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Abstract: In this paper, we study some discrete [S-LM models with tax revenues and time delay. Considering its
parameters as variables, we analyze the existence of the Neimark-Sacker bifurcation. We find the normal form
and its Lyapunov coefficient. For each considered model, using programs in Maple 11 we make some numerical

simulations that verify the theoretical results.
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1 Introduction

Recently, there has been great interest in dynami-
cal characteristics of economic, biologic, informatics
models with time delay, [6], [8], [9], [10], [12], [14],
[15]. In [2], the authors consider an IS-LM model
with delayed taxation revenues, which is augmented
by a government budget constraint in the tradition
of the well known Schinasi paper [13]. Varying the
length of lag and applying the “stability switch cri-
teria”, they proved that the equilibrium may lose or
gain its local stability and that the existence of limit
cycles generated by subcritical and supercritical Hopf
bifurcation is obtained. In [11] an IS-LM model with
the same lag in the tax revenues and the capital accu-
mulation equation is presented. The authors analyzed
the quantitative behavior of the model via the Hopf bi-
furcation of stability switch criteria. In [4] an IS-LM
model with distributed tax collection lag is considered
offering an explanation of the multiperiodicity and ir-
regularity in business cycles.

Almost all real economic processes have the state
variables defined at different moments, thus the dis-
crete models are important in obtaining the practical
results. In the present paper, we will use the dis-
cretization method from [3].

After this introduction, in Section 2 we study the
discrete IS-LM model with tax revenues. This model
is obtained by the discretization of the continuous IS-
LM model with tax revenues. The functions that des-
cribe the model are the investment function I and the
liquidity function L. Section 3, respectively Section
4 presents the qualitative analysis of a IS-LM discrete
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model with time delay and respectively with exponen-
tial density distribution. Also, some numerical simu-
lations are performed in sections 2, 3, and 4, using
programs in Maple 11. Concluding comments are pre-
sented in Section 5.

We start from the following dynamical system

[2]:

Y(t) = alI(Y(t), R(t)) =S ())~T(t) + g]
R(t) = b(L(Y (1), R(t)) — M(t))
M(t) = c(g = T(1)),

)

with: the national income Y'(¢), the interest rate R,
the real money supply M (prices are fixed at unity).
The tax revenues 7'(t) are given by:

t
T(t)=(1—¢e)qY(t) + Eq/ E(s)Y (t — s)ds,
0
the disposable income given by:
YP(t) =Y(t) - T(t),

the tax rate ¢ and the saving function S(Y P (t)).
Further on, we assume that investment [ is a func-
tion of national income Y and the interest rate R, i.e.
I(Y, R), the liquidity preference function L is a func-
tion of national income Y and the interest rate, i.e.
L(Y, R), g represents the government expenditure, a,
b, c represent respectively the speed of adjustment in
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the goods market, depreciation rate of the interest rate,
the speed of adjustment in the money market.
The following is assumed about the derivatives:

_OI(Y,R) _ JI(Y,R)
_ OL(Y,R) _ OL(Y,R)
Ly = =5 >0,Lp=—22—">0,
oS
Sy = W =s50<s<1,q€(0,1).

Let k : IR+ — IR, be the density of distribution
that verifies the following properties:

k(s) > 0,s € IR+,/ k:(s)ds:l,/ sk(s)ds < oo
0 0

and it is called kernel.
If k is the Dirac density of distribution, then:

/Ut k(s)Y (£ — 8)ds = Y (t — 1)

where 7 > 0 is the delay.
If k£ is the exponential density of distribution,
then:
k(s) =ae ¥, a>0

and the variable z(t) = [k
the differential equatlon

At) = a(Y (t) — 2(t)).

If £ is the Erlang density of distribution:

Y (t — s)ds satisfies

2., —as

k(s) = a“se”** a >0

then z(t) = [;° k
relatlons

Y (t—s)ds satisfies the following

5(1) = alult) - 2(1))
at) = a(Y (t) - u(t))

o0
u(t) = a/ e Y (t — s)ds
0
With these assumptions and with the function

S(YP(t)) = s(Y(t) — T(t)), s € (0,1), dynamic
system (1) is given by:

Y(t) = a[I(Y(t),R(t)) — s(1 = q)Y (t) = qY (1) + ¢]
R(t) = b(L(Y (1), R(t)) — M(1))
M(t) = e(g — qY (1)),
2
the dynamic model with continuous time;
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— (1= s)eqz(t) + 4]

R(t) = b(L(Y (t), R(t)) — M(t))
M(t) = e(g — (1 = £)qY () — eg=(t))
4t) = a((1—e)qY (t) — (1 —eq)2(t))

“)

the dynamic model with continuous time and expo-
nential density of distribution;

Y (t)=a[I(Y (), R(t))— (s+(1—&)(1—s)q)Y (t)}-
— (1= s)eqz(t) + g

R(t) = b(L(Y (), R(t)) — M(t))

M(t) = c(g — (1 —)qY (t) — eqz(t))

2(t) = a(u(t) — 2(t))

u(t) = a((1 —e)qY (t) + eqz(t) — u(t))

&)

the dynamic model with continuous time and Erlang
density of distribution.
The model (3) with the functions:

I(Y,R)=a;Y*2R% L(Y,R)=b, Y+4bo Y (R-b,) %

was analyzed in [12].

The discrete models are obtained by the dis-
cretization of the models (2), (3), (4), (5) with the
adjustment coefficient different from the ones above.
For simplicity, we will employ the same coefficients:

Y(n+1)=Y(n)+a(l(Y(n),R(n))—
—s(1-q)Y(n) —q¥Y(n) +9g)
R(n+1) = R(n) +b(L(Y (n), R(n)) — M(n))
M(n+1)=M(n)+clg—qY(n)),ne N

(6)

the discrete IS-LM model;
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Y(n+1)=Y(n)+a(I(Y(n),R(n))—(s+(1—¢)
(1=5)q)Y (n)— (1 —s)eqY (n —p) + g)
R(n+1) = R(n) +b(L(Y(n), R(n)) — M(n))
M(n+1)=M(n)+c(g—(1—¢)qY(n)—
—eqY (n —p)),

(7

n € N,p e N,p > 1, the discrete IS-LM model with
delay;

Y(n+1)=Y(n)+a(I(Y(n),R(n)) —(s+ (1 —¢)
(1=15)q)Y (n) — (1= s)eqz(n) + g)1
R(n+1) = R(n) + b(L(Y (n),R(n)) — M(n))
M(n+1) = M(n) + elg — (1 - €)g¥ (n) — eg2(n)
z(n+1)=z(n) + a((1 —e)gY(n)—

— (1 —€q)z(n))
(3)

the discrete IS-LM model with delay corresponding to
)

Y(n+1)=Y(n)+all(Y(n),R(n))—(s+(1—¢)
(1 =5)g)Y(n) — (1 = s)eqz(n) + ]
R(n+1)

= R(n) + b(L(Y (n), R(n)) — M(n))
M(n+1)=M(n)+c(g—(1—e)qY (n)—eqz(n))
z(n+1) = 2(n) + a(u(n) — z(n))
u(n+1)=u(n)+a((l1—e)qY (n)+eqz(n)—u(n))

the discrete IS-LM model with delay corresponding to
)

2 The analysis of the discrete IS-LM
model with tax revenues (6)

We analyze system (6). Because Ip < 0 we assume
that:

lim I(f R) > s1=q)
R—0t ¢ q

1—
lim I( ,R) > s1=q)
R—oo @ q

9,

qg.

Under the previous conditions, the model (6) has
the equilibrium state (Yo, Ry, Mp), so that: Yy = g,
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q>g and My =

Ry is the solution of I(Y,
q

L(Yy, Ro).
The linearization of system (6) in the neighbor-
hood of the equilibrium yields:

~s(1—
R) = .

vi(n+ 1) = anvi(n) + agve(n) + arzvs(n)
va(n + 1) = ag1v1(n) + agva(n) + aggvs(n) (9)
v3(n + 1) = azjvi(n) + azava(n) + azzvs(n)
where
a;n1 =1+ a(l1 — s(1 —q) — q),a12 = alz,a13 =0,
as1 = bly,a09 =14 bLsy,as3 = —b,
az1 = —cq,azp = 0,a33 =1

10)

and I = Iy(Yo,Ro), I = Igr(Yo,Ro), L1 =
Ly (Yo, Ro), L2 = Lr(Yo, Ro).

The characteristic equation of system (9) is given
by:

A — AN+ Ag) — A3 =0 (11)
where
A =1+ a1 + a,
A =ay1azz—ai2a21+a11 +aze, (12)

Az = a11a22 — a12a21 + a12a23a31;

From (10) and (12), we get:
A1 =34 (1 —s(1 —q) — q)a+ Lab,
Ay=3+2(I1—s(1—q) — ¢)a+2Lab—abs(1 — q) Lo,
As =1+ (I1 —s(1 —q) — q)a — Lab—
—abs(1 — q) Lo + abeqls.

13)
According to the Schur criterion [7], equation

(11) has the roots in modulus less than 1, if and only
if:
|A3| < 1, |A1 —A3| <2,1 —Ag—l—Ag(Al —Ag) > 0.
(14)
Then, if the parameters of the model satisfy the
relations (14), the equilibrium point (Yp, Ro, M) is
asymptotically stable.
We analyze the roots of equation (11) considering
the parameters a and b as fixed and the parameter c as
variable. We denote by:

dy = ar1a22 — ai2a21, d2 = qai2a23. (15)
From (13) and (15), we have:
Ag = d1 — CdQ.

The following proposition holds:
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Proposition 1 (i) If the parameters a, b, c satisfy the
relations:

|dy — cda| < 0,|A1 — dy + cda| < 2, (16)

1 — Ay +di(Ay —dy) + dy(2dy — Ay)e — dac® =0,

17
then equation (11) has one root in modulus less than
1 and two complex roots in modulus equal to 1.

(ii) If cg is one solution of (17) then for ¢ = cy+a,
there is o« > 0 sufficiently small so that the roots of
equation (11) are in modulus less than 1; for c = ¢y —
« equation (11) has one root in modulus less than 1
and the complex conjugate roots are in modulus equal
to 1.

(iii) The value cq is a Neimark-Sacker bifurcation
for equation (11).

The proof of the proposition results from (11) and
from the definition of the Neimark-Sacker bifurcation
[7].

In what follows, using the method from [7],
[12], we find the normal form of system (6) for the
Neimark-Sacker bifurcation given by cg.

We consider A the matrix of the linear system (9)
with the coefficients (10) and ¢ = ¢¢ + «, where ¢y
satisfies (17) and |« is sufficiently small.

We have:

Proposition 2 (i) The eigenvector corresponding to
the eigenvalue . is the nontrivial solution of the sys-
tem Al = ul and has the components:

I = —a1a(p —asz),lo = —(p —ai) (1 — asz),

l3 = —ar2a31;
(18)

(ii) The eigenvector corresponding to the eigen-
value [ is the nontrivial solution of the system
ATm = [im and has the components:

=02 = L= 3 )
a2V ’ vV’ ([L—a33)v’
where V = i a22l_1 +ly+ — 23 ls.
aig H —ass

Moreover, the relation Iy + oy + lgmg = 1
holds.

We denote by:
Iy = IYY(}/O, RO),IH = IYR(YEb RO)a
Iopo = Ipr (Yo, Ro),

02 RR( 0 0) (20)
130 = Iyyy(YvO,RO),IQI = IYYR(}/O7RO)7
Iy = Iy gr(Y0, Ro), los = Irrr(Yo, Ro),
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Lay = Lyy (Yo, Ro), L11 = Ly r(Yo, Ro),

Loz = Lrr(Yo, Ro), o
L3y = Lyyy (Yo, Ro), L21 = Lyy r(Yo, Ro),

L1z = Ly rr(Yo, Ro), Los = Lrrr(Yo, Ro),

and

By

( Iso In1 ) By ( Log L1t )
I Iop )7 Li1 Lo

130 Igl ) ( I21 112 >

D 2
<Iz1 Ip ! Lo os @2
L30 L21 L21 L12

Cy = , Dy = .

2 < Loy Lo ) ? ( L1z Los )

We consider I = (I1,12)T, m = (my,m2)7,
where [1, l2, m1, mo are given by (18) and (19) and

Q

1

Cl(l, , ) = T(lZCZ + lQDZ)[,Z =1,2,

g20=(BY(1,1), B*(1,1))m, g11 = (B(1,1), B*(1,1))m,

goz=(B'(I,1), B*(l,1))m,
(23)

hiso = B'(1,1) = ((B'(1,1), B*(1, 1))m)li—
— (BY1,1), B3(L,1))ym)l;,i = 1,2

hazo = —((B*(1,1), B*(,1))m)ls—

— ((B'(1,0), B*(1,1))m)ls,
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We denote by:
p? —an  —ai 0
A(p?) = —ag  pP—axn  —as :
—aszy 0 p? — ass
l—ai1 —anpo 0
A(l) = —az1  1—ag —ag
—aszy 0 1—ass3
p*—an —a 0
A(p?) = —ag @ —axn  —as
—aszy 0 i — ass
and
wag = A(p*) T hao, w11 = A(1) " hay,
o1 24)
wo2 = A(f1°) ™ hoz,

where
hao = (h120, ha2o, ha2o)”,
hi1 = (ka1 hott, hain)”
and
g21 = (B'(I,wa), B*(I, wa0))m + 2(B
B%(1,w11))m + (C*(1,1,1), C*(1,1,))L.

hoz = (h102, haog, haoz)”

l(la w11)7

(25)

Using the method from [7], [12], for the determi-
nation of the normal form, we obtain:

Proposition 3 (i) The normal form of system (6) is:

2+ 1) = pa(n) + 5ga02(n)? + gu1=(n) () +
+ 500a2(n)? + Jgn=(0)2(n),

(26)

where z(n) € C and the coefficients are given by (23)
and (25);
(ii) System (6) in the neighborhood of the state
equilibrium (Yy, Ro, My) is:
- 1
Y (n) = Yo+ liz(n) + L 2(n) + §w120z(n)2+
1
+ wi112(n)z(n )++2w102z( )2

R(n) = R + lyz(n) + Lz(n) + %wwz(ny N
+ wa112(n)2z(n) + %wng(ny
M(n) = My + l3z(n) + l32(n) + %w3202(n)2+
+ wsnz(n)z(n) + %wgogi(n)Q

27
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where z(n) is one solution of (26) and the coefficients
are given by (24);

(iii) The Lyapunov coefficient associated to the
normal form (26) is given by:

Cl(a):g”( a)gui (o) (f(a) — 3 —2u(a))
2(p(e) — pi(a)) (B(a) — 1) (28)

. |g11() ] n |go2 ()| N g21(e) |

1—pa)  2(p2(a) — a(e)) 2
(iv) If 0p = arg(u(0)), Lo = Re(e*wC& (0)) and

Ly < 0(> 0) in the neighborhood of the equilibrium
state (Yp, R, Mp), then there is a stable (unstable)
limit cycle.

The numerical simulation was made using a pro-
gram in Maple 11. For:

I=aY2R™® [ =bY +by(R—bg)™™

where a1 = 0.38, az = 1.05, ag = 0.83, by = 0.07,
ba =1, b3 =0.003, b4 = —1.2, s = 0.5, ¢ = 0.18,
g = 10, a = 0.96, b = 0.8, we obtain the following
results: Yy = 5.55, Ry = 2.33, My = 6.64, ¢ =
0.3560. The Lyapunov coefficient is Lo = 0.337 and
in the neighborhood of the equilibrium state there is
an unstable limit cycle.

For ¢ = ¢o + 3, B = 0.001, the following trajec-
tories are displayed: (n,Y (n)), (n, R(n)), (n, M(n))
in Fig 1, Fig 2, Fig 3. In the figures Fig 4, Fig 5, Fig 6
are displayed: (Y (n —1),Y(n)), (R(n — 1), R(n)),
(M(n— 1), M(n)),

Figl ¢ >c0,(nY(n)) Fig2 ¢ >c0,(n.R[n])

23335

233304 7.

W gssss] o R 233254 v

233204 . -

23315+

100 200 300 400 500 100 200 300 400 500
n n

Fig3 ¢ >c0,(n.M[n])

Figd ¢ >c0,(Y[n-1],Y[n])

664904 .. 55,565

66485 -
. 55,5604
66ag0] * T

M) ) s 55 ]

66470

664654 .1

55550 55555 55560 55565

100 200 300 400 500
n Yfn-1]
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Figs ¢ >c0,(R[n-1].R[n]) Fig ¢ >c0,(M[n-1].M[n])

6.6490

66485
23330

6.6480

Rfn] 2.3325 M[n]

6.6475

23320 6.6470

6.6465
233

3320 23325 23330 23335 6.6465 6.6470 6.6475 6.6480 6.6485 6.6490

Rln-1]

For ¢ = ¢y — 8, B = 0.001 in Fig 7, Fig 8,
Fig 9 the following trajectories: (n, Y (n)), (n, R(n)),
(n, M(n)) are displayed. In the figures Fig 10, Fig
11, Fig 12 are displayed: (Y (n —1),Y(n)), (R(n —
1), R(n)), (M(n — 1), M(n)),

Fig7 ¢ <c0,(n,Y()
55,5564 u -

Fig8 ¢ <c0,(nR[n])
55.5562-
sssse0{ - LT

ssssssH- L L L

sssss6q oL e e LT e

¥fn]
sssssa{ .

ssssseH o ¢

555550

555548

Figl0 ¢ <c0.(Y[n-1].¥[n])

66485+ .
oaso] . LT T
Mfn]

664754 . .t

664704, T -

664654, .

55.5556 555560  55.5564

¥pn-1]

Figl1 ¢ <cO,(Rfn-1].R[n]) Figl2 ¢ <c0,(M[n-1].M[n])

23332
23330
23328
23326

Rin]
23324+

Mfn]

23322

23320

23318

23318.332(2.33222.3324.3326.332R2.333(2.3332 6.6465 66470  6.6475 66480  6.6485

These graphics justify the behavior of the model’s
solutions as obtained in the theoretical section.
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3 The analysis of the discrete IS-LM
dynamic model with time delay (7)

We analyze system (7) with p = 1. System (7) be-
come:

u(n+1)=Y(n)
Y(n+1)=Y(n)+all(Y(n),R(n)) + g—
—(s+ (1 —¢e)(1-15)g)Y(n) — (1 - s)equ(n)]
R(n+1)=R(n)+b(L(Y(n), R(n))—M(n))
Mn+1)=Mn)+clg—(1—¢e)gY(n)—
—equ(n)),n € N.

(29)

In the hypothesis from Section 2, system (29)
has the equilibrium state (ug, Yy, Ro, Mp), where

ug = Yy, Yo = g, Ry is the solution of I(%,R) =

1 —
wg and Mo = L(Yb, Ro).

The linearized system of (29) in the neighborhood
of the equilibrium (ug, Yy, Ro, Mp) is:

=apovo(n)+ao1v1(n)+apva(n)+agzvs(n

( (

a1ovp(n)+aiivi(n)+agva(n)+aizvs(n
( (
(

— — ~— —

( (n) ) )

(n+1)= (n) (n) )
va(n+1)=agvo(n)+ag1vi(n)+asve(n)+azvs(n
( ) =asovo(n)+asivi(n)+agave(n)+assvs(n
(30)

where
agp = 0,ap1 = 1,a92 = 0,a93 =0,
ayp = —a(l — s)eq,
a1 =14a(lh — (s+ (1 —¢)(1—s)q)),
aiz = alz,a13 = 0,a2 = 0,
as1 = bLy,a990 =1+ bLo,as3 = —1,

—c(1 —¢€)q,a32 = 0,a33 = 1.
(31)

azo = —C&q, a3 =

The characteristic equation of system (30) is
given by:

M BN+ BN —-BsA\—B,=0 (32)

By =1+ a1 + aso,
By = a1 + a2 + aj1a22 — a12a21 — ajo,
B3 = ar1a22 + aiza23a31 — ai2a21 — 1 — asa,

B4 = ajpagn — aj2a23a30.
(33)
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We analyze the model (29), choosing the adjust-
ment coefficient ¢ as function of the adjustment coef-
ficients a, b so that:

B3 = arage—aiza3c(l—e)g—ainag —1—az = 0.
(34)
From (34) we obtain:

aiiass — aioaol — 1 —a
o= 11022 12021 22 (35)
a2a23(1 —€)g

From (33) and (35) we have:

By =1+ a1 + age,

By = a1 + a2 + aj1a22 — a12a21 — @10,

3
By = a10G22 — — 8(@11&22 —ajgaz — 1 — a22);

1
(36)
and characteristic equation (32) becomes:
M —BIXN 4+ B\ —By=0 (37)

According to the Schur criterion, equation (37)
has the roots in modulus less than 1, if and only if:

|B4| <1, |Bl| < 2(1 + B4),

(38)
(By — 1+ By)(1 + By)? < BiBy.

Then, if the parameters of the model satisfy the
relations (38) then the equilibrium point (ug, Yo, Ro,
M) is asymptotically stable.

We analyze the roots of equation (37) consider-
ing the parameter a as fixed and the parameter b as
variable. We denote by:

>
ds = ajg — 1_8(6011 —-2),

g€

£
— 6(@11 —1))Ls + 1 aiaLy.

(39)

ds = (a10 — 1

From (36) and (39) we have:
By = d3 + bdy.
The following statements hold:

Proposition 4 (i) If the parameter b satisfies the rela-
tions:

|ds + bds| < 1,]2 4 a11 + bLa| < 2(1 + ds + bdy),
(2a11 +d3 + ((1 + a11)La — a12L1 + dy)b)-

-(1+4+ds+ d4b)2 =24an+ Lgb)Q(dg + d11b)
(40)
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then equation (37) has one root in modulus less then
1 and two complex roots in modulus equal to 1.

(ii) If by is one solution of (40) then for b = by+«,
there is o« > 0 sufficiently small so that the roots of
equation (37) are in modulus less than 1; for b = by —
« equation (37) has one root in modulus less than 1
and the complex conjugate roots are in modulus equal
to 1.

(iii) The value by is a Neimark-Sacker bifurcation
for equation (37).

The proof of the proposition results from (38) and
from the definition of the Neimark-Sacker bifurcation
[7].

In what follows, using the method from [7],
[12] we find the normal form of system (29) for the
Neimark-Sacker bifurcation given by bg.

We consider B the matrix of the linear system
(30) with the coefficients (31) and b = by + «, where
by satisfies (40) and |« is sufficiently small and with
c given by (35).

Let 1+ = () one root of the characteristic equa-
tion (37).

We have:

Proposition 5 (i) The eigenvector corresponding to
the eigenvalue | is the nontrivial solution of the sys-
tem Bl = pl and has the components:

a12a23 aio
lo= = a12a93,ly = axs(p —ann — —),
7 7
a
I3 = (1 —age)(p—an — %) — a12021;
41)

(ii) The eigenvector corresponding to the eigen-
value [ is the nontrivial solution of the system
BTm = fim and has the components:

aro(ft — az2)(fi — 1) 4 a12azoass

B a12M(M - l)v (42)
m:N_CLQQm:lm a23
ST R A R (T 1
where
V = 7(M _ a22)l_1 + l_z + _a23 l_3+
a2 p—1 - (43)
(a10(fp — a22)(f — 1)) + ar2as0a23lo
_l’_ —— .
arpfi(fn— 1)

Moreover, the relation lomg + 1y + lams +
lgms = 1 holds.
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We consider [ = (I1,15)", m = (m1,m2)7 given
by (41), (42), the formulas (22), (23), (24) and

hozo = —((B'(1,1), B*(1,1))m)lo—
- ((Bl(lal)aB2(lvl))

)lo,
hot = —((BY(1,1), B*(,1))m)lo— )
— ((BY(1,1), B*(L, 1))m)lo,
hooe = —((B'(1,1), B*(I,1))m)lo—
_((Bl(lal)aBQ(lvl)) )
Let be the matrices:
2 -1 0 0
2
- - - 0
B(u2)= aip M a11 a12
() 0 —ag1  pP—axn  —ass
—azp  —as 0 p? — ass
1 -1 0 0
—aip l—ann —ai2 0
B(1l) =
(1) 0 —az1 l—az —a
—azp —asy 0 1—as3
T -1 0 0
_ =2 _ _ 0
B(i2)— alp p°—an ai2
(i) 0 —ag1 2 —ax  —ags
—azp  —asi 0 B2 — ass
(45)

and wog = B(u?)"thao, w11 = B(1) " iy, wee =
B(ji%)~ hgy where

hao = (hogo, P120, h220, ha20)”
hi1 = (hoit, P11, hai1, han)7 (46)

ho2 = (hooz, P10z, hao2, haoz)” -
and

g1 = (BY(I,wa0), B*(I, wz0))m+
+2(B1(l,w11),32(l,w11))m+ @7
+(CH(1,1,1),C? (L, 1, D)L

Using the method from [7], [12] for the determi-
nation the normal form we obtain:

Proposition 6 (i) The normal form of system (7) is
given by (26) and the coefficients are given by (23)
and (47)

(ii) System (7) in the neighborhood of the state
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equilibrium (ug, Yo, Ro, My) is:

_ 1
u(n) =wug +loz(n) + 11zZ(n) + 511)020,2(71)2-1-
1
+ wor12(n)z(n) + 5“’0025(”)2
- 1
Y(n)=Yy+lzn)+1Lz(n)+ §w1202(n)2+

1
+winz(n)z(n) + *101022(71)2

2
R(n) = Ry +laz(n) + l2z(n) + %wggoz(n)Q-i-
+ war12(n)Z(n) + %wzog,?(n)?
M(n) = My + l32(n) + I32(n) + %w3202(n)2+
+ wa112(n)z(n) + ;wz&ozz( )?
(48)

where z(n) is one solution of the normal form for the
system (7).

(iii) The Lyapunov coefficient associated to the
normal form is given by (28).

The numerical simulation was made using a pro-
gram in Maple 11. For:

I=a1Y2R™® L =bY +by(R—bg)™%

where a1 = 0.38, a2 = 1.05, a3 = 0.83, by = 0.07,
by =1,b3 =0.003, by = —1.2, s = 0.08, ¢ = 0.18,
g =1,a = 0.96, b = 0.8, we obtain the following
results: Yy = 5.55, Ry = 1.876043, My = 2.512414,
co = —70.377794. The Lyapunov coefficient is Ly =
2.590623 and in the neighborhood of the equilibrium
state there is an unstable limit cycle.

For ¢ = ¢g + 3, 8 = 0.001, the following trajec-
tories are displayed: (n,Y (n)), (n, R(n)), (n, M(n))
in Fig 1, Fig 2, Fig 3. In the figures Fig 4, Fig 5, Fig 6
are displayed: (Y (n —1),Y(n)), (R(n — 1), R(n)),
(M(n — 1), M(n)).

Figl ¢ >c0,(nY(n) Fig2 ¢ >c0,(n.R[n])

55,565 L ..leet 233354

s55.5604" - 23330 7.

Vil g sss] Rpp 23325 S e

. 233204 .7
55,550 * 23320

233154 :

100 200 300 400 500 100 200 300 400 500
n n
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Figd ¢ >c0,(n.Mn]) Figd ¢ >e0,(¥[n-1].Y[n])

6.64904 55.565

66485 -
. 55,560
664804 1 T
M[n] e T L T 55 555

66475 . .
6.6470"
g 55.550+

66465 .-

55550 55555 55560 55565

n Yn-1]

FigS ¢ >c,(R[n-1].R[n]) Fig ¢ >c0,(M[n-1].M[n])

23335

6.6490
6.6485-
233304
6.6480
Rfn] 233254 M[n]

6.6475

23320

6.6465 66470 6.6475 66430 6.6485 6.6490
M[ n-1]

23325 23330 23335

Rfn-1]

23320

For ¢ = ¢y — 8, B = 0.001 in Fig 7, Fig 8,
Fig 9 the following trajectories: (n, Y (n)), (n, R(n)),
(n,M(n)) are displayed. In the figures Fig 10, Fig
11, Fig 12 are displayed: (Y (n —1),Y(n)), (R(n —
1), R(n)), (M(n — 1), M(n)),

Fig7 ¢ <e0 (nY(n) Fig8 ¢ <c0,(n.R[n])

555564477
55.5562 233329
sssse0ds - ° 233304 7. ¢
. 233284, "°
55558+ S
ssssel” - a6 - L
¥ng > Rin]
. 23324+,
55.5554- - .
- 2322 - -
sssss
.. 233204 .
555550 - B
' 23318
555548 .
100 200 300 400 500
Fig9 ¢ <c,(nM[n]) Figl0 ¢ <c0,(Y[n-1].Y[n])
55.5564+
i 5555624
66485 .
55.5560-
[ 55,5558
se
Min] . ¥iny 335356
064757 - 55,5554
555552
664704 . "
66465,
200 300 400 500 555556 55.5560  55.5564
Yin-1]
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Fighl ¢ <e0,(R[n-1].R[n]) Figl2 ¢ <c0,(M[n-1].M[n])

664854

66480

Rin]

66475 6.6430  6.6485

M[ n-1]

23318.3322.33222.3324.3320.332R2.333(2.3332 66465 6.6470

These graphics justify the behavior of the model’s
solutions as obtained in the theoretical section.

4 The analysis of system (8)

In the hypothesis from Section 2, system (8) has the
equilibrium state (Yy, Rg, My, zp), where Yy =
1
((16(1))9, Ry is the solution of 1(Yy, R) = (14 (1—
s)(1 —€)q)Yo — eqg, My = L(Yp, Rp) and zp = g.
The linearized system of (8) in the neighborhood
of the equilibrium (Y, Rg, My, zo) is:

4
vi(n+1) =Y aijvj(n) (49)
j=1
where
a1 =1+a(lh — (s + (1 —s)(1 —¢€)e)q),
aiz = alz,a13 = 0,a14 = —a(l — s)egq,
ag2 = 1+ bLa,as1 = bLy,a23 = —b,az4 =0,
az1 = —c(1 —¢)g,a32 = 0,a33 = 1,a34 = —ceq,
as1 = a(l —€)q,a42 = 0,a43 = 0,
agy =1 —a(l —eq).

(50)

The characteristic equation of system (49) is
given by:

M DN+ DA —DsA—Dy=0  (51)
where
D1 =1+ a1 + a2 + aua,
Dy = a1y + aze + aj1a22 — a12a21 — a41014—
—a11(1+ a1 + a),
D3 = agrai2a23 — a14(aze + azz + aj1azn—
— a12a21 + a12a31023)+
+ asa(a11 + ag2 + ar1a22 — a12a21)
Dy = arpaz3aq1a42 + ar4a22a33—
— ags(ariaze — a12021 + ai2a31a23).
(52)
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We analyze the model (8), choosing the adjust-
ment coefficient ¢ as function of the adjustment co-
efficients a, b and the coefficient « so that D3 = 0.
From (50) and (52) we have:

_ a11a92 + (1 — Oé(l — 6(])) '
(1 —€)qaizaz3
) (a11 + ag2 + ar1az — aj2az1)—

(1 —€)qaizass (53)
_a(l —e)gaia(l + az — aizan)
(1 —€)qarza23
Dy = ads + bdg,
where

ds = a4 — ags((1 — (1 — eq))(2a11 + 1)—
—2a(1 — €)qay)
dg = —aj2a41a42 + a14Lo — agq(—Liain+  (54)

+ (1 — Oz(l — €q>)(<1 + an)LQ — alng)—
- Oz(l — 5)qa14L2 — Llalg).

We have:

Proposition 7 (i) If the parameter b satisfies the rela-
tions:

|ds+bde| <1,|2+a11+ass+bLo| <2(14ds+bds),
(—a41a14 — a%l +1+4+ds+ (L2 — a0l + dﬁ)b)'

. (1 +ds + d6b)2 = (2 + a1 + LQb)Q(d5 + dﬁb)
(55)

then the equation

M= DN+ DN - Dy =0 (56)

has two roots in modulus equal to 1 and two complex
roots in modulus less to 1.

(ii) If by is one solution of (55) then for b = by+«,
there is 3 > 0 sufficiently small so that the roots of
equation (56) are in modulus less than 1; for b = by —
« equation (56) has two roots in modulus less than 1.

(iii) The value by is a Neimark-Sacker bifurcation
for equation (55).

In what follows, using the method from [7],
[12], we find the normal form of system (8) for the
Neimark-Sacker bifurcation given by bg.

We consider C' the matrix of the linear system
(49) with the coefficients (50), b = by + (3, where
by satisfies (55) and || is sufficiently small and with
c given by (53).

Let 1+ = () one root of the characteristic equa-
tion (56).

We have:
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Proposition 8 (i) The eigenvector corresponding to
the eigenvalue | is the nontrivial solution of the sys-

tem Cl = pl and has the components:
14041
lh=-apa(p—ass),la=—(A—as3)(p—ai1— ;
Q44
41034 aq1012(4 — 433
ls = —ap(azr + ———),la = — o ).
M= Gaq K= G44
(57

(ii) The eigenvector corresponding to the eigen-
value [ is the nontrivial solution of the system
CTm = fim and has the components:

ml:ﬂ—am m2:lm3: a2
a2V’ Vv’ (,L_L - agg)V’
a14(ft — agz)
my = — — . 58
4 (i — am) (i — am)V %)
(A — as3) + arzazass
ai2(fi — aaa) (i — ag3)V'’
where
V= (M; 22)l1 +l2+ i—a [3+
(012 i 33 (59)
n aa(ft — ag2) (L — a33) + a12a22a34 L

ai2(fi — asq)(fi — azs)

Moreover, the relation 1y + lamng + lgms +
lammy = 1 holds.

We consider [ = (I1,12)T, m = (m1, mz2)7 given
by (57), (58), the formulas (22), (23), (24) and

hago = —((B'(1,1), B*(1,1))m)ls—
— ((B'(1,1), B*(1,1))m)la,
har = —((B*(1,1), B*(1,1))m)ls— 60)
— ((B'(1,1), B*(1,1))m)la,
haoz = —((BY(I,1), B*(I,1))m)ls—
—((Bl(i,[),BZ(i,l)) )
Let be the matrices:
C(u?) =
pr—ann  —ane 0 —ayy
_ —ag  pP—axn  —ay 0
—asi 0 p? —ass  —as
—a41 0 0 M2 — Q44
(61)
C(p*) = C(p?), C(1) and wag = C(u?)~'hao,
w1 = C(l)f hi1, wo2 = C(ﬂ2)71h02 where
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where

hao = (h120, P220, h320, hazo)”

hi1 = (h111, ho11, hai1, han) 7
ho2 = (h102, P20z, h3o2, haoz)” -

Using the method from [7], [12] for the determi-
nation the normal form we obtain:

(62)

Proposition 9 (i) The normal form of system (8) is
given by (26) where the coefficients are obtained for
1 = (I,1)" and m = (my1,m2)T given by (57) and
(58);

(ii) System (8) in the neighborhood of the state
equilibrium (Yy, Ro, My, g) is:

- 1
Y(n)=Yy+lLzn)+0hLzn)+ iwlgoz(n)Q—i—

1
+ wi12(n)z(n) + §w1022(n)2
_ 1
R(n) = Ry + l2z(n) + l2z2(n) + §w220z(n)2+
1

+ w2112(n)z(n) + §w2022(n)2

M(n) = My + I3z(n) + I32(n) + %wgzoz(n)2+
+ ws112(n)z(n) + %wgmg(n)?

v(n) = g+ laz(n) + L4z(n) + %w4202(n)2+

1
+ 7w4022(n)2

+ wy112(n)z(n) 5

(63)

where z(n) is one solution of the normal form for the
system (7).

(iii) The Lyapunov coefficient associated to the
normal form is given by (28).

The numerical simulation was made using a pro-
gram in Maple 11. For:

I = a1Ya2R_a3,L =bhY + b2(R — bg)_b4

where a1 = 0.38, as = 1.05, ag = 0.83, by = 0.07,
by =1,b3 =0.003, by = —1.2, s = 0.5, ¢ = 0.18,
g=1,a =0.96,b = 0.8, ¢ = 0.02 we obtain the
following results: Yy = 5.648526, Ry = 0.656110,
My = 0.995165, ¢9 = —3.506258. The Lyapunov
coefficient is Ly = —177.547698 and in the neigh-
borhood of the equilibrium state there is a stable limit
cycle.

For ¢ = ¢o + 3, B = 0.001, the following trajec-
tories are displayed: (n,Y (n)), (n, R(n)), (n, M(n))
in Fig 1, Fig 2, Fig 3. In the figures Fig 4, Fig 5, Fig 6
are displayed: (Y(n —1),Y(n)), (R(n — 1), R(n)),
(M(n — 1), M(n)),
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For ¢ = ¢y — 8, B = 0.001 in Fig 7, Fig 8,
Fig 9 the following trajectories: (n, Y (n)), (n, R(n)),
(n,M(n)) are displayed. In the figures Fig 10, Fig
11, Fig 12 are displayed: (Y (n —1),Y(n)), (R(n —
1), R(n), (M(n— 1), M(n)),
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Figll ¢ <cO,(R[n-1].R[n]) Figl2 ¢ <c0,(M[n-1],M[n])

6.6465 6.6470 6.6475 6.6480 6.6485
Min-1]

These graphics justify the behavior of the model’s
solutions as obtained in the theoretical section.

5 Conclusion

The discrete time IS-LM model with tax revenues and
time delay is a complex model with many parameters.
The model allows us to study the real process using
the temporal numeric series of the income, the interest
rate, the money stock, the liquidity.

The analysis of the model leads to different sce-
narios by considering the adjustment coefficient of the
equation which describes the dynamics of the money
stock as variable.

In the present paper we have analyzed the discrete
IS-LM models with the parameter ¢ as variable and
we have shown the existence of the Neimark-Sacker
bifurcation. The normal form of the model has also
been presented. We will carry out the same analysis
for the discrete model with delay. In a future paper the
scenario for which the model has a chaotic behavior
will be analyzed.
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