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Abstract: Asymptotics of solution and finite difference approximation of the nonlinear integro-differential equa-
tions associated with the penetration of a magnetic field into a substance is studied. Asymptotic properties of
solutions for the initial-boundary value problem with homogeneous as well as nonhomogeneous Dirichlet bound-
ary conditions are considered. The corresponding finite difference scheme is studied. The convergence of this

scheme is proven. Numerical experiments are carried out.
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1 Introduction

Many practical problems are described by integro-
differential models (see, for example, [1], [4], [5].
[81, [10], [19], [22], [29]). One of such model arise
in the study of electromagnetic field penetration into
a substance. As it is known this process is mod-
eled by Maxwell’s system of partial differential equa-
tions (see, for example, [15]). If the coefficients of
thermal heat capacity and electro-conductivity of the
substance depend on temperature, then the Maxwell’s
system can be reduced to the integro-differential
model, one-dimensional scalar analogue of which has
the following form [9]:

t
mv2d
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0
where a = a(S) is a given function defined for S €
[0, 00).

Principal characteristic peculiarity of the equation
(1) is connected with the appearance in the coeffi-
cient with derivative of higher order nonlinear term
depended on the integral in time.

Note that the integro-differential equation of type
(1) is complex and only special cases were investi-
gated (see, for example, [6], [7], [9], [12]-[14], [16],
[L7D.
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In some restrictions by modeling the same pro-
cess in [16] integro-differential model is received,
one-dimensional scalar analogue of which has the fol-
lowing form
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w0
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The existence and uniqueness of the solutions of
the initial-boundary value problems for the equations
of type (1) and (2) are studied in [6], [7], [9], [16], [17]
and in a number of other works as well. The existence
theorems, proved in [6], [7], [9], are based on Galerkin
method and compactness arguments as in [18], [27]
for nonlinear problems.

Asymptotic behavior of solution as ¢ — oo and
numerical solution of initial-boundary value problem
for equation (2) in the case a(S) = 1 + S is given
in [14]. Note That in this work asymptotic behav-
ior of solution of initial-boundary value problem with
non-homogeneous boundary condition on part of lat-
eral boundary has a power-like form.

Many authors study the finite difference approx-
imation for a integro-differential models (see, for ex-
ample, [2], [3], [11], [20], [21], [25], [26], [28], [30]).

In the present work we strengthening result given
in [14] for the solution of first initial-boundary value
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problem for equation (2). We also discuss finite differ-
ence scheme in the case a(S) = 1+.5 for the equation
(1).

The rest of the paper is organized as follows. In
the second section we will state problem and con-
sider large time behavior of solutions of first initial-
boundary value problems for equations (1) and (2). In
the third section finite difference scheme for equation
(1) is discussed. In the fourth section we conclude
with some remarks on numerical implementations. In
the fifth part of this note some conclusions are given.

2 Asymptotic behavior of solutions
ast — oo

In the area @ = (0,1) x (0, 00), let us consider fol-
lowing initial-boundary value problem:

ow 0 oW
5 o7 G(S)% =0, 3)
W(Oat) = W(]-at) = 07 (4)
W(QS, O) = WO(:E)a (5)
where
[ OW 2
0
or
t 1 —
= // (—) dxdr, @)
ox
00
Wy = Wy(x) is a given function.

Asymptotic behavior of solution as ¢ — oo of
initial-boundary value problem (3)-(6) is investigated
in [12]. One of main result of investigations made in
this work can be stated as follows.

Theorem 1 Ifa(S) = (1+S)P,0<p <1 Wy €
H?(0,1) N H}(0,1), then the solution of the problem
(3)-(6) satisfies the following estimate

‘8W(x,t)‘+‘8W(x,t)‘ < Cexp <_£>
[— 2 .

ox ot
Here and below, H¥ and H} denote usual
Sobolev spaces, while C' denotes positive constant in-
dependent of ¢.
If instead boundary conditions (4) following non-
homogeneous boundary condition on part of lateral
boundary is considered

W(Oat) =0, W(lat) = M, (8)

then we derive again one of main result of [12], which
can be formulated as a following statement.
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Theorem 2 Ifa(S) = (1+S)P,0<p <1 Wy €
H?(0,1), Wo(0) = 0, Wy(1) = p, p = Const > 0,
then the solution of the problem (3),(5),(6),(8) satisfies
the following estimates:

‘8W(az,t) OW (z,t)
oz ot

Now consider problem (3),(5),(7),(8). Let us in-
troduce the notation

— u‘ <Cct P ‘ ‘ <Ct L.

U(z,t) = W(x,t) — px. )

So, instead (3),(5),(7),(8) we have following problem:
ou 0*U

E = a(S)Wa (I,t) € Qa (10)

U ,t)=U(1,t) =0, t>0, (11)

U(z,0) = Wy(x) — px, € [0, 1], (12)

where

//( o), o,

Theorem 3 If a(S) = (1 + S)?, 0 < p < 1;
Wo € HE(0,1), then the solution of the problem
(3)(5),(7),(8) satisfies the following estimate

oW t
W — + || = — < — .
I p| H . ,uH Cexp ( 2)

Proof. Let us multiply (10) by U and integrate
over (0,1). After integrating by parts and using the
boundary conditions (11) we get

o
2dt||U|| +/ 1+ 5y <8x> dz =0,

Since (1 + S)? > 1 we have

1d

<0.
2dt -

WUl + H (13)

Using Poincare-Friedrichs inequality from (13) we
obtain

||U|| +[U)* <o. (14)

2 dt
. 0*U .
Now multiply (10) by 92 and integrate over
x

(0, 1). Using again integration by parts and the bound-
ary conditions (11) we get

1 2
[ 92U U U
- P —_—
9ot 0z ™ O/(HS) (8332) o
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0’U
2dt H +(1+S)P 92 =0, (15)
or
U 2
5] < 1o
From (13),(14) and (16) we find
L expt) ||U||2+H8—U I <o
at |7 B) =

This inequality using initial condition (12) immedi-
ately proves Theorem 3.

Note that Theorem 3 gives exponential stabiliza-
tion of the solution of the problem (3),(5),(7),(8) in
the norm of the space H'(0,1). Let us show that the
stabilization is also achieved in the norm of the space
C1(0,1). In particular, let us show that the following
statement takes place.

Theorem 4 Ifa(S) = (1+ S, 0<p <1, W, €
H*(0,1) N H}(0,1), then the solution of the problem
(3),(5),(7),(8) satisfies the following estimates:

oW (z,t) at

< _

‘ Oz M‘_CeXp< 2)’

oW (z,t) Bt
T\ <« _=
‘ ot ‘—CeXp< 2)’

where o = Const, 8 = Const, 0 < f < a < 1.

To this end we need following auxiliary result.

Theorem 5 If a(S) = (1 + 5, 0 < p < 1;
Wo € H3(0,1)NHE(0,1), then for the solution of the
problem (3),(5),(7),(8) the following estimate holds

e =eer (-5)

Proof. Let us differentiate (10) with respect to ¢,

o2 03U
Eﬁ'zf + )&ﬁat .
oU 2 92U
_1 s z -
vs L/(axﬂg w| 2V

ou
Multiply (17) by wn and integrate over (0, 1). Using
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the boundary conditions (11) we deduce

d [ /9U\?
d_/ <_> et

0

Let us estimate the right hand side of the equality

(18).
1 2
—2p(1 4+ S)P! [/ (g—U + u) da:] X
[ OU 02U o
/_xaxatdx = —2p/ {(1 + S)P/21 x
0 0 (19)

From this, using the Schwarz’s inequality we get

—2p(1 4 S)P~! {/1 (g—g—i—u)Zdaz} X

1 5 2
g@—@u+sw/<iU>dw- (20)
0
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Combining (18)-(20) we have

1
d AU\ 2
_ - 1 p
dt0/<8t> dz + a(l +5)

AN
<
<8x8t> o=

3

o\»—t

1
8p? p—2 oU \?
2_@(1+S) /<%> dr| +
0 1
e (2
5o 1—|—S’ o dz.

0

Using Poincare-Friedrichs inequality, notation
(9), Theorem 3, restrictions on p and nonnegativity
of S(t) we arrive at

_/1<§> iz + o /< ) dz < Cexp(—t).

After multiplying by exp(«ait), the last inequality gives

{ (o2
Xplo 8t

2
> < Cexp(—(1 — a)t).

dt
Therefore,
2 L C
exp(at) H— < C/exp(—(l—a)T)dT < ,
ot / l—«

< Cexp <—%t> .

So, Theorem 5 is proven.
2

Proof of Theorem 4. Let us estimate g in the
z
norm of the space L1(0,1). From (10) we have

o0*U »0U
dz? ot
Integrating (21) on (0,1) and using Schwarz’s in-

equality we get
1
dz = / ‘(1 +5)
0

1
[
" 1/2 4 , 12
0/(1+S)_2pdm] L/ <88_(t]> dx] .

Applying Theorem 5 and taking into account the non-
negativity of S(t) we derive

[l

ISSN: 1109-2769
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oU
- iy i <
0x2 t dz <

dm<Cexp< O;).
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From this, takjng into account the relation

we ]

and the boundary conditions (11) it follows that

Q?U(&,1)
€2

8U(z t)
oz

3U y, df’dy

82

‘3Uﬂ:t‘ d£d

1

/

t
dy<Cexp< O;)
0

So, for the solution of the initial-boundary value
problem (3),(5),(7),(8) we have

‘LW(m,t) - ,u‘ < Cexp <—%t> .

ox
: ou .
Now let us estimate e in the norm of the space
3

0°U
C1(0,1). Let us multiply (10) by ——— and integrate
Ox20t

0U (y, 1)
oy?

over (0,1). Using integration by parts we get

v Ul ||’
ot 020t |, | dwdt
P U U
y4 - -
(1+5) | 02 92201 v

(22)

Taking into account boundary conditions (11) we ar-
rive at
2
+ ‘

d ||o*U ]’
dt || 0z
Note that from (22) we have

‘82U 2 xSy
3

ordt|| — 2
0°U .
Now multiply (17) by —— 52201 scalarly and inte-

o2U ||°
0x0t

0*U
O0zx2

(1+5)Pd
2 dt

or

<0. (23)

o*U
0z2

24
- (24)

0x20t

(1+S)P
2

grate the left hand side by parts

PUPUL [ PU PU
o dxdtly | w0t dudt e
PU
p _
1+ | 5ag | +
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1 1
oU 2 O’U BU
st (2 wa) ] [2920
p(1+5) L or TH) | 0s 0200
Taking into account the boundary conditions (11)
we have

> U

0x20t

1 aU 9 1
—2p(14-5)P~1 [/ <—8x +u> dx]
0

0

0*U
o0z Ot

d

dt

+2u+sw

0*U 93U

We estimate the right hand side in a similar fash-
ion to (19),(20). It is easy to see that

2 2

d || 82U BU

_ p

@t lozor| O | amar| <
[ oU 2

p2(1+5)p72 /(&‘f‘ﬂ) dﬂ?] X

0
1 5 2
0
1 2 1 9
oU \? A 0*U
L/ <%> de| +p O/(W> dx.

Using equation (21) and Theorems 3 and 5 we
have

U |I”

0zxot

4

(25)
’U

P
(1+5) 0x20t

< Cexp(—at).

Combining (13)-(15), (23), (24) and (25) we get

d ||oU ||
[ o Lk A L
2ul® 4 |oul’
V2N | IR |
2(1+5) 0x? dt || 0x2
02U ||° 02U |I°
oz ot 0xot
U 1+ Sy ||o2v|?
1 p
L+ 55 =5 5 |aa2| T
1+9)7 | 83U
( 5 ) 9201 + Cexp(—at).
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From this, keeping in mind the nonnegativity of

S(t) and inequalities 0 < 8 < a < 1, we deduce
d oU|? , d ||oU|?

2 2 ou a || ouv
plviE+ g 1ot s | + 5 15| +

02U 02U
02 dt || 022

d | o2u |?
tdt | oot

g

o*U
0x0t

/3‘ < Cexp(—at).

After multiplying by the function exp(S3t) we get

o2 |?
o2

2

+ +

d| s |2u
a4 mmm>0Un+Ha

Since 8 < o we get
0*U
Ox0t

o*U
o0z Ot

N
) < Cexp(—(a = p)i).

2
< Cexp(—pt).

From this, taking into account the relation

W [l | [P

and Theorem 5, we obtain

OW (x,t) oU (z,t) ( at>
- < _
‘ T ‘ ‘ 9 ‘ Cexp > +

C exp <—%> < Cexp <—%> .

Thus Theorem 4 has been proven.

3 Finite difference scheme

In order to describe the finite difference method for
problem (3)-(6) (case a(S) = 1+ S), on Qp =
(0,1) x (0,T), where T is a positive constant, we
introduce a net whose mesh point are denoted by
(zi,t;) = (ih,j7), where i = 0,1,...,M; j =
0,1,...., N with h = ﬁ, T= % The initial line is de-
noted by j = 0. The discrete approximation at (z;, ;)
is designed by w! and the exact solution to the prob-
lem (3)-(6) by W. We will use the following known
notations [24]:

wit! j+1 G+l Gl
witl — Wiy — Wy wit! = wy Wi_1
:v A h ’ [ h .
J+1 J J Jj—1
i _ Wi wi i o, -1 _ Wi W
Wy; = o Wi =Wy =
) T 5 ) T
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Let us correspond to the problem (3)-(6) with
nonzero right part f in (3) the following difference
scheme:

wi ™~ u?
T
j+1 .
L7y (wh)?|wih o =fl @6
k=1 -
i=1,2,..M—1; j=0,1,..,N —1,
w) =wh,; =0, j=0,1,..,N, 27)
w) =Wy, i=0,1,..., M. (28)

Introduce inner products and norms:

M-1 M
(u,0)p = D wivih, (u,v]p =Y uvih,
i=1 i=1

1/2

lulln = (u,u),”, V2,

lulln = (u,u]y

~ Multiplying (26) scalarly by w/*! = (w!
w%H, e w{vﬁl), using the discrete analogue of the
integration by parts, after simple transformations it is

not difficult to get

n
lw™ 7 + 7> |wili <C, n=1,2,..,N. (29)
j=1

Here and below C'is a positive constant indepen-
dent from 7 and h.

The a-priori estimate (29) guarantees the stability
of the scheme (26)-(28).

The main result of this section is the following
statement.

Theorem 6 If the problem (3)-(6) has a sufficiently
smooth solution W = W(x,t), then the so-
lution wl = (w{,w% ...,wgw_l), of the finite
difference scheme (26)-(28) tends to the Wi =
(Wf.,WZj,...,W]{/[_l), as ™ — 0, h — 0 and the
following estimate is true

lw’ =W < C(r+h), j=1,2,...,N. (30)

Proof. For the exact solution W = W (z,t) of
the problem (3)-(6) we have

{

Wit —wi

j+1 - ) (3D
L+7 Y (Wh)? ng = fl =,
k=1 -

ISSN: 1109-2769
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Wl =wl, =0, (32)
W) =W, (33)
where _
Yl = O(1 + h).

Solving (26)-(28) instead of the problem (3)-(6)
we have the error zJ = w] — W} . From (26)-(28) and
(31)-(33) we get

G g j+1 _
A {1 +7 Z(wg,i)Q] wﬂjjgl_
T 1 = ] (34)
J+ . . .
1+7y (ngl)Q] ngl} =9,
k=1 -
Z =2, =0, (35)
20 =0 (36)
Multiplying (34) scalarly by z/ 1 = (/7,25

z{vﬁll) using (35), and the discrete analogue of

integration by parts we get

12742 = (7, 2+

M j+1 ]
Th z{ L+7Y (wh )2 | wih'—
=1 k=1
. 37
AR . I G TS
Lk 3 (W) | Wit oz =

T(47, ).

Taking into account the relations:
. . 1. . 1. . 1. . .
(741, 27) = 2 + | )P - Sl - 2,

k \2, j+1
[(wz,i) wjj,i

— (WEWE (it =il >
S [k )2 = Wk [wdih? = Wiy,

from (37) we have
J+1)2 1 J+1 7|2 1 J+112
12751+ Sl =227 = Sl

15 -
S 17 + il 1P+
F2p, M=1j+1

5 Z Z [(w!%,i)Q - (Wilcc,i)

i=1 k=1 .

(w2 = (wiih?] <

o 2 + 267272,
j=0,1,..,N —1.

Q]X

(38)

Here ¢ is an arbitrary positive constant.
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Introduce the notations

2 k \2
- (Wa’c,z) ] ’

then

. o
zq,t = [(w%t )2

So, from (38) we get

- Wiy

2742 = 112712 + 7212 |2+

THZ”IIIQ + 2|12+ T(¢l,8]) < (39)
EHWHQ + det |27,

Using (36) the discrete analogue of Poincare’s in-
equality [24]

17 < Sll=d P

o =

and the relation

. 2 .
r(@,6) = 1T - 161 - TIE),

we have from (39)
12717 + 72 Z I + = Z (AR
penl . (40)
5 . Z 711> + IIE I?<cC Z 147 |17,

7=0
n=12.. N.

From (40) we get (30) and thus Theorem 6 has been
proven.

Note that analogical theorem is hold for problem
(3),(5),(7),(8) (see, [14]). Note also, that according
to the scheme of proving convergence theorem, the
uniqueness of the solution of the scheme (26)-(28) can
be proven. In particular, assuming existence of two
solutions w and w of the scheme (26)-(28), for the
difference z = w — w we get ||Z"||, < 0, n =

2,..,N.So0,z2=0.

4 Numerical implementation
remarks

We now comment on the numerical implementation
of the discrete problem (26)-(28). Note that (26) can
be rewritten as:

ISSN: 1109-2769
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G+l /. k AN A j+1
1+TZ Wiy, — Wy Wipr —w;
h h

Let

1=0,1,...
then (26) becomes
w{“ —w 1 j+1 j+1

w; Ay+1 Wiy — Wy
T h h

1 1
Aj+1wf —wy — i (41)
1—1 h 1.2°

M — 1.

1=1,2,...
The system (41) can be written in matrix form

P (ij) =G (ij) — %w

The vector w containing all
wi,...,wp—1 at the level indicated.
G is given by

i — 5 =0.

the unknowns
The vector

I\ il il
G(w] )—T] wlTh

where the (M — 1) x (M — 1) matrix T is symmetric
and tridiagonal with elements:

4

—72 A, 1 s=r—1,
! (Aé + AL ) s=r
T, ={ &2 r=1 : (42)
— 72 Az s=r+1,
L 0, otherwise.

Newton’s method for the system is given by

(n+1)

VP (wi*) ‘(n) <wj+1

witl ()

(n)) _ e (wi)
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The elements of the matrix VP (w/*1) require the
derivative of A. The elements are:

aAJ+1
aw]-l-l =
2
- o ( ¥+1 _ w]+i> B
2 5 g+l =
o L ®
3 %j;l, s=r—1
2T 4l _
_ﬁ Z,r =T
0, otherwise,
and
. ; , 2
QAT 1D witl —wit\"|
8w§+1 T R2 awngl h -
2r
Sl s=n (44)
2r
_ﬁ %j;la s=r+1,
0, otherwise.

Combining (42)-(44) we have

VP (wit!) =
(A= () st
Ly % (AJ“ + AJ“)
e A )
—%Aﬁl—i—; ( 3.:?;1)2, s=r+1,
L 0, otherwise.

Let us state well known theorem (see, for exam-
ple, [23]).

Theorem 7 Given the nonlinear system of equations

gi (x1,...,xp-1) =0, 1=1,2,..., M — 1.

If g; are three times continuously differentiable in a
region containing the solution £1,...,&p—1 and the
Jacobian does not vanish in that region, then Newton’s
method converges at least quadratically.

The Jacobian is the matrix VP computed above.

1 . .
The term — on diagonal ensures that the Jacobian

doesn’t VanTish. The differentiability is guaranteed,
since V P is quadratic. Newton’s method is costly, be-
cause the matrix changes at every step of the iteration.
One can use modified Newton (keep the same matrix

ISSN: 1109-2769
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for several iterations) but the rate of convergence will
be slower.

In the first numerical experiment we have chosen
the right hand side of equation (3) so that the exact
solution is given by

W(z,t) = z(1l — x) cost,
which satisfy homogeneous boundary conditions (4).

The parameters used are M = 100 which dictates
h = 0.01. Since the method is implicit we can use
7 = h and we took 100 time steps. In the Fig. 1 and
Fig. 2 we plotted the numerical solution and the exact
solutions at ¢ = 0.5 (Fig. 1) and ¢ = 1.0 (Fig. 2).
As it is visible from these pictures, the numerical and
exact solutions are almost identical.

Time t=0.5
T

120

Figure 1: The solution at ¢ = 0.5. The exact solution
is solid line and the numerical solution is marked by
+.

Time t =1
T

0 20 40 60 80 100 120

Figure 2: The solution at ¢ = 1.0. The exact solution
is solid line and the numerical solution is marked by
+.
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In the second experiment we have taken zero right
hand side and initial data given by

W(z,0) = 2(1 — ) cos(4mz).

In this case, we know that the solution will decay in
time. The parameters M, h, T are as before. In Fig. 3
we plotted the initial data and in Fig. 4 we have the
numerical solution at four different times. It is clear
that the numerical solution is approaching zero for all
z.

Timet=0

60 80 100 120

Figure 3: The initial data for homogeneous boundary
conditions.

TTTT
o000
oo

%x+‘

Figure 4: The numerical solution at ¢t =
0.1,0.2,0.3,0.4 for homogeneous boundary condi-
tions.

The numerical experiments for problem
(3),(5),(6),(8) was carried out as well. For our
next experiment we have taken zero right hand side
and initial data given by

W (z,0) = z(1 — z) cos(4rz) 4+ 0.001z.

ISSN: 1109-2769
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In this case, we know that the solution will ap-
proach to the steady-state solution, which in this case
is W(z) = 0.001z. The parameters M, h, T are as be-
fore. In Fig. 5 we plotted the initial data and in Fig. 6
we have the numerical solution at four different times.
It is clear that the numerical solution is approaching
steady-state solution for all z.

Timet=0
0.3 T

-0.05

-0.1

-0.15

-0.2
0 20 40 60 80 100 120

Figure 5: The initial data for nonhomogeneous bound-
ary condition on part of lateral boundary.

%X‘F‘

TTTT

0050

Soa
!

L
0 20 40 60 80 100 120

Figure 6: The numerical solution at ¢t =
0.1,0.2,0.3,0.4 for nonhomogeneous boundary con-
dition on part of lateral boundary.

5 Conclusion

We have experimented with several other initial data
for both inial-boundary value problems (3)-(6) and
(3),(5),(6),(8). In all cases we noticed that numerical
solutions are approaching steady-state solution as it is
shown in theoretical researches.
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