δ
δxi
, ∂
∂yi
, ∂
∂pi

}
, (i = 1, 2, ..., n) , (4)

where:

δ
δxi

= ∂
∂xi
−N j

i
∂
∂yj

+Nij
∂
∂pj

. (5)

With respect to the coordinates transformations (1),
we have the rules:

δ
δxi

= ∂x̄j

∂xi
δ
δx̄j

;

∂
∂yi

= ∂x̄j

∂xi
· ∂
∂ȳj

;

∂
∂pi

= ∂xi

∂x̄j
· ∂
∂p̄j

.

(5′)

The dual basis of the adapted basis (4) is given
by: {

δxi, δyi, δpi
}
, (6)

where:

δxi = dxi,

δyi = dyi +N i
jdx

j ,

δpi = dpi −Njidx
j .

(6′)

With respect to (1), the covector fields (6) are
transformed by the rules:

δx̄i = ∂x̄i

∂xj
δxj , δȳi = ∂x̄i

∂xj
δyj , δp̄i = ∂xj

∂x̄i
δpj . (6′′)

LetD be anN−linear connection on T ∗
2
M,with

the local coefficients in the adapted basis: DΓ (N) =(
H i

jk, C
i
jk, Ci

jk
)
.

An N− linear connection D is uniquely repre-

sented, in the adapted basis (4) in the following form:

D δ

δxj

δ
δxi

= Hk
ij

δ
δxk

,

D δ

δxj

∂
∂yi

= Hk
ij

∂
∂yk

,

D δ

δxj

∂
∂pi

= −H i
kj

∂
∂pk

,

D ∂

∂yj

δ
δxi

= Ck ij
δ
δxk

,

D ∂

∂yj

∂
∂yi

= Ck ij
∂
∂yk

,

D ∂

∂yj

∂
∂pi

= −Ci kj ∂
∂pk

,

D ∂
∂pj

δ
δxi

= Ci
kj δ
δxk

,

D ∂
∂pj

∂
∂yi

= Ci
kj ∂
∂yk

,

D ∂
∂pj

∂
∂pi

= −Ck ij ∂
∂pk

.

(7)

An N-linear connection D with the local coeffi-
cients DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

determines the
h−, w1−, w2− covariant derivatives in the tensor al-
gebra of d-tensor fields.

Definition 1 ([1]) An N-linear connection on T ∗
2
M,

is called semisymmetric if:
T ijk = 1

2

(
−δijσk + δikσj

)
,

Sijk = 1
2

(
−δijτk + δikτj

)
,

Si
jk = −1

2

(
−δji vk + δki v

j
)
,

(8)

where σ, τ ∈ χ∗
(
T ∗

2
M
)

and v ∈ χ
(
T ∗

2
M
)
.

2 Conformal metrical N-linear con-
nections in a generalized Hamilton
space

Definition 2 ([4]) A generalized Hamilton space of
order two is a pair GH(2)n =

(
M, gij (x, y, p)

)
,

where:
1◦ gij is a d− tensor field of type (2, 0) , symmet-

ric and nondegenerate on the manifold T ∗
2
M.

2◦ The quadratic form gijXiXj has a constant
signature on T ∗

2
M.

gij is called the fundamental tensor or metric tensor
of the space GH(2)n.

In the case when T ∗
2
M is a paracompact man-

ifold then on T ∗
2
M there exist the metric tensors

gij (x, y, p) positively defined such that
(
M, gij

)
is a

generalized Hamilton space.

Definition 3 ([4]) A generalized Hamilton metric
gij (x, y, p) of order two (on short GH−metric) is

WSEAS TRANSACTIONS on MATHEMATICS Monica A. P. Purcaru, Mirela Tarnoveanu, Laura Ciupala

ISSN: 1109-2769 701 Issue 9, Volume 9, September 2010



called reductible to an Hamilton metric (H−metric)
of order two if there exists a function H (x, y, p) on
T ∗

2
M such that:

gij = 1
2
∂2H
∂pi∂pj

. (9)

The covariant tensor field gij is obtained from the
equations:

gijg
jk = δki . (10)

gij is a symmetric, nondegenerate and covariant of or-
der two, d−tensor field.

Definition 4 ([4]) An N−linear connection D is
called metrical with respect to GH−metric gij if:

gij |k = 0, gij |k = 0, gij |k = 0. (11)

The tensorial equations (11) imply:

gij|k = 0, gij |k = 0, gij |k = 0. (12)

Theorem 5 ([4])1. There exists a unique N−linear

connection
0
D Γ (N) =

(
0

H i
jk,

0

Cijk,
0
Ci

jk

)
having

the properties:
1◦. The nonlinear connection N is a priori

given.

2◦.
0
D Γ (N) is metrical with respect to GH-

metric gij i.e.(12) are verified.

3◦. The torsion tensors
0

T ijk,
0

Sijk, and
0

Si
jk

vanish.
2. The previous connection has the coefficients

0

Cijk and
0

Ci
jk given by

0

Cijk=
1
2g
im
(
∂gmk
∂yj

+
∂gjm
∂yk
− ∂gjk

∂ym

)
,

0

Ci
jk= 1

2gim
(
∂gmk

∂pj
+ ∂gjm

∂pk
− ∂gjk

∂pm

)
,

(13)

and
0

H i
jk are generalized Christoffel symbols:

0

H i
jk=

1
2g
im
(
δgmk
δxj

+
δgjm
δxk
− δgjk

δxm

)
. (14)

The operators of Obata’s type are given by: Ωij
hk = 1

2

(
δihδ

j
k − ghkgij

)
,

Ω∗ijhk = 1
2

(
δihδ

j
k + ghkg

ij
)
.

(15)

The operators of Obata’s type have the same prop-
erties as the one associated with a Finsler space ([3]).

Let S2(T ∗
2
M) be the set of all symmetric d-

tensor fields, of the type (0, 2). As is easily shown,
the relations for aij , bij ∈ S2(T ∗

2
M) defined by:

(aij ∼ bij)⇔ ((∃)λ(x, y, p) ∈ F(T ∗
2
M),

aij(x, y, p) = e2λ(x,y,p)bij(x, y, p), )
(16)

is an equivalence relation on S2(T ∗
2
M).

Definition 6 The equivalent class ĝ of S2(T ∗
2
M)/∼

to which the fundamental d-tensor field gij belongs, is
called conformal metrical d-structure.

Thus:

ĝ = {g′|g′ij(x, y, p) = e2λ(x,y,p)gij(x, y, p),

λ(x, y, p) ∈ F(T ∗
2
M)}.

(17)

Definition 7 An N-linear connection, D, with local
coefficients: DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

, for

which there exists the 1-form ω, ω = ωidx
i + ω̇iδy

i +
ω̈iδpi, such that:{

gij|k = 2ωkgij , gij |k = 2ω̇kgij ,

gij |k = 2ω̈kgij ,
(18)

where k, k and
k

denote the h−, w1− and w2−
covariant derivatives with respect to D is called con-
formal metrical N-linear connection, with respect to
the conformal metrical d-structure ĝ, corresponding
to the 1-form ω and is denoted by: DΓ(N,ω).

Proposition 8 If DΓ(N,ω) =
(
H i

jk, C
i
jk, Ci

jk
)

are the local coefficients of a conformal metrical N-
linear connection in T ∗

2
M , with respect to the con-

formal metrical structure ĝ, corresponding to the 1-
form ω, then:{

gij|k = −2ωkg
ij , gij |k = −2ω̇kg

ij ,

gij |k = −2ω̈kgij .
(19)

Proof. Using the relations (18), by covariant deriva-
tion from (10) we have the results.

Proposition 9 The operators of Obata’s type are co-
variant constant with respect to any conformal metri-
cal N-linear connection, D:{

Ωir
sj|l = 0,Ωir

sj |l = 0,Ωir
sj |l = 0,

Ω∗irsj|l = 0,Ω∗irsj |l = 0,Ω∗irsj |l = 0,
(20)

where l, l and
l

denote the h−, w1− and w2− co-
variant derivatives with respect to D.
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Proof. Using the relations (18) and (19) by covariant
derivation from (15) we have the results.

For any representative g′ ∈ ĝ we have:

Theorem 10 For g′ij = e2λgij , a conformal metri-
cal N-linear connection with respect to the conformal
metrical structure ĝ, corresponding to the 1-form ω,
DΓ(N,ω), satisfies:{

g′ij|k = 2ω′kg
′
ij , g

′
ij |k = 2ω̇′kg

′
ij ,

g′ij |k = 2ω̈′kg′ij ,
(21)

where ω′ = ω + dλ.

Since in Theorem 10 ω′ = 0 is equivalent to ω =
d(−λ), we have:

Theorem 11 A conformal metrical N-linear connec-
tion with respect to ĝ, corresponding to the 1-form
ω, DΓ(N,ω), is metrical with respect to g′ ∈ ĝ, i.e.
g′ij|k = g′ij |k = g′ij |k = 0 if and only if ω is exact.

We shall determine the set of all conformal met-
rical N-linear connections, with respect to ĝ.

Let
0
D Γ(

0
N) =

(
0

H i
jk,

0

Cijk ,
0

Ci
jk

)
be the lo-

cal coefficients of a fixed
0
N - linear connection

0
D

on T ∗
2
M , where (

0

N j
i(x, y, p),

0
N ij(x, y, p)), (i, j =

1, 2, ..., n) are the local coefficients of the nonlinear

connection
0
N .

Then any N-linear connection, D, on T ∗
2
M , with

the local coefficients DΓ(N) =
(
H i

jk, C
i
jk , C

jk
i

)
,

where (N j
i(x, y, p), N ij(x, y, p)), (i, j = 1, 2, ..., n)

are the local coefficients of the nonlinear connection
N , can be expressed in the form ([6]):

N i
j =

0

N i
j −Aij ,

Nij =
0
N ij −Aij ,

H i
jk =

0

H i
jk +Alk

0

Cijl −Akl
0

Cj
il−

−Bi
jk,

Cijk =
0

Cijk −Di
jk,

C jk
i =

0

Ci
jk −D jk

i , (i, j, k = 1, 2, ..., n),

(22)

with

Ak

i
0

|j
= 0, A

ik
0

|j
= 0, (i, j, k = 1, 2, ..., n), (23)

where
0

|k denotes the h-covariant derivative with re-

spect to
0
D and (Aij , Aij , B

i
jk, D

i
jk, D

jk
i ) are the

components of the difference tensor fields of D from
0
D.

Theorem 12 Let
0
D be a given

0
N -linear con-

nection, with local coefficients
0
D Γ(

0
N) =(

0

H i
jk,

0

Cijk ,
0

Ci
jk

)
. The set of all conformal met-

rical N-linear connections with respect to ĝ, cor-
responding to the 1-form ω, with local coefficients
DΓ(N,ω) =

(
H i

jk, C
i
jk , C

jk
i

)
is given by:



N i
j =

0

N i
j −Xi

j , Nij =
0
N ij −Xij ,

H i
jk =

0

H i
jk +X l

k

0

Cijl −Xkl

0

Cj
il+

+1
2g
im(g

mj
0

|k
− 2ωkgmj + gmj

0

|l X l
k−

−gmj
0

|l Xkl) + Ωir
sjX

s
rk,

Cijk =
0

Cijk + 1
2g
im(gmj

0

|k − 2ω̇kgmj)+

+Ωir
sjY

s
rk,

C jk
i =

0

Ci
jk + 1

2g
mj(gmi

0

|k − 2ω̈kgmi)+

+Ωrj
siZ

sk
r , (i, j, k = 1, 2, ..., n),

(24)

with:

Xk

i
0

|j
= 0, X

ik
0

|j
= 0, (i, j, k = 1, 2, ..., n), (25)

where
0

k,

0

k and

0
k

denote the h−, w1− and

w2− covariant derivatives with respect to
0
D,

Xi
j , Xij , X

i
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor

fields, ω = ωidx
i + ω̇iδy

i + ω̈iδpi is an arbitrary
1-form and Ω is the operator of Obata’s type given by
(15).

Proof. Using the relations (18), (22), (5) by extension
of the method given by R.Miron in ([3]) for the case
of Finsler connections we obtain the results.

Particular cases:
1. If Xi

j = Xij = Xi
jk = Y i

jk = Z jk
i = 0, in

Theorem 12 we have:

Theorem 13 Let
0
D be a given

0
N -linear connec-

tion on T ∗
2
M , with local coefficients

0
D Γ(

0
N) =(

0

H i
jk,

0

Cijk ,
0

Ci
jk

)
. Then the following

0
N -linear

conection K, with local coefficients KΓ(
0
N,ω) =
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(
H i

jk, C
i
jk , C

jk
i

)
given by (26) is conformal met-

rical with respect to ĝ, corresponding to the 1-form
ω:

H i
jk =

0

H i
jk + 1

2g
im(g

mj
0

|k
− 2ωkgmj),

Cijk =
0

Cijk + 1
2g
im(gmj

0

|k − 2ω̇kgmj),

C jk
i =

0

Ci
jk + 1

2g
jm(gmi

0

|k − 2ω̈kgmi),
(i, j, k = 1, 2, ..., n),

(26)

where
0

k,

0

k and

0
k

denote the h−, w1− and

w2− covariant derivatives with respect to
0
D, and

ω = ωidx
i + ω̇iδy

i + ω̈iδpi is an arbitrary 1-form.

2. If we take a metrical
0
N -linear connection as

0
D in

Theorem 13, then (26) becomes:
H i

jk =
0

H i
jk − δijωk,

Cijk =
0

Cijk − δijω̇k,

C jk
i =

0

Ci
jk − δji ω̈k(i, j, k = 1, 2, ..., n).

(27)

As an exemple of
0
D we take the N-linear connec-

tion given in Theorem 5.
3.

Theorem 14 The following N-linear connec-
tion W, with local coefficients WΓ(N,ω) =(

w

H i
jk,

w

Cijk ,
w

Ci
jk

)
is a conformal metrical N-

linear connection with respect to ĝ, corresponding to
the 1-form ω:

w

H i
jk = 1

2g
im
(
δgmk
δxj

+
δgjm
δxk
− δgjk

δxm

)
−

−δijωk − 2Ωmi
jk ωm,

w

Cijk = 1
2g
im
(
∂gmk
∂yj

+
∂gjm
∂yk
− ∂gjk

∂ym

)
−

−∂ijω̇k − 2Ωmi
jk ω̇m,

w

Ci
jk = 1

2gim
(
∂gmk

∂pj
+ ∂gjm

∂pk
− ∂gjk

∂pm

)
−

−∂ji ω̈k − 2Ωjk
miω̈

m, (i, j, k = 1, 2, ..., n),

(28)

where ω = ωidx
i + ω̇iδy

i + ω̈iδpi is an arbitrary
1-form.

4. If we take a conformal metrical N-linear connection
with respect to ĝ (e.g. W) as

0
D, in Theorem 12 we

have:

Theorem 15 Let
0
D be a fixed conformal metrical N-

linear connection with respect to ĝ, corresponding

to the 1-form ω with the local coefficients
0
D Γ(

0
N

,ω) =

(
0

H i
jk,

0

Cijk ,
0

Ci
jk

)
. The set of all confor-

mal metrical N-linear connections with respect to ĝ,
corresponding to the 1-form ω, with local coefficients
DΓ(N,ω) =

(
H i

jk, C
i
jk , C

jk
i

)
is given by:

N i
j =

0

N i
j −Xi

j ,

Nij =
0
N ij −Xij ,

H i
jk =

0

H i
jk +

(
0

Cijl + ω̇lδ
i
j

)
X l

k−

−
(

0

Cj
il + ω̇lδij

)
Xkl + Ωir

sjX
s
rk,

Cijk =
0

Cijk + Ωir
sjY

s
rk,

C jk
i =

0

Ci
jk + Ωjr

siZ
sk
r ,

(i, j, k = 1, 2, ..., n),

(29)

with

Xk

i
0

|j
= 0, X

ik
0

|j
= 0, (i, j, k = 1, 2, ..., n), (30)

where
0

k,

0

k and

0
k

denote the h−, w1− and

w2− covariant derivatives with respect to
0
D,

ω = ωidx
i + ω̇iδy

i + ω̈iδpi is an arbitrary 1-form
and Xi

j , Xij , X
i
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor

fields.

5. Finally, if we take Xi
j = Xij = 0 in Theorem 15

we obtain:

Theorem 16 Let
0
D be a fixed conformal metrical

0
N -

linear connection with respect to ĝ, corresponding to

the 1-form ω, with local coefficients
0
D Γ(

0
N,ω) =(

0

H i
jk,

0

Cijk ,
0

Ci
jk

)
. The set of all conformal met-

rical
0
N -linear connections with respect to ĝ, corre-

sponding to the 1-form ω, corresponding to the same

nonlinear connection
0
N , with local coefficients

DΓ(
0
N,ω) =

(
H i

jk, C
i
jk , C

jk
i

)
is given by:

H i
jk =

0

H i
jk + Ωir

sjX
s
rk,

Cijk =
0

Cijk + Ωir
sjY

s
rk,

C jk
i =

0

Ci
jk + Ωjr

siZ
sk
r ,

(i, j, k = 1, 2, ..., n),

(31)
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whereXi
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor fields on

T ∗
2
M and ω = ωidx

i+ ω̇iδy
i+ ω̈iδpi is an arbitrary

1-form.

3 Some special classes of conformal
metrical N-linear connections

We shall try to replace the arbitrary tensor fields
Xi

jk, Y
i
jk and Z jk

i in Theorem 16, by the torsion

tensor fields T ijk, S
i
jk and S jk

i .

We put:



T ∗ijk = 1
2g
im(gmhT

h
jk − gjhT hmk+

+gkhT
h
jm),

S∗ijk = 1
2g
im(gmhS

h
jk − gjhShmk+

+gkhS
h
jm),

S∗ jki = 1
2gim(gmhS jk

h − gjhS mk
h +

+gkhS jm
h ).

(32)

Theorem 17 Let T ijk, S
i
jk and S jk

i be three given
skew symmetric tensor fields of type (1,2), (1,2) and
(2,1) respectively and let ω be a given 1-form in
T ∗

2
M . Then there exists a unique conformal metrical

N-linear connection with respect to ĝ, corresponding
to the 1-form ω, with local coefficients DΓ(N,ω) =(
H i

jk, C
i
jk , C

jk
i

)
, having T ijk, S

i
jk and S jk

i as the
torsion tensor fields. It is given by:

H i
jk =

w

H i
jk + T ∗ijk,

Cijk =
w

Cijk + S∗ijk,

C jk
i =

w

Ci
jk + S∗ jki

(33)

where WΓ(N,ω) =

(
w

H i
jk,

w

Cijk ,
w

Ci
jk

)
are the lo-

cal coefficients of conformal metrical N-linear con-
nection with respect to ĝ, corresponding to the 1-form
ω, given in (28).

Remark 18 The conformal metrical N-linear con-
nection with respect to ĝ, W, corresponding to the
1-form ω, with local coefficients WΓ(N,ω) =(

w

H i
jk,

w

Cijk ,
w

Ci
jk

)
given in (28) is considered as

the semisymmetric conformal metrical N-linear con-
nection with the vanishing h−, w1− and w2− torsion
vector fields.

Using the Definition 1, the relations (32) become:
T ∗ijk = 2Ωri

jkσr,

S∗ijk = 2Ωri
jkτr,

S∗ jki = 2Ωjk
ri v

r.

(34)

Using the Theorem 17 and the relations (34) we
have:

Theorem 19 The set of all semisymmetric conformal
metrical N-linear connections with respect to ĝ, cor-
responding to the 1-form ω with local coefficients
DΓ(N,ω, σ) =

(
H i

jk, C
i
jk , Ci

jk
)

is given by:

H i
jk =

w

H i
jk + 2Ωri

jkσr,

Cijk =
w

Cijk + 2Ωri
jkτr,

C jk
i =

w

Ci
jk + 2Ωjk

ri v
r,

(i, j, k = 1, 2, ..., n),

(35)

where WΓ(N,ω) =

(
w

H i
jk,

w

Cijk ,
w

Ci
jk

)
are the lo-

cal coefficients of the semisymmetric conformal met-
rical N-linear connection, W, given in (28) and σ =
σidx

i + τiδy
i + viδpi is an arbitrary 1-form.

4 The group of transformations of
conformal metrical N-linear con-
nections

We study the transformations DΓ(N,ω) →
D̄Γ(N̄ , ω′) of the conformal metrical N-linear con-
nections with respect to ĝ.

If we replace
0
D Γ(

0
N) and DΓ(N,ω) in Theo-

rem 12, by DΓ(N,ω) and D̄Γ(N̄ , ω′), respectively,
two conformal metrical N- and respectively N̄ -linear
connections with respect to ĝ, we obtain:

Theorem 20 Two conformal metrical N- and
respectively N̄ - linear connections with re-
spect to ĝ: D and D̄, with local coeffi-
cients DΓ(N,ω) =

(
H i

jk, C
i
jk , Ci

jk
)

and

D̄Γ(N̄ , ω′) =
(
H̄ i

jk, C̄
i
jk , C̄

jk
i

)
respectively, are

related as follows:

N̄ i
j = N i

j −Xi
j ,

N̄ij = Nij −Xij ,
H̄ i

jk = H i
jk +X l

kC
i
jl −XklC

il
j −

−δijp′k + δijω̇lX
l
k − δijω̈lXkl + Ωir

sjX
s
rk,

C̄ijk = Cijk − δ
j
i ṗ
′
k + Ωir

sjY
s
rk,

C̄ jk
i = C jk

i − δ
j
i p̈
′k + Ωjr

siZ
sk
r ,

(i, j, k = 1, 2, ..., n),

(36)
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with:

Xk
i|j = 0, Xik|j = 0, (i, j, k = 1, 2, ..., n), (37)

where p′ = ω′ − ω, ω = ωidx
i + ω̇iδy

i + ω̈iδpi and
ω′ = ω′idx

i + ω̇′iδy
i + ω̈′iδpi are two 1-forms, ”k”

denote the h-covariant derivative with respect to D
and Xi

j , Xij , X
i
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor

fields.

Proof. Using in (24) the relations (18), by direct
calculation we have the results.

Conversely, given the d-tensor fields
Xi

j , Xij , Xi
jk, Y

i
jk, Z

jk
i and one given 1-form

p′ = p′idx
i + ṗ′iδy

i + p̈′iδpi the above (36) is thought
to be a transformation of a conformal metrical N-
linear connection DΓ(N,ω) to a conformal metrical
N̄ -linear connection D̄Γ(N̄ , ω′)=D̄Γ(N̄ , ω + p′).

We shall denote this transformation by
t(Xi

j , Xij , X
i
jk, Y

i
jk, Z

jk
i , p′).

Thus we have:

Theorem 21 The set C of all transformations
t(Xi

j , Xij , X
i
jk, Y

i
jk, Z

jk
i , p′) given by (36) and

(37) is a transformations group of the set of
all conformal metrical N-linear connections with
respect to ĝ, together with the mapping prod-
uct: t(X ′ij , X

′
ij , X

′i
jk, Y

′i
jk, Z

′ jk
i , p′′)◦ t(Xi

j , Xij ,

Xi
jk, Y

i
jk, Z

jk
i , p′)= t(Xi

j +X ′ij , Xij +X ′ij , X
i
jk+

X ′ijk, Y
i
jk + Y ′ijk, Z

jk
i + Z ′ jki , p′ + p′′).

5 The group of transformations of
semisymmetric conformal metrical
N-linear connections

We inquire about a subgroup of the group of
transformations of conformal metrical n-linear con-
nection: about the subgroup of transformations of the
semisymmetric comformal metrical N-linear connec-
tions, corresponding to the same nonlinear connection
N.

Let N be a given nonlinear connection. Then
any semisymmetric conformal metrical N-linear con-
nection, with local coefficients D̄Γ(N,ω′, σ′) =(
H̄ i

jk, C̄
i
jk , C̄

jk
i

)
with respect to ĝ is given by (33)

with (34).

Theorem 22 Two semisymmetric conformal metrical
N-linear connections with respect to ĝ, with local co-
efficients DΓ(N,ω, σ) =

(
H i

jk, C
i
jk , Ci

jk
)

and

D̄Γ(N̄ , ω′, σ′) =
(
H̄ i

jk, C̄
i
jk , C̄

jk
i

)
respectively,

are related as follows:
H̄ i

jk = H i
jk − δijp′k + 2Ωri

jkqr,

C̄ijk = Cijk − δ
j
i ṗ
′
k + 2Ωri

jkq̇r,

C̄ jk
i = C jk

i − δ
j
i p̈
′k + 2Ωri

jkq̈
r,

(i, j, k = 1, 2, ..., n),

(38)

where p′ = ω′ − ω, q = σ′ − σ − p′, p′ =
p′idx

i + ṗiδy
i + p̈iδpi and q = qidx

i + q̇iδy
i + q̈iδpi.

Proof. Using in (35) the relations (28) by direct
calculation we have the results.

Conversely, given 1-forms p’ and q in
T ∗

2
M , the above (38) is thought to be a trans-

formation of a semisymmetric conformal met-
rical N-linear connection D, with local coef-
ficients DΓ(N,ω, σ) =

(
H i

jk, C
i
jk , Ci

jk
)

,
to a semisymmetric conformal metrical N-
linear connection D̄, with local coefficients
D̄Γ(N,ω + p′, σ + p′ + q) =

(
H̄ i

jk, C̄
i
jk , C̄

jk
i

)
.

We shall denote this transformation by t(p′, q).

Thus we have:

Theorem 23 The set CsN of all transformations
t(p′, q) given by (38) is a transformations group of the
set of all semisymmetric conformal metrical N-linear
connections with respect to ĝ , having the same non-
linear connection N, together with the mapping prod-
uct: t(p′, q) ◦ t(p′′, q′) = t(p′ + p′′, q + q′).

This group, CsN , is an Abelian subgroup of C and
acts on the set of all semisymmetric conformal metri-
cal N-linear connections, having the same nonlinear
connection N, transitively.

The transformation t(p′, q) : DΓ(N,ω, σ) →
D̄Γ(N,ω + p′, σ + p′ + q) given by (38) is expressed
by the product of the following two transformations:

H̄ i
jk = H i

jk − δijp′k,
C̄ijk = Cijk − δij ṗ′k,
C̄ jk
i = C jk

i − δ
j
i p̈
′k,

(i, j, k = 1, 2, ..., n),

(39)


H̄ i

jk = H i
jk + 2Ωri

jkqr,

C̄ijk = Cijk + 2Ωri
jkq̇r,

C̄ jk
i = C jk

i + 2Ωjk
ri q̈

r,
(i, j, k = 1, 2, ..., n),

(40)

Definition 24 The transformation t : DΓ(N) →
D̄Γ(N), of N-linear connection on T ∗

2
M , defined by
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(39) is called co-parallel transformation, where p′ is
a given 1-form.

Theorem 25 The set CpN of all co-parallel transfor-
mations, t, given by (39) is an Abelian group together
with the mapping product.

Definition 26 The transformation t : DΓ(N) →
D̄Γ(N), of N-linear connections, given by (40) is
called Miron transformation (as the name given by
M.Hashiguchi ([3]) for Finsler spaces).

Theorem 27 The set CmN of all Miron transforma-
tions, t, given by (40) is a transformations group, to-
gether with the mapping product.

Theorem 28 The group CsN , of all transformations
t(p′, q) given by (38) is the direct product of the group
CpN , of all co-paralel transformations and the group
CmN , of all Miron transformations.

It is noted that the invariants of the group CsN , will
be the invariants of each of these subgroups and recip-
rocally.

It is directly shown that by a co-parallel transfor-
mation (39) the curvature tensor fields R i

h jk, P i
h jk

and S ijk
h are transformed as follows:

R̄ i
h jk = R i

h jk − δihp′jk,
P̄ i
h jk = P i

h jk − δihṗ′jk,
S̄ ijk
h = S ijk

h − δihp̈′jk,
(41)

where p′jk, ṗ
′
jk and p̈′jk are the components of dp′, ex-

pressed with respect to D.
Eliminating p′jk, ṗ

′
jk and p̈′jk from (41) we have:

R̄∗ ih jk = R∗ ih jk, P̄
∗ i
h jk = P ∗ ih jk,

S̄∗ ijkh = S∗ ijkh ,
(42)

where: 
R∗ ih jk = R i

h jk −
1
nδ

i
hR

s
s jk,

P ∗ ih jk = P i
h jk −

1
nδ

i
hP

s
s jk,

S∗ ijkh = S ijk
h − 1

nδ
i
hS

sjk
s .

(43)

Thus we have:

Theorem 29 The tensor fields R∗ ih jk, P
∗ i
h jk and

S∗ ijkh , given by (43) are invariants of the group CpN .

Also we obtain:

Theorem 30 The tensor field C∗ jki , given by (44) is
an invariant of the group CpN .

C∗ jki = C jk
i − 1

nδ
j
iC

sk
s . (44)

In our previous paper [Bull Math Buc], starting from
the tensor fields:

K i
h jk = R i

h jk − CihmRm(1)jk−
−C im

h R(2)mjk,

P i
h jk = P i

h jk − Cihm
∂Nm

j

∂yk
−

−C im
h

∂Njm
∂pk

,

(45)

we obtained the following important invariants of the
group of semisymmetric metrical N-linear connec-
tions, having the same nonlinear connection N,

ms
T N ,

for n > 2:

H i
h jk = K i

h jk + 2
n−2Ajk{Ω

ir
jh(Krk−

− grkK
2(n−1))},

N i
h jk = P i

h jk + 2
n−2Ajk{Ω

ir
jh(Prk−

− grkP
2(n−1))},

M i
h jk = S i

h jk + 2
n−2Ajk{Ω

ir
jh(Srk−

− grkS
2(n−1))},

M ijk
h = S ijk

h + 2
n−2Ajk{Ω

ij
rh(Srk−

− grjS′

2(n−1))},

(46)

where:
Khj = K i

h ji,K = ghjKhj ,Phj = P i
h ji,

P = ghjPhj ,Shj = S i
h ji,S = ghjShj ,

Sij = S ijm
m ,S ′ = gijSij ,

(47)

If we replace these K i
h jk,P i

h jk, S
k
h ji and S ijk

h

by the tensor fields K∗ ih jk,P∗ ih jk,S∗ ih jk and S ′∗ ijkh
respectively, defined by:


K∗ ih jk = K i

h jk −
1
nδ

i
hK m

m jk,

P∗ ih jk = P i
h jk −

1
nδ

i
hP m

m jk,

S∗ ih jk = S i
h jk −

1
nδ

i
hS

m
m jk,

S ′∗ ijkh = S ijk
h − 1

nδ
i
hS

mjk
m ,

(48)

we can obtain the invariants of the group of trans-
formations of semisymmetric conformal metrical N-
linear connections, having the same nonlinear connec-
tion N, CsN :

Theorem 31 For n > 2 the following tensor fields
H∗ ih jk, N

∗ i
h jk,M

∗ i
h jk and M ′∗ ijkh are invariants of

the group CsN , of transformations of semisymmetric
conformal metrical N-linear connections, having the
same nonlinear connection N:
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H∗ ih jk = K∗ ih jk + 2
n−2Ajk{Ω

ir
jh(K∗rk−

− grkK∗
2(n−1))},

N∗ ih jk = P∗ ih jk + 2
n−2Ajk{Ω

ir
jh(P∗rk−

− grkP∗
2(n−1))},

M∗ ih jk = S∗ ih jk + 2
n−2Ajk{Ω

ir
jh(S∗rk−

− grkS∗
2(n−1))},

M ′∗ ijkh = S ′∗ ijkh + 2
n−2Ajk{Ω

ij
rh

(S ′∗rk − grkS′∗
2(n−1))},

(49)

where:


K∗hj = K∗ ih ji,K∗ = ghjK∗hj ,
P∗hj = P∗ ih ji,P∗ = ghjP∗hj ,
S∗hj = S∗ ih ji,S∗ = ghjS∗hj ,
S ′∗ij = S ′∗ ijmm ,S ′∗ = gijS

′∗ij .

(50)

Finally we give another invariant of the group CsN :

Theorem 32 The following tensor field is an invari-
ant of the group CsN :

C∗ jki − 2
n−1Ωkj

irC
∗ rm
m ,

(i, j, k = 1, 2, ..., n),
(51)

where C∗ jki is given by (44).

6 Metrical N-linear connections in a
generalized Hamilton space

We shall determine the set of all metrical N-linear
connections in the case when the nonlinear connection
N is arbitrary.

Theorem 33 Let
0
D be given

0
N -linear connection on

T ∗
2
M , with local coefficients

0
D Γ(

0
N) =

= (
0

H i
jk,

0

Cijk ,
0

Ci
jk), where the local

coefficients of the nonlinear connection
0
N are:

(N j
i(x, y, p), N ij(x, y, p)), (i, j = 1, 2, ..., n).

The set of all metrical N-linear connections with
respect to gij , with local coefficients DΓ(N) =(
H i

jk, C
i
jk , C

jk
i

)
is given by:



N i
j =

0

N i
j −Xi

j ,

Nij =
0
N ij −Xij ,

H i
jk =

0

H i
jk +X l

k

0

Cijl −Xkl

0

Cj
il+

+1
2g
im(g

mj
0

|k
+ gmj

0

|l X l
k−

−gmj
0

|l Xkl) + Ωir
sjX

s
rk,

Cijk =
0

Cijk + 1
2g
imgmj

0

|k + Ωir
sjY

s
rk,

C jk
i =

0

Ci
jk + 1

2g
mjgmi

0

|k + Ωrj
siZ

sk
r ,

(i, j, k = 1, 2, ..., n),

(52)

with:

Xk

i
0

|j
= 0, X

ik
0

|j
= 0, (i, j = 1, 2, ..., n), (53)

where
0

k,

0

k and

0
k

denote the h−, w1− and

w2− covariant derivatives with respect to
0
D,

Xi
j , Xij , X

i
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor

fields and Ω is the operator of Obata’s type given by
(15).

Proof. Using the relations (12), (22), (5) by exten-
sion of the method given by R.Miron in ([3]) for the
case of Finsler connections, we can deduce the results.

Particular cases:

1. If Xi
j = Xij = Xi

jk = Y i
jk = Z jk

i = 0, in
Theorem 33 we have:

Theorem 34 Let
0
D be a given

0
N -linear connec-

tion on T ∗
2
M , with local coefficients

0
D Γ(

0
N) =(

0

H i
jk,

0

Cijk ,
0

Ci
jk

)
. Then the following N-linear

connection D̃, with local coefficients D̃Γ(
0
N) =(

H̃ i
jk, C̃

i
jk , C̃

jk
i

)
given by (54) is metrical:



N i
j =

0

N i
j ,

Nij =
0
N ij ,

H̃ i
jk =

0

H i
jk + 1

2g
img

mj
0

|k
,

C̃ijk =
0

Cijk + 1
2g
imgmj

0

|k,

C̃ jk
i =

0

Ci
jk + 1

2g
mjgmi

0

|k ,
(i, j, k = 1, 2, ..., n),

(54)
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where
0

k,

0

k and
0
k

denote the h−, w1− and w2−
covariant derivatives with respect to

0
D.

2. If we take a metrical
0
N -linear connection as

0
D in

Theorem 33 we obtain:

Theorem 35 The set of all metrical N-
linear connections with local coefficients
DΓ(N) =

(
H i

jk, C
i
jk , C

jk
i

)
is given by:

N i
j =

0

N i
j −Xi

j ,

Nij =
0
N ij −Xij ,

H i
jk =

0

H i
jk +X l

k

0

Cijl−

−Xkl

0

Cj
il + Ωir

sjX
s
rk,

Cijk =
0

Cijk + Ωir
sjY

s
rk,

C jk
i =

0

Ci
jk + Ωrj

siZ
sk
r ,

(i, j, k = 1, 2, ..., n)

(55)

with:

Xk

i
0

|j
= 0, X

ik
0

|j
= 0, (i, j, k = 1, 2, ..., n), (56)

where
0

k,

0

k and
0
k

denote the h−, w1− and

w2− covariant derivatives with respect to
0
D,

Xi
j , Xij , X

i
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor fields

and Ω is the operator of Obata’s type given by (15).

3. If in Theorem 35 we consider Xi
jk = Xij = 0

we obtain the set of all metrical
o
N -linear connections

having the same nonlinear connection
0
N , given by

R.Miron, D.Hrimiuc, H.Shimada and V.S. Sabău in
their book ([4], Theorem 2.3, p.290).

7 The group of transformations of
metrical N-linear connections

Let N be a given nonlinear connection. Then
any metrical N-linear connection corresponding to the
same nonlinear connection N has the local coefficients
D̄Γ(N) =

(
H̄ i

jk, C̄
i
jk , C̄

jk
i

)
. given by:


H̄ i

jk = H i
jk + Ωir

sjX
s
rk,

C̄ijk = Cijk + Ωir
sjY

s
rk,

C̄ jk
i = C jk

i + Ωrj
siZ

r
sk,

(i, j, k = 1, 2, ..., n),

(57)

where Xi
jk, Y

i
jk, Z

jk
i are arbitrary d-tensor fields,

Ω is the operator of Obata’s type given by (15)
and DΓ(N) =

(
H i

jk, C
i
jk , Ci

jk
)

are the local
coefficients of a metrical N-linear connection D.

Conversely, given the tensor fields
Xi

jk,Y
i
jk, Z

jk
i the above (57) is thought to be

a transformation of a metrical N-linear connection
DΓ(N) to a metrical N-linear connection D̄Γ(N).

We shall denote this transformation by
t(Xi

jk,Y
i
jk, Z

jk
i ).

Thus we have:

Theorem 36 The set
m
T N of all transformations

t(Xi
jk,Y

i
jk, Z

jk
i ) given by (57), together with

the mapping product: t(X ′ijk,Y
′i
jk, Z

′ jk
i )◦t(Xi

jk,

Y i
jk,Z

jk
i ) = t(Xi

jk + X ′ijk, Y
i
jk + Y ′ijk, Z

jk
i +

Z ′ jki ) is a transformations group of the set of all met-
rical N-linear connections, having the same nonlinear
connection N.

References:

[1] Gh. Atanasiu and M. Târnoveanu, New Aspects
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ştiinţifice, Bucureşti, Acad. R.S.Romania, Seria
IV,IX, I (1986), 25-46.

[6] M. Purcaru and M. Târnoveanu, On Transforma-
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Semisymmetric N-Linear Connections on a
Generalized Hamilton Space, Bull. Math. Soc.
Sci. Math. Roum (to appear).
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