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1 Introduction
It is known that mathematical logic is a discipline
used in sciences and humanities with different point
of view. Non-classical logic takes the advantage
of the classical logic (two-valued logic) to handle
information with various facts of uncertainty. The
non-classical logic has become a formal and useful
tool for computer science to deal with fuzzy infor-
mation and uncertain information. The notion of
logical algebras:BCK-algebras [21] was initiated
by Imai and Iśeki in 1966 as a generalization of both
classical and non-classical positional calculus. In

the same year, Iséki introducedBCI-algebras [22]
as a super class of the class ofBCK-algebras. In
1983, Hu and Li introducedBCH-algebras [20].
They demonstrated that the class ofBCI-algebras is
a proper subclass of the class ofBCH-algebras.

Dar and Akram [11] introduced a new kind of
logical algebra:K-algebra(G, ·,¯, e). A K-algebra
is an algebra built on a group(G, ·, e) with identity
e by adjoining an induced binary operation̄ on
(G, ·, e) which is attached to an abstract algebraic
system(G, ·,¯, e) [11]. It is known that this system
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is non-commutative and non-associative with a right
identity e. It was proved in [11] that aK-algebra
on an abelian group is equivalent to ap-semisimple
BCI-algebra. For the sake of convenience, a
K-algebra built on a group G was re-named as a
K(G)-algebra [12]. TheK(G)-algebras have been
characterized by their left and right mappings [12].
Dar and Akram further proved in [14] that a class
of K-algebras is a super class of the class of non-
classicalBCH/BCI/BCK-algebras [20, 21, 22]
and the class ofB-algebras [29] when the group is
abelian and non-abelian, respectively.

Interval-valued fuzzy sets were first introduced
by Zadeh [31] as a generalization of fuzzy sets.
An interval-valued fuzzy set is a fuzzy set whose
membership function is many-valued and forms an
interval in the membership scale. This idea gives the
simplest method to capture the imprecision of the
membership grades for a fuzzy set. Thus, interval-
valued fuzzy sets provide a more adequate description
of uncertainty than the traditional fuzzy sets. It
is therefore important to use interval-valued fuzzy
sets in applications. One of the main applications
is in fuzzy control and the most computationally
intensive part of fuzzy control is defuzzification.
Since the transition of interval-valued fuzzy sets
usually increases the amount of computations, it is
vitally important to design some faster algorithms for
the necessarily defuzzification. On the other hand,
Atanassov [5] introduced the notion of intuitionistic
fuzzy sets as an extension of fuzzy set in which
not only a membership degree is given, but also a
non-membership degree is involved. Considering the
increasing interest in intuitionistic fuzzy sets, it is
useful to determine the position of intuitionistic fuzzy
sets in a frame of different theories of imprecision.

With the above background, Atanassov and Gar-
gov [8] introduced the notion of interval-valued
intuitionistic fuzzy sets which is a common general-
ization of intuitionistic fuzzy sets and interval-valued
fuzzy sets. The fuzzy structures ofK-algebras was
introduced in [1]. Since then, the concepts and results
of K-algebras have been broadened to the fuzzy
setting frames (see, for example, [2-4, 10, 23]). In
this paper we first apply the concept of interval-valued
intuitionistic fuzzy sets toK-algebras. Then we intro-
duce the notion of interval-valued intuitionistic fuzzy
ideals (IIFIs, in short) ofK-algebras and investigate
some interesting properties. We characterize Artinian
and NoetherianK-algebras by consideringIIFIs of
a K-algebraK. Characterization theorems of fully
invariant and characteristic IIFIs are also discussed.

2 Preliminaries

In this section we cite some definitions and properties
that are necessary for this paper.

Definition 1 [11] A K-algebraK = (G, ·,¯, e) is an
algebra of type (2, 2, 0) defined on a group(G, ·, e) in
which each non-identity element is not of order 2 and
observes the followinḡ -axioms:

(K1) (x¯ y)¯ (x¯ z)=(x¯ ((e¯ z)¯ (e¯ y)))¯x,

(K2) x¯ (x¯ y) = (x¯ (e¯ y))¯ x,

(K3) x¯ x = e,

(K4) x¯ e = x,

(K5) e¯ x = x−1.

for all x, y, z ∈ G.

If the group (G, ·, e) is abelian , then the above
axioms (K1) and (K2) can be replaced by:

(K1) (x¯ y)¯ (x¯ z) = z ¯ y .

(K2) x¯ (x¯ y) = y.

A nonempty subsetH of a K-algebraK is called a
subalgebra[11] of the K-algebraK if a ¯ b ∈ H
for all a, b ∈ H. Note that every subalgebra of
a K-algebraK contains the identitye of the group
(G, ·, e). A mapping f : K1 = (G1, ·,¯, e1) →
K2 = (G2, ·,¯, e2) of K-algebras is called ahomo-
morphism[14] if f(x ¯ y) = f(x) ¯ f(y) for all
x, y ∈ K1. We note that iff is a homomorphism, then
f(e) = e.

Definition 2 [1] A nonempty subsetI of aK-algebra
K is called anidealof K if it satisfies:

(i) e ∈ I,

(ii) x¯ y ∈ I, y ¯ (y ¯ x) ∈ I ⇒ x ∈ I for all x,
y ∈ G.

Let µ be afuzzy setonG, i.e., a mapµ : G → [0, 1].

Definition 3 [28] A fuzzy setµ in a groupG is called
a fuzzy subgroup‘ of G if it satisfies:

• (∀x, y ∈ G) (µ(xy) ≥ min{µ(x), µ(y)}).
• (∀x ∈ G) (µ(x−1) ≥ µ(x)).

Lemma 4 [28] Let µ be a fuzzy subgroup of a group
G. Then µ(x−1) = µ(x) and µ(x) ≤ µ(e) for all
x ∈ G, wheree is the identity element ofG.
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Lemma 5 [28] A fuzzy setµ in a groupG is a fuzzy
subgroup ofG if and only if it satisfies:

(∀x, y ∈ G)(µ(xy−1) ≥ min{µ(x), µ(y)}).

Definition 6 [1] A fuzzy setµ in a K-algebraK is
called afuzzy subalgebraof K if it satisfies:

• (∀x, y ∈ G) (µ(x¯ y) ≥ min{µ(x), µ(y)}).

Note that every fuzzy subalgebraµ of a K-algebraK
satisfies the following inequality:

(∀x ∈ G) (µ(e) ≥ µ(x)).

Proposition 7 [1] Let K = (G, ·,¯, e) be a K-
algebra in which the operation “̄” is induced by
the group operation. Then every fuzzy subgroup of
(G, ·, e) is a fuzzy subalgebra ofK and vice versa.

Definition 8 [1] A fuzzy ideal of aK-algebraK is a
mappingµ : G → [0, 1] such that

(i) (∀x ∈ G) (µ(e) ≥ µ(x),

(ii) (∀x, y ∈ G) (µ(x) ≥ min{µ(x¯ y), µ(y¯ (y¯
x))}).

Lemma 9 [1] µ is a fuzzy ideal of aK-algebraK if
and only ifµ is a fuzzy normal subgroup ofG.

By an interval numberD on [0, 1], we mean an
interval [a−, a+], where0 ≤ a− ≤ a+ ≤ 1. The
set of all closed subintervals of [0, 1] is denoted by
D[0, 1].

For interval numbers D1 = [a−1 , b+
1 ] and

D2 = [a−2 , b+
2 ] ∈ D[0, 1], we define

min(D1, D2) = min([a−1 , b+
1 ], [a−2 , b+

2 ])

= [min{a−1 , a−2 },min{b+
1 , b+

2 }],
max(D1, D2) = max([a−1 , b+

1 ], [a−2 , b+
2 ])

= [max{a−1 , a−2 },max{b+
1 , b+

2 }],
D1 + D2 = [min{a−1 , a−2 },max{b+

1 , b+
2 }].

and

• D1 ≤ D2⇐⇒ a−1 ≤ a−2 andb+
1 ≤ b+

2 ,

• D1 = D2⇐⇒ a−1 = a−2 andb+
1 = b+

2 ,

• D1 < D2⇐⇒ D1 ≤ D2 andD1 6= D2,

• mD = m[a−1 , b+
1 ] = [ma−1 ,mb+

1 ], where
0 ≤ m ≤ 1.

Obviously,(D[0, 1],≤,∨,∧) forms a complete lattice
with [0, 0] as its least element and[1, 1] as its greatest
element. IfG(6= ∅) be a given set , then an interval-
valued fuzzy setB onG is defined by

B = {(x, [µ−B(x), µ+
B(x)]) : x ∈ G}

, whereµ−B(x) andµ+
B(x) are fuzzy sets ofG such

that µ−B(x) ≤ µ+
B(x), for all x ∈ G. If µ̃B(x) =

[µ−B(x), µ+
B(x)], then

B = {(x, µ̃B(x)) : x ∈ G},

whereµ̃B : G → D[0, 1].
We now assume that̃µA(x) = [µ−A(x), µ+

A(x)]
satisfies the following condition:[µ−A(x), µ+

A(x)] <

[0.5, 0.5] or [0.5, 0.5] ≤ [µ−A(x), µ+
A(x)] for all x.

For a nonempty setG, we call a mappingA =
(µ̃A, λ̃A) : G → D[0, 1]×D[0, 1] an interval-valued
intuitionistic fuzzy setin G if µ+

A(x) + λ+
A(x) ≤ 1

andµ−A(x) + λ−A(x) ≤ 1 for all x ∈ G, where the
mappingsµ̃A(x) = [µ−A(x), µ+

A(x)] : G → D[0, 1]
andλ̃A(x) = [λ−A(x), λ+

A(x)] : G → D[0, 1] are the
degree of membershipfunctions and thedegree of
non-membership functions, respectively.

We adopt the following symbols and terminol-
ogy.

(i) The symbol 0̃ is used to denote theinterval-
valued fuzzy empty setand 1̃ to denote the
interval-valued fuzzy universal setin a setG, and
we definẽ0(x) = [0, 0] and1̃(x) = [1, 1] for all
x ∈ G.

(ii) The symbol 0̂ is used to denote theinterval-
valued intuitionistic fuzzy empty setand1̂ is used
to denote theinterval-valued intuitionistic fuzzy
universal setin a given setG, and we define
0̂(x) = (0̃, 1̃) = ([0, 0], [1, 1]) and 1̂(x) =
(1̃, 0̃) = ([1, 1], [0, 0]) for all x ∈ G.

(iii) We write t̃ = [t1, t2], s̃ = [s1, s2], s̃1 = [s3, s4]
andt̃1 = [t3, t4] ∈ D[0, 1].

3 Interval-valued intuitionistic fuzzy
ideals

Definition 10 An interval-valued intuitionistic fuzzy
set A = (µ̃A, λ̃A) in a K-algebraK is called an
interval-valued intuitionistic fuzzy ideal( IIFI, in
short) if it satisfies the following conditions:

(1) µ̃A(e) ≥ µ̃A(x),
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(2) λ̃A(e) ≤ λ̃A(x),

(3) µ̃A(x) ≥ min{µ̃A(x¯ y), µ̃A(y ¯ (y ¯ x))},
(4) λ̃A(x) ≤ max{λ̃A(x¯ y), λ̃A(y ¯ (y ¯ x))}

for all x, y ∈ G.

We now give an example of anIIFI of a K-algebra
K.

Example 11 Consider theK-algebraK=(G, ·,¯, e)
on the Dihedral groupG = {< a, b >: a4 = e =
b2 = (ab)2}, whereu = a2, v = a3, x = ab, y = a2b,
z = a3b, and¯ is given by the following Cayley table:

¯ e a u v b x y z

e e v u a b x y z
a a e v u x y z b
u u a e v y z b x
v v u a e z b x y
b b x y z e v u a
x x y z b a e v u
y y z b x u a e v
z z b x y v u a e

We define an interval-valued intuitionistic fuzzy set
A = (µ̃A, λ̃A) : G → D[0, 1]×D[0, 1] by

µ̃A(x) :=

{
[0.4, 0.5] if x = e,
[0.2, 0.3] if x 6= e,

λ̃A(x) :=

{
[0.06, 0.4] if x = e,
[0.07, 0.2] if x 6= e.

By routine computations,A = (µ̃A, λ̃A) can be veri-
fied to be anIIFI of K.

The following Propositions are obvious.

Proposition 12 If A = (µ̃A, λ̃A) is an IIFI of
K, then the level subsetsU(µ̃A; s̃) andL(λ̃A; s̃) are
ideals ofK for everys̃ ∈ Im(µ̃A)∩Im(λ̃A) ⊆ D[0, 1],
whereIm(µ̃A) and Im(λ̃A) are sets of values of̃µA

andλ̃A, respectively.

Proposition 13 If all nonempty level subsets
U(µ̃A; s̃) and L(λ̃A; s̃) of an interval-valued intu-
itionistic fuzzy setA = (µ̃A, λ̃A) are ideals ofK,
thenA is anIIFI of K.

Definition 14 Let A = (µ̃A, λ̃A) be an interval-
valued intuitionistic fuzzy set onG. Pick s̃, t̃ ∈
D[0, 1] such that̃s + t̃ ≤ [1, 1]. Then the set

G
(s̃,̃t)
A := {x ∈ G | s̃ ≤ µ̃A(x), λ̃A(x) ≤ t̃}

is called an(s̃, t̃)-level subsetof A.

The set of all(s̃, t̃) ∈ Im(µ̃A)×Im(λ̃A) such that
s̃ + t̃ ≤ [1, 1] is called theimage ofA = (µ̃A, λ̃A).

Obviously,G(s̃,̃t)
A = U(µ̃A, s̃) ∩ L(λ̃A, t̃).

Theorem 15 An interval-valued intuitionistic
fuzzy set A=(µ̃A, λ̃A) of K is an IIFI of K
if and only if G

(s̃,̃t)
A is an ideal ofK for every

(s̃, t̃) ∈ Im(µ̃A)× Im(λ̃A) with s̃ + t̃ ≤ [1, 1].

Proof: We only need to prove the necessity because

the sufficiency is trivial. Assume thatG(s̃,̃t)
A is an

ideal ofK andA = (µ̃A, λ̃A) an interval-valued in-
tuitionistic fuzzy set onK. It is easy to see that
µ̃A(e) ≥ µ̃A(x) and λ̃A(e) ≤ λ̃A(x). Consider
x, y ∈ G such thatA(x) = (s̃, t̃) andA(y) = (s̃1, t̃1),
that is, µ̃A(x) = s̃, λ̃A(x) = t̃, µ̃A(y) = s̃1 and
λ̃A(y) = t̃1. Without loss of generality, we may as-
sume that(s̃, t̃) ≤ (s̃1, t̃1), i.e., s̃ ≤ s̃1 and t̃1 ≤ t̃.

ThenG
(s̃1,t̃1)
A ⊆ G

(s̃,̃t)
A , i.e., x, y ∈ G

(s̃,̃t)
A . This im-

plies thatx¯ y, y¯ (y¯x) ∈ G
(s̃,̃t)
A sinceG

(s̃,̃t)
A is an

ideal ofK. Hence, we deduce that

µ̃A(x) ≥ s̃ = min{µ̃A(x¯ y), µ̃A(y ¯ (y ¯ x))},

λ̃A(x) ≤ t̃ = min{λ̃A(x¯ y), λ̃A(y ¯ (y ¯ x))}.
This shows thatA = (µ̃A, λ̃A) is anIIFI of K. ut
Theorem 16 Let A = (α̃A, λ̃A) andB = (β̃B, ν̃B)
beIIFIs ofK. Then the functions̃αA ∧ β̃B : G →
D[0, 1] andλ̃A ∨ ν̃B : G → D[0, 1] defined by

(∀x ∈ G) ((α̃A ∧ β̃B)(x) = min{α̃A(x), β̃B(x)}),

(∀x ∈ G) ((λ̃A ∨ ν̃B)(x) = max{λ̃A(x), ν̃B(x)})
areIIFIs ofK.

Proof: For everyx ∈ G, we have

(α̃A ∧ β̃B)(e) = min{α̃A(e), β̃B(e)}
≥ min{α̃A(x), β̃B(x)}
= (α̃A ∧ β̃B)(x),

(λ̃A ∨ ν̃B)(e) = max{λ̃A(e), ν̃B(e)}
≤ max{λ̃A(x), ν̃B(x)}
= (λ̃A ∨ ν̃B)(x).
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Hence,for x, y ∈ G, we deduce that

(α̃A ∧ β̃B)(x) = min{α̃A(x), β̃B(x)}
≥ min{min{α̃A(x¯ y)
, α̃A(y ¯ (y ¯ x))}
, min{β̃B(x¯ y)

, β̃B(y ¯ (y ¯ x))}}
= min{min{α̃A(x¯ y), β̃B(x¯ y)}
, min{α̃A(y ¯ (y ¯ x))

, β̃B(y ¯ (y ¯ x))}}
= min{(α̃A ∧ β̃B)(x¯ y)

, (α̃A ∧ β̃B)(y ¯ (y ¯ x))},

(λ̃A ∨ ν̃B)(x) = max{λ̃A(x), ν̃B(x)}
≤ max{max{λ̃A(x¯ y)

, λ̃A(y ¯ (y ¯ x))}
, max{ν̃B(x¯ y), ν̃B(y ¯ (y ¯ x))}}
= max{max{λ̃A(x¯ y), ν̃B(x¯ y)}
, max{λ̃A(y ¯ (y ¯ x))
, ν̃B(y ¯ (y ¯ x))}}
= max{(λ̃A ∧ ν̃B)(x¯ y)

, (λ̃A ∧ ν̃B)(y ¯ (y ¯ x))}.

This shows that̃αA ∧ β̃B andλ̃A ∨ ν̃B areIIFIs of
K. ut
Notation 17 Denote the family of allIIFIs ofK by
IIFI(K). For anyt̃ ∈ D[0, 1], define onIIFI(K)
two binary relations,sayU t̃ andLt̃ by :

(A,B) ∈ U t̃ ←→ U(µ̃A; t̃) = U(µ̃B; t̃)
and

(A,B) ∈ Lt̃ ←→ L(λ̃A; t̃) = L(λ̃B; t̃),

respectively, whereA = (µ̃A, λ̃A), B = (µ̃B, λ̃B).
Obviously, U t̃ and Lt̃ are equivalent relations on
IIFI(K). For anyA = (µ̃A, λ̃A) ∈ IIFI(K), de-
note the system of all equivalence classes ofA modulo
U t̃ (resp.Lt̃) by IIFI(K)/U t̃ (resp. IIFI(K)/Lt̃)
and for any elementA in IIFI(K), write [A]U t̃

(resp.
[A]Lt̃

).
Then

IIFI(K)/U t̃ = { [A]U t̃
| A = (µ̃A, λ̃A) ∈ SIFI(K) }

(resp.IIFI(K)/Lt̃ = { [A]Lt̃
| A = (µ̃A, λ̃A) ∈ IIFI(K) }) .

Definition 18 Let I(K) be the family of all ideals
of K and t̃ ∈ D[0, 1]. Define two mappingsf

t̃
and g

t̃
from IIFI(K) to I(K) ∪ {∅} by f

t̃
(A) =

U(µ̃A; t̃), g
t̃
(A) = L(λ̃A; t̃) for all A = (µ̃A, λ̃A) ∈

IIFI(K). Thenf
t̃

andg
t̃

are well-definedIIFI−
functions.

Theorem 19 For any t̃ ∈ D(0, 1), the IIFI-
functionsf

t̃
andg

t̃
are surjective fromIIFI(K) to

I(K) ∪ {∅}.

Proof: Let t̃ ∈ D(0, 1). Then, it is clear that
0̂ = ([0, 0], [1, 1]) is an IIFI(K), where[0, 0] and
[1, 1] are interval-valued fuzzy sets inK defined by
[0, 0](x) = [0, 0] and[1, 1](x) = [1, 1], for all x ∈ K.
Obviouslyft(0̂) = U([0, 0]; t̃) = ∅ = L([1, 1]; t̃) =
g
t̃
(0̂). Let ∅ 6= B ∈ I(K). For B = (χB, χB) ∈

IIFI(K), we havef
t̃
(B̃) = U(χB; t̃) = B and

g
t̃
(B̃) = L(χB; t̃) = B. Hencef

t̃
and g

t̃
are sur-

jective. ut
Theorem 20 The quotient setsIIFI(K)/U t̃ and

IIFI(K)/Lt̃ are equipotent toI(K) ∪ {∅} for every
t̃ ∈ D(0, 1).

Proof: For t̃ ∈ D(0, 1), let f∗
t̃

(resp. g∗
t̃
) be a

mapping fromIIFI(K)/U t̃ (resp. IIFI(K)/Lt̃)
to I(K) ∪ {∅} defined by f∗

t̃
([A]U t̃

) = f
t̃
(A)

(resp. g∗
t̃
([A]Lt̃

) = g
t̃
(A) ) for all A = (µ̃A, λ̃A) ∈

IIFI(K). If U(µ̃A; t̃) = U(µ̃B; t̃) andL(λ̃A; t̃) =
L(̃βB; t̃) for A = (µ̃A, λ̃A) and B = (µ̃B, β̃B) in

IIFI(K), then(A,B) ∈ U t̃ and(A,B) ∈ Lt̃. Thus
[Ã]U t̃

= [B̃]U t̃
and [Ã]Lt̃

= [B̃]Lt̃
. This proves

that the mappingsf∗
t̃

and g∗
t̃

are injective. Now let
∅ 6= D ∈ I(K). ForD = (χD, χD) ∈ IIFI(K), we
have

f∗
t̃
([D̃]U t̃

) = f
t̃
(D̃) = U(χD; t̃) = D

and

g∗
t̃
([D̃]Lt̃

) = g
t̃
(D̃) = L(χD; t̃) = D.

Finally, for 0̃, we get

f∗
t̃
([0̃]U t̃

) = f
t̃
(0̃) = U([0, 0]; t̃) = ∅

and

g∗
t̃
([0̃]Lt̃

) = g
t̃
(0̃) = L([1, 1]; t̃) = ∅.

This shows thatf∗
t̃

andg∗
t̃

are surjective. ut
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Definition 21 For anyt̃ ∈ D[0, 1], we define another

relationRt̃ on IIFI(K) by:

(A,B) ∈ Rt̃ ←→ G
(̃t,̃t)
A = G

(̃t,̃t),
B

whereG
(̃t,̃t)
A = U(µ̃A; t̃) ∩ L(λ̃A; t̃) and R

(̃t,̃t)
B =

U(µ̃B; t̃) ∩ L(λ̃B; t̃).

The relationRt is clearly an equivalent relation on
IIFI(K).

Theorem 22 For any t̃ ∈ D(0, 1) the map-
ping ϕ

t̃
: IIFI(K) → I(K) ∪ {∅} defined by

ϕ
t̃
(A) = G

(̃t,̃t)
A is surjective.

Proof: Let t̃ ∈ D(0, 1). Thenϕ
t̃
(0̂) = G

(̃t,̃t)
A =

U([0, 0]; t̃)∩L([1, 1]; t̃) = ∅. For anyH ∈ IIFI(K),
there existsH̃ = (χH , χH) ∈ IIFI(K) such that

ϕ
t̃
(H̃) = G

(̃t,̃t)
A = U(χH ; t̃) ∩ L(χH ; t̃) = H. Hence

ϕ
t̃

is surjective. ut

Theorem 23 For any t̃ ∈ D(0, 1), the quotient set

IIFI(K)/Rt̃ is equipotent toI(K) ∪ {∅}.

Proof: Let t̃ ∈ D(0, 1) and letϕ∗t : IIFI(K)/Rt̃ →
I(K) ∪ {∅} be a mapping defined byϕ∗

t̃
([Ã]Rt̃

) =

ϕ
t̃
(Ã) for all [Ã]Rt̃

∈ IIFI(K)/Rt̃. If ϕ∗
t̃
([Ã]Rt̃

) =

ϕ∗
t̃
([B̃]Rt̃

) for any [Ã]Rt̃
, [B̃]

Gt̃
∈ IIFI(K)/Rt̃,

then G
(̃t,̃t)
A = G

(̃t,̃t)
B , i.e., (Ã, B̃) ∈ Rt̃. It follows

that [A]Rt̃
= [B̃]Rt̃

and soϕ∗
t̃

is injective. Moreover,

ϕ∗
t̃
([0̃]Rt̃

) = ϕt(0̃) = G
(̃t,̃t)

0̃
= ∅. For anyH ∈ I(K)

we haveH̃ = (χH , χH) ∈ IIFI(K) and

ϕ∗t ([H̃]Rt̃
) = ϕ

t̃
(H̃)

= G
H̃

(t̃, t̃) = U(χH ; t̃) ∩ L(χH ; t̃)

= H̃.

This shows thatϕ∗
t̃

is surjective. ut

4 Artinian and Noetherian K-
algebras

Definition 24 A K-algebra K is said to be
Noetherian if every ideal of K is finitely gener-
ated. We say thatK satisfies theascending chain

condition on IIFIs if for every ascending sequence
I1 ⊆ I2 ⊆ I3 ⊆ · · · of ideals ofK, there exists a
natural numbern such thatIn = Ik for all n ≥ k. We
callK satisfies the Interval-valued intuitionistic fuzzy
ascending chain conditionif for every ascending
sequenceA1 ⊆ A2 ⊆ · · · of IIFIs inK, there exists
a natural numbern such that̃µn = µ̃k, for all n ≥ k.

The following lemma is obvious.

Lemma 25 Let A = (µ̃A, λ̃A) be an IIFI of
K and let s̃, t̃ ∈ Im(µ̃A), s̃, t̃ ∈ Im(λ̃A).
Then U(µ̃A; s̃) = U(µ̃A; t̃) ⇐⇒ s̃ = t̃, and
L(λ̃A; s̃) = L(λ̃A; t̃)⇐⇒ s̃ = t̃.

Theorem 26 Let K be a K-algebra. Then every
IIFI of K has finite number of values if and only if
K is Artinian.

Proof: Suppose that everyIIFI of K has finite num-
ber of values butK is not Artinian. Then there exists
a strictly descending chain

G = A0 ⊃ A1 ⊃ A2 ⊃ · · ·

of ideals ofK. Conditions (1) and (2) of Definition 3
hold obviously. In order to prove (3), we consider an
interval-valued intuitionistic fuzzy setA = (µ̃A, λ̃A)
given by

µ̃A(x) :=





[ 1
n+1 , n

n+1 ] if x ∈ An \An+1, n = 0, 1, . . .

[1, 1] if x ∈
∞⋂

n=0
An,

λ̃A(x) := [1, 1]− µ̃A(x).

Let x, y ∈ K. Thenx¯ y, y ¯ (y ¯ x) ∈ An \ An+1

for somen = 0, 1, 2, · · ·, and eitherx¯ y /∈ An+1 or
y ¯ (y ¯ x) /∈ An+1. We now letx, y ∈ Un \ An+1,
for k ≤ n. Then, it follows that

µ̃A(x) = [
1

n + 1
,

n

n + 1
] ≥ [

1
k + 1

,
k

k + 1
]

≥ min(µ̃A(x¯ y), µ̃A(y ¯ (y ¯ x))).

Thus µ̃A is anIIFI of K and µ̃A has infinite num-
ber of different values. In a similar way,̃λA is also
anIIFI of K andλ̃A has infinite number of different
values. HenceA = (µ̃A, λ̃A) is anIIFI of K andA
has infinite number of different values. This contra-
diction proves that theK−algebraK is Artinian .
Conversely, if theK-algebraK is Artinian then we
can letA = (µ̃A, λ̃A) be anIIFI of K. Suppose that
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Im(µ̃A) is infinite. Then, we can observe that every
subset ofD[0, 1] contains either a strictly ascending
sequence or a strictly descending sequence.
Now, let [s1, t1] < [s2, t2] < [s3, t3] < · · · be a
strictly ascending sequence inIm(µ̃A). Then

U(µ̃A; [s1, t1]) ⊃ U(µ̃A; [s2, t2]) ⊃ U(µ̃A; [s3, t3])
⊃ · · ·

is strictly descending chain of ideals ofK. SinceK
is Artinian, there exists a natural numberi such that
U(µ̃A; [si, ti]) = U(µ̃A; [si+n, ti+n]) for all n ≥ 1.
Since[si, ti] ∈ Im(µ̃A) for all i, by applying Lemma
25, we havesi = si+n, ti = ti+n, for all n ≥ 1. This
is a contradiction sincesi, ti are distinct. On the other
hand, if[s1, t1] > [s2, t2] > [s3, t3] > · · · is a strictly
descending sequence inIm(µ̃A), then

U(µ̃A; [s1, t1]) ⊂ U(µ̃A; [s2, t2]) ⊂ U(µ̃A; [s3, t3])
⊂ · · ·

is an ascending chain of ideals ofK. SinceK is
Artinian, there exists a natural numberj such that
U(µ̃A; [sj , tj ]) = U(µ̃A; [sj+n, tj+n]) for all n ≥ 1.
Since [sj , tj ] ∈ Im(µ̃A) for all j, by Lemma 25
sj = sj+n ,tj = tj+n for all n ≥ 1, which is again a
contradiction sincesj , tj are distinct. This shows that
Im(µ̃A) is finite. ForIm(λ̃A), the proof is similar.
ut
The proof of the following theorem is routine and we
hence omit the proof.

Theorem 27 Let a K-algebra K be Artinian.
If A = (µ̃A, λ̃A) is an IIFI of K, then
|Uµ̃A

| = |Im(µ̃A)| and |L
λ̃A
| = |Im(λ̃A)|,

whereUµ̃A
andL

λ̃A
are families of all level ideals of

K with respect tõµA andλ̃A, respectively. ut

Theorem 28 Let aK-algebraK be Artinian. IfA =
(µ̃A, λ̃A) andB = (ν̃B, η̃B) areIIFIs ofK, then the
following statements hold:

(i) |Uµ̃A
| = |Uν̃B

| and Im(µ̃A)=Im(ν̃B) if and
only if µ̃A= ν̃B,

(ii) |L
λ̃A
| = |Lη̃B

| and Im(λ̃A)=Im(η̃B) if and

only if λ̃A= η̃B.

Proof: (i) If µ̃A = ν̃B, then Uµ̃A
= Uν̃B

and
Im(µ̃A) = Im(ν̃B). Now we suppose thatUµ̃A

=
Uν̃B

and Im(µ̃A) = Im(ν̃B). By Theorems 26

and 27,Im(µ̃A) = Im(ν̃B) are finite and|Uµ̃A
| =

|Im(µ̃A)| and|Uν̃B
| = |Im(ν̃B)|. Let

Im(µ̃A) = {t̃1, t̃2, · · · , t̃n}
and

Im(ν̃B) = {s̃1, s̃2, · · · , s̃n},
wheret̃1 < t̃2 < · · · < t̃n ands̃1 < s̃2 < · · · < s̃n.
This shows that̃ti = s̃i for all i. We now prove
that U(µ̃A; t̃i) = U(ν̃B; t̃i) for all i. Note that
U(µ̃A; t̃1) = K = U(ν̃B; t̃1). ConsiderU(µ̃A; t̃2)
and U(ν̃B; t̃2). Suppose thatU(µ̃A; t̃2) 6= U(ν̃B; t̃2).
Then U(µ̃A; t̃2) = U(ν̃B; t̃k) for somek > 2 and
U(ν̃B; t̃2) = U(µ̃A; t̃j) for somej > 2. If there exist
x ∈ G such that̃µA(x) = t̃2, then

µ̃A(x) < t̃j ∀ j > 2. (1)

SinceU(µ̃A; t̃2) = U(ν̃B; t̃k), x ∈ U(ν̃B; t̃k). This
implies that ν̃B(x) ≥ t̃k > t̃2, k > 2. Thus
x ∈ U(ν̃B; t̃2). SinceU(ν̃B; t̃2) = U(µ̃A; tj), x ∈
U(µ̃A; t̃j). Hence

µ̃A(x) ≥ t̃j for some j > 2. (2)

Clearly, (1) and (2) contradict each other. Hence
U(µ̃A; t̃2) = U(ν̃B; t̃2). Continuing in this way, we
eventually obtainU(µ̃A; t̃i) = U(ν̃B; t̃i), for all i.
Now let x ∈ G. Suppose that̃µA(x) = t̃i for some
i. Thenx /∈ U(µ̃A; t̃j) for all i + 1 ≤ j ≤ n. This
implies thatx /∈ U(ν̃B; t̃j) for all i + 1 ≤ j ≤ n.
But then we havẽνB(x) < t̃j for all i + 1 ≤ j ≤ n.
Suppose that̃νB(x) = t̃m for somei ≤ m ≤ i.
If i 6= m, thenx ∈ U(ν̃B; t̃i). On the other hand,
since µ̃A(x) = t̃i, x ∈ U(µ̃A; t̃i) = U(ν̃B; t̃i).
Thus we arrive a contradiction. Hencei = m and
µ̃A(x) = t̃i = ν̃B(x). ConsequentlỹµA = ν̃B.

(ii) The proof is similar and is omitted. ut

We now characterize the NoetherianK-algebra in
the following theorem .

Theorem 29 A K-algebraK is Noetherian if and
only if the set of values ofIIFIs of K are well
ordered subsets ofD[0, 1].

Proof: Suppose thatA = (µ̃A, λ̃A) is an IIFI of
K whose set of values is not a well ordered subset
of D[0, 1]. Then there exists a strictly decreasing se-
quence[sn, tn] such that̃µA(xn) = [sn, tn]. Denote
by Un the set{x ∈ G | µ̃A(x) ≥ [sn, tn]}. Then

U1 ⊂ U2 ⊂ U3 · · ·
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is a strictly ascending chain of ideals ofK. This
clearly contradicts thatK is Noetherian. Hence,
Im(µ̃A) must be a well-ordered subset ofD[0, 1].
Similarly, for Im(λ̃A).
Conversely, assume that the set of values of anIIFI
of K is a well ordered subset ofD[0, 1] andK is not
NoetherianK-algebra. Then there exists a strictly as-
cending chain

U1 ⊂ U2 ⊂ U3 · · · (∗)
of ideals ofK. Define an interval-valued intuitionistic
fuzzy setA = (µ̃A, λ̃A) onK by putting

µ̃A(x) :=





[ 1
k+1 , 1

k ] for x ∈ Ak\Ak−1,

[0, 0] for x 6∈
∞⋃

k=1
Ak,

λ̃A(x) := [1, 1]− µ̃A(x),

Then, we can easily prove thatA = (µ̃A, λ̃A) is an
IIFI of K. Since the ascending chain (∗) is not
terminating,A has a strictly descending sequence of
values, this contradicts that the value set of anIIFI
is well ordered. Consequently,K is Noetherian. ut

Finally, we state a theorem of NoetherianK− al-
gebra. Since the proof is straightforward, we omit the
proof.

Theorem 30 If K is a NoetherianK-algebra, then
everyIIFI of K is finite valued.

5 Fully invariant and characteristic
IIFIs

Definition 31 An ideal F of a K-algebraK is said
to be a fully invariant ideal if f(F ) ⊆ F for all
f ∈ End(K), where End(K) is the set of all endomor-
phisms ofK. An IIFI A = (µ̃A, λ̃A) of L is called
a fully invariant if µ̃f

A(x) = µ̃A(f(x)) ≤ µ̃A(x)
andλ̃f

A(x) = λ̃A(f(x)) ≤ λ̃A(x) for all x ∈ G and
f ∈ End(K).

Theorem 32 If {Ai | i ∈ I} is a family of
IIFI fully invariant ideals ofK, then

⋂
i∈I Ai =

(
∧

i∈I µ̃Ai ,
∨

i∈I λ̃Ai) is an interval-valued intuition-
istic fully invariant ideal ofK, where

∧

i∈I

µ̃Ai(x) = inf{µ̃Ai(x) | i ∈ I, x ∈ L},

∨

i∈I

λ̃Ai(x) = sup{λ̃Ai(x) | i ∈ I, x ∈ L}.

Proof: It can be easily seen that
⋂

Ai =
(
∧

µ̃Ai ,
∨

λ̃Ai) is an IIFI of K. Let x ∈ G and
f ∈ End(K). Then

(
∧

i∈I µ̃Ai)
f (x) = (

∧
i∈I µ̃Ai)(f(x))

= inf{µ̃Ai(f(x)) | i ∈ I}
≤ inf{µ̃Ai(x) | i ∈ I}
= (

∧
i∈I µ̃Ai)(x),

(
∨

i∈I λ̃Ai)
f (x) = (

∨
i∈I λ̃Ai)(f(x))

= sup{λ̃Ai(f(x)) | i ∈ I}
≤ sup{λ̃Ai(x) | i ∈ I}
= (

∨
i∈I λ̃Ai)(x).

Hence
⋂

i∈I Ai = (
∧

i∈I µ̃Ai ,
∨

i∈I λ̃Ai) is an interval-
valued intuitionistic fully invariant ideal ofK. ut

Theorem 33 Let H be a nonempty subset of a alge-
braK andA = (µ̃A, λ̃A) anIIFIs defined by

µ̃A(x) =

{
[s2, t2] if x ∈ H,

[s1, t1] otherwise,

λ̃A(x) =

{
[α2, β2] if x ∈ H,

[α1, β1] otherwise,

where [0, 0] ≤ [s1, t1] < [s2, t2] ≤ [1, 1],
[0, 0] ≤ [α2, β2] < [α1, β1] ≤ [1, 1],
[0, 0] ≤ [si, ti] + [αi, βi] ≤ [1, 1] for i = 1, 2.
If H is an interval-valued intuitionistic fully invariant
ideal ofK, thenA = (µ̃A, λ̃A) is an interval-valued
intuitionistic fully invariant ideal ofK.

Proof: We can easily see thatA = (µ̃A, λ̃A) is an
IIFI of K. Let x ∈ G andf ∈ End(K). If x ∈ H,
thenf(x) ∈ f(H) ⊆ H. Thus, we have

µ̃f
A(x) = µ̃A(f(x)) ≤ µ̃A(x) = [s2, t2],

λ̃f
A(x) = λ̃A(f(x)) ≤ λ̃A(x) = [α2, β2].

For if otherwise, then we have

µ̃f
A(x) = µ̃A(f(x)) ≤ µ̃A(x) = [s1, t1],

λ̃f
A(x) = λ̃A(f(x)) ≤ λ̃A(x) = [α1, β1].

Thus, we have verified thatA = (µ̃A, λ̃A) is an
interval-valued intuitionistic fully invariant ideal of
K. ut
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Definition 34 An IIFI A = (µ̃A, λ̃A) of K has
the same typeas anIIFI B = (µ̃B, λ̃B) of K if
there existsf ∈ End(K) such thatA = B ◦ f ,
i.e., µ̃A(x) ≥ µ̃B(f(x)), λ̃A(x) ≥ λ̃B(f(x)) for all
x ∈ G.

Theorem 35 IIFIs of K have same type if and only
if they are isomorphic.

Proof: We only need to prove the necessity part be-
cause the sufficiency part is obvious. If anIIFI A =
(µ̃A, λ̃A) of K has the same type asB = (µ̃B, λ̃B),
then there existsϕ ∈ End(K) such that

µ̃A(x) ≥ µ̃B(ϕ(x)), λ̃A(x) ≥ λ̃B(ϕ(x)) ∀x ∈ G.

Let f : A(K) → B(K) be a mapping defined by
f(A(x)) = B(ϕ(x)) for all x ∈ G, that is,

f(µ̃A(x)) = µ̃B(ϕ(x)), f(λ̃A(x)) = λ̃B(ϕ(x)) ∀x ∈ G.

Then, it is clear thatf is a surjective homomorphism.
Also, f is injective becausef(µ̃A(x)) = f(µ̃A(y))
for all x, y ∈ G implies µ̃B(ϕ(x)) = µ̃B(ϕ(y)).
Whence µ̃A(x) = µ̃B(y). Likewise, from
f(λ̃A(x)) = f(λ̃A(y)) we concludẽλA(x) = λ̃B(y)
for all x ∈ G. HenceA = (µ̃A, λ̃A) is isomorphic to
B = (µ̃B, λ̃B). This completes the proof. ut

Definition 36 An idealC of K is said to becharac-
teristic if f(C) = C for all f ∈ Aut(K), where
Aut(K) is the set of all automorphisms ofK. An
IIFI A = (µ̃A, λ̃A) of K is called acharacteristic
if µ̃A(f(x)) = µ̃A(x) andλ̃A(f(x)) = λ̃A(x) for all
x ∈ G andf ∈ Aut(K).

Lemma 37 Let A = (µ̃A, λ̃A) be anIIFI of K and
let x ∈ G. Thenµ̃A(x) = t̃, λ̃A(x) = s̃ if and only
if x ∈ U(µ̃A; t̃), x /∈ U(µ̃A; s̃) andx ∈ L(λ̃A, s̃),
x /∈ L(λ̃A, t̃) for all s̃ > t̃.

Proof: Straightforward. ut
Theorem 38 An IIFI is characteristic if and only if
each its level set is a characteristic ideal.

Proof: Let an IIFI A = (µ̃A, λ̃A) be character-
istic, t̃ ∈ Im(µ̃A), f ∈ Aut(K), x ∈ U(µ̃A; t̃).
Then µ̃A(f(x)) = µ̃A(x) ≥ t̃], which means that
f(x) ∈ U(µ̃A; t̃). Thus f(U(µ̃A; t̃)) ⊆ U(µ̃A; t̃).

Since for eachx ∈ U(µ̃A; t̃) there existsy ∈ G
such thatf(y) = x we haveµ̃A(y) = µ̃A(f(y)) =
µ̃A(x) ≥ t̃, whence we concludey ∈ U(µ̃A; t̃).
Consequently x = f(y) ∈ f(U(µ̃A; t̃)).
Hence f(U(µ̃A; t̃) = U(µ̃A; t̃). Similarly,
f(L(λ̃A; s̃)) = L(λ̃A; s̃). This proves thatU(µ̃A; t̃)
andL(λ̃A; s̃) are characteristic.
Conversely, if all levels ofA = (µ̃A, λ̃A) are char-
acteristic ideals ofK, then forx ∈ G, f ∈ Aut(K)
and µ̃A(x) = t̃ < s̃ = λ̃A(x), by Lemma 37, we
havex ∈ U(µ̃A; t̃), x /∈ U(µ̃A; s̃) andx ∈ L(λ̃A; s̃),
x /∈ L(λ̃A; t̃). Thusf(x) ∈ f(U(µ̃A; t̃)) = U(µ̃A; t̃)
and f(x) ∈ f(L(λ̃A; s̃)) = L(λ̃A; s̃), i.e.,
µ̃A(f(x)) ≥ t̃ and λ̃A(f(x)) ≤ s̃. For
µ̃A(f(x)) = t̃1 > t̃, λ̃A(f(x)) = s̃1 < s̃
we have f(x) ∈ U(µ̃A; t̃1) = f(U(µ̃A; t̃1),
f(x) ∈ L(λ̃A, s̃1) = f(L(λ̃A; s̃1)), whence
x ∈ U(µ̃A; t̃1), x ∈ L(µ̃A; s̃1). This is a
contradiction. Thusµ̃A(f(x)) = µ̃A(x) and
λ̃A(f(x)) = λ̃A(x). So,A = (µ̃A, λ̃A) is character-
istic. ut

As a consequence of the above results we obtain
the following theorem.

Theorem 39 If A = (µ̃A, λ̃A) is a fully invariant
IIFI , then it is characteristic.

6 Conclusions
In the present paper, we have presented some prop-
erties of interval-valued intuitionistic fuzzy ideals
of K-algebras. It is clear that the most of these
results can be simply extended to interval-valued
intuitionistic (T, S)-fuzzy ideals, whereS andT are
given imaginable triangular norms. In our opinion
the future study of (interval-valued intuitionistic)
fuzzy ideals ofK-algebras can be connected with
(1) investigating(α, β)- fuzzy ideals; (2) finding
interval-valued intuitionistic fuzzy sets and triangular
norms. The obtained results can be used in various
fields such as artificial intelligence, signal processing,
multiagent systems, pattern recognition, robotics,
computer networks, genetic algorithm, neural net-
works, expert systems, decision making, automata
theory and medical diagnosis.
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