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1 Introduction

In the last years, many authors (e.g. Dobrakov [4],
Drewnowski [5], Jiang and Suzuki [16], Li [17],
Pap [22], Precupanu [24], Sugeno [28], Suzuki [29],
Zadeh [30], Wu Congxin and Wu Cong [31], Wu
and Sun [32]) investigated the non-additive field of
measure theory due to its applications in mathe-
matical economics, statistics, theory of games etc.
Fuzzy measures have applications in biology, physics,
medicine, theory of probabilities, human decision
making, economic mathematics.

It is well-known the importance of non-additive
measure theory (such as: continuity, regularity,
extensions, decompositions, measures, integrals,
(pseudo)atoms, non(pseudo)atomicity, purely atomic-
ity) in fuzzy measures theory. Finiteness is an im-
portant point in mathematical research, due to its in-
teresting applications (for example, see Mastorakis
[19,20]). Finitely purely atomic measures where stud-
ied in literature in different variants (e.g. [1,2], [4],
[16], [20]). For instance, Chiţescu [1,2], Leung [18]
established interesting results on different classical
problems concerningLp spaces.

In [3], [8-10] and [21] we introduced and stud-
ied notions as (pseudo)atom, (non)(pseudo)atomicity,
purely atomicity in the set valued case. In this pa-

per, we continue our study, obtaining results concern-
ing measurability and Gould integrability for finitely
purely atomic set multifunctions. The Gould integral
[14] was extended to the set-valued case (see [25-27],
[6,7], [11,12]) and to the non-additive case (see [13]).

2 Preliminaries

(X, ‖ · ‖) will be a real normed space,P0(X) the
family of all nonvoid subsets ofX, Pf (X) the fam-
ily of all nonvoid, closed subsets ofX, Pbf (X) the
family of all nonvoid, closed, bounded subsets ofX,
Pbfc(X) the family of all nonvoid, closed, bounded,
convex subsets ofX, Pkc(X) the family of all non-
void, compact, convex subsets ofX andh the Haus-
dorff pseudometric onP0(X), which becomes a met-
ric onPbf (X).

It is known that

h(M,N) = max{e(M, N), e(N, M)},

where
e(M, N) = sup

x∈M
d(x,N),

for everyM, N ∈ P0(X) is the excess ofM overN
andd(x,N) is the distance fromx to N with respect
to the distance induced by the norm ofX.
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We denote|M | = h(M, {0}), for every M ∈
P0(X), where0 is the origin ofX. We have

|M | = h(M, {0}) = sup
x∈M

‖x‖.

On P0(X) we consider the Minkowski addition

”
•
+ ” [15], defined by:

M
•
+ N = M + N, for everyM, N ∈ P0(X),

whereM + N = {x + y|x ∈ M,y ∈ N} is the clas-
sical addition of two sets andM + N is theclosure of
M + N with respect to the topology induced by the
norm ofX.

Let T be an abstract nonvoid set,P(T ) the family
of all subsets ofT andC a ring of subsets ofT .

By i = 1, n we meani ∈ {1, 2, . . . , n}, for n ∈
N∗, whereN is the set of all naturals andN∗ = N\{0}.
We also denoteR+ = [0,+∞), R+ = [0, +∞] and
R = [−∞, +∞], whereR is the set of all reals.

Remark 2.1. It follows from definitions that:

h([a, b], [c, d]) = max(|a− c|, |b− d|),
for everya, b, c, d ∈ R, a < b, c < d (for other prop-
erties ofh, see Hu and Papageorgiou [15], Petruşel
and Moţ [23]).

We now recall the definitions of finitely addi-
tive measures, countably additive measures and some
types of non-additive set functions.

Definition 2.2. Let m : C → R+ be a set func-
tion, so thatm(∅) = 0. m is said to be:

I) monotoneif m(A) ≤ m(B), for everyA,B ∈
C, A ⊆ B.

II) a finitely additive measure(shortly,finitely ad-
ditive) if

m(A ∪B) = m(A) + m(B),

for everyA,B ∈ C, A ∩B = ∅.
III) a submeasure(in the sense of Drewnowski

[5]) if m is monotone and

m(A ∪B) ≤ m(A) + m(B),

for everyA,B ∈ C, with A∩B = ∅ (or, equivalently,
for everyA,B ∈ C).

IV) null-additiveif m(A∪B) = m(A), for every
A, B ∈ C, with m(B) = 0.

V) null-null-additiveif m(A ∪B) = 0, for every
A, B ∈ C, with m(A) = m(B) = 0.

VI) null-monotoneif for every A,B ∈ C, with
A ⊆ B, m(B) = 0 impliesm(A) = 0.

VII) o-continuousif lim
n→∞m(An) = 0, for every

(An)n∈N∗ ⊂ C, with An ↘ ∅ (i.e., An ⊃ An+1, for

everyn ∈ N∗ and
∞⋂

n=1
An = ∅).

VIII) countably subadditiveif

m(A) ≤
∞∑

n=1

m(An),

for every sequence of pairwise disjoint sets

(An)n∈N∗ ⊂ C, so thatA =
∞⋃

n=1
An ∈ C.

IX) a countably additive measure(shortlycount-
ably additive) if

m(
∞⋃

n=1

An) =
∞∑

n=1

m(An),

for every sequence of pairwise disjoint sets

(An)n∈N∗ ⊂ C, so that
∞⋃

n=1
An ∈ C.

Definition 2.3. For a set functionm : C → R+,
with m(∅) = 0, we introduce the following set func-
tions:

I) the variation of m is the set functionm :
P(T ) → R+, definedby

m(A) = sup{
n∑

i=1

m(Ai)},

for every A ∈ P(T ), where the supremmum is
taken over all finite families of pairwise disjoint sets
{Ai}n

i=1, whereAi ∈ C and Ai ⊆ A, for every
i ∈ {1, 2, . . . , n}.

m is said to beof finite variationonC if m(A) <
+∞, for everyA ∈ C.

II) m̃ : P(T ) → R+, definedby

m̃(A) = inf{m(B);A ⊆ B, B ∈ C},
for everyA ∈ P(T ).

Remark 2.4. Let m : A → [0, +∞) be a sub-
measure of finite variation. Then:

I) m(A) ≤ m(A), for everyA ∈ A;
II) m is finitely additive onA;
III) m̃(A) = m(A), for everyA ∈ A;
IV) m̃ is a submeasure onP(T ).
V) If m is σ-subadditive, theñm is σ-subadditive

onP(T ).

Remark 2.5. Supposem : A → [0, +∞) is a
submeasure of finite variation. Then the following
statements are equivalent:
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(i) m is σ-subadditive.
(ii) m is o-continuous.
(iii) m is σ-additive onA.

We extended (for instance, in [3], [6]) the con-
cepts of Definitions 2.2 and 2.3 to set-valued case as
follows.

Definition 2.6. Let µ : C → P0(X) be a set
multifunction, withµ(∅) = {0}.

(i) By |µ| we denote the extended real valued set
function defined by|µ|(A) = |µ(A)|, for everyA ∈
C.

(ii) µ is said to be:
I) monotoneif µ(A) ⊆ µ(B), for everyA,B ∈ C,

with A ⊆ B.
II) a multimeasureif µ(A ∪B) = µ(A) + µ(B),

for everyA,B ∈ C, with A ∩B = ∅.
III) a multisubmeasureif µ is monotone and
µ(A ∪ B) ⊆ µ(A) + µ(B), for everyA,B ∈ C,

with A∩B = ∅ (or, equivalently, for everyA,B ∈ C).
IV) null-additiveif µ(A ∪ B) = µ(A), for every

A, B ∈ C, with µ(B) = {0}.
V) null–null-additiveif µ(A ∪ B) = {0}, for ev-

eryA,B ∈ C, with µ(A) = µ(B) = {0}.
VI) null-monotoneif for every A,B ∈ C, with

A ⊆ B, µ(B) = {0} impliesµ(A) = {0}.
VII) o-continuousif lim

n→∞|µ(An)| = 0, for every

(An)n ⊂ C, with An ↘ ∅ .
VIII) countably subadditiveif

|µ(A)| ≤
∞∑

n=1

|µ(An)|,

for every sequence of pairwise disjoint sets

(An)n∈N∗ ⊂ C, so thatA =
∞⋃

n=1
An ∈ C.

IX) a countably additive multimeasure(shortly
countably additive) if

µ(
∞⋃

n=1

An) =
∞∑

n=1

µ(An),

for every sequence of pairwise disjoint sets

(An)n∈N∗ ⊂ C, so that
∞⋃

n=1
An ∈ C (that is,

lim
n→∞h(

∑n
k=1 µ(Ak), µ(

∞⋃
n=1

An)) = 0).

Remark 2.7. I) If µ is Pf (X)-valued, then
in Definition 2.2-II) and III) it usually appears the
Minkowski addition instead of the classical addition
(because the sum of two closed sets is not, generally,
a closed set).

II) Any monotone multimeasure is, particularly,
a multisubmeasure. Any multisubmeasure is null-
additive. Any null-additive set multifunction is null-
null-additive. If µ : C → P0(X) is monotone, then
it is also null-monotone. The converses are not gener-
ally valid, as observed in [3].

III) If µ : A → Pf (X) is a multi(sub)measure,
then|µ| is a submeasure.

Definition 2.8. For a set multifunctionµ : C →
P0(X), with µ(∅) = {0}, we considerthe variation
of µ to be the set functionµ : P(T ) → R+, defined
by

µ(A) = sup{
n∑

i=1

|µ(Ai)|},

for every A ∈ P(T ), where the supremmum is
taken over all finite families of pairwise disjoint sets
{Ai}i=1,n, whereAi ∈ C and Ai ⊆ A, for every
i ∈ {1, 2, . . . , n}.

µ is said to beof finite variation onC if µ(A) <
+∞, for everyA ∈ C.

Remark 2.9. I) |µ(A)| ≤ µ(A), for everyA ∈ C.
II) µ is monotoneand super-additive onP(T ).

Also (see [6,7]), if µ : C → Pf (X) is a
multi(sub)measure, thenµ is finitely additive onC.

III) ([26]) If µ : C → Pf (X) is of finite variation,
thenµ isPbf (X)-valued.

Remark 2.10.Let µ : C → P0(X) be a set mul-
tifunction,A ∈ C and the following statements:

(i) µ(A) = {0}.
(ii) |µ(A)| = 0.
(iii) µ(A) = 0.
Then (i)⇔(ii) and (iii)⇒(ii).
Moreover, ifµ is null-monotone, then (ii)⇒(iii).

Definition 2.11. Let µ, ν : C → P0(X). We say
thatµ is absolutelyν-continuous(denoted byµ <<
ν) if ν(A) = {0} =⇒ µ(A) = {0}, A ∈ C.

Remark 2.12. Let µ, ν : C → P0(X) be null-
monotone. The following statements are equivalent:

i) µ << ν;
ii) |µ| << |ν|;
iii) µ << ν.
Remark 2.13. SupposeT ∈ C and µ is a

multisubmeasure, so thatµ is countablyadditive and
µ(T ) > 0. Thenwe can generate a system of upper
and lower probabilities (with applications in statistical
inference - see Dempster [3]) in the following way:
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LetA = {E ⊂ X|µ−1(E), µ+1(E) ∈ C}, where
for everyE ⊂ X,

µ−1(E) = {t ∈ T |µ({t}) ∩ E 6= ∅}

andµ+1(E) = {t ∈ T |µ({t}) ⊂ E}. For everyE ∈
A, we definethe upper probabilityof E to be

P ∗(E) =
µ(µ−1(E))

µ(T )

andthelowerprobabilityof E to be

P∗(E) =
µ(µ+1(E))

µ(T )
.

We remark thatP ∗, P∗ : A → [0, 1] andP∗(E) ≤
P ∗(E), for everyE ∈ A.

One may regardµ(µ−1(E)) asthe largest possi-
ble amount of probability from the measureµ thatcan
betransferred to outcomesx ∈ E andµ(µ+1(E)) as
the minimal amount of probability that can be trans-
ferred to outcomesx ∈ E.

3 Finitely purely atomic set multi-
functions

In the sequel,µ : C → P0(X) is a set multifunction,
with µ(∅) = {0}.

Definition 3.1. [3, 8-10] I) A setA ∈ C is said
to be anatom (pseudo-atom,respectively) ofµ if
µ(A) ! {0} and for everyB ∈ C, with B ⊆ A, we
haveµ(B) = {0} or µ(A\B) = {0} (µ(A) = µ(B),
respectively).

II) µ is called
i) finitely purely (pseudo)atomicif there is a finite

disjoint family (Ai)i=1,n ⊂ C of (pseudo)atoms ofµ

so thatT =
n∪

i=1
Ai.

ii) purely (pseudo)atomicif there is at most a
countable number of (pseudo)atoms(An)n ⊂ C of

µ so thatµ(T\ ∞∪
n=1

An) = {0} (hereC is aσ-algebra).

iii) non-(pseudo)atomic if it has no
(pseudo)atoms.

Remark 3.2. Supposeµ is monotone. Then the
following statements hold:

I) µ is non-atomic if and only if for everyA ∈
C, with µ(A) ! {0}, there existsB ∈ C such that
B ⊆ A, µ(B) ! {0} andµ(A\B) ! {0}.

II) µ is non-pseudo-atomic if and only if for every
A ∈ C, with µ(A) ) {0}, there existsB ∈ C such that
B ⊆ A, µ(B) ) {0} andµ(B) ( µ(A).

Using Remark 2.6, we easily obtain the following
remark.

Remark 3.3. Let µ : C → P0(X) be monotone
with µ(∅) = {0}, A ∈ C and the following state-
ments:

(i) A is an atom ofµ.
(ii) A is an atom of|µ|.
(iii) A is an atom ofµ.
Then(i)⇔(ii)⇔(iii).

Remark 3.4. Let µ, ν : C → P0(X) be set mul-
tifunctions, so thatµ(∅) = ν(∅) = {0}. If µ ¿ ν and
A ∈ C is an atom ofν with µ(A) ) {0}, thenA is an
atom ofµ, too.

Example 3.5.
I) Let T = {a, b, c}, C = P(T ) andµ : C →

P0(R) defined by

µ(A) =

{
{0}, A = ∅
[0, 1] , A 6= ∅

for every A ∈ C. Let A = {a, b}. There is
B = {a} ⊆ A, so thatµ(B) = [0, 1] ) {0} and
µ(A\B) = µ({b}) = [0, 1] ) {0}. So,A is not an
atom ofµ. We prove thatA is a pseudo-atom ofµ. In-
deed, for everyE ∈ C, E ⊆ A, we haveµ(E) = {0},
for E = ∅ andµ(E) = [0, 1] = µ(A) for E 6= ∅,
which shows thatA is a pseudo-atom ofµ.

II) Let T = {a, b}, C = P(T ) and µ : C →
P0(R) defined by

µ(A) =





{0}, A = ∅ or A = {a}
{1, 8}, A = {b}
{0, 7, 9}, A = {a, b}

for everyA ∈ C.
We observe thatT is not a pseudo-atom ofµ be-

cause there isB = {b} ⊆ T, so thatµ(B) 6= {0} and
µ(B) 6= µ(T ). We now prove thatT is an atom ofµ.
Let E ∈ C, E ⊆ T.

We have the following situations:
(i) E = ∅ ⇒ µ(E) = {0}.
(ii) E = T ⇒ µ(T\E) = µ(∅) = {0}.
(iii) E = {a} ⇒ µ(E) = {0}.
(iv) E = {b} ⇒ µ(T\E) = µ({a}) = {0}.
So,T is an atom ofµ.

Proposition 3.6. Let µ : C → P0(X) be mono-
tone withµ(∅) = {0} andA ∈ C. If A is an atom of
µ, thenµ(A) = |µ(A)|.
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Proof. According to Remark 2.5-I), it is sufficient
to prove thatµ(A) ≤ |µ(A)|. Let {Bi}n

i=1 ⊂ C a

partition ofA. That is,A =
n⋃

i=1
Bi and{Bi}n

i=1 are

mutually disjoint. We may have the following cases:
I) µ(Bi) = {0}, for everyi ∈ {1, 2, . . . , n}. Then

n∑

i=1

|µ(Bi)| = 0 ≤ |µ(A)|.

II) There is an uniquei0 ∈ {1, 2, . . . , n}, let
say i0 = 1, such thatµ(B1) ) {0} andµ(B2) =
µ(B3) = . . . = µ(Bn) = {0}. It follows |µ(B1)| > 0

and
n∑

i=2
|µ(Bi)| = 0. Sinceµ is monotone, we have

B1 ⊆ A1 ⇒ µ(B1) ⊆ µ(A) ⇒ |µ(B1)| ≤ |µ(A)|.
This implies

n∑

i=1

|µ(Bi)| = |µ(B1)| ≤ |µ(A)|.

III) Supposeµ(B1) ) {0} and µ(B2) ) {0}.
SinceA is an atom ofµ, it resultsµ(A\B1) = {0}.
But B2 ⊆ A\B1 andµ is monotone. So,µ(B2) =
{0}, a contradiction.

Finally, we have

n∑

i=1

|µ(Bi)| ≤ |µ(A)|,

for every partition{Bi}n
i=1 of A.

It follows µ(A) ≤ |µ(A)| and the proof is
finished. ¤

Remark 3.7. Supposeµ : C → P0(X) is mono-
tone and null-additive andA ∈ C is an atom ofµ.
If {Bi}n

i=1 ∈ C is a partition ofA, then there is
an uniquei0 ∈ {1, 2, . . . , n}, let sayi0 = 1, such
that µ(B1) = µ(A) andµ(B2) = µ(B3) = . . . =
µ(Bn) = {0}.

Indeed, we may have the following situations:
I) µ(Bi) = {0}, for every i ∈ {1, 2, . . . , n}.

Sinceµ is null-additive, we have

µ(A) = µ(B1 ∪ . . . ∪Bn−1) =

= µ(B1 ∪ . . . ∪Bn−2) = . . . = µ(B1) = {0},
false.

II) Supposeµ(B1) ) {0}. As in the case III from
the proof of Proposition 3.4, it resultsµ(B2) = {0},
which is false.

III) There exists an uniquei0 ∈ {1, 2, . . . , n}, let
say i0 = 1, such thatµ(B1) ) {0} andµ(B2) =

µ(B3) = . . . = µ(Bn) = {0}. SinceA is an atom of
µ, it follows µ(A\B1) = {0}.

By the null-additivity ofµ, it results

µ(A) = µ(B1 ∪ (A\B1)) = µ(B1),

as claimed.
The same result is valid for a null-additive mono-

tone set functionm : A → [0,+∞).

Remark 3.8. I) Let µ : C → P0(X) be mono-
tone. The following statements are equivalent:

i) µ is (finitely) purely atomic;
ii) |µ| is (finitely) purely atomic;
iii) µ is (finitely) purely atomic.

II) [3] If µ is null-additive, then any atom ofµ is,
particularly, a pseudo-atom ofµ. Consequently, any
null-additive, (finitely) purely atomic set multifunc-
tion is (finitely) purely pseudo-atomic.

III) If µ : C → P0(X) is a multimeasure, then
A ∈ C is an atom ofµ if and only if it is a pseudo-
atom. Consequently, in this case,µ is (finitely) purely
atomic if and only if it is (finitely) purely pseudo-
atomic.

IV) If µ : C → P0(X) is finitely purely
(pseudo)atomic, then it is also purely (pseudo)atomic.

Theorem 3.9.Let m : C → R+ be a finitely ad-
ditive set function andµ : C → P0(L∞(m)) defined
by µ(A) = [0,ℵA], for everyA ∈ C, whereℵA is the
characteristic function ofA and

[f, g] = {u|u ∈ L∞(m), f ≤ u ≤ g},

for everyf, g ∈ L∞(m) so thatf ≤ g. Thenµ is
countably additive if and only ifm is finitely purely
atomic.

Proof. Let ν : C → L∞(m), defined for every
A ∈ C by ν(A) = ℵA. We observe thatν(∅) = 0 and

ν(A ∪B) = χA∪B = χA + χB = ν(A) + ν(B),

for every disjoint setsA,B ∈ C. So,ν is finitely addi-
tive. Then, by [1,2],ν is countably additive if and only
if m is finitely purely atomic. We also remark thatµ
is countably additive if and only ifν is countably ad-
ditive. Indeed, let(An)n∈N∗ ⊂ C be a sequence of

pairwise disjoint sets such that
∞⋃

n=1
An ∈ C. Denote

fn = χ n⋃
k=1

Ak

, for everyn ∈ N∗ andf = χ ∞⋃
n=1

An

.
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Observe that 0 ≤ fn ≤ f, for eachn ∈ N∗. Using
Remark 2.1, we have

ν(
∞⋃

n=1

An) =
∞∑

n=1

ν(An) ⇔ fn
L∞(m)−→ f ⇔

⇔ h([0,
n∑

k=1

ν(Ak)], [0, ν(
∞⋃

n=1

An)]) → 0 ⇔

⇔ h(
n∑

k=1

µ(Ak), µ(
∞⋃

n=1

An)) → 0 ⇔

⇔ µ(
∞⋃

n=1

An) =
∞∑

n=1

µ(An).

So, the conclusion follows. ¤

4 Measurability and Gould integra-
bility for finitely purely atomic set
multifunctions

In what follows, without any special assumptions,
supposeA is an algebra of subsets of an abstract space
T , X is a Banach space,µ : A → Pf (X) is a set
multifunction of finite variation, withµ(∅) = {0} and
f : T → R is a bounded function. We recall from [26,
27] the following notions and results.

Definition 4.1. I) A partition of T is a finite fam-
ily P = {Ai}i=1,n ⊂ A suchthatAi ∩Aj = ∅, i 6= j

and
n⋃

i=1
Ai = T.

II) Let P = {Ai}i=1,n andP ′ = {Bj}j=1,m be
two partitions ofT . P ′ is said to befiner thanP ,
denotedP ≤ P ′ (or P ′ ≥ P ), if for every j = 1,m,
there existsij = 1, n sothatBj ⊆ Aij .

III) The common refinementof two partitions
P = {Ai}i=1,n andP ′ = {Bj}j=1,m is thepartition
P ∧ P ′ = {Ai ∩Bj} i=1,n

j=1,m

.

Obviously, P ∧ P ′ ≥ P andP ∧ P ′ ≥ P ′.

We denote byP the class of all partitions ofT and
if A ∈ A is fixed, byPA, the class of all partitions of
A.

Definition 4.2. For a set multifunctionµ : A →
P0(X), we introduce the set functioñµ defined by:

µ̃(A) = inf{µ(B);A ⊆ B,B ∈ A},

for everyA ⊆ T.

Remark 4.3. Sinceµ is monotone,thenµ̃(A) =
µ(A), for every A ∈ A. Consequently,̃µ(A) ≥
|µ(A)|, for everyA ∈ A.

Remark 4.3 implies the following result.

Proposition 4.4. Let µ : A → P0(X) be a set
multifunction. Ifµ̃ is o-continuous onP(T ), thenµ is
o-continuous onA.

Definition 4.5. I) f is said to beµ̃-totally-
measurable on(T,A, µ) if for everyε > 0 there exists
a partitionPε = {Ai}i=0,n of T suchthat:





i) µ̃(A0) < ε and

ii) sup
t,s∈Ai

|f(t)− f(s)| = osc(f, Ai) < ε,

for everyi = 1, n.

II) f is said to bẽµ-totally-measurable onB ∈ A
if the restrictionf |B of f to B is µ̃-totally measurable
on (B,AB, µB), whereAB = {A ∩ B; A ∈ A} and
µB = µ|AB

.

Remark 4.6. If f is µ̃-totally-measurable onT ,
thenf is µ̃-totally-measurable on everyA ∈ A.

Definition 4.7. [26, 27] For a bounded function
f : T → R we denote

σf,µ(P ) =•
n∑

i=1

f(ti)µ(Ai)

(or, if there is no doubt,σf (P ), σµ(P ) or σ(P )), for
everyP = {Ai}i=1,n ∈ P andevery ti ∈ Ai, i =
1, n.

I) f is said to beµ-integrable onT if the net
(σ(P ))P∈(P,≤) is convergent in(Pf (X), h), whereP
is ordered by the relation” ≤ ” given in Definition
4.1.

If (σ(P ))P∈(P,≤) is convergent, then its limit is
called theintegral of f onT with respect toµ, denoted
by

∫
T fdµ.

II) If B ∈ A, f is said to beµ-integrable on
B if the restrictionf |B of f to B is µ-integrable on
(B,AB, µB).

Remark 4.8. [26, 27] I) f is µ-integrable onT if
and only if there exists a setI ∈ Pbf (X) such that for
everyε > 0, there exists a partitionPε of T , so that
for every other partition ofT , P = {Ai}i=1,n, with
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P ≥ Pε andevery choice of pointsti ∈ Ai, i = 1, n,
we have

h(σ(P ), I) < ε.

II) If µ is Pkc(X)-valued, then
∫
T fdµ ∈

Pkc(X).
III) According to [13], if m : A → R+ is a sub-

measure of finite variation andf : T → R is bounded,
thenf is m̃-totally-measurable if and only iff is m-
integrable.

Theorem 4.9.Suppose(T, ρ) is a compact metric
space,B is the Borelδ-ring generated by the compact
subsets ofT , f : T → R is continuous onT andµ :
B → Pf (X) is finitely purely atomic, null-additive
and monotone. Thenf is µ̃-totally-measurable on ev-

ery atomAi, i = 1, p (whereT =
p∪

i=1
Ai).

Proof. Sinceµ is monotone and null-additive, by
Theorem 5.2-[3], there is an uniquea1 ∈ A1 so that
µ(A1\{a1}) = {0}.

Consider an arbitrary partition{B1, B2, ..., Bn}
of A1. According to Remark 3.7, we may suppose that
µ(B1) = µ(A1) andµ(B2) = ... = µ(Bn) = {0}.

Sincef is continuous ina1, then for everyε > 0,
there is δε > 0 so that for everyt ∈ A1, with
ρ(t, a1) < δε, we have|f(t)− f(a1)| < ε

3 .
Let Bε = {t ∈ A1; ρ(t, a1) < δε} ⊂ A1. We

observe thatBε ∈ B. BecauseA1 is an atom, we have
µ(Bε) = {0} or µ(A1\Bε) = {0}.

I. If µ(Bε) = {0}, then sincea1 ∈ Bε, we get
µ({a1}) = {0}. Butµ(A1\{a1}) = {0}, soµ(A1) =
{0}, a contradiction.

II. If µ(A1\Bε) = {0}, then

µ(B1\Bε) = ... = µ(Bn\Bε) = {0}.

The partitionPA1 = {Bε, B1\Bε, ..., Bn\Bε} as-
sures thẽµ-totally-measurability off onA1.

We make similar considerations for anyAi, i =
2, p. ¤

Proposition 4.10. Let µ : A → Pf (X) be a
multi(sub)measure andA,B ∈ A. Then f is µ̃-
totally-measurable onA ∪ B if and only if it is µ̃-
totally-measurable onA andB.

Proof. According to Remark 4.6, theif part is
straightforward. For theonly if part, suppose first
that A ∩ B = ∅. By the µ̃-totally-measurability of
f on A and B, there arePA

ε = {Ai}i=0,n ∈ PA

and PB
ε = {Bj}i=0,q ∈ PB satisfying condition

(M). Since µ is additive on A, then PA∪B
ε =

{A0 ∪ B0, A1, ..., An, B1, ..., Bq} ∈ PA∪B also sat-
isfies condition(M), sof is µ̃-totally-measurable on
A ∪B.

If A and B are not disjoint, sinceA ∪ B =
(A\B) ∪ B andµ̃-totally-measurability is hereditary,
the statement is proved. ¤

Remark 4.11. Under the assumptions of Propo-
sition 4.10, let{Ai}i=1,p ⊂ A. Thenf is µ̃-totally-

measurable on
p∪

i=1
Ai if and only if the same isf on

everyAi, i = 1, p.

By Remark 4.11 and Theorem 4.9, we immedi-
ately get:

Corollary 4.12. SupposeT is a compact met-
ric space,f : T → R is continuous onT and
µ : B → Pf (X) is a finitely purely atomic multi-
submeasure. Thenf is µ̃-totally-measurable onT .

Theorem 4.13. Supposeµ : A → Pf (X)
is monotone and null-additive. Iff is µ̃-totally-
measurable onT and A ∈ A is an atom ofµ, then
f is µ-integrable onA.

Proof. First, we observe that, ifA is an atom of
µ and if {Ai}i=1,n ∈ PA, then, there exists only one
set, for instance, without any loss of generality,A1, so
thatµ(A1) ! {0} andµ(A2) = ... = µ(An) = {0}
(according to Remark 3.7).

Let A ∈ A be an atom ofµ.
Sincef is µ̃-totally-measurable onA, then for ev-

ery ε > 0 there exists a partitionPε = {Ai}i=0,n of
A suchthat:




i) µ̃(A0) < ε
2M (whereM = sup

t∈T
|f(t)|) and

ii) sup
t,s∈Ai

|f(t)− f(s)| < ε
µ(T ) , ∀ i = 1, n.

Let {Bj}j=1,k, {Cp}p=1,s ∈ PA betwo arbitrary
partitions which are finer thanPε and considersj ∈
Bj , j = 1, k, θp ∈ Cp, p = 1, s.

We prove that

h(•
k∑

j=1

f(sj)µ(Bj),•
s∑

p=1

f(θp)µ(Cp)) < ε.

We have two cases:
I. µ(A0) ! {0}. Thenµ(A1) = ... = µ(An) =

{0}.
Suppose, without any loss of generality that

µ(B1) ! {0}, µ(C1) ! {0} and µ(B2) = ... =
µ(Bk) = {0}, µ(C2) = ... = µ(Cs) = {0}. Then
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B1 ⊆ A0 andC1 ⊆ A0. Consequently,

h(•
k∑

j=1

f(sj)µ(Bj),•
s∑

p=1

f(θp)µ(Cp)) =

= h(f(s1)µ(B1), f(θ1)µ(C1)) ≤
≤ |f(s1)||µ(B1)|+ |f(θ1)||µ(C1)| ≤
≤ 2Mµ(A0) < ε.

II. µ(A0) = {0}. Then, without any loss of gen-
erality, µ(A1) ! {0} and µ(Ai) = {0}, for every
i = 2, n. Supposethatµ(B1) ! {0}, µ(C1) ! {0}
andµ(B2) = ... = µ(Bk) = {0}, µ(C2) = ... =
µ(Cs) = {0}. ThenB1 ⊆ A1 andC1 ⊆ A1, and,
therefore,

h(•
k∑

j=1

f(sj)µ(Bj),•
s∑

p=1

f(θp)µ(Cp)) =

= h(f(s1)µ(B1), f(θ1)µ(C1)).

SinceA is an atom ofµ andµ(B1) ! {0}, then
µ(A\B1) = {0}, soµ(C1\B1) = {0}. By the null-
additivity of µ, we getµ(C1) = µ(B1). Then

h(•
k∑

j=1

f(sj)µ(Bj),•
s∑

p=1

f(θp)µ(Cp)) =

= h(f(s1)µ(B1), f(θ1)µ(C1)) =
= h(f(s1)µ(B1), f(θ1)µ(B1)).

Because, generally,h(αM, βM) ≤ |α − β||M |,
for everyα, β ∈ R and everyM ∈ Pf (X), we have

h(•
k∑

j=1

f(sj)µ(Bj),•
s∑

p=1

f(θp)µ(Cp)) ≤

≤ |µ(B1)||f(s1)− f(θ1)| ≤ µ(T )
ε

µ(T )
= ε.

Therefore,(σ(P ))P∈PA
is a Cauchy net in the

complete metric space(Pbf (X), h), hencef is µ-
integrable onA. ¤

Theorem 4.14. Supposeµ : A → Pf (X) is
monotone, null-additive and finitely purely atomic. If
f : T → R is µ̃-totally-measurable onT , thenf is
µ-integrable onT.

Proof. Sinceµ is finitely purely atomic, we may

write T =
n⋃

i=1
Ai, where(Ai)n

i=1 are disjoint atoms

of µ. If f is µ̃-totally-measurable onT , thenf is µ̃-
totally-measurable on everyAi, i = 1, n. Accord-
ing to Theorem 4.13,f is µ-integrable on everyAi,

i ∈ {1, 2, . . . , n}. By the properties ofµ-integrable
functions (see [25,26,27]), it resultsf is µ-integrable

on
n⋃

i=1
Ai = T . ¤

By Corollary 4.12 and Theorem 4.14, we imme-
diately have:

Corollary 4.15. If T is a compact metric space,
B is the Borelδ-ring generated by the compact sub-
sets ofT , f : T → R is continuous onT and
µ : B → Pf (X) is a finitely purely atomic multi-
submeasure, thenf is µ-integrable onT.

5 Lp spaces

In this section, we introduceLp spaces with respect
to a submeasure of finite variation and point out that
under suitable assumptions,Lp is a Banach space.

In the sequel,A will be a σ-algebra of subsets of
T andm : A → R+ a submeasure of finite variation.

Theorem 5.1. (Minkowski inequality) [11] Let
f, g : T → R be m-integrable functions onT .
Then for everyp ∈ (1,∞), |f |p, |g|p, |f + g|p are m-
integrable onT and

(
∫

T
|f + g|pdm)

1
p ≤ (

∫

T
|f |pdm)

1
p + (

∫

T
|g|pdm)

1
p .

Now, we considerLp = {f : T → R; f is
bounded onT and|f |p is m-integrable onT}.

Theorem 5.2. [11] Lp is a linear space and the
function || · || : Lp → R+, defined for everyf ∈ Lp

by

||f || = (
∫

T
|f |pdm)

1
p ,

is a semi-norm.

Definition 5.3. We say that a property(P ) holds
m-almost everywhere(shortlym− ae) if there isA ∈
P(T ), so thatm̃(A) = 0 and(P ) holds onT\A.

Theorem 5.4. Supposẽm is countably subaddi-
tive, A ∈ A is an atom ofm and f : T → R a
boundedm-integrable function. If

∫
A fdm = 0, then

f = 0 m-ae onA.

Proof. Sincef is m-integrable, for anyn ∈ N∗,
there is{Bn

i }pn

i=1 ⊂ A, a partition ofA, such that

|
pn∑

i=1

f(ti)m(Bn
i )| < 1

n
,
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for every ti ∈ Bn
i , i = 1, pn. Accordingto Remark

3.5, there is an unique let sayBn
1 such thatm(Bn

1 ) =
m(A) andm(Bn

2 ) = m(Bn
3 ) = . . . = m(Bn

pn
) = 0,

for everyn ∈ N∗.
It results|f(t)| < 1

m(A)n , for everyt ∈ Bn
1 and

n ∈ N∗, which implies

En = {t ∈ A; |f(t)| ≥ 1
m(A)n

} ⊆ A\Bn
1 ,

for every n ∈ N∗. By Remarks 2.6 and 5.3,
since A\Bn

1 ∈ A and m(A\Bn
1 ) = 0, we have

m̃(A\Bn
1 ) = m(A\Bn

1 ) = 0.
This implies m̃(En) = 0, for every n ∈ N∗.

Sincem̃ is countably subadditive onP(T ) and

{t ∈ A; |f(t)| > 0} =
∞⋃

n=1

En,

we obtainf = 0 m-ae onA. ¤

Corollary 5.5. Supposem is finitely purely
atomic so thatm̃ is countably subadditive and let
f : T → R+ be a boundedm-integrable function.
If

∫
T fdm = 0, thenf = 0 m− ae onT .

Remark 5.6. In the hypothesis of Corollary 5.5,
it results that the semi-norm‖ · ‖, introduced in Theo-
rem 5.2, becomes a norm onLp, the space of all equiv-
alence classes ofLp, with respect to the equivalence
relation” ∼ ” defined by

f ∼ g if f = g m− ae onT.

Theorem 5.7. [11] Supposem : A → R+ is
o-continuous. If for everyn ∈ N∗, fn : T → R
is m̃-totally-measurable onT and(fn)n is uniformly
bounded and pointwise converges tof : T → R, then
f is m̃-totally-measurable onT.

Theorem 5.8. (Fatou lemma)[11] Supposẽm is
o-continuous onP(T ). Let (fn)n be a sequence of
uniformly bounded,m̃-totally-measurable functions
fn : T → R. Then

∫

T
lim inf

n
fndm ≤ lim inf

n

∫

T
fndm.

Following a classical reasoning, by Theorems 5.2,
5.4, 5.7, 5.8 and Corollary 5.5, we get:

Theorem 5.9. [12] Let m : A → R+ be finitely
purely atomic, so that̃m is o-continuous onP(T ).
ThenLp is a Banach space.

Conclusion. In this paper, we obtained some
properties of finitely purely atomic set multifunctions
and some results concerning measurability and Gould
integrability of real bounded functions with respect to
a finitely purely atomic submeasure. We also pointed
out that, in this case,Lp is a Banach space.
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