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Abstract: - The present work is the generalization of boundary value problem for ordinary differential equations on
graphs. This problem is investigated and correctness of the stated problem is proved in [1]. The special attention i
given to construction and research of difference analogues. Estimation of precision is given. The formulas of
double-sweep method type are suggested for finding the solution of obtained difference scheme.

In this work the boundary-value problems for Poisson’s equations in the three-dimensional space on some two-
dimensional structures with one-dimensional common part is given and investigated. This technique of
investigation can be easily applied to the more complex initial data and equdtiendifference scheme for
numerical solution of this problem is constructed and estimation of precision is given.

Such problems have practical sense and they can be used for mathematical modeling of specific problems o
physics, engineering, ecology and so on.

Key-Words: - Differential equations on graphs, Difference scheme.

1 Introduction and research of difference analogues, which is a little
In the work [1] the boundary value problem for ~ concern in papers of other authors. Estimation of
ordnary differential equations on graphs is  Precision is given; double-sweep method type
investigated; correctness of the stated problem is formulas are suggested for finding the solution of
proved. The special attention is given to construction difference scheme ([2]-[3]).
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It's possible to note some works, devoted to the
theoretical investigation of boundary value problems,
considered on graphs (see, for example, [4], [2] and
the literature, mentioned ther€ertainly, this list is
incomplete).

In the present work there are given some
generalizations of the above mentioned problem: in
the three-dimensional space on some two-
dimensional structures with  one-dimensional
common part the boundary-value problem for

Poisson’s equation is stated and investigated. This

technique of investigation can be easily applied to the
more complex initial data and equations. Obviously

such problems have practical sense and they can be

used for mathematical modeling of specific problems
of physics, engineering, ecology and so on ([5]-[11]).
Certainly, this list is incomplete.

2 Ordinary differential equations of the
second order on graphs

Let us consider a graphG = (V, E), where
V= (ao, a,..., an) is a set of tops of this graph,
ay is a node of the graph arld is a set of ribs of

the graph {aoal, apdo, -, aoan}. Denote the rib

ﬁ by TI,. On each rib introduce a local
coadinate system with the origin in the noagand
the coordinate x, (0,1, ), where I, is length
ofthecurve [, @ =12,...,n).

Let us state the following problem: find the
functionsu, X, )@ =1, 2,...,n), which satisfies
the differential equations

ol o) |- iy ()=
=fa(Xs), @=1n, %, 0(0l,) "

boundary conditions

Ug (g)=u?, a=1n, @)
and conditions of conjunctions
Uy (aO):uﬁ(aO)’ 0’,,3:1,”, 3)
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n
Z K, (Xa )dua—(xa) =h. (4)
=1

dx,

Xz=0
where

K, (%, )OCYO1,], K,u(x,)>Co =const>0,

0o (%) OC' O], dalXq)20,
fq (Xa)D CO[O, |,] are the given functions and

b, u(") (a = ZL_n) are the given numbers.

Theorem 1. There exists a unique regular
solution of problem (1)-(4), i.e. exists unique
functions

Uy (x,)0C2 100, [NCH0l, ] (@=1n),
which satisfies equations (1), boundary conditions
(2) and conditions of conjunctions (3), (4).

The proof of this theorem see in [1].

3 Difference scheme for numerical

solution of problem (1)-(4)

On I, (a =12..., n) we introduce a uniform
mesh with stefh, :

G =[x =igh, iy = 012, N,
x =0; haNa:Ia}, a=1n.

If on the mesth)rsa)

operator by the difference operator, we obtain the
following difference scheme:

we substitute differential

(Kayaf(a )SZ) _qga)yga) = fcgia)’

i, =LN, -1 a=1n, (5)
ygNa):u(a)' a:ﬁ’ (6)
yO =y0 a,p=1n )
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(1) _ 0 n @ _,0
i RWYa ~Ya” _ ®) 0, = YK, (05h,)da Yo" _
_ h a=1 ha
a=1 a
here
w(- | y(ia) y(ia_l) —OSZh [qa ) + £ 0 )]
iq) — ; _ =Ja
Yo' =Yaliaha) Ya.x, h, ! will have the ordeO(hz).
: : Indeed,
ylatt) —ylia) oy G-
= , KV a/ =K >9 . n
ya,Xa ha' a a @ (O)du” _
g: dx, <=0
Theorem 2. There exit no more then one
solution of the difference scheme (5)-(8) .
Theorem 3. Let U, 0C3[0M, ] [e=1n).  ~ 03u(Ka(Quz (0)+K,(0)uz (0))-
Then the solution of the difference scheme (5)-(8)
uniformly converges to the solution of the problem o). (0 0 2)_ 2
(1)-(4) at the rate of O(h), when h - 0, where - 05h, (qg)ug) + fcg ))}+O(h )_O(h )’
h= maxh,.
I<a<n du
The proof of the theorems 2, 3 see in [1]. as Z K ( )d =0
Xq Xg =0
Remark. Let u, JC3[0], ], (a' = l_n) Then (conjunction condition) and
wlia)| = o(h), |0, =0(h
=00 fool ot (0, (04 K Oh, 0)- P9 - 19+
= ],N -1 a=1n.
where _9 K, dug ul® -,
(i) ia) _ glio)y o) Tox| dx, ) et
ana :(Kauaj(a )XZ — 07 uy” Xy =0
ard Therefore,
2 KO ) [#.]=0[r). a=1n. joj=0fv)
eO:z a(ua —Uy ) . 4
a=1 h, if u, OC™[0,1,].

4 _a - .
_ Let U, DC_ _ [Olg 1, (a =1 n) Then, 'f_ Sa in the case of difference scheme (5)-(7), (9)
instead of condition (8) we consider the following  the following theorem is true.

apprOX|rr]nat|on of the co(nlj)unctl(c())r)\ conditions: Theorem 4. Let U, DC4[O, 1,1, (a =1 n).
Z K (0-5ha) a a_ _ Then the solution of the difference scheme (5)-(7), (9)
.y uniformly converges to the solution of the problem
9) (1)-(4) at the rate of O(h?), when h — 0, where
—OSZh [qa 9+ 10)=0, h= maxhy.

a=1
Then the error of approximation
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4 Variant of double-sweep method for
difference equations (5)-(8)

Let us write the difference scheme (5)-(8) as a Zn:ma (y(l) —ygo)):O.

yO=y0 a.p=1n (13)

system of the linear algebraic equations: = a (14)
(i,-1) (i, -1) (i,) . Suppose, that for the solution of difference
Ka ga -1) _ Ka +Ka +q£',”) X equation (11) the relation holds:
" " (ia+1) = glia+1) (ia) 4, (ia+1)
_ ig+) — z(iz+1)\,(ia iy +1
eyli)  KE e - o) o = Sat Tal 1at
Ya +h—2ya =Tg77% i,=0N, -1 a=1n. (15)
_ a L then
lg =LNg -1 a=1n yga) = Ec(;a)yga_l) +”ga)’ (16)
yE,Na) =y@ , a =ﬁ, Substituting expression (15) in the equation (11)
we obtain
(0) = /(0) -1n g -
Yo' =Yg . @, B=1n, (10) alie)yliad) _ lia)yfia) 4
L Kg(rl) (1) _,0)_
azzllﬁ(ya ~Ya )‘0' +bga)(5ga+1)yga)+”ga+1)): fa(/ia)_
Introduce the following denotations: . . (i)
(1) (i) From this equation we definey 7’ :
alie) =Ka " ha) - Ka” ) alia) ot
g J a ! al = a a”
h; ha 2 0 (= e R L
a a a
a1l ig 0
clia) = Kot 4+ o) m, = KS)_ plia)ylia+1) _ ¢ ia)
h§ ha a a a

C(ia) - b(ia)g(ia"'l)

a a a

i, =LN, -1 a=1n

Then the system of equations (10) can be (c(ia)—b(ia)f(iaﬂ);to)_
rewritten in the following form: a a e

(i) lio=1) _ ia)fin) C_or.nparinQ this equality with the equality (16) we
ay’’yy | .Ca Yy _+ 1) obtain: i)
+b£(;a)ya'!a +1) = fa(!'a) <z(ia) - aqa _ ’
a Cga) — bc(;a)gc(;a"'l)
i, =LN, -1 a=1n (17)
' (ia)lia+1) _ ¢ (ia)
ygNa) =uy@ . a :l_r], (12) ’75(:'0) = zcéa),]fbg”)fcgjﬂ) ,

s=Ns,-1LN,-2....1, a=1n
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Using the boundary conditions (12) to define

ENa) and plNe

, We obtain:

gNa)=0,  p{Na) =y(@) (18)

Recurrent relations (17), (18) allow to define
coefficients

&lo) ana pfie)
(i, =N, =LN, - 2...1, a=1n),
it cla) —plia)gliatt) 2.
‘ ‘c(nifa) , g =L Ny -1,
L_, therefore repeating the reasoning from

<1

+

[12], it can be proved, that‘f( a) and

2ol

‘Cga) — bga)gc(zi’a*'l)

Thus, we have proved that by means of recurrent
formulas (17), (18) uniquely can be defined values of
the coefficient

C(]i,a), nga) (|a =N

a=1n).

Write out formulas (15) in case of,=0:

=P enl), ain

~LN, - 2.1,

Insert these equalities in (14) and take into
account relations (13) then we obtain:

an( 9 y@»:Q

As ‘fc(yl ‘ <1, from the last equality we obtain:
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> myf)
JO) 2 y0) - a1
1 a n n ;
Zma - zmafc(rl) 49
a=1 a=1
a=2n.

Collect all formulas of double-sweep method and

write them down in order of application:

(c)
(ia) - aa’
4" = T il e

(in) bga)”ga"'l) - fa(ia)

Ta™ =" o) _plia) gl

a

i, =N, - 1N,

2....0, a=1n.

s =0N, -1 a=1n.

> myf)

a=1

n
DMy -
a=1

a=1n.

3 my e

a=1

5 On one generalization of the problem

(D-4) o
Let us consider one generalization of problem (1)-
(4). Instead of graph let's considethalf-planes in
R®, which are bounded by common boundary line

:(O, xo). On these planes we consider the local

coordinate systemg$xo, X1), (Xo, X2), ..., (X0, Xn)-
Consider the following problem: find functions
Uy (Xg.Xg), a@=1n, which satisfy the

differential equations
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0%u,  0%u,
+ =f X ),
o o o (%0 %) o0
O<xy<ly, O<x,<l,, a=1n.
boundary conditions
Uy (Q_)(a) =8y (Xa )’ (21)
a=1n, 0<sx,<l,
Uglo.%g) =y (7)., @ =1n, (22)
0<x, <lg,,
ua(xo’la):¢a(xo)' a=1n, (23)

0<Xxp<lp,
and conjunction conditions

Ug (%o 9=ug(x 0, @.B8=1n (24

Zn:aua (XO’Xa)

=R =0 %o 0[0o]. @5)

X, =0
where
a9,y 0C'0l,], 4, 0C 0],
fo OCH[0lg]x[0l,]), a=1n,
are given functions.
Theorem 5. There exists no more then one

regular solution of problem (20)-(25).
Proof. It is sufficient to prove that the

homogeneous problem with the homogeneous
boundary conditions corresponding to the problem
(20)-(25) has only trivial solution. Consider this

problem:

2 2
6u20,+0u =0, 0<xg<ly,
x5 ox2 (26)

O<Xa<|a/1 a:l_n'
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u,(0x,)=0, a=1n,

27

0<x, <l, @0

uy(lo X,)=0, a=1n, 08
0<x, <l,

Ug (¥ 1g)=0, a=1n, (29)

0<xg<lg,
Ug (%o Q=uplx 0, @.8=1n (30)

n
ZM =0, x,0[01,]. (31)

a=1 axa X;=0
Multiply the equation (23) on function
U, (X0 , X, ) and integrate it at first on the interval

[O, Ia] with respect to variable and then on the

interval [O, | a] with respect to variabl¥,. Further
sum up these equalities layfrom 1 to n:

n lola("52,, 2u

2 _[ J.( 2 2a ]ua (o, Xg )Jaxodx, =0
a=1g OXO Oxa,

(32)

To change the left hand- S|de of this equality first

we need to be sure in the fairness of the following

equalities (thereat take into account conditions (27)-

(31)):

n la IOazu

> J. I 2a Ug (XO' X )dXOan =
a=1p 0 Xy

0
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|_~|(1)(Qa):{ua'(xo’xa): Ug O LZ(Qa)'

n lalo( 5y 2
=-> j["’_a] o

a=10 0\ Xy
au_a,au_am_z(ga)'
Analogously: 0Xg O0Xy
n |a|062 ua(oixa):ua(IO’Xa’):ua(XO’Ia)ZO}
ua
, Xy JaXgdX, = ~
az:ljc; 'L axg ua(xo Xa) 0 i.e. HJ is Sobolev space of the first order on
| 2 (0lg)x(01,) and equalize to zero on the
- _Zn: T JQ au_a dxdx.. + boundary is meant in sense of trace (see for example
=)o | e [13)).
a=10 o\ “o Let us define functionsv[xo,X] on the set
I n
n(la 0 = 3 . .
ou (XO,X ) _ Q= UQ U R” in the following way:
0
0 lalo( 5, 2 VX0, X]=Uo(X0,Xs), if
== [“} dxodX,, - B N
azlj(;.('; 0% ’ (XO’XG)DQa’ ua(XO’Xa)DH%(Qa)i
Taking these equalities into account, from the (32) T
we obtain: a=1n.
2 2 Denote
n lolol gy, ou
—a 1 +| —2 | |dxgdx, =0.(33 < ~
21 5 (axa o =089 3(0) = Mxg. YU (0. %2 )T AR, )
Ua (% 9=us(x 9. @ £=1n,%,0[0l,]}

that Introduce in this space the scalar product and the

equation we obtain,
norm induced by this product:

From the Ilast

aua(XO'Xa'):O’ aua(Xo,Xa):O, ie.
0x, Xy
Uy (XO,XC,) = const (a = ﬁl) Taking  into (VI Xo X, Val Xo, X])ﬁ%(Q) -
account boundary conditions (27)-(29), we obtain n
= Z(Vla(xo'xa)’V2a(XO’Xa))|—~|é(Qa)'

that U, (Xg,X, ) = 0.
a=1

The theorem is proved.
Introduce the denotation v, ] vo[,]0 |‘~|%(Q),
0, =(01)x(01,), @, =[01g]¥[0. ] M0, ¥ 710 = (%0 ¥, v[x0,x])“§(g).
. 0

a=1n
Let us consider the problem (20)-(25), but The generalized solution of the problem (20)-(25)
with the homogeneous boundary conditions we call

supposing that ag(x, )=by(x, )= @g(x,)=0 D
the function V[x,, X]OHZ(Q), for which the

and f, OL,(Q,).
Introduce the following set of functions: ecuality takes place:
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al\{ 0., ulxo, X]] =
=~(Fl %0 ¥, UX0. X])i2 q)
for any function u[x,, X] DHE(Q), where

(34)

alM[ xo, ¥, U g, X]] =

_ z J- 0u, 0V, ava aua (35)
0Xg 0Xg ax,, 0Xy

and F[xo,X]=fo(X0,Xy), if

(%%, )O0Q,, a=1n. (see 6], [7]).

Theorem 6. There exists a unique generalized
solution v [ Hcl)(Q) of the problem (20)-(25).

that the
is continuous and coercive

Proof. It can be easily shown,
a[\’{ X0s X]1 u[X01 X]]

on H~(1)(Q) [13]. From this, on the basis of Lax-

Milgram Theorem the fairness of statement of the
theorem immediately follows.

6 Difference scheme for numerical
solution of the problem (20)-(25)

Let’s define the meshes:

wa :{(XO’Xa)|Xé) :iOhOi Xiaq :iahai
ip=1..No-21 i,=0,..,N, -1
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- n
(a :1,n). w={w,, w={a,.
a=1
Introduce also the following denotations:

Y, = ygovia) =y, (X(i)o ’Xi? )’

y&o) =y, (e e )

yE) =y, (49 et
R ya )/,
I ) [
Yax, = (vir -ya)/ha,
Yosg = (ya - ) h.

Let's put in conformity to the problem (20)-(25)
the difference scheme

D Yo =far X=(%0,%)0@, @9
Yo(X)=2,(x), xOp, (37)
Yo (%)=, (%), xOps, (38)
Yo(X)=0,(x). xOps, (39)

Yo% 9=Y5(% 9, a.8=1n, (40
ai_ly% =0, xUy,. (41)

where Aha Y= Vg T Yryx, -

It is easy to show that if initial problem (20)-(25)
(36)
the equation (20) with error

has sufficiently smooth solution, then

approximates

O(h02+h§) and the condition (41) approximates

n
the condition (25) with erroO( > haj .
a=1
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So, the scheme (36)-(41) approximates the

n
problem (20)-(25) with erroO( > ha).
a=0
For the numerical solution of the problem (20)-
(25) it is possible to construct the scheme with error

o( ihf,).
a=0

For this purpose the condition (25) can be
approximated as follows:

ni 2
ZL]— Yaxg T Yaxgo ~ fa,n} =0. (42
a= a

According to (40), Y, =Y, at (X(()iO),O);

therefore (42) can be rewritten as follows:
n1
a=1ha

where

y=vy,: x=(%0 (@=1n) F:%fah.

Further, for simplicity of the statemen,t we will
consider that

a,(J=b,(J)=0,asof,(00J=0. (43)

The problem (20)-(25) at the accepted assumptions
(43) can be solved formally in the form of a row

u, (g, %, ) = i(cm(e‘k”"a +d e )sinkma,

k=1
(44)
where
kmr 0
5 e > Pk
o o2 5 g,
T (eZI(IT _ e—2kﬂ) e _ gkt
-kt n
5 e Y Pok
da'k - < a=1 \ + ¢ak
T (e—2kn _ e2k7T) e _ gkt
(@ =1n)
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@ K-th coefficient of Fure row for function

Ba(Xa ).

It is easy to notice, that the row (44) represents
the solution of the problem (20)-(25), if

b (%, )0C([0.1]).

Similarly it is possible to construct the solution
of the scheme (36) - (41) at assumptions (43).

It is possible to search the solution of (36)-(41)
in the form of finite sum on mesh area @. The
technology of construction of the solution of
difference scheme repeats the reasonings, applied
when formula (44) is Simple
generalisation of methods for estimation of
accuracy of difference schemes for rectangular area
in case of mixed boundary conditions [12] (the
consideration on one of the parties of the rectangle
the
convergence of solution of the difference scheme
(36)-(41) to sufficiently smooth solution of initial

n
problem with a speed O( > ha] .

a=1l

obtained.

Neumann’s condition) allows to prove

The questions of convergence for specified
difference scheme (36)-(40)-(42) by us are not
investigated.
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