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Abstract: - The Earth’s ionosphere plays a crucial role in Global Positioning System (GPS) accuracy because this layer 
represents the largest source of positioning error for the users of the GPS after the turn-off of Selective Availability 
(SA). This paper studies the ionospheric effect on transionospheric signal propagation for the Earth-satellite path using 
3D Jones Ray-Tracing utilizing Nelder-Mead optimisation algorithm. The ionospheric delay or advance is obtained 
from the difference between the distance of the ray path from the satellite to the receiver determined from the ray-
tracing and the distance for propagation over the line of sight (LOS) at the velocity of light in vacuum. The difference 
between the standard dual-frequency models corrected range and LOS, known as Residual Range Error (RRE) is 
calculated. Results show that the RRE of group delay value is different from RRE of phase advance. On the other 
hand, the group and phase path is longer when considering the geomagnetic field effect on both GPS frequencies L1 
and L2. The higher order term in total electron content (TEC) calculation that relates to the refractive index is normally 
neglected due to its small value, but it is clearly shown that it does have some effects in ray-tracing. This analysis 
needs to be considered for more accurate GPS range finding. 
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1   Introduction 
Global Positioning System (GPS) is space-based radio 
navigation system operated by the US Air Force for the 
United States Government [1]. Two GPS service are 
provided in the effort to make the service available to 
the greatest number of users without adversely effecting 
national security interests. The Precise Positioning 
Service (PPS) is available primarily to the military of the 
United States and its allies for use, but the Standard 
Positioning Service (SPS) is designed to provide less 
accurate positioning capability for civil users throughout 

the world. GPS is a satellite-based navigation system 
made up of a network of 24 satellites, which are 
distributed in six orbital planes around the globe at an 
altitude of about 20,162.61 km. The total signal for each 
satellite in GPS comprises of two transmission signals: 
the L1 signal having carrier frequency of 1,575.42 MHz 
and the L2 signal of 1,227.60 MHz [2]. After the turn off 
of the SPS known as Selective Availability (SA), the 
ionosphere represents the largest source of positioning 
error for GPS users [3]. The ionosphere is defined as the 
region at the upper atmosphere that covers 
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approximately 90 to 1000 kilometres above the Earth’s 
surface [4]. It is a dynamic medium through which 
signals are delayed and refracted either when reflected 
back towards the Earth or while propagating through the 
peak electron density into outer space. Due to the 
inhomogeneity of the propagation medium in the 
ionosphere, the GPS signal does not travel along a 
perfectly straight line [5, 6]. Wrong approximation is 
often made due to the notion that the ray paths from the 
satellite transmitter to the receiver on the ground, or 
vice-versa are straight lines. In addition, the effects of 
the ionosphere can cause range-rate errors for GPS 
satellite users who require high accuracy measurements 
[7].  
      The ray path characteristics are determined by 
numerically integrating the differential equations where 
the methods permit arbitrary variations of the medium 
properties in all three dimensions [8]. There are several 
well-known methods for integrating a coupled set of 
ordinary diferential equations, but one of the most 
common is the Runge-Kutta method. This method 
involves a series of range steps [9]. A versatile three-
dimensional program has been built based on this 
method [10]. The modified Jones 3D ray-tracing 
program is a signal propagation prediction method, 
applied to ionospheric models to estimate and mitigate 
ionospheric effects on the signals [11]. The procedure 
can handle a wide variety of ionospheric descriptions, 
including the effect of the Earth’s magnetic field. 
Included in the program is also a number of subroutines 
corresponding to different electron density models, 
where the subroutines calculate the electron density 
value and its derivatives with respect to the three polar 
coordinates at each integration point. Advanced 
ionospheric modelling technology may hold the 
potential to further reduce errors in activities and obtain 
more accurate results in ray-tracing predictions [12].  

This paper implies the result of the absolute 
range error (group delay) and relative range error (phase 
advance) values when a signal propagates in the 
ionosphere. In addition, a study on the group and phase 
path when considering the geomagnetic field effects on 
both GPS frequencies L1 and L2 was also performed.  
 
2 Method for Calculating Ray Paths in 

Ray-Tracing Program 
The Jones 3D ray-tracing program is a numerical 
complex that can be used to determine and find all 
important ray paths that connect a given transmitter and 
receiver either or both of which may be on a satellite on 
a particular frequency [10]. The ray-tracing method in 
the ionosphere is based on Hamiltonian optics. 
Haselgrove gives Hamilton’s equations in three 
dimensions which uses a set of six first-order differential 

equations considering the spherical polar coordinates, as 
they are more practical than cartesian coordinates for 
calculating long-distance radio wave propagation [8, 
13]. A ray-path is determined by the transmitter location 
and the direction of transmission in a specified medium. 
The Runge-Kutta method is particularly used in an 
electronic computer for equations such as the 
Hamiltonian ones. Linear ray propagation is 
conventionally computed by using Hamilton’s ray 
equation, whose inhomogeneous terms are derived from 
the dispersion equation [8]. Figure 1 shows the spherical 
polar coordinates of a point on the ray path and the 
components of the propagation vector with variables, r 
as radial distance from the Earth’s centre, θ as the angle 
measured in radians down from the z-axis and φ as the 
angle measured in radians counter-clockwise from the x-
axis in the x-y plane. 

 
 

Fig. 1 Spherical polar coordinates 
 

The Hamiltonian equations use spherical coordinates (r, 
θ, φ), where r represents the radial distance from the 
Earth’s centre and θ can be conveniently defined as 
magnetic co-latitude and φ is the magnetic longitude in 
spherical polar coordinates: 
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kr, kθ, and kφ are the components of the propagation 
vector in r, θ, φ directions of spherical polar coordinates 
perpendicular to the wave front having a magnitude of 
2π/λ= ω/ν [12]. The value of π used is 3.14159265, 
whereby λ is defined as the wavelength, ω is the angular 
wave frequency, 2πf, and ν represent the phase velocity, 
c is the velocity of propagation of electromagnetic 
waves in free space, while t is the travel time of a wave 
packet. In ray-tracing equation, H represents 
Hamiltonian, while τ is an independent variable in 
Hamilton’s equations. The ray-tracing equations are: 
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From the equations, (7) and (8) are a set of six 
differential equations. They are integrated 
simultaneously to obtain the parameters of the ray path. 
The method of integrating equations is the Runge-Kutta 
process. P’ is defined as group path length in P’ = ct 
relative to s = vt. P’ = ct is the independent variable 
because the derivatives with respect to P’ are 
independent of the choice of Hamiltonian that allows the 
program to switch to Hamiltonian in the middle of a 
path. Below are the equations obtained by dividing 
equations (2) through (9) by c times of equation (5): 
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The six simultaneous differential equations are used in 
equations (14) and (15), which are the Runge-Kutta 
method. Runge-Kutta is computed based only on 
information from the immediately preceding value to 
obtain the succesive value so it comes out with more 
points in a single step length. 
 
3 Nelder-Mead Optimization  
Algorithm 
After travelling through the ionosphere, GPS rays should 
have arrived precisely at the receiver, and vice versa, so 
that a more precise time and position result could be 
measured [14]. Since the ray tracing program cannot 
directly calculate those ray paths that arrive at a 
specified receiver, all it can do is to calculate the path of 
a ray when given the transmitter location, frequency and 
specified angles of elevation and azimuth for direction 
of transmission; otherwise, the ray misses a specific 
target. Before tracing the ray, the directions to transmit 
the ray should be known, so that it will arrive at the 
receiver. Before the Nelder-Mead optimisation program 
is approached, there are no general solutions to this 
problem; the user of a ray-tracing program has to rely on 
some sort of trial and error technique to find those ray-
paths that connect the transmitter and receiver [15]. In 
general, the direction of transmission varied until a ray 
that reaches the receiver is found.  

 (8)

The procedure used to determine the exact 
direction at the transmitter will result in the ray arriving 
precisely at the receiver (or vice versa) after refraction 
due to the ionosphere. A schematic diagram of the ray 
paths of satellite signals in the ionosphere is shown in 
Figure 2. The minimization function has been used 
twice: first to determine the satellite position from the 
initial azimuth and elevation angle as an input parameter 
and second to ensure the ray is homing-in exactly at the 
satellite. Elevation and azimuth angles for a fixed path at 
the transmitter can be automatically determined using 
the ionospheric model and Nelder-Mead algorithm. It 
can also be used to trace the signals to home-in exactly 
on the satellite location. 
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Fig. 2 The ray paths in the ionosphere 
 
The problem considered is to determine the actual paths 
from a particular transmitter location to a particular 
receiver on the ground or in space. The ray-tracing 
program utilizing Nelder-Mead algorithm is used for 
both L1 and L2 GPS frequencies. The program then 
calculates the number of different pairs of earth stations 
and satellite locations, each corresponding to a pair of 
azimuths and elevation angles and straight line paths in 
free space. The program can determine the position of a 
GPS satellite at the exact time specified by the user. It 
will trace the path to the satellite and gives the position 
coordinates of the GPS satellites referring to the look 
angles, the station location and the azimuth and 
elevation angles specified by users. This requires the 
spherical geometry to derive the satellite position, which 
is then used as the reference in the ray direction finding. 

The Nelder-Mead optimization calculates the 
elevation and azimuth angles required at the transmitter 
firstly at the lower GPS frequency L2 and then at the 
higher GPS frequency, L1 [16]. The Nelder-Mead 
algorithm utilised with the homing-in procedure is used 
to alter the initial azimuth and elevation angles and 
minimise them to the ray-end position at the desired 
GPS satellite. The method can be used for any 3D 
ionospheric model to find precise ray paths, phase 
advance and group delay. 

The homing-in operation used with the Nelder-
Mead algorithm alters the azimuth and elevation at the 
transmitter in order to minimize the error between the 
final coordinates of the ray at the receiver’s altitude and 
true coordinates. Mathematically, determination of the 
propagation path(s) involves the minimization of a 
function of two variables (initial elevation and azimuth). 
The downhill simplex method using the Nelder-Mead 
algorithm is a suitable method to minimize two or more 
variables not exceeding 5 or 6 [17]. The ray-tracing 
utilizes the Nelder-Mead optimization algorithm to alter 
the values of the elevation and azimuth that have been 
passed to the function to minimize these values. This 
term is called to home in the ray at the point desired. 
The minimization function as in Strangeways [18] can 
be taken to be: 

  
0),()( =−+−== rcrcFxF ϕϕθθϕθ        (17) 

 
where cθ  and cϕ  are the final latitude and longitude of 
the calculated path at the receiver of satellite altitude and 

rθ  and rϕ  are the latitude and longitude of the receiver 
at the specified receiver at  satellite altitude. It will give 
a minimum zero value for the function when the 
calculated ray path end-point matches the receiver 
location. 

The path of the ray starting from where it exists 
in the ionosphere until it reaches the satellite also needs 
to be calculated, so the angle of the ray at the exit point 
needs to be known. It can be determined by using 
Bouger’s rule [7]: 
 

)cos()cos( 00 ββμ ⋅=⋅⋅ rr              (18)
  
where r is the radial distance from the centre of the 
Earth to the highest point of the ionospheric profile. μ  
is substituting the unity because the angle of the ray 
when it enters the free space above ionosphere is 
required, and 0β  is the elevation of the ray path at Earth 
station altitude on the Earth’s surface. The electron 
density value drops to zero at the altitude of 2000 km. 
The latitude and longitude of the exit point are found by 
considering the spherical angle geometry relative to the 
Earth’s surface. The azimuth and elevation angles at the 
exit point are shown in Figure 3, where ϕ  is the angle 
measured on x-y plane and θ  is the angle from the x-y 
plane to the z-axis. 
 

 
 

Fig. 3 The ray path when it exits the ionosphere needs to 
be determined 

 
The ray end point at x, y, z coordinates can be 
determined and then compared with the x, y, z 
coordinates of the satellite. The 3-D Jones ray-tracing 
utilizes the Nelder-Mead optimisation program, which 
calculates and finds the final elevation and azimuth to 
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reach the final target at the satellite location in space. 
The program works to get ( ) ( ) 0, ≈= ϕθFxF  where 
the ray-end point matches with the satellite location. The 
termination tolerance of this function set to a value of 
10-4  is generally employed. 
 
4 Group Delay and Phase Advance  
GPS employs two carrier frequencies allowing receivers 
equipped with dual frequency operation to be used. A 
by-product of GPS receiver is the ability to estimate 
ionospheric total electron content (TEC) from the group 
delay measurements on these two carrier frequencies 
and thus remove it directly. The GPS estimation of TEC 
can be further improved by combining the above group 
delay estimates with carrier phase based estimates [19]. 
Group delay or propagation delay results from the fact 
that the signals travel slower in the ionosphere than they 
do in free space in contrast to the phase advance, which 
travels faster in the ionosphere than in free space for the 
same path [20]. The information conveyed on a 
modulated L band carrier, arrives late (group delay) by 
exactly the same amount of time that the carrier arrives 
early if only the first order terms is considered.  

When travelling through the ionosphere, the 
propagation of the signals suffers a delay. In particular, 
phase changes due to refraction leading to propagation 
errors of up to 50 m for single-frequency GPS users 
depending on the TEC along the ray path [21]. In 
general, both signals, L1 and L2 are assumed to travel 
along the same path through the ionosphere in a straight 
line connecting transmitter with receiver, implying that 
both frequency rays pass through the same TEC [22]. If 
the difference in ionospheric delays between the L1 and 
L2 frequencies transmitted by the GPS satellites is 
measured, first-order range error contributions of the 
ionosphere can be determined and removed by 
differencing measurements [21]. Thus, the group delay 
equation is: 

12 PP −  =40.3TEC ( 
2

1
2

2

11
ff

− )   (19)    

 
where P1 is the group path length that corresponds to the 
high GPS frequency (f1=1575.42 MHz) and P2 is the 
group path length that corresponds to the low GPS 
frequency (f2=1227.6 MHz). The extra ionospheric delay 
due to the non unity refractive index is assumed to be 
proportional to 1/f2, ignoring higher order terms. 
Ionospheric constant factor as in k=40.3x1016ms-2 
TECU-1, I1=k/f1

2 and I2=((f1
2 /f2

2) I1), where I1 and I2 are 
the group delay or phase advance corresponding to the 
high GPS frequency f1, and the low GPS frequency f2 
respectively. Thus the group path can simply be defined 
as: P1=PLOS +I1 and P2 =PLOS +I2, where PLOS is the true 
path length of the line of sight. By eliminating the 

ionospheric delay from the above equations, PLOS can be 
obtained as in the equation (2) below, which is known as 
dual frequency method currently used to correct the 
ionospheric delay [23]. 
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From the ionospheric delay which is determined from 
ray tracing, the RRE can be calculated. Equation (3) 
shows how the RRE value is obtained. RRE is the 
difference between the line of sight (LOS) and the range 
from dual frequency model correction (determined from 
ray-tracing) [23]. 
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The ionospheric delay or advance at the reference station 
on Earth, tdref is obtained from the distance of the ray 
path to the receiver from the satellite, Pr

s (which is 
determined from ray-tracing) and the distance for 
propagation over the LOS at the velocity of light in 
vacuum. The equation is given as: 
 

LOSPtd s
rref −=               (22) 

 
where Pr

s is the ray path from the satellite to the 
receiver. Comparisons are made between the signal path 
from reference station to satellite carried by frequency 
carriers (L1 and L2) and the signal path from mobile 
station to the satellite carried by the same frequency 
carriers.  
 
5 Ionospheric Model 
It is not yet and may never be possible to sufficiently 
measure the ionosphere at any given instant to perform 
the effective ray-tracing; this has led to the use of 
ionospheric electron density model. The ionosphere is 
generated by NeQuick model to represent the ionosphere 
profiles in the region of interest [24]. For this work, the 
program began with the evaluation of the ionospheric 
profile from empirical model of the electron density 
distribution, NeQuick at GPS station at Universiti 
Kebangsaan Malaysia (2° 55’ N, 101° 46’ E). The 3D 
Jones ray-tracing program is a numerical complex used 
to investigate the ionospheric effect for both carrier 
phase and group delay in transionospheric propagation. 
The algorithms used are in the function of elevation 
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angles and TEC along the path from satellite to the Earth 
station. The program will trace the phase path and group 
path with or without geomagnetic field.  
  In this work, the electron density profile was 
fitted with exponential layers and used as input to 
improve the ray-tracing program. Figure 4 shows the 
process of matching the NeQuick ionospheric profile by 
24 exponential layers. NeQuick electron density profile 
has the electron concentration that can be calculated 
along an arbitrarily chosen ray-path and the resultant 
profile is smooth (continuous first-order spatial 

derivatives), which is important in ray-tracing. This is 
based on the fact that the ray-tracing technique requires 
a continuous function [25]. The result from ray-tracing 
can be used to determine the RRE and ionospheric delay 
of earth-satellite path propagation.  This program is used 
with homing-in method to trace GPS signals from a 
particular receiver to a particular satellite (or vice versa) 
taking into account the Earth’s geomagnetic field to 
determine the path length of the group and phase for 
both GPS frequencies (L1 and L2) [26]. 
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Fig. 4 Matching NeQuick ionospheric p ofile by a number of exponential layers 

6 Results and Discussion 
the residual range 

RREФ decreases. When the geomagnetic field is 

 

r
 

 
Figures 5 and 6 respectively show 
error for the group path RREg and residual range error 
for the phase path RREФ versus elevation angles. RREg 
and RREФ are plotted both with and without the effect of 
the geomagnetic field. Both figures show that RREg and 
RREФ have different variations. The RREg and RREФ 
values are underestimated and overestimated 
respectively. Basically, the value of RREg increases with 
the increment of elevation angles, while the value of 

considered, the RREg has a value of -0.7 cm at 5° 
elevation and a value of 0.2 cm at the same elevation 
when not. On the other hand, RREФ has a value of 0.33 
cm at 5° with the consideration of the geomagnetic field 
and 0.05 cm without, at the same elevation. The absolute 
value of RREg is about three times larger than RREФ 
because the absolute value of group delay is larger than 
that of phase advance in higher order of refractive index. 
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Fig. 5 The group path values of RRE 
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Fig. 6 The phase path values of RRE 
 

Their differences are also due to the dual frequency 
correction model, which assumes that both GPS 
frequencies experience the same slant TEC, only 
eliminates the first order term of the refractive index. 
The higher order term is normally unmeasured and 
neglected due to small value and much less than the first 
order term, but the results of ray-tracing showed that it 
clearly does contribute some effects. 

As the signal travels in the ionosphere, the 
signal information is delayed and the carrier phase 
experiences an advance due to the dispersive character 
of the ionosphere. Figure 7 shows the difference 
between the group delay, tdg and phase advance, tdФ, 
(tdg - |tdФ|) at L1 and L2. It also shows the geomagnetic 
field effects on L1 and L2 paths. The difference in delay 
between the group and phase path is larger at low 
elevation angles and it decreases slowly as the elevation 
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angles increase. The difference in delay between the 
paths has a value of 0.99 cm, which is the largest, at 5° 
elevation angle on L2 (considering the geomagnetic 
field). The second goes to the difference in the delay 
between paths on L1 (considering the geomagnetic field) 
with 0.46 cm and the others are 0.2 cm and 0.1 cm for 
L2 and L1 respectively for the case without considering 
the geomagnetic field. The difference in delay between 
group and phase path is larger on L2 compared to L1. 
The difference is also larger when considering the 
geomagnetic field effect, compared to without.   The 

value obtained is not equal to zero as it would 
correspond to the normal approximation. In fact, the 
magnitude of ionospheric induced group delay, Ig is 
bigger than the magnitude of the phase advance, IФ, 
(|Ig|>|IФ|). The phase and group measurement derived 
will not be the same because of the differences in both 
magnitudes. The ionosphere interacts with the Earth’s 
magnetic field; therefore, it affects the magnitude of 
group delay and phase advance measurements. 
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Fig. 7 Delay differences in group and phase paths 

 
The difference in group and phase delay is larger when 
the geomagnetic field effect is considered. 
Determination of the field effect was done by making a 
distinction between the delay or advance with and 
without the geomagnetic field. The graph of the 
geomagnetic field effects for the group delay and the 
absolute value of phase advance in L1 and L2 are shown 
in Figure 8. The effect of geomagnetic field on group 
and phase path is larger at low elevation angles and it 
decreases slowly as the elevation angles increase. The 

effect of geomagnetic field on group path has the highest 
value at 1.55 cm at 5° elevation angle on L2. The second 
goes to the effect of geomagnetic field on phase advance 
on L2 with 0.8 cm and the others are 0.78 cm and 0.4 cm 
on group and phase path respectively, both on L1. The 
effect of geomagnetic field has a higher effect on L2 
compared to L1, and shows greater effect on the group 
compared to the phase path. 
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Fig. 8 Field effects of group delay and phase advance 
 

It is not easy to validate this result from experimental 
data because of the assumption that the absolute values 
of both magnitudes are almost the same (|I g |−|IФ |≈ 0) 
or that the difference can be neglected and thus this 
difference is hard to be seen in practice due to noise and 
other error sources. 
 
7 Conclusion 
The measurements of both range errors to obtain the 
accurate GPS range finding have been presented.  From 
the results, it is shown that RREg is larger than RRE Ф. 
The geomagnetic field effect is bigger on group path 
than phase path, without considering the geomagnetic 
field in both paths, and has a greater effect on L2 
compared to L1. This is due to the geomagnetic field 
effect and approximation in the dual frequency model, 
whereas in the results from ray-tracing, the higher order 
term of the binomial expansion and power series and the 
field effect are considered since the full form of the 
refractive index is used. The investigation showed that 
the higher order term in refractive index is significant 
and cannot be neglected if millimetre level accuracy is 
required in precise GPS positioning.  

The Nelder-Mead optimisation algorithm can be 
used to minimise the values added and get the final 
azimuth and elevation, thus locating the exact satellite 
position in space. The program can trace the path of the 
rays that are launched at a given elevation, in a given 
direction, from a given starting point and with a given 
signal frequency. The investigation showed that this 
program can be used to home in the GPS signal at the 
receiver (or vice versa) to minimize the time of 

operation as previous methods take too much time to 
locate the position of the satellite and has to rely on 
some sort of trial and error method to find the exact ray 
path that connect the transmitter and receiver. 
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