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1 Introduction 2 The Preliminary

Option is a kind of financial derivative which came  Assumed that the financial market is composed of two
into being in the middle 1970s in America [1],[3].  kinds of assets. One of them, is called stock, whose
As a efficient way to reduce risks, it has developed price of per sharé(t) satisfies the equation
quickly since its emergence. According to transac-
tion time, options can be divided into two sections: dS(t) = u(t)S(t)dt + o (1)S()dW (t) (1)
European options and American ones [4]. American S(0)=s9>0
options give the holder the right to exercise them at
or before the expiry date, so the payoff of Ameri-
can options is determined by not only the price of
underlying assets at maturity but also the price path.
This property of American options makes it difficult { dB(t) = B(t)r(t)dt @)
to value them and determine optimal exercise moment B(0)=1
[2]. Pricing and hedging on options is one of the most _ _ _
important problems in mathematical finance, and this Here I (¢) is a standard Brownian motion on
problem was abroad discussed in a complete market @ complete probability space, 7, P), endowed
[9] [11]. In recent years many scholars seek to study With a filtration 7 = {F}o<i<r, which is the
such a question in an incomplete market [12], for ex- P-augmentation of the natural filtratiaR" (t) :=
ample, a market with transaction cost. o(W(s) : 0 <s <1),0<t<T,generated by

In this paper, we consider the optimal stopping W (-). The process(-)(interest rate for lending), the
time and the pric’e of American call options with the processp(-_)_ (return rate of the stock ) and the process
underlying stock paying dividend. We can show that o(+) (\_/olatlllty of the stock) are all assumed to be pro-
the optimal stopping time of staﬁdard American op- gressively measurable with respectfo Moreover,
o . L . . the o(-) is assumed to be positive, and all processes
tion is their maturity in the model of continuous time,

-1

and the optimal stopping time of perpetual one does C(m)f?olﬁr(n%’gwggé (L) é)[oa;(?] is(szumed to be bounded,
not exist. In the end we can also give the optimal stop- Let y ’ ’ '

ping time of perpetual American call options when

stock prices follow a jump-diffusion process and the O(t) == o1 (t)(u(t) — r(t))

initial price of them.

The paper is organised as follows. In section 1,we
Introduction the concept of the option. In section 2,
we give the necessarily preliminary.In section 3,4 the
optimal stopping times is presented.

Additionally, there is a risk-free asset, called the bond,
whose price is given by

It is called the relative risk process of the market, and
6(t)is bounded and progressively measurable, so by
Ito formula, foranyd <¢ < T,

Zy(t) := exp {—/OtH(s)dW(s) - ;/(;t 92(S)d5} ,
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is amartingale, and the process

WOt = t)+/t9(s)ds, 0<t<T
0

is a Brownian motion under the probability measure
PY(A) := E(Zy(t); A), AcF

Definition 1 1) An F progressively measurable
processy : [0,7] x © — Ris called a portfolio pro-
cess iffOT $?(s)ds < oo a.s.; 2) An F adapted pro-
cessC : [0,7T] x 2 — [0, 00) is called a culmulative
consumption processdf is increasing, right continu-
ous withC'(0) = 0,C(T) < oo a.s..

Definition 2 1) A portfolio ¢(t) =
{#0(t), p1(t)} is called a self-financing portfolio if
the wealth process satisfid¥ (t) = ¢o(t)dB(t) +
¢1(t)dS(t); 2) We say that a portfoliap(¢) is ad-

missible if the wealth process satisfies almost surely

VoW (t) >0, forany0 <t < T.

Definition 3 1) A stopping timer* is called
the optimal exercised moment of a American option,
if for any admissible self-financing portfolie(t),
VO (%) > f(r*) P° — a.s., we always have,

Ve (r) = ()

Here f(t) is a non-negative adaptive process with re-
spect to the American contingent claimVif(®) (t) >
f(t),0 <t < T,P° — a.s., we call the portfolio
¢(t) the duplicative portfolio of the contingent claim.

Thus the meaning of the above definition is apparent.

If there exists a set of positive probability such that
VO (t,w) > f(t,w) whenw is in the set, then the
holder won't exercise his(her) right but choose to con-
tinue to hold it.

Lemma 1 Assumed that the stochastic procesgs)
is a portfolio process and that a nhon-negative super-
martingale Z(t) satisfiesZ(t) = 1 + [ ¢(t)dW (t),

if E(Z(t)) =1, then
_ / ' 2% (5)0(s)ds
JO

is a Brownian motion under Q probability measure.
Here Q measure satisfie&) = Z(T)dP, Z*(t) =
Z(t) v 0[5].

W*(t) =

Lemma 2 Assumed thall/(¢) is a Brownian motion
under P measure, for any € R, let

To=nf{t >0: W(t)=a}=inf{t >0: W(t) > a},

thenP{r, < oo} = 1. In addition, for anya, 3 € R,
let
Top = Inf{t > 0: W(t) = at + 3},

thenP{r,3 < oo} = 1.
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Proof LetM(t) = sup,,{W(t)}, we have

F(t) = P{ry <t} = P{M(t) > a}

2 o0 2
= 2P{W () > a} = e /2t dg,
W= el =5l
Thus,
P{r, < oo} = lim F(t)
= 1— lim / e 2y — 1.
1—00 4/ 27t 00
So let
dQ 1
% _ 7B b — £ — —
dP 00 t eXp{NW( ) 2Iu2t}v

thenW*(t) = W(t)
Q measure,and, 3 = 75 =
B}, therefore,

— at is a Brownian motion under
inf{t > 0: W*(t) =

P{rap < oo} =Q{r, < oo} =1.

In the following, u(t), (¢),

u, r, o respectively.

o(t) are abbreviated to

Lemma 3 There exists an equivalent martingale
measureP* of P measure such that the discount pro-
cessS(t) = e "S(t) (0 < t < T) is a martingale
underP*.

Proof Let

—-r

2(0) = exp {-2"L2(0) - (D)

o 2 o

thenZ(t) > 0, P —a.s. andE(Z(t)) = 1, so accord-
ing to Lemma 1,

dP* := Z(t)dP
defines a probability measure 0, Fr). If we let
M —_—

W (t) := B(t) + Tt

W (t) is astandard Brownian motion undét*. So,

dS(t) = —re "t S (t)dt + et dS(t)
= S(t)[(n—r)dt + odB(t)]
= S(t)odW (t). (3)

2

ThusS(t) = S(0) exp {aW - 2t} is amartin-

gale underP*
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3 The Optimal Stopping times with-
out Dividend-paying and Placing

The valuation function of the American call option is
U(X;) = (X; — k)™, the holder always want to get

the maximal profit, that is to say, he(she) hopes to find

the optimal exercise moment such that
C*(0) = sup E*[e7"(S(1) — k)*]
= Bl (S(rY) —k)*).

Theorem 1 i)The optimal stopping time of the Amer-
ican call option isT;

i) The optimal stopping time of the permanent Ameri-
can call option does not exist. Let

X(t) :=cW(t)+ (r—o/2)t,

1 k
T = -1
r n(eS(O)

thenT. is thee optimal stopping time, and

C*(0)(1 —€) < E*[e " T<(S(T.) — k)*] < C*(0).

),0<e<k,

Proof i)For S(t) = exp {aW(t) + <r - U;t> }

then

o? -
e "tU(S(t) = (exp {JW(t) — 275}) ;

0.2

exp | oW (t) — —t is a

here
2

mar-

tingale, S0 by Jessen’s

) +

<exp {JW(t) - %t — ket is a

martingale. According to Doob’s stopping time
theorem, for any- < T', we have,

inequality,

sub-

e "TU(S(1)) < e "TU(S(T))

That's,7* = T is the optimal stopping time.
i) The price process satisfies

S(t) = exp {UW(t) + (r — U;t) } ,

etU(S(t)) = e e X W XA (S(1)).

SO,

Let M(t) = e "te?X(®) if M(t) is a martingaleyy
must satisfies

1 2

—57et = - Z
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that is,
n=1 rn=-—=.

Therefore, by Girsanov theorem,
. o 1 2 2
M (t) := exp{yoW (t) 570 t}
is a martingale. Lef/ (0) = 1 and
f(z) = e7(S5(0)e” — k),

z € (In ,00)

k
5(0)

If f'(x) =0,2" =1n

=2
|

tain its maximum(
Denote

Thus, for anyt > 0,
e U(S(t) = e XOU(S#)M(t) < C*M(t).
Therefore, by Doob’s theorem of stopping time,
E e U(S(t)[{r<o}] < C
Especially,
E e U(S(r) (- <oy | < CBM(T Iz cooy))-
While v = 1, v = —%, f'(z) > 0, so

f(x) is a monotonically increasing function at inter-

val (In 50y o0), and can't attain its maximum, thus
there doesn't exist the optimal stopping time. As to
TE!

- 1 2 - +
oW (T)— =o“T, T
= S(O)E |e ke e
- 1, -
oW (Te)— =0 Te
= S(0)F |e T3 ke T
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N 1
{exp{aW(Te)— 5o—2T€} — ke e < 0}

k —rTe
5(0)°
— S(0)(1—e).

> 5(0) [1 -

The desired conclusion is got.

In the following we consider a kind of American
call options whose underlying asset’s prices follow a
jump-diffusion process.

Assumed that the stock’s price process satisfies

the following stochastic differential equation:

dS(t) = u(t)St)dt + o(t)S(E)dW (t) + US#)dN(t) (4)

where N (t) is a Poisson process with parameter be-
ing A, U is a square integrable random variatile >
—1,P — a.s., additionally, W (t), N(t),U are inde-
pendent.

The solution of equation (5) is,

) N(t)
S(t) = S(0) exp{e =T + oW (1)} [] (1 + Un),

n=1

whereUy, U,, - - - are random variable with indepen-
dent identical distribution functiort/,, is the jumping
height of the underlying stock’s price at timg.

Lemma 4 {¢o(t), #1(t)} is self-financing if and only
if

AV (t) = ¢1(t)S()(cdW* (t) + UdN(t)).
whereW*(t) = W (t) + [3 0(s)ds, 0 <t < T.

By Ité's Lemma and Girsanov Theorem, we can easily
getit [7].

Lemma5 [8] If E(|U1]) < oo, the stock’s price pro-
cessg(t) with jump-diffusion is a martingale if and
only if

pw=r—\E(U).

Theorem 2 If the underlying stock’s price process is
a one with Poisson jump, the optimal stopping time
of the corresponding permanent American call option

@) = {XOmY a+ )~k s
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and the price of the option should be

N(t) *
C* = 67711'* {ex* H (]_ —|— U’I’L) —_ ,IC} , (5)

n=1

Proof C* = sup,cp{e’ f(z)} can attain its ex-
tremum at
N(t)

o* =1lnk+In— 721n(1+Un).
n=1

v—1
Thus it should have
N(t)
X(t)>Ink— > In(1+U;),
=1
that’s,v > 1, so it must have; = ~,. Therefore the
optimal stopping time is

" =inf{t > 0: X(t) = 2"},
Noted that

X(t) = oW (t) + |r — AE(U;) — ";1 t

is a martingale under an equivalent martingale mea-

sure, so
0'2 "
5 )

By lemma 1,P{7* < oo} = 1, in addition,C* =
sup,ep{e?” f(x)}, thus,

N(t) +
C* :e_ﬂfl$* {e:ﬂ* H(1+Un)k} .

n=1

7* = inf {t coW(t) =" — [7“ — AE(Uy)

4 The Optimal Stopping Times with
Dividend-paying and Placing

4.1 The Model

In this model, we still assume that the financial mar-
ket is composed of two kinds of assets. The risky
asset, is called stock, whose price of per sh&fe

satisfies the following equation, for agy< ¢t < T,
ds(t) = St—)[ut)dt+ o(Y(t))dW(t)

- /a - xN (dt, dz)]

Issue 9, Volume 7, September 2008



WSEAS TRANSACTIONS on MATHEMATICS

S(O):So>0

whereN(t,-) = N(t,-) — tv(-) is a Poisson-valued
martingale measuréy (t, -) is a Poisson random mea-
sure corresponding t& (¢), which is a Lévy process
on a complete probability space) = E[N(1,-)]is
the Lévy measure ofX (¢). And p, o > 0 are given
functions,IV (t) andN (¢, -) are independent. Further-
more, for any) < ¢ < 7Y (t) satisfies

dY (t) = a(m — Y (t))dt + BdW (t)

AW (t) = pdW (t) + /1 — p2dB(t)

whereY (t) is another stochastic proced3(t) is an-

other standard Brownian motion which is independent

to W(t), a, 3, p, m are some constants, apds the
correlation coefficient betwedl (¢t) andW (¢). Ad-

ditionally, there is a risk-free asset, called the bond,

whose price is still given by equation(2).
Furthermore, we can have

dS(t) = S(t—)[u(t)dt + o (Y (£)dW (t)
+ / N (dt, d)] ©6)
QY = a(m—Y ()t + GodW (1)
/1= p2dB(t) )

4.2 The Equivalent Martingale Measure
Let

B(t) = exp {—/Otr(s)ds} , 0<t<T.

B(t) is the so-called discount factor. Then we denote

the discount of5(t) by S(t), that’s,

(1) = B(1)S(t) = exp (- /O t r(s)ds) S(#)

By Ito's formula, we can have,
ds(t) = {exp( /Otr(s)ds) S(t)}
_ exp( Otr )dS()
_r(t) exp< / (s )ds) S(t—)dt

= eXp( /Otr ds) —)[p(t)dt

Lo (Y (0)dW (t) + / e N(dt, dz) — r(1)dt]

= S(t-)[(p(t) — r(t))dt + o (Y (£))dW (1)
n / =N (dt, dz) 8)
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Let X be a Lévy process, whose dvy measure is
v, and f be a mapping from{0,7] x A x Q (A €
B(Ry), Ry = R — {0}) to R. Denote the set of
which satisfies the followings by (7', A),

(D f is predictable;

@)1 13,0 = E (Jy SalF(t,2)Po(da)dt) < oo.
Especially, if f is the mapping from0, 7] x Q2 to R,
thenH(T).

Lemma 6 (i)If
Jo Jaf(s,2)N

f(t,x) € H(T, A),
(ds,dz) is a square integral mar-
tingale;

()If f(t) € H(T), [ f(s)dW
square integral martingale.

If f(t) € H(T) and

E (exp ( /0 ! f?(s)ds>> < o0, )
t 1 t
= [ r@aws) =5 [ s

thuseX1() is a exponential martingale. And if(z)
satisfies

g*(x)v(dz) < oo

Ro Ry

= [ o)A

—t/A {eg(x) -1- g(ac)} v(dx),

(s) is a continuous
let

eI @y(dz) < 0o (10)
let

N(t,dz)

then for anyA € B(Ry), eX2(®) is a exponential mar-
tingale. Soe¥ ) .= X1()+X2(t) 0 < ¢ < Tisalso a
exponential martingale.

Suppose thaf;, fo satisfy (9) and thak satisfies

(10), let
t t
[ n@awes) -5 [ sis

T /tfz (5)dW (s) ;/tﬁ(s)ds
+ / / N(ds, dx)
_ /0 /a eg(“? -1- g(x)} v(dx)ds

thuse?® is a exponential martingale, adg{e? (")) =
LO<t<T.

Z(t) =
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LetdP* := ¥ (T)dP, thenP* is equivalent taP. — efot r(s)dsg(t—)[r(t)dt + o (Y ()dW*(t)
And also let 0o
t 4 / e N (dt, dx)]
W) == W(t) - /0 fils)ds, = S(t) [F(t)dt + o (Y (£)dW(2)
- /Ot Fa()ds, + /a :cN*(dt,dx)] .
- . And (7) can be changed as,
N*(t,A) = N(t,A) / / eg v(dz)ds
dY (t) = a(m =Y (t))dt + Bp [dW*(t) + f1(t)dt]
N(t, 4) - / / 7t 31— g2 [AW* () + fa(t)dt]
= N(t,A) —tv*(

= [atn=ve)+on0 + 51 = 2hato)] @
wherev*(A) = [, eg(x)v(d:c),A € B(Ry). By Gir- . .

sanov theoremi}/*(t), B*(t) both are standard Brow- +BpdW*(t) + By/1 — p*dW™(t).

nian motions under measui@*, and N (¢, A) is a

Poisson process whose intensityigA), N* (t,A)is Iflet . 5
a martingaledl is given), and¥V*(t), B*(t), N*(t, A) 0(t) = pfr(t) + /1 = p* fo(1),
are independent to each other. then,

Then we have,
dY (t) = Ja(m—=Y(t))+ po(t)]dt

dS(t) = S(t—) [(u(t) — r(t))dt . )
+o (Y () (dW*(t) + f1(t)dt) +  BpdW*(t) + B\/1 — p2dW (t).(lz)
+ i x ( V¥ (-, dz) 4 (e9®) — 1)u(d )) }
= St [(u®) = rt) + o (Y (1) f(t) 4.3 The St.opplng T|mes |
[ e S S
R t should be,
n / o N* (1) (dt, dz)]. (11)

VS0 (0) = B [ IOy,

Furthermore, if

The discounted value is,

p() = O+ (Y (O5(0)+ [~ (e ~1)o(da) = 0,
VESO.Y W) = e bt s,y )
- B [e— Js T(s)dsy(S(T))]]’t}

then,
dS(t)

= S(t-) {o(Y(t))dW*(t) +/ «N*(t)(dt,dz)| . Let Vi, Vs be the value of the American call option
a and the European one respectively at time

Thus, by 16 formula, we can have, Theorem 3 If the yield functiony(z) is convex and

[ r(s)ds & y(0) = 0, and the underlying stock doesn't distribute
dS(t) =d [6 0 S(f)] dividend, then the value of the American call option
. R . 3 should be equivalent to the one of the European, that
— b r($)dsq8(4) + r(s)efo r($)ds S(¢—)at is, forany0 <t < T,
¢ -
= elorg( ). Vi (£, S(1), Y (1)) = Va (£, S(t), Y (1)) .
' {U(Y@))dW*(t) +/a aN*(dt, dx)} Proof Easily we can show that for artye [0, 77,
"t -
tr(t)edo T G yat Va(t, S(1), Y (1)) < Va(t, S(t), Y (1)).
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On theother hand,because the yield functigfx) is Suppose that/ (¢, S(t),Y (t)) € CY2?2 by Ito
convex andy(0) = 0, forany0 < 9 < 1, formula,

y(0z) < Oy(x).
dV (¢, S(t),Y (1))

Since . 9
0<e bt < = S V(t.5(-),Y(0)dt
then for anyr € 7; 7, we have, +§sv(t’ S(t—), Y (£))r(t)S(t—)dt
" r(s)d T r(s)d 9
y(e™ I TOBS(T)) < e S Ty 5(T)), 2.V (ES(E=), Y (0)a(Y (£)S(t-)dW™ (1)
where7, 7 is the set of all stopping times durifig 7]. +ﬁv(t, S(t—), Y (t)[a(m — Y (t)) + B36(t)dt
In addition, %
) t +BpdW (1) + By/1 — p2dB*(1)]
S(t) = e Jo s g4y 52
T35 7Vt S(t-), Y (2)Bpo(Y(t))S(t—)dt
is a martingale under measufe so 83329
10
T += ==V (t, S(t—), Y (t)a*(Y(t)S(t—)dt
Vo(t) = E [e_ J, r(S)dsy(S(T))}_t] 2285;2
i +——=VI(t,S(t—),Y(t)S(t—)dt
= |p(H Oy s@lz ) | 7 2 0y
- + [ V(A +2)SE-), Y (1)
- B 671;5 r(s)dsE (6 fTT T(S)dsy(S(T))|f7-) | ‘7:t:| a )
; . =V (t,S(t—),Y(t))]N*(dt,dx)
— [T r(s)ds — r(s)ds o0
2 Bl IOt (ye sz ) | 7 + [ VL A+2)SE-), Y (1)
— Ele g <y(efo”<s>d55(T))lfT> | 7 —V(t, S(t=), Y (t))
i / 3}
— T . 7 —x8(t—) =V (t,8(t—),Y (¢))]v*(dz)dt
> Ele ) r(s)dsy (E(efo r(s)dsS(T)|fT)> ’Ft T ( )88 ( ( ) ( ))]U ( I)
. . 0
- i 3 : = [=V(S({t-),Y(t
— Ele r(s)dsy (efo T(S)dsE(S(TﬂfT)) ’ F [ata ( ( ) ( ))
S . . ) T V(5 S(E=), Y (8)r(t)S(t-)
= FEl|e )t T(s)dsy <ef0 MS)dSS(T)) ].7'}] %9
+o V(5 5E=), Y () (a(m —Y(2)) + 65(t)
= B 0y (s(r)) | 7| o
that's, asgéy
1
"o +5 a5 V(ES(t=), Y (8)a? (Y () S(t-)
Vo(t) > sup E [e_ft r(s)ds,, (S(7)) | ft} 228862
et H VLS, Y (1)S(-)
) <’
+ [ VA +2)S(-),Y (1))
Thus the desired result is got. a
Remark (i) From theorem 37 is the optimal —V(t,5(=),Y(?)
stopping time of the American call option. That is —wS(t—)gV(t S(t—), Y (£))]o* (da)]dt
to say, it need not be exercised before the expire date. 0 ’ ’
This conclusion coincide with the result we get before. 0
(ii) The yield function of the call option is convex, so H%V(t’ S(t=), Y ()oY (1))S(t-)
the price of the American call option should be equal 0 »
to the one of the European. +a—yV(t, S(t=), Y (1)) BpldW* (1)

ISSN: 1109-2769 575 Issue 9, Volume 7, September 2008



WSEAS TRANSACTIONS on MATHEMATICS

0

+87yv(t’ S(t_)v ( ))ﬂ

+ /aOO[V(t, (14+2)5(t-),Y (1))
—V(t,S(t=), Y (t))|N*(dt, dx).

1 — p2dB*(t)

Similarly, we can have,
dV (t, S(t),Y (t)
_ 4 <e_ Jsr&dsy ¢ ), Y(t)))

S O M ROR ),
(e o OBV (2, S(1), Y (1)t
= ol (1, 5(0), v (1)
—r( WV (£, 5(t),Y(t))dt].
Therefore, we can get the following theorem,

Theorem 4 If the call options’ value function
V(t,s,y) € CH22 it must satisfies the following
equation

oV oV
TSZE—F [a(m—y)—i—ﬂ(ﬂaf
1, 82V
82 ov
2 o _ PV N
2 / T8 o™ (dx)
V(T,s,y) =y(s),Vs >0
where
V*=V(t, (14 1)s,y),v"(dz) = e"@v(dx).

AstoV(t,s,y) € C1>2, we can define such a opera-
tor C; as,

r0s 2 1 fa(m —y) + poe) 2.

0s oy
1, % 9’V
+§U (y) ds 8.2 +/8p ( ) asay

74-/a (V =V —xs%‘;)

Thus we can have,

ov

E + Ct
Theorem 5 Assumed that the underlying stock of the
American call option will distribute rights and divi-
dend attime;(i = 1,2, ---,n), and the proportion is
0;(i =1,2,---,n) correspondingly.

Otv(tv S, y) =

*(dx)

—r(t)V =0. (13)
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(I) t € [ti_l,ti),i = 1,2,-'-,
value functionV (¢, s, y) satisfies

n, the option’s

%V(ta S, y) + CtV(t, S, y) - T’(t)V(t, S, y) =0

V(ti—, s,y) = max{y(s), V(t;—,0;s,y)}

(ii) t € [tn, T, the option’s value function

%V(ta S, y) + CtV(ta S, y) - ’I“(t)V(t, S, y) =0

V(Tv 5, y) = y(s)

The optimal time to exercise the option is
ti—,to—,---,t,— or T, and the condition that
the option is exercised at timg— is

V(ti,0is,y) < y(s),Vs > 0.

Proof 1) Firstly, we assume that the yield function of
the American call options ig(x) = (z — k)*, and
that the underlying stock will pay some dividend and
place some shares only at the same time [0, 7.
Denotet; — by the instantaneousness before the div-
idend and rights are distributed, andt+ by the in-
stantaneousness after the dividend and rights are dis-
tributed. We also assume that the price before the div-
idend and rights are granted$%t;—), 0 < 5 < 1is

the so-called cash dividend ration (that's the ratio of
cash dividend t& (t1)); d1(d1 > 0) bonus shares (tax
included) will be allotted to each share to the whole
shareholders; furthermoré; (02 > 0) shares will be
placed to each share to the whole shareholders, de-
note~(0 < v < 1) by the ratio of the price of placed
shares ta5(t;—). According to the principle that the
value of the stock should be equivalent before and af-
ter the dividend and rights are distributed, the price
of the underlying stock after the dividend and rights
being distributed should be

5+52VS

Stht) =155,

(t1).

Denote
1— 06+ by

IR P

« is called the dividend-paying and placing rate, and
easily we can tell thal < o < 1. By It6 formula,

S(O)exp[/ s—f/ (Y(s))
+/< ))dIW (s +/

+ t/a (ln(1—|—m)—1:)v*(dx)].

S()

n(1+ z)N*(t, dx)
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So the price process of the underlying stock
which will distribute some dividend and rights at time
t1 satisfies:

i) When0 <t < tq,

S(0) exp [/t (s )ds—l/tg2(Y(3))ds

+/< dW*+/

+ t/a (In(14+z) — x)v* (d:v)] )

S(t) =

n(1+ z)N*(t, dx)

i) Whent, > ¢ < T,
aS(t—) exp [/ ds——/ (Y (s)

+ /Ota(y(s))dW*( )+ / In(1 + 2)N* (¢, dz)
+ t/aoo(ln(l +a)— :c)v*(dx)] |

St) =

As to an American call option whose underlying
asset is the former stock, its value at time- should
be

V(= 50=),Y(t-))
= max{y(S(t-)), E[V(,5(1),

whereF;_ = (.~ Fi—e-

From (12) we can know that almost all sample
path of the procesE () is continuous with respect to
t, in addition,S(t1) = aS(t1—), SO

E(V(t1,5(t), Y (t1) | Fr—)
= E(V(tl—,OéS(tl—),Y(tl—) | ftlf)
= V(tl—,aS(tl—),Y(t1—>).

Y () | Fi-l},

Therefore, the value of the call option at the in-

stantaneousness before the dividend and rights are dis-

tributed is

V(ti—,8(t1-),Y (t1—-))
= max{y(S(t1—)),V(ti— aSt—),Y(t1-))}.

Because there are no dividend and bonus shares

during time|0, 1), the value of the American call op-
tion should satisfies the equation (13). If the option is
not exercised at timg, it can be viewed as an option
from ¢, to T" during the time interva(t;, 7', and there
are still no dividend and bonus shares during it, so
here the value of the option still satisfies the equation
(13). Thus the optimal exercised time of the Ameri-
can call option whose underlying stock will distribute
dividend and grant shares at the same timshould
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bet;— or T. And the condition that the option should
be exercised at timg — is

V(ti,as,y) < y(s).

Therefore, if an American call option’s under-
lying asset—stock will distribute some dividend and
grant some bonus shares at titpeand the dividend-
paying and placing rate s, the value function of the
option satisfies the following equation,

(i) whent € [0, 1),

2V(t,s,y)+ CV(t,s,y) —r(t)V(t,s,y) =0

V(ti_7 S, y) = max{y(s), V(tl_a as, y)}
(i) whent € [t1, 77,

2V (t,s,y) + CV(t,s,y) —rt)V(t s,y) =0

V(T7 S, y) = y(S)

2) Secondly, we assume that the underlying stock
of the American call option will distribute some

rights and dividend at time;(: = 1,2,---,n),
and the dividend-paying and placing rate is
0;(i = 1,2,---,n) correspondingly, the value

function of the option should satisfy the following
equation,

(Y whent € [t;—1,t;),i=1,2,---,n

DV (t,s,9) + CiV(t,s,y) — r(t)V(t,s,y) =0

V(ti—,s,y) = max{y(s), V(ti—,

(i) whent € [t,, T,

9i57y)}

DV (t,s,y) + CV(t,s,y) — r(t)V(t,s,5) =0

V(Tv S, y) = y(S)

Thatis to say, the optimal exercised time(stopping
time) should be —, to—, t,— orT. And the con-
dition that the option should be exercised at tithe
is

V(ti, ais,y) < y(s).
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