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Abstract: - The aim of this paper is to study the Neimark-Sacker and flip bifurcations for the discrete-time 

dynamic system, which describes the Internet congestion, with a single link and two sources. We describe the 

algorithm in order to determine the Neimark-Sacker bifurcation and the normal form. We establish the 

existence of a flip bifurcation for the case when the model’s two parameters depend on the real parameter a, 

which influences the existence of the bifurcation. The numerical simulations verify the theoretical results.  
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1   Introduction 
Congestion control mechanisms and active 

queue management schemes (AQM) for the Internet 

have been extensively studied since the work of 

Kelly et all [2]. In [7], the Hopf bifurcation has been 

studied for the model of an Internet network with 

)1( >rr  link and single source, which can be 

formulated as: 
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where )(txi  is the sending rate of the source i  at 

time, k  is a positive gain parameter, τ  is the sum of 

forward and return delays, w  is a target (set –point), 

and the congestion indication function )(xf  is 

increasing, nonnegative, which characterizes the 

congestion. 

The model obtained from discretizing the system 

(1) is given by: 
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And it represents the dynamical system with 

discrete-time for Internet congestion with r link 

and single source.  

In [7] the system (2) was analyzed, considering k 

to be a parameter, 1=q and 2=q . We determine the 

value of the parameter k for which the Neimark-

Sacker bifurcation takes place. For different values 

of the parameters, we carry out a numerical 

simulation.  

The dynamic model with a single link and r  

sources can be described by: 
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where, )(txi  is the rate at which source i  transmits 

data at the time t , iα  and iβ  are positive real 

numbers, )(tp  is the loss probability function, iτ  is 

round-tripe delay for source i , c  is the capacity, 

kki ,  are gain parameters.  

The model obtained from discretizing the system 

(3) is given by: 
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 where ., Nqn i ∈  

      In this paper we will focus on the local stability, 

the Neimark-Sacker and flip bifurcations, if the 

parameters kki ,  satisfy relations that are obtained 

by using the Schur criterion.  

The rest of the paper is organized as follows: In 

section 2, by analyzing the model (4) for 2=r  and 

01 =q , 02 =q , we establish the relations that satisfy 

the kkk ,, 21  parameters so that the equilibrium point 
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is asymptotically stable. We prove that there is a 

value 0k  for which a Neimark-Sacker bifurcation 

takes place. We determine the normal form on the 

central manifold corresponding to the value 0k , and 

the associated Lyapunov coefficient. For fixed 

values of parameters 212121 ,,,,,, kkcββαα , we 

determine the value of 0k  and we visualise the 

corresponding orbits. In section 3, we study the  

local stability and the Neimark-Sacker bifurcation 

for 01 =q , 12 =q  and 11 =q , 02 =q . We determine 

the k parameter in relation to 1k  and 2k , and we 

determine the value 20k  for which a Neimark-

Sacker bifurcation takes place. For this value, we 

establish the normal form on the central manifold as 

well as the Lyapunov coefficient. For fixed values of 

parameters 212121 ,,,,,, kkcββαα , we determine 

the Lyapunov coefficient and we visualize the orbits  

)).(),(()),(),(()),(,( 21 npnxnpnxnpn  In section 4, 

we analyze the model (4) for  0,1, 21 =≥= qqqq  

and  .1,,0 21 ≥== qqqq  For analysis, we will 

consider that parameters  kkk ,, 21  depend on the 

fixed parameters 2121 ,,, ββαα  and the variable 

parameter a . For ,1 qq = ,02 =q  0≥q , we 

establish the existence of a flip bifurcation. For fixed 

values of c,,,, 2121 ββαα , we visualize the orbits 

)),(,( 1 nxa )),(,( 2 nxa ))(,( 3 nxa , where a is the 

real parameter that characterizes the bifurcation. 

 

 

2   Local stability and the Neimark-

Sacker bifurcation analysis for qi=0, 

i=1,2.  
In this section, we consider the model with a 

single link and two sources with .2,1,0 == iqi  The 

model can be described by: 
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where 0>ik , 2,1=i , 0>k , 0>iα , 0>iβ , 2,1=i . 

 

Let ),,( 02010 pyx  be the non-zero equilibrium 

point of the system (5). Hence it satisfies the 

following equation: 
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If we linearize the system (5) and if the 

equilibrium satisfies (6), we can obtain: 
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The characteristic equation of the system (7) is 

given by: 
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2

1
3 =−+− AAA λλλ                                   (9) 
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It is well known that the trivial solution of (7) is 

locally asymptotically stable if all the roots of the 

characteristic equation are in modulus less than 1 and 

unstable if one root is in modulus greater than 1. 

Therefore, in order to study the local asymptotical 

stability of the equilibrium of the system (5), we 

need to investigate the distribution of the roots of 

equation (9) with the function of parameters 

kkk ,, 21 . 

 

For fixed 21,kk , let 0k be the positive root of 

equation:  
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Using the Schur criteria [4], [5] we obtain: 
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Proposition 1: 

a)  If kkk ,, 21  satisfy the relations: 

01,2,1 2
3312313 <−+−<−< AAAAAAA  

where 321 ,, AAA  are given by (10), then the 

equilibrium of the system (5) is locally 

asymptotically stable. 

b) If 0k is the positive root of the equation (11) 

and kkk ,, 21  satisfy the relations:  

2,1 313 <−< AAA , 

then the equation (9) has one root in modulus less 

than 1 and two roots in modulus greater than 1. 

c) The value 0k  is a Neimark-Sacker bifurcation, 

namely there exists an 0>α  sufficiently small so 

that, for α−= 0kk , the equation (9) has the roots in 

modulus less than 1 and, for α+= 0kk , it has two 

roots in modulus greater than 1. 

In what follows we determine the normal form 

for system (5) on the central manifold corresponding 

to the value 0k  for bifurcating parameter k .  

 

Let )(αµµ =  be one root of the characteristic 

equation (9) for α+= 0kk . 

The next propositions hold: 

 

Proposition 2: 

a)  The eigenvector corresponding to the 

eigenvalue µ , the solution of system lAl µ=  has 

the components: 
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b) The eignevector corresponding to the 

eigenvalue 
−

µ , the nontrivial solution of system 
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In order to determine the normal form of the 

system (5), by applying the method from [4], [5], we 

obtain the following coefficients:  
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Proposition 3: 
a)  The normal form for the system (5) is: 
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where NnCnz ∈∈ ,)( and the coefficients are given 

by (12), (21). 

b) The system (5) in the neighbourhood of the 

equilibrium point ),,( 02010 pxx is: 
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Nni ∈= ,3,2,1 , )()(3 npnx =  and )(nz  is a 

solution for (22) and the coefficients are given by 

(18).  

c) The Lyapunov coefficient associated to the 

normal form (22) is given by: 
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d) Let ))0(arg(0 µθ =  and ))0(Re( 0
0 yap

i
LeL

θ−= . 

If )0(0 00 >< LL , there is an invariant, stable 

(unstable) orbit in the neighbourhood of the 

equilibrium ),,( 02010 pxx . 

 

 

 

 

For the simulation, we consider the values: 

1.01 =α , 5.02 =α , 1.01 =β , 1.02 =β , 1=c , 

3.01 =k , 1.02 =k . 

Using a program in Maple 12, we obtain the 

orbits presented in the figures below. 

The roots for the characteristic equation are: 

497.01 −=µ , 006.02 −=µ +0.991, 23

−

= µµ , with 

11 <µ , 132 ==
−

µµ , 9562.00 =L .  

Because 00 >L , we obtain an unstable orbit. 

Fig.1 represents a visualisation of the orbit ))(,( npn , 

for αµαµ −= 1)( , 01.0=α . Fig.2 represents a 

visualisation of the orbit ))(,( npn  for αµαµ += 1)( , 

01.0=α . Fig.3 and Fig. 4 represent visualisations of 

the orbit ))(),(( 1 npnx , and ))(),(( 2 npnx  

respectively. 

 
Fig.1 The orbit ))(,( npn ,  

for αµαµ −= 1)( , 01.0=α  

 

 
Fig.2 The orbit ))(,( npn   

for αµαµ += 1)( , 01.0=α  
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Fig.3 The orbit ))(),(( 1 npnx ,  

for αµαµ −= 1)( , 01.0=α  

 

 
Fig.4 The orbit ))(),(( 2 npnx   

for αµαµ += 1)( , 01.0=α  

 

 

3   Local stability and the Neimark-

Sacker bifurcation analysis for q1=0, 

q2=1 and  q1=1, q2=0 
In this section, we consider the model with a 

single link and two sources with 1,0 21 == qq . The 

model is described by: 
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The non-zero equilibrium point of the system 

(25) is ),,,( 020102000 pxxxx = where 02010 ,, pxx  is 

given by (6).  

 

If we linearize the system (25) and obtain: 
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The characteristic equation of the system (26) is 

given by: 
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For fixed 21, kk , let 0k given by  
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Using the Schur criteria, we obtain: 

 

Proposition 4: 

a)  If 21, kk satisfy the relations: 

,)1)(1(),1((2,1 4
2
1

2
442414 BBBBBBBB <++−+<<  

where 421 ,, BBB  are given by (28) and 0kk =  

given by (30), then the equilibrium of the system 

(25) is locally asymptotically stable. 

    b) If 20k  is the positive root of the equation 

,0)1)(1( 4
2
1

2
442 =−++− BBBBB  and 1k , satisfy the 

relations  )1(2,1 414 BBB +<<  then 20k  is a 

Neimark-Sacker bifurcation, namely there exists a 

0>α  sufficiently small so that, for α−= 202 kk , 

the equation (28) has the roots in modulus less than 

1 and for α+= 202 kk , it has the  roots in modulus 

greater than 1. 

In what follows, we determine the normal form 

of the system (25) on the central manifold 

corresponding to the value 20k  of the bifurcation 

parameter 2k . 

Let )(αµµ =  be one root of characteristic 

equation (28) corresponding to the value 

α+= 202 kk . 

 

The next proposition holds: 
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Proposition 5: 
a)  If the eigenvector corresponding to the 

eigenvalue µ , the solution of the system  lBl µ=  

where:                             
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b) The eigenvector corresponding to the 

eigenvalue 
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µ , the solution of the system  
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In order to determine the normal form of the system 

(25), by applying the method from [4], [5], we 

obtain the following coefficients: 
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The normal form for the system (25) is given by 

(22) with the coefficients from (35). The system 

(25) in the neighbourhood of the equilibrium point 

),,,( 0201020 pxxx  is (23) to which we add: 

 

.)(
2

1
)()(

)(
2

1
)()()(

2
002011

2
02000200

nzwnznzw

nzwnzlnzlxnx

−−

−−

+

++++=

  (41)           

The Lyapunov coefficient associated to the 

normal form is given by (25) with the coefficients 

from (35): 

 

For the numerical simulation, we consider the 

values: 

6.01 =α , 5.02 =α , 5.01 =β , 5.02 =β , 5=c , 

3.01 =k . 

Using a program in Maple 12, we obtain: 

102.0=k , 5607.020 =k , 43.980 =L . Because 

00 >L  we have an unstable orbit. 

Fig. 5 represents a visualisation of the orbit 

))(,( npn , for 001.020 =k , 01.0=α . Fig.6 and Fig. 

7 represent visualisations of the orbit ))(,( 1 npx , and 

))(,( 2 npx  respectively.  

 

 
Fig.5 The orbit ))(,( 3 nxn  

 

 
Fig.6 The orbit ))(),(( 1 npnx  

 

 
Fig.7 The orbit ))(),(( 2 npnx  

 

 

If 0,1 21 == qq , the model (4) is given by: 

))()()(()()1(

))()(
)(

)(()()1(

))()(
)(

)(()()1(

)()1(

203

22
2

2
2222

11
1

1
0111

10

cnxnxnkpnxnp

npnx
nx

nxknxnx

npnx
nx

nxknxnx

nxnx

−++=+

−+=+

−+=+

=+

β
α

β
α

      (42) 

If we liniarize the system (42) in the 

neighbourhood of the equilibrium point (6) and 

obtain: 

)()()()1(

)()()1(

)()()1(

)()1(

3331320303

3232222

3131111

10

nycnycnycny

nycnycny

nycnycny

nyny

++=+

+=+

+=+

=+

             (43) 

where 

.1,,

,,21

,,21

33032030

2
22230202222

2
11130101111

20

10

===

−=−=

−=−=

ckpckpc

xpkcpxkc

xkcpxkc

β

ββ

          (44) 

 

The characteristic equation of the system (43) is 

given by: 

043
2

2
3

1
4 =−−+− CCCC λλλλ .                   (45) 

where 

1322304

301332233322113

322333223322112

3322111

)(

)(

cccC

cccccccC

cccccccC

cccC

−=

+−=

−++=

++=

                     (46) 

 

For fixed 21, kk , let 0k given by  

)( 1323110

2211
0

cccp

cc
k

−
=                  (47) 

Using the Schur criteria, we obtain: 

 

 

 

 

WSEAS TRANSACTIONS on MATHEMATICS Gabriela Mircea, Dumitru Opris

ISSN: 1109-2769 69 Issue 2, Volume 8, February 2009



 

Proposition 6: 

a)  If 21, kk satisfy the relations: 

,)1)(1(),1((2,1 4
2
1

2
442414 CCCCCCCC <++−+<<

where 421 ,, CCC  are given by (46) and 0kk =  

given by (47), then the equilibrium of the system 

(42) is locally asymptotically stable. 

    b) If 10k  is the positive root of the equation 

,0)1)(1( 4
2
1

2
442 =−++− CCCCC  and 2k  satisfies 

the relations  )1(2,1 414 CCC +<<  then 10k  is a 

Neimark-Sacker bifurcation, namely there exists a 

0>β  sufficiently small so that, for β−= 101 kk , 

the equation (28) has the roots in modulus less than 

1 and for β+= 101 kk , it has the  roots in modulus 

greater than 1. 

The normal form of the system (42) on the 

central manifold corresponding to the value 10k  of 

the bifurcation parameter 1k  is obtained in a similar 

manner to that of the system (25) 

 

 

 

4 Flip bifurcation for the system (4)  
Let the model: 

))()()(()()1(

))()(
)(

)(()()1(

))()(
)(

)(()()1(

213

22
2

2
2222

11
1

1
1111

cnxqnxnkpnxnp

npnx
nx

nxknxnx

npnx
nx

qnxknxnx

−+−+=+

−+=+

−−+=+

β
α

β
α

 (48) 

where 

Nq ∈  and  

ahkahk
22

11
2211 ,

βα

βα
−=−=                         (49) 

with  

)(

2

)(

2

122112

2
2

122121

1
1

βαβαβα

β

βαβαβα

β

+
=

+
=

c
h

c
h

                         (50) 

and  a   is a real parameter.  

The liniarized system of the system (48) is given 

by: 

)()()()1(

)()()1(

)()()1(

3332321303

3232222

3131111

nydnydqnydny

nydnydny

nydnydny

++−=+

+=+

+=+

     (51) 

where 

.1,,

,,21

,,21

33032030

2
22230202222

2
11130101111

20

10

===

−=−=

−=−=

dkpdkpd

xkdpxkd

xkdpxkd

ββ

ββ

          (52) 

and 02010 ,, pxx  is given by (6). 

From  (52), (49), it follows that: 

.1,,

,

,)(

,21

33032030

2
2

22

11
223

2
1113

01012211

20

10

===














−−=

−−=

+−==

dkpdkpd

xahd

xahd

pxadd

β
βα

βα

β

β

                       (53) 

 

Proposition 7:  
The characteristic equation of the system (51) for 

33323023132211 ,,,,,, ddddddd  given by (53) is: 

0)2(

)1()(21(

2
22

11
1

2211
2

=












++

−+−−−+ +

α
βα

βα
λα

αλαλλ

kkBa

khkhaB

q

qq

        (54) 

where  

0101 pxB β= . 

 

From (54), it follows that: 

 

Proposition 8:  

a) If 0=q and k satisfies the inequality:  

2211

1
0

αα hh
k

+
<<                                 (55) 

then 0=a is flip bifurcation. 

b) If 1=q and k  satisfies the inequality 

22

1
0

αh
k <<                                                   (56) 

then 0=a  is a flip bifurcation. 

c) If there exists a 0>k so that the equation:  

0)1( 2211
2 =+−−+ αλαλ khkh

qq                           (57) 

may have the roots in modulus less than 1, then 

0=a  is a flip bifurcation. 

 

For the parameter values ,6.01 =α   ,9.02 =α  

,5.01 =β ,2.02 =β 2=c and ,0=q  the solutions of 

the system (48) in relation to the bifurcation 

parameter α=a  are displayed in the following 

figures: Fig. 8 The orbit ))(,( 1 nxα ,  Fig. 9 The orbit 

))(,( 2 nxα ,  Fig. 10 The orbit ))(,( npα . 
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Fig.8 The orbit ))(,( 1 nxα  

 

 
Fig.9 The orbit ))(,( 2 nxα  

 

 
Fig.10 The orbit ))(,( npα  

 

For the parameter values ,6.01 =α   ,9.02 =α  

,5.01 =β ,2.02 =β 2=c and ,3=q  the solutions of 

the system (48) in relation to the bifurcation 

parameter α=a  are displayed in the following 

figures: Fig. 11 The orbit ))(,( 1 nxα ,  Fig. 12 The 

orbit ))(,( 2 nxα ,  Fig. 13 The orbit ))(,( npα . 

 

 

 

 

 
Fig.11 The orbit ))(,( 1 nxα  

 

 
Fig.12 The orbit ))(,( 2 nxα  

 

 
Fig.13 The orbit ))(,( npα  

 

These graphics justify the behavior of the 

model’s solutions as obtained in the theoretical 

section. 

 

 

5   Conclusion 
In this paper, an Internet congestion control, 

discrete model with one link and two sources has 

been studied. We have considered the parameters 

2211 ,,, βαβα  as being positive, subunitary, positive 

numbers. The convenient choice of parameter k  has 
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determined the conditions for the existence of a 

Neimark-Sacker bifurcation. The analysis has been 

carried out for ,0,0 21 == qq  0,1 21 == qq  and  

.1,0 21 == qq   

For these cases we have determined the normal 

forms and the Lyapunov coefficients. We have 

performed numerical simulations for the cases when 

the parameters 1k  and 2k  depend on 2211 ,,, βαβα  

and the real parameter a . We have determined the 

conditions for the existence of a flip bifurcation.   

The numerical simulations confirm the theoretical 

results 

The analysis can be carried out in a similar 

manner for dynamic systems with discrete time and 

delay, with more sources. 
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