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Abstract: - In this paper, the motion of two pendulums coupled by an elastic spring is studied. By extending the
linear equivalence method (LEM), the solutions of its simplified set of nonlinear equations are written as a linear
superposition of Coulomb vibrations. The inverse scattering transform is applied next to exact set of equations. By
using the @ - function representation, the motion of pendulum is describable as a linear superposition of cnoidal
vibrations and additional terms, which include nonlinear interactions among the vibrations. Comparisons between
the LEM and cnoidal solutions and comparisons with the solutions obtained by the fourth-order Runge-Kutta
scheme are performed. Finally, an interesting phenomenon is put into evidence with consequences for dynamic of

pendulums.
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1 Introduction

Since the original paper by Korteweg and deVries,
there has remained an open fundamental question
[1]: if the linearized equation can be solved by an
ordinary Fourier series as a linear superposition of
sine waves, can the equation itself be solved by a
generalization of Fourier series which uses the
cnoidal wave as the fundamental basis function?

This paper belongs of a series of papers, which
addresses an original, practical and concrete
resolution of this old problem. Starting with the
above idea, we attach to the coupled pendulum’s
motion equations two sets of nonlinear differential
equations: an exact one and a simplified one. The
capability of the linear equivalence method (LEM)
[2]-[8] is extended to the analysis of the simplified
system of equations. The LEM representation of the
solutions is describable as a linear superposition of
Coulomb vibrations.

The analysis of these LEM solutions allows us to
solve further the exact nonlinear system of equations
by using a generalization of Fourier series (the
cnoidal method). The cnoidal method uses the
cnoidal waves as the fundamental basis function [9]-
[11]. The © -function representation of the solutions
is derived as a linear superposition of Jacobean
elliptic functions (cnoidal vibrations) and additional
terms, which include nonlinear interactions among
the vibrations. The cnoidal vibrations are much
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richer than sine vibrations; i. e. the modulus m of
the cnoidal vibration (0<m<1) can be varied to
obtain a sine vibration (m=0), Stokes vibration
(m=0.5) or soliton vibration(m =1) .

In order to clarify the essence of the proposed
methods, we note that both methods are applicable
to the analysis of complex dynamical systems that
have non-simple-harmonic solutions.

It is the case of the nonlinear differential
equations having algebraic nonlinearities [12]

z = Az, +2F (z,) (1)
where
Az, _Zanp Zps F,(2)= Z bnpquzq >
P.q=1
N
2n Z CopgrZpZqZr >
Pgq.r=1
N
371(2) = z npqr p Zl s
p.q.r,l=1
N
4;1 (Z) = Z npqum p Z >
p.q.r.l,m=1
with n=1,2,..... The general theory of integrable

conservative systems due to Hamilton-Jacobi and
the formulation of Morino [13] and Smith and
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Morino [14] predict only simple harmonic limit-
cycle solutions.

The singular perturbation method known as the

Lie transformation method introduced by Morino,
Mastroddi and. Cutroni [15] can be extended to the
analysis of dynamical systems capable of producing
not-so-regular vibrations, because not only the zero-
divisor terms, but certain small-divisor terms are
included into analysis.
So, the Lie transformation method is applicable to
the Bolotin systems of equations, but is not adequate
for the more complex systems as (1), because of the
non-standard type of involved nonlinearities.

There are many other nonlinear differential
equations like (1) of physical importance that admit
such kind of solutions. We think that the cnoidal
method can be successfully applied to a wider class
of nonlinear equations [16], [17].

2 Formulation of the problem
Fig. 1 shows a coupled pendulum consisted from
two straight rods O,Q,, 0,0, of masses M,, M,,

lengths 0,0, = 0,0, =a, and mass centres C,,C,
with OC, =/, O,C, =/, and 0,0, =1 . The rods are
linked together by an elastic spring Q0,, O, €

OC,, 0,e€0,C, characterised by an -elastic
constant k. The elastic force in the spring is given
by k | 0102 _Q1Q2 ‘

The kinetic energy 7 of the system

T U 1) )

where 0, and 0, are the displacement angles in

rapport to the verticals, the dot means differentiation

with respect to time, /; is the mass moment of

is the

mass moment of inertia of 0,0, with respect to C, .
The elastic potential

inertia of 0,0, with respect to C, and I,

k
U=g(M,]l cosO, +M,lcosb,) —5(0102 -00,),

with

0,0; =[0,0, +a(sin0, —sin0,)]* +

a’(cos®, —cos0,)’ =

0,0; +2a0,0, (sin®, —sin0,) + 2a*[1 - cos(0, — 0,)].

From Lagrange equations we derive the motion
equations of the pendulum
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. ko
1,8, + Mgl sin 0, +———(0,0, - 0,0,)* =0,
2 56,

- . k 0
[292 +M2g12 Sm@z +- (0102 _Q1Q2)2 =0 > (3)
2 60,

with g the gravitational acceleration. Equations (3)

are coupled and nonlinear. By substituting (2) into
(3) we have

1,6, + M gl sin6, -
kH[~al cos©, —a’sin(0, —0,)] =0,

1,0, + M, gl, sin6, —

“4)
kH[al cos, +a*sin(0, —0,)] =0,
where
[-¥(,,0,)
H(0,,0,)=——22 " (0,,0,)=0,0, =4,
0.0 = g6 ¥(0.0)=00,

A=1"+2al(sin0, —sin0,) +2a’(1—cos(0, —0,)

O psr 9y
0 o)
1 o <
Qi Qz
Mg Msg

Fig. 1. The coupled pendulum.

Defining the dimensionless variablet=¢ /ML
1

and introducing the notations

Mlzgllzw’ Mleglzzﬁw’ Q):E
1k Lk !
AM ‘M M, .
g L=, al L=a, al L=a,
! K, I I,

the equations (4) are reduced to the dimensionless
equations

él +wsin®, +ya[cos6, +Esin(0, —6,)]=0,
0, +Bwsin0, —ya[cos 0, +Esin(0, —0,)]=0, (5)

where the dot means the differentiation with respect
to T and

Y(elaez) = CD_I/Z -1 5 (6)
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®(0,,0,)=1+2&(sinO, —sinB,) +
28*(1—cos(0, - 0,)).
The associated initial conditions are
6,(0)=6/, 6,(0)=065,
0,(0)=0", 6,(0)=6",.

2%

(7

We begin with constructing a simplified form of
(6) by taking

v(6,,0,) =-&(sinb, —sin6,) —
£*(1-cos(0, —0,)), ®)
with
| 2E(sin@, —sin0,) + 2> (1—cos(0, —0,) <1,
verified for £<0.3. By using (8) the substantial

simplifications are made that restricts the accuracy
of the approach. But the simplified set of equations
solved by the LEM method will help us to
understand and to solve the exact set of equations by
using the cnoidal method. By noting

0,=z, 0,=z,, 0,=z, 0,=z,,
the equations (9) become
Z,=2y, 2, =24,
Z; =—wsin z, —yo[cos z, + Esin(z, — z,)],
z, =—Pwsinz, +yaf[cosz, +&sin(z, — z)], (9)
with the initial conditions (7)
7(0)=2/, 2,(0)=z,, z(0)=z, z(0)=z,, (10)

We refer to (5) and (7) (or (9) and (10)) as the exact
motion equations for the pendulum. Substituting for
v(z,,z,) given by (8) in (9) we can obtain a
simplified form of the pendulum motion equations.
In addition, for |z, |Sg and approximating the
trigonometric functions by polynomials of five-order
sinz=z+az’ +bz° +e(2), |e(z)|£2x107%,
G=-0.16605, b =0.00761
cosz=1+z" +dz* +¢(z), |e(z)|<9x107%,
&=-0.49670, d =0.03705,
the system of equations (9) can be written as

Z, =z, 2, =2Z,,

23 = _WP(Zl) - O('Q1 (ZpZz )Y(szz) 5
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z, =—BwP(z,) +a0,(z,,2,)1(z,2,), (11)
with

P(z)=z+az’ +b2°,

0/(z,,z,)=R(z))+R,(z,,2,),
0,(z,2) = R (2,) + Ro(2,2,),

R(z)=1+éz" +dz*,

1(z,2,) =1+ f(z3,2,),

R,(z,,2,) =~z +&z, +akz; —3akziz, +

+338z,20 — 4tz + béz) — 5héziz, +

+10bE23 22 —10bE22z) + 5béz, 2! —bEzZ?

f(z,,2,)=1-28z + 28z, + 4687z, z, — 2687z —

23822 — 24tz +2a8z) —2d & zs - 2dE 2}

+8c§§222321 - 12d~E_,zz§zl2 + 8d~<:222213 + 25&225 - 25&215
On inserting (8) in (11), a system (1) is obtained

for n=1,2,3,4 and N =4. We refer to (1) and (10)

as the simplified motion equations for the pendulum.
The matrix 4=a,,is

0 0 1 0
0 0 0 1
A= , (12)
—ag—w o 0 0
Gt —aE—Pw 0 0
where
a=-0.16605, b5 =0.00761,
¢=-0.49670, d =0.03705,
a; =1, a, =1,
as = —a&—w, as, = ag,
a, =ag, a,=—0aE—Pw,

a,s =90, ay =1,

by, =208 (1-¢), by, =-a&*(c-1),
by, =-28E (¢ -1), b, =-0&(1-27),
Cyyyy =—0Ed — 0EC + 0E’C — wa,

Cyypp =—0EC(3E” —1), ¢y, =30E7C,

Com = _6“:&(3‘:2 =1), ¢y = 3&&35,

Cyopy = —0E(EE— ) , ¢,y = —QE(E'E— ),

Conyy = —0EA — GEE +GCE —Pwa

dy,y, = —0& (d + & -2a),

dyy,p, = —0E (@ —4d - 28%),

d,, = —0EX(6d + & —6d), dy,,, = —0EX(5d—4d),
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—ag’ (d 24), dyyyy, = —0&" (2d - d)

‘132222
dyn = _déz (45} =5a), dyy, = —diz (6a— 6d — > ),
d41222 = _&éz (_5& + 4d~ + 252 )3 ) d42222 = &éz (d~ + 52)

3 The LEM method

We begin with a brief explain of LEM in the spirit
of [2], [3]. Consider a nonlinear Cauchy problem

(13)

where F is a vector of n analytic functions

:=F(z), z(t))=z, t,elcR,

F Za z" with the coefficients a, € IcR.

ﬂl
Here v=(v,,v,,...v,) are multi-indexes of length n,
in

and =z’ =_lejv.f .The LEM method consists
=

introduction of a new variable v(¢,c)defined as an

exponential transformation of real parameters ©

v(t,c) =7, <0,z >= icsjzj ,
=1

(14)

where 6 =[c,,0,,..5,]€ R". Using (14), the system
(13) is transformed into a partial linear differential
equation

Zc F (D)v=0, (15)

where F].(t,D) is the formal differential operator

associated to F;(c)

av,+v2 Y,

aM
" 86"

o aM
a.
= Jv acv

-(16)

oo /0G5 .05

M

The linear equivalence transformation (14),
where z , n=12,..,6, is a solution of (13) and
satisfies the partial linear differential equation (15)
and initial conditions

)

Because z(¢) satisfies the initial problem (13),

v(ty)=exp(c,z) +0,2) +...+0,2,).

the initial solution z(¢) is easily obtained from

v(t,06). This method is applied now for a simplest
problem.Let consider the problem [1]

dy

T (18)

By applying the transformation v=e” to (18)
we obtain a linear equivalent equation

=", »(0)=y,,
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ov o0y
—=c—, 19
o oo (15)
and the condition
v(0,0) =e™" . (20)
For
v(t,6) =9y (o), (21)
we have from (19)
do d*y
_—= )\‘ 5 —_— = }\, 5 22
& o % i5? (o) (22)

with A an arbitrary constant. For ¢ we take the
form

(23)

) Gj
v(©e)=20,—
j=0 ~ J:
that yields to a recurrent linear algebraic system

J'\VM:?“VP jEN*' (24)

We see that y,=0. The other coefficients are
determined from

A
(j=D!

For v(¢,5) we have the general representation

v, = v, jeN (25)

© )\‘jfl
S =Dt

for ¢ > 0. From the initial condition (18) it results

_\ljld}\‘

v(t,o) =1+ [ "y eM (26)

—0

J

LAV o
j W= v/, jeN. (27)
=Dty
So,
_*
yi=e (28)
and the solution.(26) becomes
0 (77) w© Jj-1 J
v(tc)_1+j ey Mo -
= (=D !
j
(29)
i 1 o/ e
1+ _ e o=
2| 7

t_i
Yo

that yields to the solution of the problem (18) which

is y(t)— _ty
0

Issue 7, Volume 7, July 2008



WSEAS TRANSACTIONS on MATHEMATICS

Now we return to the nonlinear system of
equations (1) and apply LEM, by introducing the

linear equivalence transformation (LEM) that
depends on four parameters ¢, e R, i=1,2,3,4.
v(1,6,,6,,05,0,)= (30)

exp(o,z, + 06,2z, + 6,2z, +0,z,),

By inserting (30) into (1) we obtain a linear
partial differential equation

av 4 4
G2 o gt X

2

n=l p=1 P.g=1 o npq 0G 60-
4 oy
z Gncnpqr
-1 00 06 00 .
" pee (31)
4 oty
2 Gndnpqu +
=l 0c,06,00,00,
4 oy
z Gnenpqum )’
pgrdm=l 0c ,06,00,06,00,,
with the initial conditions
v(0,0,,0,,0,,0,)=
( 1 02 3 04) . . (32)
exp(o,z, +0,z, +0,z; +G,2,),
and the boundless condition at ¢ — o
1v(t,0,,0,,0;,0,)[<v, at t >0, (33)

The last condition (33) eliminates the unbounded
solutions at t—ow of (31). We investigate
numerically the existence of bounded solutions for
this equation. Taking the solution v(¢,5) of the form

4 i
.G
V(t,61,62,63,64)=1+z Z A;‘_z'k +
k=l i=1

Uy |
. . 0.0

E A A ——L+
= il

k=1 i
k#l
d ¢, clo! (34)
i Joqr k1 m
+z ZAAIAW T
k,,m=1 i,jr=1 Ly
k#l#m
G G G G
+ z > A4 A A
k,,mn=1i,j,rs=1 'I"'S'
k#l#m#n

and introducing in (31) it results straightforwardly
that the functions 4 (¢), n=1,2,3,4 , i.e. vibrations

of permanent form at ¢t — o« satisfying (32) has the
form
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4,(0=Y A 4, )P, (n,m) +

k=0 (35)
() B, (M, (e, )},
and £=0,1,2.k_, n=0,123,... In (35 the
functions @, (uz,m) and y, (uz,m) are given by
O (u,m)= Y. ()" AP M),
m=k+1
ve(um= Y ()" B (), (36)
m=k+1
and p=p(n)
4
p= o, (37)
j=1
4
with Y o, =n+1, a,20, j=123,4.
I=1
The quantities ., in (37) are
M=p,hy=—p, Ay =p, Ay =—D,,
where p; » j=123,4 are the roots of the

characteristic A+ pA°+A)=0,

with

equation

p=af+aE+Pw+w, A=afPw+aw+w'p,
The unknowns 4, , B,, are expressed

A, (m)=C, (B, (M), B, (m)=C,()C, (1),

where the constants C,(n) verify the recurrence

relation
e k(2k +1) s Colll 2! '
I' is the gamma function and
T(+in) P
1—‘(2) n=0 (2 + I’l)

The constants A4, B are related by the
relation B" (m)=mA4"" (), where A" (n)are
given by

A =1 4% = o

k+1 k+2 k +1
(m+k)(m—k- I)Ay(nk) = 271/15?1 - AV(nkJZ . (38)
m>k+2
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The constants B, (1), C,(n) depend on initial

conditions and on coefficients from (1). From (38)
and (36), we obtain

v, ()= Y ()" B ().

m=k+1

The function y(uz,m) is linked to the ®(uz,n) by

d .

By noting
F (ue,m) = Co () (u)""' @, (ut,m)

the functions (35) become

A, ()= (B, (F, (ut,n)+ C, (WF, (ut,m)} .

n,k=0
We have
F,(ut,0) =sinpt, Fo(ut,O) =Cos .
The solution (34) is reduced to
v=exp(c,4, +c,4, +c,4, +c,4,).

Finally, the LEM representation of the solution of
the nonlinear simplified system of equations (1) and
(10) is found to

Zﬂ (t) = Aﬂ (t) =
. (39)
D AB (W (ut,n)+C, (W F, (ut,m)}.
k,m=0
The functions F,(ut,m) have the form of

Coulomb wave functions [18]. If v(¢,5) is a solution

bounded at ¢t —> oo them % 1s also bounded at

t— 0.
We summarize the result in the following result:
The bounded solutions 39) (LEM
representations) of the simplified system of
equations (1) and (10) are describable as a linear
superposition of Coulomb vibrations F, (ut,m).

4 The cnoidal method

The investigation is not limited to the analysis of the
simplified set of equations (1) and (10). The analysis
of the LEM solutions of this system is designed in
an attempt to establish some qualitative conclusions
about the solutions of the exact set of equations. So,
we find some interesting cases that uncouple the
equations (4) and reduce them to the Weierstrass
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equations of fifth order, with solutions describable
as a linear and nonlinear superposition of cnoidal
waves.

We consider the simple case in the modified
version (aa=a )

0, + wsin®, + o.cos®, =0,

0, +Bwsin®, —ocosh, =0, (40)
and associated initial conditions
0,(0)=6{, 0,(0)=63,0,(0)=6,, 6,(0)=6",,(41)

Multiplying the first equation by 291, and the

second one by 292 , and integrating we obtai
67 =2wcosO, —2asin®, +C, ,

02 =2uBcosO, +2asin®, +C, ,  (42)

with C,, i=1,2 integration constants.
Approximating the trigonometric functions by
polynomials of five-order we have 6’ =P(®,),
i=1,2, where P(0,)are polynomials of fifth-order
ino,6i=12
P(6,) = a,, + a8, +a,0] +a,0; +a, 0] +a.6],
with
a, =2w+C,, a, =2pw+C,,
a,, =-2a , a4, =2a,
a, =2wc , a,, =2Bwc,
a,, =-204 , a,, =2ada,
a, =2wd , a, =2wdp,
as, = —2ab , as, = 2ab,

where, for sake of simplicity, we have taken
=2w=C,, -2Bw=C, and q,, =—-a,, =2a.#0.
The equations (44) are similar with the equation

0’ =40 +A4,0° +4,0°+4,0°+46°, (43)
where
4 =la1, A, =a,, A =%a’3 A, =2a,, A =§a5.
This equation admits a particular solution

expressed as an elliptic Weierstrass function that is
reduced, in this case, to the cnoidal function cn [18]

pt+9858,,8,)=

e, — (e, —e,)en’ (\Je, — eyt +8'),

(44)

Issue 7, Volume 7, July 2008



WSEAS TRANSACTIONS on MATHEMATICS

where &' is an arbitrary constant, e,e,,e, are the
real roots of the equation 4y’ —g,y—g, =0 with
e >e,>e, and g,,g,the invariants expressed in

term of the parameters of the exact system of
equations (9) and (10). As we know, a linear
superposition of cnoidal functions (44) is also a
solution for (43).

To see the form of the nonlinear superposition
term we assume the solution of (43) in the Krishnan
form [19]

A ()

eint(t)z 1+},lp(t) s

(45)
where ¢(¢) is the Weierstrass elliptic function
satisfying the differential equation [18]

O’ =40’ -g,p-g , (46)

with the invariants g, and g, real in the pendulum

case, and satisfying g, —27¢; >0 , A and p are

arbitrary constants.
Substituting (45) into  (43) we obtain four
equations for the unknowns A , pn, g, and g

_2)\’“2 =

4 3 2.2 3 4 @47

At + AN + A0+ AN + A0
47\,},[ = 4A1|"l3 + 3A27\‘|.12 + 2A37\42l-l + A4}\‘3 ) (48)
61 %Wgz =640 +340u+ 407, (49)
g, +2hp'gy = Ap+ Ak . (50)

From (47), (48) we have
6An* +5400° + 440707 +

12 MR A1 (51)

3400 +240° =0.

Let us consider the special case where (54) is
reducible to

(RL+Sp)* =0, (52)
A 1/4
=—| =1 a, 53
H (3/11} (53)
with
R=(24,)"" , S=(64)"",
4, _d s , A =§R252, A, _dpis
5 2 3

We observe that both quantities R and S in (52)
are both or real or imaginary. In the last case this

equation leads to i(R'A+S’n)* =0 with R' and S’
real quantities.We calculate
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4 =%a1 =-o#0for the first equation (42)

and 4, = %al =a #0for the second equation (42),

with a>0. In both cases we have ;;=§5>0.

Then
(54)

Using (53) we can obtain a unique constant A
from (47) and (48)

A=-30(34,4,)""7 . (55)

The A

constant ;

1s A, :gas =—50b or

A :gas =5ab with b >0. From (55) we have for

the both situations

A =-30(1505)""* with a’6>0. (56)
From (54) and (56) we obtain
~\1/4
= 30[%} (15a2b)™"2 . (57)

The unknowns g,and g,are computable from
(52) and (53). For the considered pendulum we
found that A, p, g, and g, are always real. The
nonlinear term becomes

0(t) = Ap(t+3'5g,,8;) ,
l+pp(t+385g,.8;)
where A and p are given by (55) and (57), and &'
is an integration constant of the equation (46). The
exact periodical solutions are obtained by using (44)
where o' is an arbitrary real constant, and e ,e,,e,
the of 4y’-g,y—g,=0 with

e >e >e;.

real roots

The nonlinear interaction solution of (46) is a
bounded periodical function

Me, — (e, —e,)en’(\Je, — eyt +8)]
1+ ule, — (e, —e,)en’ (e, — eyt +8")] '

The modulus m of the Jacobean elliptic function

eim (t) =

(58)

6 &

e —e

is m= .The solitary vibration is a vibration
1
with the period (m=1 or e =e,). In this case the

solution is
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Me, — (e, —e;)sech’(\Je, —e;t +8")]
1+ule, — (e, —e;)sech®(\Je, —e,t +8)]
Now we return to the exact system of equations

(5) and (7) (or (9) and (10)). We begin by taking the
solutions z, (¢), k=1,2 of the forms [1], [11]

eint (t) =

2
2 (t)=2%10g®2“(n) . (59

where O - function is given by

0V m= Y exp(XiMn, +
M*P) =0 j=1 2
1<i<n

Zn: M[(k)B[j(.k)Mj.k))

i,j=1
and

n=[nmn,..n,] withn, =-w,;+f,, 1<j<n .

Here n 1is the finite number of degrees of
freedom for a particular solution of the problem, o,
the frequencies and 3, the phases.

The solution (59) can be written in the form

2

0
Z(t) = 2¥10g®n (T]) =Zy (T]) + Zint (T]) ’

where we have omitted for simplicity the index
k .The first term represents a linear

superposition of cnoidal waves and it is given by

V4

cn

2

0
=2—1IlogG ,
Ze, (M) 5 08 ()
Gn)= Zexp(iMn +%MTDM) ,
M

and the second term z.

int ?

a nonlinear superposition
of the cnoidal functions and it is given by

0* F (n,C)
. =2—1log(l+—2"~
Z (M) og(l+ G m

or’ )
F (n,C)zZCexp(iMnJr%MTDM),
G

C= exp(%MTOM)—l.

The interaction matrix B is composed by a
diagonal matrix D and an off-diagonal matrix O,
B=D+0. The first term 0, has an explicit form
as

ch (t) = 22 Amcnz(cmnm) s

m=1

with 4, ,C unknown constants. The second term

z,. has an explicit form as
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> E,cen’(C,m,)
9int (t) = m:ln 2
1+>D,cen’*(C,m,,)

m=1

with E ,D  unknown constants. The parameters
(DstjaB[jsA Cm’Em’ m°
analytically determined by
procedure.

So, the bounded solutions of the exact system of
equations (5) and (7) (or (9) and (10)) are

Zk (t) = 22 Akmcn2 (Cmnm) +

m=1

1<jm<n, can be

m?

an identification

2 Eyen’(C,n,) (60)
m=1
1 + ZDA'mcnz (Cmnm)
m=1
for k=1,2,3,4.
We summarize the result in the following result:
The bounded solutions (75) (the cnoidal

representation) of the exact system of equations (5)
and (6) (or (9) and (10)) is a linear superposition of
cnoidal vibrations and a nonlinear interaction
among the vibrations.

The LEM solutions (39) of the system of
equations (1) and (10) and the cnoidal solutions (75)
of the system of equations (5) and (7) (or (9) and
(10)) are obtained by the two different methods.

These solutions appear distinct. In the case for
which the simplification (8) is possible, the exact
system of equations is reduced to the simplified
system of equations. This case is a good test to
compare these apparently distinct solutions. Even
though it does not seem possible to analytically
show the similarity between these solutions, it may
be shown numerically, if suitable values for
parameters, pertinent to the condition £<0.3, can
be considered. The stability of pendulum motion can

be easily studied through both methods, LEM and
the cnoidal methods.

S Examples

The theoretical results are firstly carried out as some
validation examples for LEM and cnoidal
representations.

We assess the efficiency of the LEM method for
n=2 and k=63. For k>63 the computing
complicates without adding new significant terms in
solutions. The cnoidal solutions for the exact set of
equations are computed for n=3 and -2<M <2,
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Comparison between LEM and cnoidal solutions
for £<0.3, and comparison with the numerical
results obtained by the fourth-order Runge-Kutta
scheme are performed.

The examples involve the pendulums:
(g=10m/s*)

Pl:m=1.5, £€=0.25, k=70 N/m),
M,=10kg , [=02m |, zlzzzzg,

M,=15kg , 1=0.Im ,

P3: (uncoupled pendulum) M =1kg, /= 0.5 m,
a=0.125m, [[=2m, k=40 N/m.

An interesting phenomenon is putting into
evidence for the pendulum. Two kind of vibration
regimes are found: an extended (phonon)- mode of
vibration to both masses, and a localised (fracton) -
mode of vibration to a single mass, the other mass
being practically at rest.

6

e1

A | p

2

M

-6 1 1 1 1 1 1 1 |1 1

40 60 80 100 120 140 160 180

t

200

Fig. 1a The extended- mode of vibrations given by LEM
solutions (continuum line) and by cnoidal solutions

(dashed lines) for the solution 0,(¢) of P1(6,(0)=1.5,
0,(0)=0.5, 6,(0)=0.05, 6,(0)=0.05).

The first regime of vibrations is presented in Fig.
2a,b by the LEM solutions for P1 with 6,(0)=1.5,
0,(0)=0.5, 6,(0)=0.05, 6,(0)=0.05. Calculated
by cnoidal method the solutions are practically the
same. In fig. 2a dashed lines represent the cnoidal
solutions, and in fig. 2b dashed lines represent the
LEM solutions. Although we are unable to
determine theoretically the precise connection
between LEM and cnoidal solutions for £<0.3, we
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remark here similarity between them clearly
depicted from graphs.

3 T T T T T T T T T
62 |

2_ Tl

t

-3

1 I 1 I 1 I 1 ! I
0 20 40 60 80 100 120 140 160 180 200

Fig. 1b The extended- mode of vibrations given by
cnoidal solutions (continuum line) and by LEM solutions

(dashed lines) for the solution 6,(¢) of P1
(0,(0)=1.5,6,(0)=0.5,6,(0)=0.05, 6,(0)=0.05).

o,

4

t

I
180

1(‘)0 12‘0 1“&0 1é0 200
Fig. 2a The extended -mode of vibrations given by
cnoidal solution O, (sum of cnoidal vibrations plus
nonlinear interactions) for P2

(0,=0,=0.045, 6,=6,=0.02).

The same regime of vibrations is given by
solutions 6,, i=12 for P2 (sum of cnoidal
vibrations plus nonlinear interactions) with the
initial conditions 6, =6, =0.045, 6,=6,=0.02 in
fig.3a,b. The three spectral components have the

moduli m=0.96, 0.68,0.27 for 0,, and
m=0.87, 0.59,0.31 for O,.
The error function e(¢) is defined as
e(t) =J(0]() - 0](1))* + () - 05(1)* . (61)
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where (0(¢),0)(¢)) are solutions obtained by using a
method and ( 0/(¢),0] (7)) solutions obtained by other
method, applied to the same set of equations.

S)

2
4 4

t
.
180

-6

L L L L L L L L
0 20 40 60 80 100 120 140 160 200

Fig.2b The extended -mode of vibrations given by cnoidal
solution O, (sum of cnoidal vibrations plus nonlinear

interactions) for P2 (8, =0, =0.045, 6, =0, =0.02 ).

1.6/ x10™
IRt
0.8 m
0.4
q t
0 100 200

Fig. 3a The error function e(¢f) between LEM and

Runge-Kutta solutions for the pendulum P1.

1.6/ x10™
1.2
0.8
0.4
0
0 100 t 200

Fig. 3b The error function e(f) between cnoidal and

Runge-Kutta solutions for the pendulum P2.

The error function (61) between LEM and
Runge-Kutta solutions for P1 is represented in
fig.4a. The error function between cnoidal and
Runge-Kutta solutions for P2 is represented in
fig.4b.
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O
w3
S~ owmow

210 t
3

0 20 40 60 80 100 120 140 160 180 200

Fig. 4. The localized —mode of vibrations given by

cnoidal solution 0, (6, =0) for P1 (6,(0)=0.5,
0,(0)=-0.6, 6,(0)=0.5, 6,(0)=0).
3
0, 2
1
0
1|
2]
3 t
0 20 40 60 8 100 120 140 160 180 200

Fig.5. The localized —mode of vibrations given by cnoidal

solution 0, (6,=0) P1  (6,(0)=-0.6,
0,(0)=0.5, 6,(0)=0.5, 6,(0)=—0.5).

for

0.4
05l
0.2
04

0 a
-0t
—0.2F
-03

0 20 40 60 80 t 100

Fig.6a The first part of the solution 6(¢) (superposition of

two cnoidal vibrations) for P3 (6(0)=-0.05,
0(0)=0.1).
0.4
0 03F
0.2

0.1
oh
~0.1}
—0.2F
03}
-0.4

20 40 60 80 t 100
Fig.6b The second part of the solution ©(#)(nonlinear
interactions between two cnoidal vibrations) for P3

(6(0)=-0.05, 6(0)=0.1).

The second regime of vibrations is represented
in fig.4 for P1, with 6,(0)=0.5, 6,(0)=-0.6,

91(0) =0.5, 92(0) =0. The vibrations are mostly
localized on M, , the M, being practically at rest.
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The vibrations of M, have almost negligible
amplitudes in comparison with the amplitudes of the
M, vibrations. If we change the conditions as

0,(0)=-0.6, 6,(0)=0.5, 6,(0)=0, 6,(0)=0.5,
the mass M, is vibrating having the same evolution
as shown in fig.5, and the mass M, is resting.

0.4
0 0.3
0.2
0.1

0
-0.1]
0.2

-0.3[
-0.4

20 40 60 80 t 100

Fig.6¢ The final cnoidal solution O(¢)expressed as the
sum between both previous parts for P3 (6(0) =-0.05,

0(0)=0.1)

The first part of the solution 6(¢) (superposition

of three cnoidal vibrations), the second part of the
same solution (nonlinear interactions between three
cnoidal vibrations) and the final cnoidal solution
expressed as the sum between them, for P3 are
represented in fig.6a,b,c for 06(0)=-0.05,

0(0)=0.1. We see that the nonlinear part of this
solution is not at all negligible.

5 Conclusions

The remarkable property — whereby the solutions of
certain systems of nonlinear differential equations
like (5) can be represented by a sum of a linear and a
nonlinear superposition of cnoidal vibrations - is
shared by a large number of nonlinear differential
equations.

Two methods — the LEM and cnoidal methods-
have been applied in this paper with the objective to
capture and examine this property for a coupled
pendulum.

The LEM representations of solutions for a
simplified set of motion equations available for
£<0.3 are describable as a superposition’s of

Coulomb vibrations. The LEM analysis is designed
in an attempt to establish some qualitative
conclusions about the solutions of the exact set of
equations.

The cnoidal method is applied next to this system
of equations. The cnoidal representations of
solutions are described as a superposition of cnoidal
vibrations and nonlinear interactions among
vibrations. So, we can say that the real virtue of the
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cnoidal method is to give the elegant and compact
expressions for the solutions in the spirit of this
property.

The results of numerical computations by LEM
and by cnoidal methods for the case £<0.3 have

shown that both solutions are equivalent. The both
solutions were compared to the Runge-Kutta
numerical solutions.

The both methods describe successfully the
stable behaviour of the coupled pendulum. The
LEM method looks like partial generalisation of the
linear theory and help the nonlinear analysis of
dynamical systems having algebraic nonlinearities
written in the form (1) and known as the Bolotin
equations. These equations have the property they
are reducible to the coupled and uncoupled
Weierstrass equations of third, and fifth or higher
order.

The cnoidal method can provide the nonlinear
analysis of complex dynamical systems like (5).
This method looks like a generalization of Fourier
series with the cnoidal wave as the fundamental
basis function, but is a completely different than an
ordinary Fourier series expressed as a linear
superposition of sine waves.

The analytical solutions allow the possibility of
investigating in detail the effects of changing the
initial conditions. For certain values of these
conditions it is possible to locate two kind of
vibration regimes: an extended (phonon)- mode of
vibrations to both masses, and a localised (fracton) -
mode of vibrations to a single mass, the other mass
being practically at rest.

An advantage of the cnoidal method is that the
procedure is quite elegant, straightforward, requiring
only the ® -function formulation
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