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Abstract: Tables of critical values for the exact test method based on the maximum likelihood estimator (MLE)
have been obtained to test a hypothesis on the correlation coefficient between the components of a bivariate
normal random vector. The exact test is then compared, in terms of size and power, with the other popular
methods, namely - the ‘z - test’, the ‘modified z - test’ and the ‘t - test’. While these popular methods have
almost identical size and power to the exact test for large samples, their small sample performance is far from
satisfactory as evident from our extensive numerical computations. Thus, our tables of critical values are useful
when sample size is not large (i.e., <30). Also, it is demonstrated through a real-life dataset how the tables of

critical values can be used for interval estimation.
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1 Introduction The sample correlation between X, and X,,
Let X = (X,.X,)" follows a bivariate normal denoted by r=s;,/(s;S,), which is also the
distribution with E(X;) =, Var(X,) =07, maximum likelihood estimator (MLE) of p,
i=12, and Cov(X,, X,)=0,,. The objective of commonly used to estimate the strength of
this article is to propose a new test method for association between X, and X,.

testing a hypothesis on the simple correlation The probability distribution of r is quite
coefficient p=0,,/(0,0,). complicated and has several representations. Fisher

Assume that we have iid observations [3] obtained the pdf of r as

X, = (X;1. X)), 1=142,---,n, on X. Define
< ( il .P..) -4 f(r|p, n):{(l_r.Z)(n—4)/2(1_p2)(n—l)/2}><

X=Ex,in, sT=3(X, - X)) n, =12 ${2p0)! IHI( + -1 12)¥
and s, = 3 (X, - X,)(X,; - X,)/n. ) {zT((n-1)/2)T((n-2)/2)}*.

The above expression is helpful in deriving
moments of r in a series form. However, the
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f(r | P, n) :{(1_ r2)(n—4)/2(1_p2)(n—1)/2}x
{27 T(n-05)}" (1-2)x
r(n-D)@1-rp) " x

,F(0.505n-0.5;1+rp)/2), 3)
where
F(ab;c;z)= é{r(m K)T(b+ k)T (c)Z*}x
{r'(@rm)Ir(c+k)k}*
is a Gaussian hypergeometric function. The

representation in (3) is advantageous because the
hypergeometric function converges more rapidly
than the series expression in (2). For large n, the
first term alone (in (3)) is a good approximation.

The cdf of r is defined as F(r'|p,n)=
P(r<r"). Thenitis easily seen that

F(r'|p,n)=1-F(-r"|-p,n). (4)
David [2] tabulates F(r"|p,n) for p=0 (0.1)
0.90, n=3 (1) 25, 50, 100, 200, 400; and r" =-1
(0.05) 1.0. For point estimation of p, and for a
comparison of various point estimators one can see
Pal and Lim [10, 11].

In this article we focus on testing H,: p = p,
vs. a suitable alternative (H,:p>p, or p<p,
or p# p,). The acceptance region for H, can be
inverted to obtain an interval estimate for p.

Though p,, =r can be used as a point
estimate of p, one encounters some difficulties
when it comes to interval estimation of p or
testing a hypothesis on p. Being the MLE,
P =T is consistent, asymptotically normal, and

has the asymptotic variance v(p)= Iim{\/ﬁ Var(r)}

=(1-p%)2% Then n(r-p)/Jv(p) converges
weakly to N(0,1) as n—>o. But when |p]| is
close to 1, the pdf of r ((2) or (3)) is heavily
skewed, and hence the asymptotic formula is
unsatisfactory unless n is very large (see
Winterbottom [15]).

Fisher  [4] introduced his  famous
z-transformation which is also known as the
variance stabilizing transformation. This
z-transformation suggests that r be transformed to
Z(r) givenas

Z(r)=Iny@+r)/(L-r).

It can be shown that Z(r)

(5)

is approximately
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normally  distributed with mean Z(p)=
Iny@+p)/L-p), and variance 1/(n-3).

Therefore, for testing above H,, the test statistic

Ar = (n=3){Z(r)-Z(p,)} (6)
follows approximately N(0O,1) distribution under
H,.

The above z-transformation works reasonably
well for n>30. For smaller sample sizes (5)
should be used with caution, if at all. An alternative

method due to Hotelling [5], which is a modification
over the Fisher’s z-transformation, suggests using

Z"(r)=2Z(r)—{3Z(r) + r}/(4n). @)
Define Z*(p) as
Z"(p) =Z(p) —{3Z(p) + p}/(4n). (8)

Then for n>10, Z"(r) is approximately normally

distributed with mean Z"(p) and variance
1/(n—-1). Thus, Hotelling’s modified z-test statistic
for testing H, is

Ay =\(n=D{Z°(r) - Z"(p,)}- 9)
Recall the pdf of r in (2) or (3). It can be

shown that if p=0, then {{/(n-2)r//@1-r?)}
follows t-distribution with df (n—2) (an exact
distribution). Therefore, one can use this t-test to
test H,:p=0 against a suitable alternative. This

popular t-test was extended beyond the non-null
case by Kraemer [7]. She showed that

Ay =y(N=2) (r=p.)1@A-r*)1- pf)

~t,,, (approx.), (10)

where p, = p,(p, n) satisfies certain conditions.
In particular it is possible to take p, =, and the

approximation in (10) is quite satisfactory for
n>30. Kraemer’s [7] result was an extension of
Samiuddin’s [13] work. By inverting the acceptance
region of the test based on A, (with p. = p) one

can get the confidence interval for p suggested by

Jeyaratnam [6].

For testing zero correlation only (i.e., taking
P, =0), recently Shieh [14] has shown the power
calculation and sample size determination using the
non-central t-distribution (i.e., using distribution of

J(n=2)r/\/@-r?) under H,). However, the

above paper does not deal with comparison of the

Issue 6, Volume 7, June 2008



WSEAS TRANSACTIONS on MATHEMATICS

four tests (Ag, Ay, A, and the exact test) which is

the main focus of our work. Nevertheless, Shieh’s
paper is a very good exposition since it also covers
multiple correlation coefficient in a multivariate
normal setup.

While it is expected that the large sample
behavior of the three test statistics (Ax,A,,Ay)

would be similar, it is not clear about the same for
small n. Note that all the three tests described above
are essentially trying to approximate the distribution
of r, through some suitable transformation, so that
the cut-off point(s) can be found using the standard
statistical tables.

The objectives of this note are the following:

(i) To provide suitable tables of critical values
of the exact test based on the distribution of r. With
the computational resources available today it is
now easy to get the critical values. Even though one
can use David’s [2] tables, as mentioned in
Anderson [1] (Section 4.2), it is a bit cumbersome
and not very accurate.

(if) Compare the exact test with those three
mentioned earlier in terms of size and power. Our
comprehensive numerical computations not only
help compare A., A, and A,, it is also seen

that for small n (<30) the exact test is always
preferable.

(iii)) We will also see how easily the
confidence interval, with a fixed confidence level, is
obtained from the tables of critical values. This is
demonstrated through a real-life dataset.

2 Tables of Critical
Exact Test

Consider testing

Ho: p=p,

Ha (@) p>p, or(b) p<p, or(c) p#p,. (11)

The exact test based on r has the rejection region

Values for the

VS.

>C, if Hy: (@) p>p,
Ay =T < <G, if Hy: (b)p<p, (12)
<c, or >¢, if H,: (c) p#p,,

where the critical value(s) c, and/or c, is/are

suitably chosen subject to size restriction. For the
time being it is enough to focus on the one-sided
alternative H,:p>p,. Then c, is chosen such

that
a=P(r>c,|py )

e, 1—a=F(c,|pn) =] F(r|p, ndr. (13)
4
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The above c, =c,(a, p,, n) is tabulated in Tables
1-8 for various values of « (= 0.99, 0.975, 0.95,
0.90, 0.10, 0.05, 0.025, 0.01), p, (= - 0.90 (0.10)

0.90) and n (= 5 (1) 30). The large values of a (=
0.99, 0.975, 0.95, 0.90) have been used so that the
same tables can be used for left hand side or two

sided alternative. Also, with n fixed, the value of ¢,
for a p, that is not listed can be found by
interpolation which turns out to be satisfactory.

Remark 2.1. How do we use the Tables 1-8 for the
left hand side alternative H,:p<p,? Note that

the cut-off point ¢, in (12) is such that
a=P(r<c,|p,,n)=F(c,|p,n)
=1-F(=¢,|-p,, n);
ie, 1-a=F(-c,|-p,, n).
Therefore,
¢, =C,(a, pp, N)=—C,(1—a, — py, N).

For a two sided alternative, choose c, and c,
such that the tail probabilities are equal to (a/2).

(14)

3 Size and Power Comparison
In this section we compare the exact test (A, in

(12)) with the other three test methods (based on
A, A, and A,) interms of size (which is fixed

at a for the exact test) and power. For
convenience we consider only the case of testing
Hy:p=p, vs. Hyip>p, atlevel a.

(i) The power of the exact test, denoted by
By, is

By=P(r>c|p.m)=[f(r[p,n)dr, p>p, (15)
G

At p = p, we attain the size o« of the test.

(ii) The power of the Fisher’s z-statistic (i.e.,
base on A.)isgiven as

Be=P(A. >2,)=[f(r|p.n)dr, p=p,  (16)

where  a={exp(b) -1} /{exp(b) + 1},
2(Z(p,)+1z,/Vn=-3).

(iii) The power of the modified z-test (i.e.,
Hotelling’s A,,) is given as

and b=

B =P8y >2)=[f(rlpn)dr, p2py  (17)
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where ¢ is the solution of J(r)=0,
In(@+r)/(1-r))—{(2r +8nb") /(4n—3)},
=Z"(p,)+2,//n-1.

(iv) The power of the t-test (i.e., Kraemer’s
A, ) is given as

J(r) =
and b”

1
B =P(A >t 5).) ZC{ f(rlp,n)dr, p>p,; (18)

where d is the solution of h(r)=0 and

h(r)>0 for r>p,, h(r)=Uu+1-p)r*—2up,r
+Ups +pe —1, and u=(n-2)/(t, , )"

The Tables 9-13 provide the values of f,,
Pe, By and S, for various values of p,,
p = p, and some selected values of n. These are

some of the results of our extensive computations.

Remark 3.1. The following interesting trends have
been observed from our computations.
(@ When p, =0, A, boils down to an

exact test, and that’s why we have g, = .. For
very small sample sizes (5<n<10), the tests A,
and A, are off considerably in attaining the level
a =0.05. This has been observed for other values
of « too (but not reported here).

(b) Fisher’s z-test (i.e., Ap) is found to be
conservative (ie., f- at p, IS <a) in a
neighborhood of p, =0, whereas Hotelling’s
modified z-test (i.e., A, ) is consistently liberal
(e, B, at p, is >a) forall p,.

(c) For p, near O, the size of the three

approximate tests inch toward « as n goes up. But
as p, moves away from 0, even moderately large

n (20<£n<30) may not be very helpful. For
example, when p, =0.60, a=0.05 and n=15
size of A, A, and A, are 0.057, 0.060 and

0.058 respectively.
(d) It has been also observed that for
n>30, the three approximate tests perform

reasonably well (unless | p,| is very close to 1 for
which a larger n may be deemed necessary).

4 Real life Examples and Interval

Estimation

4.1 An Example
The Trial Urban District Assessment (TUDA), a
special project under the US National Assessment of
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Educational Progress (NAEP), began assessing
performance in selected large urban districts in 2002.
In 2005, eleven urban school districts participated in
the TUDA at grades 4 and 8. The Table 14 provides
the list of school districts and the district average
score in reading and mathematics for the year 2005.
(Source: National Center for Education Statistics,
http://nces.ed.gov)

Let us denote the true correlation coefficient
between average math and average reading score
(for a district) by p, and p, for the 4™ and the

8" grade respectively. The sample correlation

coefficients, based on n = 11, are found to be
p,=1,=009755 and p, =r, =0.9738.

If we have to test Hy:p=p, Vvs. H,ip>p,,

then at 5% level (using the Table 6 with n = 11) the

alternative is accepted with p, as high as 0.90,

where p could be either p, or p,. It is

interesting to see such a high correlation between
math and reading scores. But we have to keep in
mind that the data in Table 14 is for districtwise
averages, and may not say much about an individual
student’s performance. It is well known from past
studies that girls tend to perform better in reading,
whereas boys tend to excel in math. The districtwise
average score takes all representative boys and girls
into consideration. What the above Table 14 says is
that overall performance in math and reading are
highly correlated, and a district performing well in
one area is highly expected to do so in other area too.
For more applications, Lee and Chuang [8] used the
correlation coefficients to raise the accuracy of gene
clusters in the field of bioinformatics. Mankar and
Ghatol [9] also adopted correlation coefficient as an
performance parameter in biomedical applications
recently. Rashwan, Ismail and Fouad [12] studied
the change of the environment by introducing the
correlation parameter in the fusion process.

4.2 Interval Estimation
Suppose we want to find a 95% two-sided confidence
interval for p (where p could be either p, or

Pg). The acceptance region for testing H,:p = p,
vs. H,:p#p, is the interval (c,, c;), where
(212)=0.025=P(r>c,|p,,n) (see (13)) and
c,=—C, (- (x/2),—-p,,Nn)=-,(0.975,—p,, n). We
now demonstrate inverting the acceptance region to
get the desired confidence interval for p. Using

Table 7 we plot ¢, =c,(0.025, p,, n=11) against
Po- On the same coordinates we then plot
¢, =¢,(0.025, p,,n=11) =—,(0.975, — p,, n=11)
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Table 14. 2005 TUDA average score in Mathematics and Reading.

District 4" Grade Score 8" Grade Score
Mathematics Reading Mathematics Reading

Charlotte 244 221 281 259
Austin 242 217 281 257
Houston 233 211 267 248
San Diego 232 208 270 253
New York City 231 213 267 251
Boston 229 207 270 253
Atlanta 221 201 245 240
Los Angeles 220 196 250 239
Cleveland 220 197 249 240
Chicago 216 198 258 249
Washington DC 211 191 245 238

(using Table 2) against p,. The resultant diagram
is given in Fig. 1.

Then, on the vertical axis place p=r and
draw a horizontal line. The horizontal line passing
through p=r cuts the ¢, and c, curves at two
points. The corresponding horizontal axis values
indicate the 95% confidence interval for p.

Using the above approach, we obtain the
exact 95% confidence interval for p, and p, as
(0.89715, 0.99275) and (0.89037, 0.99224)
respectively (by using p, =r, =0.9755 and
Py =T, =0.9738 on the vertical axis). Our exact
confidence intervals are now compared with the

ones obtained from the three approximate methods
as shown in the Table 15.

o>
Il
-

+1

Co

Fig. 1. Plots of c, and c, against p,
(n=11, a=0.05 H,:p=p,).

Table 15. 95% confidence intervals for p, and p,.
Method Py Ps

Invert A,
Invert A
Invert A,
Invert A,

(0.89715, 0.99275)
(0.90551, 0.99382)
(0.91012, 0.99346)
(0.90489, 0.99385)

(0.89037, 0.99224)
(0.89920, 0.99338)
(0.90409, 0.99301)
(0.89855, 0.99342)
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Concluding Remark. (i) Quite often we use one of
the three popular approximate tests while testing on
a bivariate normal correlation coefficient. This study
shows that while the approximate tests may perform
well for large sample sizes, the same is not true for
small sample sizes. For this reason we have
provided tables of critical values for the exact test
for small sample sizes. These tables will be helpful
in real life problems where one doesn’t have (or
can’t afford) a large sample size. (ii) The method of
exact test for a bivariate normal correlation
coefficient discussed above can be extended for
partial  correlation coefficients and multiple
correlation  coefficient ~ which  are  under
consideration now, and will be reported in a
forthcoming paper.
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