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Abstract: Based on an unconditionally stable finite difference implicit scheme, we present a concept of deriving
a class of effective alternating group explicit iterative method for periodic boundary value problem of convection-
diffusion equations, and then give two iterative methods. The methods are verified to be convergent, and have
the property of parallelism. Furthermore we construct an alternating group explicit difference method and another
iterative method. All of the methods are suitable for parallel computation. Results of numerical experiments show
that the methods are of higher accuracy than the known methods in [1,2,6], and will not lead to numerical instability

in convection dominant case.
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1 Introduction

In this paper, we will consider the following time-
dependent periodic initial boundary value problem of
convection-diffusion equations:

solving large equation set, all the work in the whole
domain can be decomposed to many sub-domains for
the AGE method. The disadvantage of the original
AGE method is that numerical vibration will appear in
the case of convection dominant convection-diffusion
equations. Based on the original AGE method, many

Ou Tk ) 0<t<T alternating group methods have been presented such
ot or — gaxQ’ -7 = 1 as in [7-10]. Rohallah Tavakoli derived a class of
u(z,0) = f(z), 1) domain-split method for diffusion equations in [11-

u(z,t) = u(z + 1,1t).

In scientific and engineering computation, with
the development of parallel computer technology, re-
searches on parallel finite difference methods are get-
ting more and more popular [1-3]. As we all know,
Most of explicit methods are short in stability and
accuracy, while implicit methods usually have good
stability, but are complex in computing, and need to
solve large equation set in the cost of large memory
spaces and CPU cycles. Thus it is necessary to con-
struct methods with the advantages of explicit meth-
ods and implicit methods, that is, simple for com-
putation and good stability. Many parallel numeri-
cal methods have been presented so far for parabolic
partial differential equations, in which a class of al-
ternating group explicit method (AGE) presented in
[4-6] is of special meaning for its parallelism and ab-
solute stability. The AGE method is derived by a spe-
cial composition of two asymmetry schemes, there-
fore the truncation error can be counteracted much,
which leads to high accuracy. Besides the above, In

ISSN: 1109-2769

138

12]. Most of the methods inherit the advantages of the
AGE method, that is, parallelism and absolute stabil-
ity. But we notice researches on alternating group iter-
ative methods are also scarcely presented, and effec-
tive methods for convection dominant problems have
been scarcely constructed.

We will try to establish a class of parallel uncon-
ditionally alternating group explicit method for solv-
ing (1). The rest of this paper will be organized as
follows:

In section 2, we will get the integral conservative
form of (1) by a kind of exponential type transforma-
tion [10]. Then a symmetry implicit finite difference
scheme based on the form will be presented. Based on
the scheme we give four asymmetry iterative schemes,
and then construct a class of alternating group explicit
iterative method(AGEI). In section 3, we will apply
the concept in section 2 to construct another four order
alternating group explicit iterative (FOAGEI) method.
In section 4, convergence analysis and stability analy-
sis are given. In section 5, we construct an alternating

Issue 3, Volume 8, March 2009



WSEAS TRANSACTIONS on MATHEMATICS

group explicit difference (AGED) method with the ac-
curate of order four in spatial step size. Stability anal-
ysis for the AGED method is presented in section 6.
In section 7, we apply the concept of constructing the
alternating group method to derive another alternating
group iterative method. In section 8, results of several
numerical examples are presented. Some conclusions
are given at the end of the paper.

2 The Parallel AGE Iterative(AGEI)
Method

The domain €2 : (0,1) x (0,7") will be divided into
(m x N) meshes with spatial step size h=% in x di-

rection and the time step size T=% . Grid points are
denoted by (z;,t,) or (i,n), x; = ih(i = 0, 1,- -
m), t, = nr(n = 0, 1,- i:) The numeri-
cal solution of (1) is denoted by u;', while the ex-
act solution u(x;, t,). In this paper we let U" =
(ub u27 T ugm)T

The purpose of this paper is to get the solution of
(n+1) —th time level with the solution of n—th time
level known. We notice that the equation (1) is equiv-

alent to e_%% = ag( _ﬂ%)

+ i _ka
éwehave (%)n Qfx+h s dr ~
—kh Qu nt3 Eh Gyt

(8a:)z+ e (8$)i—% )
We can derlve an implicit scheme for solving (1)
as below:

Integral from

T, é to ZE-+

ele”2

kh _kh unﬂ — u? k kh u?jll u;erl
(@25 —e 25)17:*[6 2e (7
T h 2
n n n+1 n+1 n n
+ui+1 — Uy ) e’%(“z‘ — U Uy — Ui g )]
2 2 2

Applying Taylor’s formula to the scheme at
(w4,t,,1), we can easily have that the truncation
2

error of the scheme is O(72 + h?).

kh

kh
Letp=e 2c,g=¢e2c,r = ik then we have

h(q P
rq P
— S L S ) — S
rq r rp
Eu? 1= 5(29 + q)ui + ?U?H (2)
We denote it as AU™ ! = F". here F™ = (2] —

A)U™

In order to solve U™, we have to solve an im-
plicit equation set, which is complex in computation.
Then we will try to construct an alternating group ex-
plicit iterative method instead in the following.
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First we will present four asymmetry iterative
schemes to solve u?djrl) with the value at £ known.
Here k denotes the iterative number.
n+l E
i(k+1) 2

.
5P+ a)u U )

1
[1+3

n+1

:—rqu ( n+l p n+1k) (3)

(p+q)lu i(k) o Yit1(

)+[1+2

rq
2

r mn
s+ Q)}Ui(}il)

rpu’
5 p

+1 +1
w ey I+ z+1( +1)

_ _7’76] n+1

+1
= g Yi-1(k) i

T
+[1+ i

2 (4)

p+q)u

n+l @
i(k+1) 2

n+1

—rqu;”, Uit 1(k+1)

(k-i-l) +[1+5 (p—i— q)Ju

n+l rp
i(k) 9

n+1

=[+3 o Uii(k)

o+ (5)

2

rq ,
7Euij11(k+l) + 145 (P + q)]uj (k+1)

_r4, n+1

B ) (6)

If we apply (3)-(6) to four adherent grid points
(i,n+ 1), (4 L 1), (i +2,n+1), (i +3,n+1),
then we have:

+1 +1
Uik) ~ TPt (k)

+[1+5 (P‘HJ)]

Biu (k+1) Clu i(k) +D1
1 1
here D; = (— rqu’”( ))T, 0,0, —rpu?j4(k))T
B =
1+5(+q) -2 0 0
-3 1+5(+q) —rp 0
0 —rq 1+ 5(p+q) 7
0 0 Ir 1+
Cy =
1+35(p+q) -£ 0 0
-3 1+5(p+9q) 0 0
0 0 1+ 35(p+q) -2
0 0 i 1+
1 | .
Then u"(;gﬂ) = B 1(Clu"(+)1 + Dy), fvhlch
n—+ n+ n+
shows the values of (ui(kﬂ), 1 (k1) Yiga(k41)
u;’:;(k H))T can be worked out in one group explic-
itly.
+1 _ +1 +1 +1 T
Let Ul = (u(p1) U1y "0 Ym(rr1)) -

m = 4s, s is an integer. we construct the iterative
method as below:
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First in order to get the solution of U,?ill with

U,?H known, we divide all the grid points into s
groups. Four grid points are included in each group,
and (3)-(6) are applied. Second in order to get the so-
lution of U}/ with U] known, we divide all the
grid points into s + 1 groups. (5) and (6) are used to
solve “?11(+k1+2) and “?21(+k1+2)' The following 4(s — 1)
grid points are divided into s — 1 groups, and (3)-(6)
are used respectively in each group. (3) and (4) are
used to solve u?ntll(kJrQ) and “:;2(k+2)'

The alternating use of the asymmetry schemes
(3)-(6) can lead to partly counteracting of truncation
error, and then can increase the numerical accuracy.
On the other hand, grouping explicit computation can
be obviously obtained. Thus computing in the whole
domain can be splitted into many sub-domains, and
can be worked out with several parallel computers in-
dependently. So the method has the obvious property
of parallelism.

We denote the alternating group explicit iterative
method described above as below:

(oI + GNULE = (pI = Go)UR B
(pI +G2)Upfy = (pI = G)U + F™ ’
N (7)
Here F" = 2F™, p is an iterative parameter.
By
Gy =
Bl mXm
By C
By
Gy =
By
C B2 mxXm
T _rp
BQZ 1+2(7]?q+q) T 2
— 5 1+ Q(p + Q)
~ (0 —rq ~ 0 0

3 The Fourth Order Alternating
Group Explicit Iterative(FOAGEI)
Method

In section 2, we present a class of alternating group
explicit iterative method with intrinsic parallelism.
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The method is based on an O(72 + h?) order implicit
scheme, which is of absolute stability. Since the con-
struction of the method is universal, of course we can
establish another alternating group iterative method
based on another high order implicit scheme.

We present another implicit scheme with trunca-
tion error O(72 + h*) for solving (1) as below:

kh kh Un+1 - un

(ez _ 6—5)171
T

k. u?fll — e = 3 3u?+1 — u?ff

i 2 141

=gl E T, h

n n n n n n
Uiy — U Uiyg — Uiy +3u; — ui—l)
h h
n+1 n+1 n+1 n+1 n+1
Wl wy = 3uy 3wy —uy
h h
n n n n n
—Uig Uiy — 3 + 33U — U172)}
h h
that is,

+

n+l
—e 2 (uz

‘ E
=

n
U,

rqu?j; —(p+ 27q)ru?j11 +[14+27(p+ q)r]u?Jrl

—(q+2Tp)ul Uity = —rqul o (pr2Tg)rul ]
+[1—27(p+q)r]u?+1+(q+27p)u?j11—rpu?j21 (8)
We denote (8) as AU = F". here

Let 1
A= 5(@1 + 62)

here G=diag(G11, " -+, G11)mxm.

G21 é
o Gll
Gy =
B Gn
G G mxm
0 0 2rq —2(p+27q)r
— 0 0 O 2rq
G =
0 0 O 0
0 0 O 0
0 0 0 O
= 0 0 0 O
G= 2rp 0 0 0
—2(g+27p)r 2rp 0 O
1+27(p + a)r —(q + 27p)r rp 0
Goy = —(p +27q)r 1+27(p + @)r —(qg + 27p)r rp
21 ( rq —(p+27q)r 1+27(p+ q)r —(q + 27p)r
0 rq —(p+27q)r 1+27(p + q)r
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Cup = G G2
Gz G
G =
( 1+27(p+q)r  —(q+27p)r rp )
—(p+27q)r 14 27(p + q)r —(q + 27p)r Tp
rq —(p+ 27q)r 1+27(p+ q)r —(g+ 27p)r
rq —(p+ 27q)r 1+ 27(p + q)r
0 0O 0 O
0 0O 0 O
G =
112 2rp 0 0
—2(qg+27p)r 2rp 0 0O
0 0 2rq —2(p+27q)r
00 O 2rq
G =
13 00 0 0
00 O 0
Giia =
( 1+27(p+q)r  —(q+27p)r rp )
—(p+27q)r 1+27(p + q)r —(q+ 27p)r rp
rq —(p+27q)r 14+27(p+q)r  —(a+27p)r
rq —(p+27¢)r 1+ 27(p + q)r

Then the fourth order alternating group explicit itera-
tive method can be derived as below:

(oI + GO = (pl = G)Uy T +F
(pI + Co) UMY = (pI = GO + F ’

9)

=n —
Here F = 2F", pis an iterative parameter.

4 Convergence Analysis and Stabil-
ity Analysis

Lemma 1[10] Let @ >0, and G + G7 is nonnega-
tive, then (01 + G)~lexists, and

161+ G)~Y) 2 < 6~

{ 1601 — GO +G) Y2 <1 (10)

Theorem 1 The alternating group explicit itera-
tive method given by (7) is convergent.

proof: From the construction of the matrixes we
can see G, Go, (G1+GT), (G2 + GY) are all non-
negative matrixes. Then we have |[(pl — G1)(pl +
G Yo < 1, [[(p] — Ga)(pl + Ga) 2 < 1.

From (7), we have U™t = GU™ + 2(pl +
G2) H(pI = G1)(pI + G1) ' F"+ F"|, G = (pl +
G2)~YpI — G1)(pI +G1)~(pI — Go) is the growth
matrix.

Let G = (pI + G2)G(pI + GQ)fl = (pI —
G1)(pI +G1) " (pI = G2)(pI +G2) ™', then p(G) =
p(G) < ||G||2 < 1, which shows the alternating group
method given by (7) is convergent.

ISSN: 1109-2769

1--.

141

Qinghua Feng, Bin Zheng

Analogously we have:

Theorem 2 The fourth order alternating group
explicit iterative method given by (9) is convergent.

In order to analyze the stability of (2) We will use
the Fourier method. Let u} = u"e™%i, z = L(p +
q) — 5(p + q)cos(ah), y = 5(p — q)sin(ah), then
from (2) we have

An—ﬁ-l:anl_x—i_zy

11
“ 1+ -1y (11)

Considering = > 0, it follows that

L-atiy, (1-2)*+y°
l+x—idy  (1+x)2+y2

<1

So we have:

Theorem 3 The scheme (2) is unconditionally
stable.

In order to analyze the stability of (8) Let u}' =
vrelewi g = 27(p + q)r + r(p + q)cos(2ah) —
28(p+ q)rcos(ah), g = (p— q)rsin(2ah) — 26(p —
q)rsin(ah), then from (8) we have

L2 +if

Vn+1:
1+2 -1y

(12)

Considering T > 0, it follows that

1—%+ip
1+2—iy

|2: (1_£)2+Z//\2 <1
(1+2)2+7% ~

So we have:

Theorem 4 The scheme (8) is unconditionally
stable.

5 Alternating Group Explicit Differ-
ence (AGED) Method

In this section we will construct another alternating
group explicit difference (AGED) method for solving
the periodic boundary value problem of convection-
diffusion problem denoted by (1). Let

-
2412

P =

(13)

We first present eight asymmetry schemes to approach
(1) at (i,n + %) as follows:

[1+(15e—kh)Ful T +(8kh—16¢)Ful + (e —kh)Fu

+[1— (45 +kh)r]ug — (8kh—16¢e)Tu; | — (e —kh)Tui o
(14)
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—(6kh + 14e)Pul™! + [1+ (296 — kh)F|uf ™!
+(8kh—16e)Ful ! +(e—kh)Fully = —2(e+kh)Ful,

)
+(10kh + 18e)7ui | + [1 — (31e + kh)T]u;
—(8kh — 16¢)ruj, | — (e — kh)Tug o (15)

(e + kh)Pul™) — (8kh + 16¢)Fult!

Tu,;

=, n+1

+[1 + (31e — kh)Pluf ™ + (10kh — 18¢)7ul"t;

+2(e—kh)Fully = —(e+kh)Fu}_o+(8kh+16e)Ful
+[1 = (29 + kh)Pluf — (6kh — 14e)7ul,; (16)

(e+kh)Pult) — (8kh+16e)7ul 4+ [14 (45 —kh)Flul
+(16kh—32€)?u?j11+2(s—kh)?u?j21 = —(e+kh)Tui o

+(8kh + 16e)7u” | + [1 — (15 + kh)Flu? (17)

=~ n+l
ruifl

2(e+kh)rulty) — (16kh+32¢) +[1+(45e+kh)rlul T

+(8kh—16e)7ul ! +(e—kh)Fully =

—(8kh — 16)7u, | — (2 — kh)Ful,

[1—(15e—kh)T]u
(18)

=~ n+l
ruifl

2(e+kh)rulty) — (10kh+18¢) +[1+(3le+kh)rlul T

+(8kh— 166)?U?I11 —i—(e—kh)?u?;gl = (6kh+14e)ru]
+[1—(29e—kh)ruj' — (8kh—16¢e)Tuj,, — (e —kh)Tuj o
(19)

=~ n+l1
ruifl

(e+kh)Pult) —(8kh+16¢) +[1+(29e+kh)F]uf

~ n+1 __

+(6kh—14e)Tui [T = —(e+kh)Tu; o+(8kh+16¢)7u;"

+[1—(31e—kh)Flu —(10kh—182)Puf, | —2(e—kh)Ful, 5
(20

=~ n+l

(e+kh)Pult) — (8kh+16¢)rul - [1+(15e+-kh)Fuf Tt

= —(e + kh)rui_5 + (8kh + 16e)Tu;_ |+
[1—(45e—kh)T] ?—(16kh—325)?u?+1—2(5—k‘h()?u)?+2
21
Using the schemes mentioned above, we will have

three basic point groups:
“wl”group: eight inner points are involved, and

ISSN: 1109-2769 142

Qinghua Feng, Bin Zheng

(14) — (21) are used at each grid point respectively.
”w?2”group: four inner points are involved, and (14) —
(17) are used respectively.

“w3”group: two inner points are involved, and (18) —
(21) are used respectively.

Let m = 4s, here s is an integer. Based on the ba-
sic point groups above, the alternating group method
will be presented as following:

First at the (n + 1)-th time level, we will have s
point groups. “w1” are used in each group. Second at
the (n + 2)-th time level, we will have (s + 1) point
groups. “w3” are used in the left four grid points.
“wl” are used in the following s — 1 point groups,
while ”w2” are used in the right four grid points.

As the AGEI method in section 2, We notice the
computing in the whole domain can be divided into
many sub-domains independently. So the method has
also the property of parallelism. We denote the AGED
method as follows:

{

(I+rA)U™ = (I —rB)U"

(I+rB)U™? = (I —rA)U™! (22)

Aq
Ay
A=
Ay
Al mXm
As D
Ay
B = ;
Ay
E A2 mXm
A A Az Au
A = Agr Axy Agz Aoy
A3z Azp Azz Az
Ay Ay Agz Ay
. 15 — kh 8kh — 16¢
U=\ —(6kh+14e)  29¢ — kh
Ay — e—kh 0
127\ 8kh —16c e —kh
A= [ €T kh —(8kh + 16¢)
2 0 £+ kh
[ Ble—kh 10kh 15
27\ —(8kh+16¢)  45e — kh
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Az =Au =424 =0
o [ 2e—E) 0
27\ 16kh — 32¢  2(c — kh)
Ag1 = Ay = App =0
o _ [ 2(e+kR) —(16kh + 32¢)
82 2(e + kh)

Mo — 45¢ +kh  8kh — 16¢
B 7\ —(10kh +18¢)  3le 4 kh

Aoy — e —kh 0
37\ 8kh —16c ¢ —kh

Ay — e+ kh —(8kh+ 16¢)
48 0 e+ kh

Aoy — 29e + kh
M7 —(8kh + 16¢)

[ A1 A
A2‘<A23 A24>

Aot — 15¢ — kh 8kh — 16¢
27\ —(6kh + 14¢)  29¢ — kh

Aoy — e —kh 0
2=\ 8kh —16e ¢ —kh

( e+ kh —(8kh+ 16¢) )
Agz =

(6kh — 14¢)
15¢ + kh

0 e+ kh

Aoy — 3le — kh 10kh — 18¢
M7\ —(8kh+16¢)  45e — kh

0 0 0

0 0 0 0

E=1 o _wn 0 00

16kh —32¢ 2(s —kh) 0 0

[ Az Az
As = < Azz Az )

M 45 + kh  8kh — 16¢
B\ —(10kh +182)  31e + kh

Aoy — e —kh 0
32 =\ 8kh —16e ¢ —kh
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( e+ kh —(8kh+ 16¢) )
Azz =

0 e+ kh
Ao — 29¢ + kh  (6kh — 14¢)
7\ —(8kh+16e)  15e + kh

0 0 2(c+kh) —(16kh+ 32)
b_|oo 0 2(e + kh)

00 0 0

00 0 0

Applying Taylor’s formula to (14)-(21) at
(z4,t,), we can easily obtain that the truncation error
is O(12 + Th +7h? 4+ 7h3 + h*) respectively, and al-
ternating use of (14)-(21) can lead to counteraction of
the truncation error for the items containing 7h, Th?
and Th3. Then we can denote the truncation error of
(22) as O(7% + h?).

6 Stability Analysis

Theorem The alternating group method denoted by
(22) is unconditionally stable.

Proof: From the construction of the matrices
above we can see A and B are both diagonally dom-
inant matrices, which shows A and B are both non-
negative definite real matrices. Then we have:

I(7+7A) 2 <1, |1 = FA) T +7A) M2 <1
I(I+7B) 2 <1,|(I-FB)(I+7B) ], < 1.
Let n be an even integer, from (2.9) we have
Ur = Aun? = AzU°

here
A= (I+7B)~YI —7FA)I +7A)~YI —7B).
Let
A= (I+7B)A(I +7B)"!
= (I —7A) (I +7A) "I -7B)(I +7B)"*

then we have p(4) = p(A) < ||A]| 2 < 1, which
shows the presented method (22) is unconditionally
stable.
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7 The Further Application Of The
Concept Of Alternating Group

We notice that the construction of the methods in sec-
tion 2,3,5 is an universal process. Based on an im-
plicit symmetry scheme, we present some asymmetry
schemes, based on which several independent compu-
tation groups are presented. Then with the concept
of domain decomposition we construct the alternating
group methods. We present an implicit scheme for
solving (1) as below:

n+1 n

U T

T
k | (u;‘jll ul ufj; —2ul i+ 2ul ! — u?’}l)
2 2h 12h

+(“zn+1 — Uiy _ Uigo — 2uiyy + 2up y — U?—2)]
2h 12h
_ € [( u?—i—fll 2U?+1 + u?j_ll
2 2h
“?jzl 4“:?11 + 6uftt — du 4 u”H)

12h

(U?H —2ui tui il —duily +6u? —du ) i,
2h 12h

Applying Taylor’s formula to the scheme at
(w4,t,, 1), we can easily have that the truncation
2

error of the scheme is O(72 + h?).

— T
Let U" = (’U'?ll7 Ug, ) u%)

have:

, I=5, then we
(e+kh)rul ™ — (16e+8kh)ru ! + (14-30er)u
+(8kh716e)ru?j11+(sfkh)ru?++21 = —(e+kh)ruj’_,
+(16e+8kh)ru;’_1+(1—=30er)u; — (8kh—16¢)ru;’, |
—(e = kh)rug, o (23)
We denote (23) as AU = F"  here
Fr = (21 — A)U™.

The alternating group iterative method will be
constructed in two conditions as follows:

First let m = 8k, k is an integer. Let A =
%(Gl + G2), here

Gap

Gap

mxXm
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Gp1
Gy = .
G
0 00
G- 0 0 00
2 — kh)r 0 0 0
2(8kh — 16e)r 2(e —kh)r 0 0
0 0 2(e+kh)r —2(16e+ 8kh)r
Z_|oo 0 2(e + kh)r
I 0 0
0 0 0 0

Gpi1 Gpi2
G = p P
Pl ( Gpiz Gpus )

1+

30er  (8kh — 16¢)r )

Gp11 = ( —(8kh +16e)r 1+ 30er

)]

(e

B — kh)r 0
Giprz = ( (8kh — 16e)r (¢ — kh)r )

G (e + kh)r —(8kh+ 16e)r
P 0 (e + kh)r

1+

30er  (8kh — 16¢)r )

Cipra = < —(8kh +16e)r 1+ 30er

Gop1 Gopa
o — P p
o ( Gaps  Gaops >

1+ 30er (8kh — 16e)r (e — kh)r
G _ —(8kh + 16¢e)r 1+ 30er (8kh — 16¢e)r (e — kh)r
2pl — (e + kh)r —(8kh + 16&)r 1+ 30er (8kh — 16&)r
(e + kh)r —(8kh + 16¢)r 1+ 30er
0 0 0 0
o = 0 0 0 0
2 = 2(e — kh)r 0 0 0
2(8kh — 16e)r 2(e—kh)r 0 0
0 0 2(+kh)yr —2(8kh+16e)r
e 0 2(e + kh)r
W= 10 0 0 0
0 0 0 0
1+ 30er (8kh — 16¢)r (e — kh)r
G _ —(8kh + 16¢&)r 1+ 30er (8kh — 16e)r (e — kh)r
2p4d — (e + kh)r —(8kh + 16¢)r 1 + 30er (8kh — 16¢&)r
(e + kh)r —(8kh + 16e)r 1+ 30er

Then the alternating group iterative method I can be

derived as below:

(pI—I—G1)UnJrl (pI — Gg)U”—i—QF”
(pI + Go)U™ = (pI — G1)U™! + 2F™

(24)
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Letm = 8k+4, kisaninteger. Let A = %(614—
G2), here
Gap
é\l p—
Gap
Gpl mxm
Gp G
= G2p
Gy =
G G2p mxm

~ (O O)
G=| =
G O 8x8

Then the alternating group iterative method II can be
derived as below:

(pI + G)U"! = (pI — Go)U™ + 2F™
(pI + Go)U™t = (pI — G)U" ! 4 2F
(25)
Similar to the contents in section 2, the method
(25) has also the property of intrinsic parallelism.
Also we have:

Theorem 6 The scheme (24)and (25) are con-
verge.

8 Numerical Experiments

Example 1: We consider the following problem:

ou du _ _0%u
ot TRar =€ g7
u(z,0) = sin(2nz),
u(X,t) =u(z + 1,t).

0<t<T
(26)

The exact solution of the problem above is denoted as
below:

u(x,t) = e_4€7r2tsin[27r(x — kt)]

Let A.E.L. denotes maximum absolute error of
the alternating group explicit iterative (AGEI) method
(7), while P.E.I. denotes maximum relevant error. Let
A.E.II. denotes maximum absolute error of the fourth
order alternating group explicit iterative (FOAGEI)
method (9), while P.E.II. denotes maximum relevant
error. Let p = 1. Using the iterative error 1 x 10719
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to control the process of iterativeness, We com-
pare the numerical results by the presented method in
the paper with the results in [4] in the following tables:

Table 1: Resultsatm =28, k=¢e =1

7 =10"°,¢t= 1007
AEL 1.624 x107°
A.EIL 8.499 x 106
A.E.[4] 8.879 x102
PEL 8.211 x103
PE.IL 6.221 x10~3
PE.[4] 8.150 x10~!

Table 2: Resultsat m =28, k=e =1

T =10"7,¢t = 10007
AEL 1.132 x10~4
AEIL 5.953 x10~°
A.E.[4] 9.876 x10~2
PEL 6.761 x10~2
PE.IL 5.505 x10~2
PE.[4] 27.757

Table 3: Resultsatm =32, k=e¢ =1

T=10"",¢t = 1007
AEL 1.244%107°
A.EIL 6.487x106
A.E.[4] 8.837x102
PEL 6.290 x10~3
PE.IL 4762 x1073
PE.[4] 1.059

Table 4: Resultsatm =32, k=e =1

T =10"7,t = 10007
AEL 8.743%x107°
AEIL 4.558%x107°
A.E.[4] 8.424x102
PEL 5.177 x10~2
PE.IL 4214 x10~2
PE.[4] 34.996

Table 5: Results atm =28, k=1, ¢ = 0.01

T =10"%¢t = 1007
AEL 3.517 x10~ 4
AEIL 3.492 x10~4
A.E.[4] 1.138 x10~2
PE.L 1.180 x10~*
PE.IL 9.757 x10~2
PE.[4] 4.341
Table 6: Results at m = 28, k =1, ¢ = 0.01
r=10"%¢ = 10007
AEL 6.305 x10~3
AEIL 3.315 x10~3
A.E.[4] 3.780 x10~ 1
PEL 7.892 x10~ 1
PE.IL 5.541 x10~1
PE.[4] 234.206

Issue 3, Volume 8, March 2009



WSEAS TRANSACTIONS on MATHEMATICS

Example 2:
n —_ .
Let PE = i’ = (s, tn)| denotes maximum
u(x;, ty)

relevant error. We compare the numerical results of
(22) with the results in [5] and [10] in the follow ta-
bles:

Table 7: Results of comparisons at m = 16

r=10"%t=100T,e =1
P.E. 6.487 x10~?
P.E.BI 4229 x107!
P.E.[10] 3.673 x107!

Table 8: Results of comparisons at m = 16

T=107°,t=100T,e = 1

P.E. 7.654 x10~3
P.E.I 9.456 x 1072
P.Eg.110 8.218 x10~2

Table 9: Results of comparisons at m = 24

T=10"%t=1007,e = 0.1
P.E. 1.520 <1072
P.E.I5] 4.250 x10~!
P.E.110] 1.241 x10~1

Table 10: Results of comparisons at m = 24

7 =10"%t=10007,e = 0.01
P.E. 9.285 x10~2
P.E.BI 5.364 x10~!
p.E.0 2.758 x10~1

Results in Table 7-10 show that the method in-
troduced in (22) is superior to the methods in [5,10],
especially in convection dominant cases.

9 Conclusions

In this paper, based on several unconditionally stable
implicit schemes, we present a concept of construct-
ing a class of alternating group method, and derive
several alternating group methods. The AGEI method
and the FOAGEI method have the property of intrinsic
parallelism, and is verified to be convergent. Results
of Table 1-4 show that the two methods are of higher
accuracy than the original AGE method in [4]. Re-
sults of Table 5-6 shows the methods can obtain high
accuracy even in the convection dominant case. Con-
sidering the construction of the AGEI method men-
tioned in this paper is a universal process, so we
construct another alternating group explicit difference
(AGED) method and another alternating group itera-
tive method. All of the methods have the property of
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intrinsic parallelism. Computation in the whole do-
main can be divided into many sub-domains and be
worked out with several parallel computers indepen-
dently. Numerical results show the present methods
are superior to the known methods in [4,5,10].

References:

[1] Damelys Zabala, Aura L. Lopez De Ramos, Ef-
fect of the Finite Difference Solution Scheme
in a Free Boundary Convective Mass Transfer
Model, WSEAS Transactions on Mathematics,
Vol. 6, No. 6, 2007, pp. 693-701

[2] Raimonds Vilums, Andris Buikis, Conservative

Averaging and Finite Difference Methods for

Transient Heat Conduction in 3D Fuse, WSEAS

Transactions on Heat and Mass Transfer, Vol 3,

No. 1, 2008

Mastorakis N E., An Extended Crank-Nicholson
Method and its Applications in the Solution
of Partial Differential Equations: 1-D and 3-D
Conduction Equations, WSEAS Transactions on
Mathematics, Vol. 6, No. 1, 2007, pp 215-225
[4] D. J. Evans , A. R. B. Abdullah , Group Ex-
plicit Method for Parabolic Equations [J]. Inter.
J. Comput. Math. 14 (1983) 73-105.

D. J. Evans and A. R. Abdullah, A New Ex-
plicit Method for Diffusion-Convection Equa-
tion, Comp. Math. Appl. 11(1985)145-154.

[6] D. J. Evans, H. Bulut, The numerical solu-
tion of the telegraph equation by the alternating
group explicit(tAGE) method[J], Inter. J. Com-
put. Math. 80(2003)1289-1297.

G.W.Yuan, L.J.Shen, Y.L.Zhou, Unconditional
stability of parallel alternating difference
schemes for semilinear parabolic systems, Appl.
Math. Comput. 117 (2001) 267-283.

[8] J. Gao, G. He, An unconditionally stable parallel
difference scheme for parabolic equations, Appl.
Math. Comput. 135(2003)391-398.

[9] B. 1. Zhang, X. m. Su, Alternating seg-
ment Crank-Nicolson scheme, Comput. Phys.
(China). 12 (1995) 115-120.

[10] T. Z. fu, F. X. fang, A new explicit method for

convection-diffusion equation, J. of engi. math.
17 (2000) 65-69.

Issue 3, Volume 8, March 2009



WSEAS TRANSACTIONS on MATHEMATICS Qinghua Feng, Bin Zheng

[11] R. Tavakoli, P. Davami, New stable group ex-
plicit finite difference method for solution of
diffusion equation, Appl. Math. Comput. 181
(2006) 1379-1386.

[12] Rohallah Tavakoli, Parviz Davami, 2D paral-
lel and stable group explicit finite difference
method for solution of diffusion equation, Appl.
Math. Comput, 181(2006)1184-1192.

[13] B. Kellogg, An alternating Direction Method
for Operator Equations, J. Soc. Indust. Appl.
Math.(SIAM). 12 (1964) 848-854.

ISSN: 1109-2769 147 Issue 3, Volume 8, March 2009



	29-200
	29-238
	29-243
	29-247
	29-249



