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Abstract: In the present paper we introduce the concepts of conformal metrical d-structure and of conformal
metrical N-linear connection with respect to the conformal metrical d-structure, corresponding to an 1-form on
a generalized Hamilton space. We determine the set of all conformal metrical N-linear connections in the case
when the nonlinear connection is arbitrary and we find important examples and particular cases. We find the trans-
formations group of these connections. We study the role of the torsion d-tensor fields Tij > S"j , and S/ ¥ in this
theory, especially in the determination of the set of all semisymmetric conformal metrical N-linear connections
with respect to the conformal metrical d-structure, corresponding to the same nonlinear connection N. We give the
transformations group of these connections and other two important groups and we find their remarkable invari-
ants. Finally we determine the set of all metrical N-linear connections in the case when the nonlinear connection is
arbitrary, we give important examples and particular cases and for the case when the nonlinear connection is fixed
we find the transformations group of these connections.
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1 Introduction A change of local coordinates on the 3n dimen-

sional manifold T*° M is
The geometry of the cotangent bundle

(T*M,7*, M) has been studied by R.Miron, =2z («!, ..., 2") , det (%) # 0,
S.Watanabe and S.Ykeda in [5], by K.Yano

and S.Ishihara in [14], by R.Miron, D.Hrimiuc, gi _ oz, yj (1)
H.Shimada and S.Sabdu in [4], C. Udriste and O. Oz? ’

Sandru in [12] etc. Contributions in development of _ P o

this theory had also: i = gz Py (1,7 = 1,2,...,m)

The differential geometr;; of the second order We denote by T M = T M \ {0}, where
cotangent bundle (T*ZM ;T M ) was  introduced 0: M — T** M is the null section of the projection
and studied by R. Miron in [2] , R. Miron, D. Hrim- —
iuc, H. SAhimada, VS Sabdu in.[4], Gh. Atanasiu Let us consider the tangent bundle of the dif-
and M. Tar.noveanu in [1]., C..Udr1§te, M.Popespu and ferentiable manifold T M, (TT*2 M, 2 : T2 M) ’
P.Popescu in [11], C. Udriste in [8], [9], C. Udriste, D. )

Opris in [10], C. Udriste, I. Tevy in [13], etc. where 7" is the canonical pronection and the ver-

In the present section we keep the general setting tical giistribution ViuwueTT"M — V(u C
from R. Miron, D. Hrimiuc, H. Shimada, V.S. Sabiu, T, T* M, locally generated by the vector fields
[4] and subsequently we recall only some needed no- { % , % } Y € T M.
tions. For more details see [4] . Vilu " Pily ) 22 ) )

Let M be a real n—dimensional manifold and let The following /- (T M) — linear mapping
(T*QM, ™, M) be the dual of the 2—tangent bun- J:x (T*ZM) — x (T*2M) , defined by:
dle, or 2—cotangent bundle. A point u € T** M can J( 5 ) ) J( P ) _0.J (i) _0
be written in the form u = (z,y, p) , having the local oa7) — oy Y \oy) T o) T ()
coordinates (z*,y",p;), (i = 1,2,...,n). Yu e T M
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. 2
is a tangent structure on 7% M.

We denote W%th N a nonlinear connection on
the manifold 7% M, with the local coefficients

(N] 7 (:Bayap) aN’Lj (m,y,p)) ) (27] = la 2a ceey TL) .
Hence, the tangent space of T** M in the point
we T Mis given by the direct sum of vector spaces:

T, T* M = N (u) & W, (u) & Wa (u), 3
Vu € T M.

A local adapted basis to the direct decomposition (3)
is given by:

) g 0 -
{51’“83}“8}72‘}’(1’_ 1a2a"';n)a (4)
where:
5§ _ 0 j 0 .0
szt T Ozt - N7 L Qyd +NU@' (5)

With respect to the coordinates transformations (1),
we have the rules:

5 _ 0% 5 .

dxt Ozt 6T

9 _ 0% 0 . /
Byt oxl  Bgi’ (5)
o _ dw’ .0

Op; ~ 0z O0p;°

The dual basis of the adapted basis (4) is given
by:

{5aji, 5y, opi}, (6)
where:
Sxt = dxt,
Sy’ = dy' + N jda?, (6")

(5p2' = dpi — Njidl"j.

With respect to (1), the covector fields (6) are
transformed by the rules:

ozt = 9507 5y = D gyd, 5y = %gp;. (6")

= OxJ — ozt

Let D be an N —linear connection on 7** M , with
the local coefficients in the adapted basis: DI" (N) =
(Hijka C'jr, Cy jk) :

An N— linear connection D is uniquely repre-
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sented, in the adapted basis (4) in the following form:

6 k )
D 5o = H" ij5r,
o gk 0
D _ .0
= Jot)
Y — 1 .Y
Dﬁ op; H ki opy
5 _ ik )
D o 55 =0C% 57,
Ty k.. 8
D k.. O
%@z i 9y (7)
o _ i
D% opi C* ki Opy?
6 v kj o
D% ozt & dxk?
9 _ 1. kj O
D% oyt Ci oyF
9 _ _ v ij 9
D% Ipi Ck Opg

An N-linear connection D with the local coeffi-
cients DT (N) = (H"jk, Cl, C; jk) determines the
h—, wy—,wo— covariant derivatives in the tensor al-
gebra of d-tensor fields.

Definition 1 ([1]) An N-linear connection on T*" M,
is called semisymmetric if:

Tijk = 1 (—(5;-0% + 5,iaj) s

2
Siik=13 (—5;'719’ + 51%':7]') g ®)
S7% = & (~6luh + ki),

where o, 7 € x* (T*2M> andv € x (T*QM) .

2 Conformal metrical N-linear con-
nections in a generalized Hamilton
space

Definition 2 ([4]) A generalized Hamilton space of
order two is a pair GH®" = (M, g7 (x,y,p)),
where:

1° g¥ is a d— tensor field of type (2,0) , symmet-
ric and nondegenerate on the manifold T M.

2° The quadratic form g% XX, has a constant

. 2
signature on T M.

g% is called the fundamental tensor or metric tensor
of the space GH )",

In the case when 7% M is a paracompact man-
ifold then on T*“M there exist the metric tensors
g" (x,y, p) positively defined such that (M, g¥/) is a
generalized Hamilton space.

Definition 3 ([4]) A generalized Hamilton metric
9" (x,y,p) of order two (on short GH —metric) is

Issue 9, Volume 9, September 2010



WSEAS TRANSACTIONS on MATHEMATICS

called reductible to an Hamilton metric (H—metric)
of order two if there exists a function H (x,y,p) on
T** M such that:

9*H
OpiOp; ©)

g7 =

N[ =

The covariant tensor field g;; is obtained from the
equations:
9ij97% = oF. (10)

gij 1s a symmetric, nondegenerate and covariant of or-
der two, d—tensor field.

Definition 4 ([4]) An N—linear connection D is
called metrical with respect to GH —metric g" if:

99, =0, g7y =0, gk =0. (11)

The tensorial equations (11) imply:
9ijle = 0, il =0, gij|* = 0. (12)

Theorem 5 ([4])1. There exists a unique N —linear
0 o 0 o .
connection D T' (N) = <Hljk,C”jk,Ci Jk) having

the properties:
1°. The nonlinear connection N is a priori
given.

0
2°. D I'(N) is metrical with respect to GH-
metric g* i.e.(12) are verified.
0 0 0
3°. The torsion tensors T" i, S" i, and Sk
vanish.

2. The previous connection has the coefficients
0 0
C*;1, and Ci7* given by

0

A ) 09 0gjm 99k
Gumtom (g + 32 -38).
Ojk 1 dgmk | dgim 98¢’k
Ci = 309im ( op; opn 8pm) )
0.
and H" jj, are generalized Christoffel symbols:
Hige= 3o (et + 80 - 5) . 09
The operators of Obata’s type are given by:
Uik = 3 (525i - ghkgij> ; (15)
Oy =3 (5%% + ghkg”) :

The operators of Obata’s type have the same prop-
erties as the one associated with a Finsler space ([3]).
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Let So(T**M) be the set of all symmetric d-
tensor fields, of the type (0,2). As is easily shown,

the relations for a;;, b;; € So (T*2M ) defined by:

(ai; ~ bij) & (D)@, y.p) € F(T* M),

16
aij(wayvp) = 62)\(x7y’p)bij(x7yap)7) ( )

is an equivalence relation on Sy(T*° M).

Definition 6 The equivalent class § of So(T* M )/~
to which the fundamental d-tensor field g;; belongs, is
called conformal metrical d-structure.

Thus:

9 =1995(x,y.p) = e2A@YP) g, (2, y,p), an
Mz, y,p) € F(T™ M)}

Definition 7 An N-linear connection, D, with local
coefficients: DI (N) = (Hijk, Cijk, C; jk), for
which there exists the 1-form w, w = widaz® + Wbyt +
w"dp;, such that:

Gijlk = 2WkGijs Gijlk = 2WkGij,
Ik ok (18)
gz]| =2w 9ij5

where |, lk and |k denote the h—, wi— and wo—
covariant derivatives with respect to D is called con-
formal metrical N-linear connection, with respect to
the conformal metrical d-structure §, corresponding
to the I-form w and is denoted by: DT'(N,w).

Proposition 8 If DI'(N,w) = (Hijk,Cijk,CZ- jk)
are the local coefficients of a conformal metrical N-
linear connection in T*" M , with respect to the con-
formal metrical structure §, corresponding to the I-
form w, then:

{ 9 = ~2wng", g7k = —2ng”, g,

Proof. Using the relations (18), by covariant deriva-
tion from (10) we have the results.

Proposition 9 The operators of Obata’s type are co-
variant constant with respect to any conformal metri-
cal N-linear connection, D:

QFir — 0, Q*Sivj’l — 0’ QFir I _ 07 (20)

sjll ] 83

{ 2 = 0,951 = 0,951 =0,

[
where |, ll andl denote the h—, wi1— and wy— co-
variant derivatives with respect to D.
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Proof. Using the relations (18) and (19) by covariant
derivation from (15) we have the results.

For any representative ¢’ € § we have:

Theorem 10 For ggj = e”‘gij, a conformal metri-
cal N-linear connection with respect to the conformal
metrical structure §, corresponding to the 1-form w,
DT'(N,w), satisfies:

{ Tigie = 2904905 Gl = 205,945, e
1k — otk

9ij W G55

where W' = w + d.

Since in Theorem 10 w’ = 0 is equivalent to w =
d(—A\), we have:

Theorem 11 A conformal metrical N-linear connec-
tion with respect to §, corresponding to the I-form
w, DT'(N,w), is metrical with respect to g' € g, i.e.
g;j|k = gk = g;j\k = 0 if and only if w is exact.

We shall determine the set of all conformal met-

rical N-linear connections, with respect to g.
0 0 o0 0
Let D T'(N) = (H’jk,Cij ,Cijk> be the lo-

0 0
cal coefficients of a fixed N- linear connection D

0. 0
on T** M, where (N7,(x,y,p), Nij(z,y,p)), (i,§ =
1,2,...,n) are the local coefficients of the nonlinear

0
connection N. ,
Then any N-linear connection, D, on T* M, with

the local coefficients DI'(N) = (Hijk,Cijk ,Cijk),
where (Nji(za yvp)a N’L'j(xa yap))» (Za] =1,2,.., ’I’L)
are the local coefficients of the nonlinear connection
N, can be expressed in the form ([6]):

T 7. 7
Nij = Nij = Aij,
Hljk = sz‘k + AlkCljl — AlejZ —

(22)
~By,
Chy = Clyp — D'y,
Ci]k = Ci]k - Dijk7 (ia.ja k= 1727 "'7”)7
with
Ako = 0) A 0o = 0) (l,],k = 172"”771/)’ (23)
ilj ik|j

0
where |, denotes the h-covariant derivative with re-

0 . . . ,
spect to D and (A%, Ay, By, ij,Dijk) are the
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components of the difference tensor fields of D from
0
D.

0 0
Theorem 12 Let D be a given N -linear con-

0 0
nection, with local coefficients D T'(N) =
0 0 0
H' ., C e ,Cﬂk . The set of all conformal met-

rical N-linear connections with respect to §, cor-
responding to the I-form w, with local coefficients

DI'(N,w) = (Hijk, Clj ,Cijk) is given by:

. 0. ) 0
NZJ = sz *XZj,NZ'j == Nij *Xij,
0

0 0
Hy, = H'j + X305 — X Cj'+

A 0
+%91m(9 0 — 2WkGmj + Gmj l; Xlk*

mj|k
0
—gmj |' Xr) + QUX5, (24)
. 0 ) 0
Cli = Cli + 59" (g1, — 20k9my)+
HUY,
” 0, ) 0
C/" = Ci* + 5™ (gl ¥ — 2055 gimi)+
+Q£gZTSk7 (i’j’ k; = 17 27 "'7”)7
with:
Xk 0o = 0, X o = 0, (i,j,k = 1,2, ...,n), (25)
il ik|j
0 0 Ok
where |y, lk and | denote the h—, wi— and
0
wo— covariant derivqtives with respect to D,
Xij,Xij,Xijk, Yijk, Zijk are arbitrary d-tensor

fields, w = widx® + @0y’ + O'p; is an arbitrary
1-form and ) is the operator of Obata’s type given by
(15).

Proof. Using the relations (18), (22), (5) by extension
of the method given by R.Miron in ([3]) for the case
of Finsler connections we obtain the results.

Particular cases: ‘ ‘
1. IfXZj = X;; = X"jk = Yljk =
Theorem 12 we have:

z7% =0, in

0 0
Theorem 13 Let D be a given N -linear connec-

0 0
tion on T* M, with local coefficients D I'(N) =
o0 0 0
<szk,C'ij ,Cijk> . Then the following N-linear

0
conection K, with local coefficients KI'(N,w) =
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(Hijk, Cijk ,C’ijk) given by (26) is conformal met-
rical with respect to g, corresponding to the I-form
w:

0
szk = Hljk + %gzm(g .Tk — kagmj),
m,
) 0 1 ]0
Clip = Clik + 59" (gmjl, — 20kgm;),  (26)
0 0
CP" = C% + 547 (gmi* — 26K gmi),
(i,j,k=1,2,...,n),
0
0 k
where |y, lk and | denote the h—, wi— and

0
wo— covariant derivatives with respect to D, and
w = widx® + w;0y" + O*Op; is an arbitrary I-form.

0 0
2. If we take a metrical N-linear connection as [) in
Theorem 13, then (26) becomes:

0

Hy = Hij — 8oy,
0

e =Cl — Ol @7

. 0. y
Cijk = Ci]k - 6gwk(z7]7k =12, 7n)

0
As an exemple of D we take the N-linear connec-
tion given in Theorem 5.
3.

Theorem 14 The following  N-linear  connec-
tion W, with local coefficients WT'(N,w)

w w w
(Hljk,C"jk ,C’ijk> is a conformal metrical N-

linear connection with respect to g, corresponding to
the 1-form w:

' 1 5 5 5

. 1 _im Imk gim _ 995k \
H'je = 39 ( Sw) T ok Mn)
—8hwr, — 20w,

w

i 1 im (O9me o 99im _ 09K\ _
Cjk =39 ( oy T gk T oy (28)
—Jjwy, — 207 o,

w . .

gk _ 1 (0g™F | 8¢ _ ag’*F\ _
Ci?" = 3im g o5, T opr ~ Opm

,7 ..k. ] ™ . . _

=0/t —2Q7" o™, (1,5, k =1,2,...,n),

where w = widx® + &;6y° + O'0p; is an arbitrary
1-form.

4. If we take a conformal metrical N-linear connection

0
with respect to g (e.g. W) as D, in Theorem 12 we
have:
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0
Theorem 15 Let D be a fixed conformal metrical N-
linear connection with respect to g, corresponding

0 0
to the 1-form w with the local coefficients D T'(N
0 0

0
Jw) = | Hig, Cljy ,Cl-jk> . The set of all confor-

mal metrical N-linear connections with respect to g,
corresponding to the 1-form w, with local coefficients

DI'(N,w) = (Hijk, Cijk ,Cijk> is given by:

0
Ni = N'j — X°,

0
Nij = Nij — Xij,
0

0
ij = szk + <Cljl +djl(5;> Xlk—

0
) L ) 29
- <Cj”+wl<5;> Xy + QU X3, (29)
Cijk = Cijk + QZ—YSNC,
0
e ) .
Cl'] _Cij +Qi:Zr8 )
(i,5,k=1,2,...,n),
with
XFo =0, X o =0,(i,5,k=1,2,..,n), (30)
ilj ik|j
0
0 k
where 1, lk and | denote the h—, wi— and
0
wo— covariant derivatives with respect to D,

w = widxt + w0yt + d}iépi is an arbitrary 1-form
and Xij, Xij, Xijk, ijk, Zijk are arbitrary d-tensor
fields.

5. Finally, if we take X ’J = X;; = 0in Theorem 15
we obtain:

0 0
Theorem 16 Let D be a fixed conformal metrical N -
linear connection with respect to g, corresponding to

0 0
the I-form w, with local coefficients D T'(N,w)

0 0 0
(Hijk, C’ijk ,Cﬂk> . The set of all conformal met-

0
rical N-linear connections with respect to §, corre-
sponding to the I-form w, corresponding to the same

0
nonlinear connection N, with local coefficients
0 . X .
DI'(N,w) = (H’jk,Czjk ,C’ijk) is given by:

0

HYy = H', + QX
0

Cle = Clik + QLY (31)

O = 0 1 oz,
(4,5,k =1,2,...,n),
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ijk, Zz»jk are arbitrary d-tensor fields on
T M and w = widx® + 0y’ + 0t op; is an arbitrary
1-form.

i
where Xjk,

3 Some special classes of conformal
metrical N-linear connections
We shall try to replace the arbitrary tensor fields
X’Ajk7 Y 1 and Z]k in Theorem 16, by the torsion
tensor fields Tjk, St ' and S]k

We put:
*Zyk = 59" (gmnT" jk gin Tl it
g,
S*p = égzm(gmhsjk — ginS" it (32)
+9kh5jm)
S’;Jk 297,m( thJk: gthhmk+
+gkhs™).

Theorem 17 Let T, S, and S{* be three given
skew symmetric tensor fields of type (1,2), (1,2) and
(2,1) respectively and let w be a given I-form in
T** M. Then there exists a unique conformal metrical
N-linear connection with respect to §, corresponding
to the 1-form w, with local coefficients DF(N w) =
(Hijk, Cijk , C’ijk), having T?k, St L and Sj as the
torsion tensor fields. It is given by:

’LU

AR O
w4 w. w,
where WI'(N,w) = (Hljk,cljk ,C9% ) are the lo-

cal coefficients of conformal metrical N-linear con-
nection with respect to g, corresponding to the 1-form
w, given in (28).

Remark 18 The conformal metrical N-linear con-
nection with respect to §, W, corresponding to the

I-form w, with local coefficients WI'(N,w) =

w w

w
<Hljkaczjk , Gy

the semisymmetric conformal metrical N-linear con-
nection with the vanishing h—, wy,— and wo— torsion
vector fields.

given in (28) is considered as
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Using the Definition 1, the relations (32) become:

S*’ = QQT}CTT, (34)
g1k _ 2007E

)

Using the Theorem 17 and the relations (34) we
have:

Theorem 19 The set of all semisymmetric conformal
metrical N-linear connections with respect to g, cor-
responding to the I-form w with local coefficients

DT'(N,w,0) = (Hijk,C'ijk ,Cijk) is given by:

w

Hy = Hij + 200 oy,
w
Ol = Cljp + 2000 7,

" 35)
% = C% 4 2000w,
(i7j7 kj = ]'7 27 A n)’

where WI'(N,w) = | H' j, C"ji. ,CI% ) are the lo-

cal coefficients of the semisymmetric conformal met-
rical .N-linea}f Connection, W, given in (28) and 0 =
o;dx" + 7;0y" + v'Op; is an arbitrary 1-form.

4 The group of transformations of
conformal metrical N-linear con-
nections

~ We study the transformations DI'(N,w) —
DT'(N,w') of the conformal metrical N-linear con-
nections with respect to g.

If we replace 10) F(]Q]) and DI'(N,w) in Theo-
rem 12, by DT'(N,w) and DT'(N,w'), respectively,
two conformal metrical N- and respectively /N-linear
connections with respect to §, we obtain:

Theorem 20 Two conformal metrical N- and
respectively N- linear connections with re-
spect to §g: D and D, with local coeffi-

cients DI'(N,w) = (Hijk,Cijk ,C’ijk) and

DI'(N,u') = <_ijk, ik ,C] ) respectively, are

related as follows:

N% =N, — X',

NJ = NZJ XZJ’ ,

H]k—Hk+XCl XleZl

- ]pk + 5’lel — 0% X + Q““Xsm
i = C’],Z (Vp + Q" S ks

CZJ — Czj 55 1k +Q§: erk7

(i,5,k=1,2,...,n),

(36)
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with:

inlj =0, Xi; =0,(4,5,k=1,2,...,mn), (37)
where p' = W' — w, w = widr® + W6y’ + 'Op; and
W' = widat + Wyt + @"p; are two 1-forms, "l
denote the h- covariant derivative with respect to D
and X*. ngijk7 ]k’ ZJ are arbitrary d-tensor
fields.

Proof. Using in (24) the relations (18), by direct
calculation we have the results.

Conversely, given the d-tensor fields
X’ . Xij X]k, Jk,ij and one given 1-form
p' = pida’ + pidy’ + §'*5p; the above (36) is thought
to be a transformation of a conformal metrical N-

linear connection DI'(N,w) to a conformal metrical
N-linear connection DT'(N,w")=DT'(N,w + p').

We shall denote this transformation by
t(XZ le7X]k7 ijazi]k7p,)'

Thus we have:

Theorem 21 The set C of all transformations
HX", Xij, lek,Yzjk,Zj ,p') given by (36) and
(37) is a transformations group of the set of
all conformal metrical N-linear connections with
respect to g, together with the mapping prod-
uct: (X", X1, X" YL 2R e (XY X,
ija ]kvzjk’p) (XZJ X,Zij +Xz]7Xlk+

k ik
X/]k:v + Y,]k? ZJ Z/i] ’p/ -f-p”).

S The group of transformations of
semisymmetric conformal metrical
N-linear connections

We inquire about a subgroup of the group of
transformations of conformal metrical n-linear con-
nection: about the subgroup of transformations of the
semisymmetric comformal metrical N-linear connec-
tions, corresponding to the same nonlinear connection
N.

Let N be a given nonlinear connection. Then
any semisymmetric conformal metrical N-linear con-
nection, with local coefficients DT'(N,w’,0’) =
(Hy CLy G
with (34).

) with respect to ¢ is given by (33)

Theorem 22 Two semisymmetric conformal metrical
N-linear connections with respect to g, with local co-
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DIU(N,u',0') = (Eﬂjk, Lk ,C’j ) respectively,
are related as follows:

' = Y = 332l + 20,
= (5jpk P
Cjk C]k 5] /k_i_QQT%cq :
(17]7k_ ]-727"'7 ))
where p) = W' —w, ¢ = o —o —p, p =

plda® + pidy’ + §0p; and g = q;dz’ + §;6y" + §*p;.

Proof. Using in (35) the relations (28) by direct
calculation we have the results.

Conversely, given 1-forms p’ and q in
T*QM, the above (38) is thought to be a trans-
formation of a semisymmetric conformal met-
rical N-linear connection D, with local coef-
ficients DI'(N,w,o0) = (Hijk,Cijk,Cijk>,
to a semisymmetric conformal metrical N-
linear connection D, with local coefficients

DI (N,w+p',o0+p +q) = (]:ij, "k ,C]k)
We shall denote this transformation by ¢(p’, q).

Thus we have:

Theorem 23 The set CJ of all transformations
t(p', q) given by (38) is a transformations group of the
set of all semisymmetric conformal metrical N-linear
connections with respect to § , having the same non-
linear connection N, together with the mapping prod-
uct: t(p',q) o t(p",q¢") =t(p' + ", ¢+ ¢).

This group, C%;, is an Abelian subgroup of C and
acts on the set of all semisymmetric conformal metri-
cal N-linear connections, having the same nonlinear
connection N, transitively.

_ The transformation ¢(p’,q) : DI'(N,w,0) —
DT (N,w+p', 0+ p' + q) given by (38) is expressed
by the product of the following two transformations:

HY) = H' 5ip§ca
74' — 674
ik Pt (39)
~ jk k
Cij :Cz] 53 /k7
(i,j,k=1,2,..,n),
CZ jk = g 2QTkQT7
40
it = Cjk+293k i 0
(Z’]ak - 1727 AR )7
Definition 24 The transformation t : DI'(N) —

DT'(N), of N-linear connection on T M, defined by
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(39) is called co-parallel transformation, where p' is
a given I-form.

Theorem 25 The set CX; of all co-parallel transfor-
mations, t, given by (39) is an Abelian group together
with the mapping product.

Definition 26 The transformation t : DI'(N) —
DI'(N), of N-linear connections, given by (40) is
called Miron transformation (as the name given by
M.Hashiguchi ([3]) for Finsler spaces).

Theorem 27 The set C}; of all Miron transforma-
tions, t, given by (40) is a transformations group, to-
gether with the mapping product.

Theorem 28 The group C3;, of all transformations
t(p', q) given by (38) is the direct product of the group
CR,, of all co-paralel transformations and the group
CXi, of all Miron transformations.

It is noted that the invariants of the group Cj;, will
be the invariants of each of these subgroups and recip-
rocally.

It is directly shown that by a co-parallel transfor-
mation (39) the curvature tensor fields Rhij ko Phij i

and S hij *are transformed as follows:

Rh gk = Rh gk 5;119;&’
l?h v = Pl — 0L 41)
Shz]k Shmk 57, /]k’

where p’;;., P and 7% are the components of dp’, ex-

pressed w1th respect to D. '
Eliminating p/;, , 7}, and 7% from (41) we have:

¥ 1 __ * 4 D* 1 __ * 9
hjk_thlehjk_Phjk? 42
g+ ik _ gx ijk (42)
R TP R
where:
* 17 )
Rh]k_thk 6h sgk’
=P 15 43
hjllz n ik~ " h syk]; (43)
* 1] 7] s
S =5, —néhSSJ.

Thus we have:

Theorem 29 The tensor fields R, Z k> P*hij . and
S *hij i given by (43) are invariants of the group CX;.

Also we obtain:

Theorem 30 The tensor field C'*Z-j k given by (44) is
an invariant of the group CX,.
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7t =0 - L5loh. (44)

In our previous paper [Bull Math Buc], starting from
the tensor fields:

]Chijk: = Rhijk - CihmR?ll)jkz_
=C"" R2ymijiks
(45)
. . . ON™.
Prlik = Prjx = O e —
_C,m ONjm
h Opg,

we obtained the following important invariants of the
group of semisymmetric metrical N-linear connec-

ms
tions, having the same nonlinear connection N, 7 y,
forn > 2:

Hy,ye =Ky + %Ajk{gﬁ(’crk
_ 9K )}
4 An—1)7 0 .
Ny = Prlji + as Air{ QL (Prie—
_ _9rkP )}
i ?(n_l) 5 ir (46)
My = Sy + 725 AR {5, (Sri—
_ _9rkS ),
- 'Q(n 1)
Mhl]k — Sh”bjk‘ 2 Ajk{Q (Srk
)
2(n—1)/4>
where:
Knj = /Chlﬂylc = " Knj, Pr; :‘,Phijiv
P =g" "Prj> Shj —SthS:thShj, 47)
Sz] _ S ijm Sl _ gszZ
If we replace these KCp', Py Sh " and S, ik

by the tensor fields K*;';y., P*,"x, S*,';), and 8" ”k
respectively, defined by:

150 m
Kh]k_lch]k 15‘ m jk>
) m
Ph]k_Ph]k 5 m]k’ 48
h]kk h]k)k h m]k;?
Sl* v Sh” léhS m]k

we can obtain the invariants of the group of trans-
formations of semisymmetric conformal metrical N-
linear connections, having the same nonlinear connec-
tion N, Cy:

Theorem 31 For n > 2 the following tensor fields

hgk’ N* hgk’ M* h;k and M’ Wk are invariants of
the group Cy;, of transformatlons of semisymmetric
conformal metrical N-linear connections, having the
same nonlinear connection N:
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H* e = K53 4 25 A {0, (K5,
9rK* )}
) 2(n 1) ’2 ]
Nk =Pl + wz A Q5 (Pl —
9rkP* )}
i(n 2 ’2 ir * (49)
M~ hgk =S h]k+ 72 A {5, (S
9r&S* )}
2=/ 3
M/*hwk - S/*hzj + E%Ajk{ﬂgh
/* T S/*
(8rh — g7 STy,
where:
*hj = *h'w’C* :jlch]’
=P* b L PY = gvP7 >
X 50
_Sh]z"s _gh]‘shy (50)
S *’Lj Sl*mZ]WL’S * = gij S’*z’j_

Finally we give another invariant of the group Cj:

Theorem 32 The following tensor field is an invari-
ant of the group C;:

Cz‘ - %ingcmrm’ (51)
(i,j,k} =1,2, ...,n),

where C; Ik i given by (44).

6 Metrical N-linear connections in a
generalized Hamilton space

We shall determine the set of all metrical N-linear
connections in the case when the nonlinear connection
N is arbitrary.

0 0
Theorem 33 Let D be given N-linear connection on

0 0
T** M, with local coefficients D T(N) =

0 0 0
=  (H'%, Ol ,C7h), where the local
0

coefficients of the nonlinear connection N are:
(NJZ'(J?, y)p)u NU(LU, yvp))7 (17] = 17 2) ceey T'L)

The set of all metrical N-linear connections with
respect to g*, with local coefficients DI'(N) =

(Hijkv Cljk ,C'ijk) is given by:
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0
Ny =N - X
Nz] - sz Xz]a

ij—H]k—l—X le—Xle —|—

+1 im + X
—9mj | Xkl) +QWery
CZJ Cojk+gg gm]|k+Q Yrk’
Cz']k _ Cz]k + ;gmjgmz‘k + Qggzrsk’
(i’j’k = ]‘727"'7n)’
with:
Xk, =0,X o =0, (4,7=1,2,...,n), (53)
ilj Zk\J
0
0 k
where |y, |k and | denote the h—, wi— and

0
wo— covariant derivatives with respect to D,

X’lj7 Xij, Xijk, Yijk, Zl-jk are arbitrary d-tensor
fields and ) is the operator of Obata’s type given by
(15).

Proof. Using the relations (12), (22), (5) by exten-
sion of the method given by R.Miron in ([3]) for the
case of Finsler connections, we can deduce the results.

Particular cases:

LIFX, =X; =X, =Y, =2 =0in

Theorem 33 we have:

0 0
Theorem 34 Let D be a given N-linear connec-

0 0
tion on T** M, with local coefficients D T(N) =
0 0 0
<Hijk,C'ijk ,Cﬂk> . Then the following N-linear

» ~ 0
connection D, with local coefficients DI'(N) =
(ﬁijka ik >CJ ) given by (54) is metrical:

0
N = N,
0
N;j = Nij,
0

H]k—Hl]k"i'ngg 05

~ . 0

Clp = C Jk +34g° ng’ka
ik = CJ’“ + 29m]gmz|ka
(z,],k =1,2,..,n),
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0
0

k
where |y, |k and | denote the h—, wi— and wo—
0
covariant derivatives with respect to D.

0 0
2. If we take a metrical N-linear connection as D in
Theorem 33 we obtain:

Theorem 35 The set of all metrical N-
linear  connections  with  local  coefficients
DT'(N) = (Hijkjcijk ,C’i]k) is given by:
. 0 . .
N Nl - XY,
sz - Nzg Xz]a
ij—H]k—l—X C’]l—
_Xle]Zl 4 ler'Xsrk (55)
Cly = Cak+9 Y s
4 0
¢ = Ch iz,
(i7j7 k = 17 27 ) n)
with:
XFo =0, X o =0,(i,5,k=1,2,..,n), (56)
ilj ik|j
0
0 k
where |y, |k and | denote the h—, w;— and

0
wo— covariant derivatives with respect to D,

X’ XW,X Jos Y?. ik Z; Ik are arbitrary d-tensor fields
and Qis the operator of Obata’s type given by (15).

3. If in Theorem 35 we consider X, = X;; = 0

(o]
we obtain the set of all metrical NV-linear connections

0
having the same nonlinear connection N, given by
R.Miron, D.Hrimiuc, H.Shimada and V.S. Sabau in
their book ([4], Theorem 2.3, p.290).

7 The group of transformations of
metrical N-linear connections
Let N be a given nonlinear connection. Then

any metrical N-linear connection corresponding to the
same nonlinear connectlon N has the local coefficients

DT(N) = (Hgk, e O ) given by:
H]k — QirXs
Cz k: + er YS’I"]C’
k k (57)
C/ Cﬂ QZ? Z" g,
(i,j,k=1,2,..,n),
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where X', Y, Z; Ik are arbitrary d-tensor fields,
Q is the operator of Obata’s type given by (15)

and DI(N) = (H' j, C? i, Ci *
coefficients of a metrical N-linear connection D.

are the local

Conversely, given the  tensor fields

X]k,Y’k,ZJ the above (57) is thought to be
a transformation of a metrical N-linear connection
DT'(N) to a metrical N-linear connection DI'(N).

We shall denote this transformation by
i ik
HX Y Z70).

Thus we have:

Theorem 36 The set T ~N of all transformations
(X]k,Y’jk, ZJ ) given by (57), together with
th; mapimg produ'ct (X’]k,Y’ijk,,Z’.jk)ot()(:jk,
Yzjk,ZiJ ) = t(XZj X’Jk,Y’]k Y’]k,ZJ

z'? k) is a transformations group of the set of all met-

rical N-linear connections, having the same nonlinear
connection N.
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