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1 Introduction

It is known that mathematical logic is a discipline
used in sciences and humanities with different point
of view. Non-classical logic takes the advantage
of the classical logic (two-valued logic) to handle
information with various facts of uncertainty. The
non-classical logic has become a formal and useful
tool for computer science to deal with fuzzy infor-
mation and uncertain information. The notion of
logical algebras: BC' K-algebras [21] was initiated
by Imai and I€ki in 1966 as a generalization of both
classical and non-classical positional calculus. In
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the same year, &i introducedBCI-algebras [22]
as a super class of the class B K-algebras. In
1983, Hu and Li introducedBC H-algebras [20].
They demonstrated that the class®f'I-algebras is
a proper subclass of the class®f’'H-algebras.

Dar and Akram [11] introduced a new kind of
logical algebra:K-algebra(G, -, ®,e). A K-algebra

is an algebra built on a grou@@, -, e) with identity

e by adjoining an induced binary operatian on
(G,-,e) which is attached to an abstract algebraic
system(G, -, ®, e) [11]. It is known that this system
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is non-commutative and non-associative with a right
identity e. It was proved in [11] that & -algebra

on an abelian group is equivalent tgpasemisimple
BC-algebra. For the sake of convenience, a
K-algebra built on a group G was re-named as a
K (G)-algebra [12]. TheK(G)-algebras have been
characterized by their left and right mappings [12].
Dar and Akram further proved in [14] that a class
of K-algebras is a super class of the class of non-
classical BCH/BC1/BCK-algebras [20, 21, 22]
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2 Preliminaries

In this section we cite some definitions and properties
that are necessary for this paper.

Definition 1 [11] A K-algebrak = (G, -, ®,¢) is an
algebra of type (2, 2, 0) defined on a graup, -, ¢) in
which each non-identity element is not of order 2 and
observes the following-axioms:

and the class of3-algebras [29] when the group is (K1) (z©y)© (20 2)=(z0 ((e®2)®(e®y))) O,

abelian and non-abelian, respectively.

Interval-valued fuzzy sets were first introduced
by Zadeh [31] as a generalization of fuzzy sets.

(K2) zo(zoy)=(20o(e0y) o,
(K3) zoz=e,

An interval-valued fuzzy set is a fuzzy set whose (K4) z ®e =z,

membership function is many-valued and forms an

interval in the membership scale. This idea gives the (KS) eow=a"".

simplest method to capture the imprecision of the
membership grades for a fuzzy set. Thus, interval-

valued fuzzy sets provide a more adequate description

of uncertainty than the traditional fuzzy sets. It
is therefore important to use interval-valued fuzzy
sets in applications. One of the main applications
is in fuzzy control and the most computationally
intensive part of fuzzy control is defuzzification.

1

forall z,y, z € G.

If the group (G, -, e) is abelian , then the above
axioms (K1) and (K2) can be replaced by:

(K1) (z0y)0(z02)=20y.

Since the transition of interval-valued fuzzy sets (K2) z o (2 @ y) = v.

usually increases the amount of computations, it is
vitally important to design some faster algorithms for
the necessarily defuzzification. On the other hand,
Atanassov [5] introduced the notion of intuitionistic
fuzzy sets as an extension of fuzzy set in which
not only a membership degree is given, but also a
non-membership degree is involved. Considering the
increasing interest in intuitionistic fuzzy sets, it is
useful to determine the position of intuitionistic fuzzy
sets in a frame of different theories of imprecision.

With the above background, Atanassov and Gar-
gov [8] introduced the notion of interval-valued
intuitionistic fuzzy sets which is a common general-
ization of intuitionistic fuzzy sets and interval-valued
fuzzy sets. The fuzzy structures éf-algebras was
introduced in [1]. Since then, the concepts and results
of K-algebras have been broadened to the fuzzy
setting frames (see, for example, [2-4, 10, 23]). In
this paper we first apply the concept of interval-valued
intuitionistic fuzzy sets td{-algebras. Then we intro-
duce the notion of interval-valued intuitionistic fuzzy
ideals (lIFls, in short) ofi{-algebras and investigate
some interesting properties. We characterize Artinian
and Noetheriar -algebras by considerinfy F'I s of

a K-algebrak. Characterization theorems of fully
invariant and characteristic IIFls are also discussed.
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A nonempty subset/ of a K-algebrak is called a
subalgebra[11] of the K-algebrak if a ©b € H
for all @, b € H. Note that every subalgebra of
a K-algebra/C contains the identity of the group
(G’ "y 6)‘ A mapplngf : }Cl = (le '7®561) -
Ko = (Go,-,®,e2) of K-algebras is called homo-
morphism[14] if f(z ©® y) = f(x) ® f(y) for all
x,y € K1. We note that iff is a homomorphism, then

1) =ec.

Definition 2 [1] A nonempty subsef of a K-algebra
K is called arideal of K if it satisfies:

(i) eI,

(i) z0yel,yo(yoz)el = z e Iforallx,
y € G.

Let i be afuzzy sebnG, i.e.,amap : G — [0, 1].

Definition 3 [28] A fuzzy setu in a groupG is called
afuzzy subgroupf G if it satisfies:

o (Vz,y € G) (ulxy) > minfu(x), u(y)}).
o (Vz€G) (ua) > p(x)).

Lemma 4 [28] Let i be a fuzzy subgroup of a group
G. Thenp(z~t) = p(z) andu(x) < u(e) for all
x € G, wheree is the identity element aof;.
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Lemma5 [28] A fuzzy setu in a groupG is a fuzzy
subgroup of77 if and only if it satisfies:

(Va,y € G)(u(zy~") > min{u(z), u(y)}).

Definition 6 [1] A fuzzy sety in a K-algebrak is
called afuzzy subalgebraf K if it satisfies:

o (Va,y € G) (u(r ©y) > min{u(x), u(y)}).

Note that every fuzzy subalgebgeof a K-algebralC
satisfies the following inequality:

(Vo € G) (u(e) = p(x))-

Proposition 7 [1] Let K = (G,-,®,¢e) be a K-
algebra in which the operation="” is induced by

the group operation. Then every fuzzy subgroup of

(G, -, e) is a fuzzy subalgebra df and vice versa.

Definition 8 [1] A fuzzy ideal of aK-algebrak is a
mappingy : G — [0, 1] such that

(i) (Vo € G) (u(e) = p(x),

(i) (V);r}jy € G) (u(z) > min{u(z0y), (y© (y©

Lemma 9 [1] p is a fuzzy ideal of ai-algebrak if
and only ifu is a fuzzy normal subgroup @f.

By an interval numberD on [0, 1], we mean an
interval [a—, a™*], where0 < a= < o™ < 1. The

set of all closed subintervals of [0, 1] is denoted by

D[o, 1.

For interval numbers D1 = and

= lar,b/]
D2 = [ay,b3] € D[0,1], we define
min(D1, D2) = min([a; , b7 ], [a5 , b3 ])
= [min{ay , a3 }, min{b7, b3 }],
max(D1, D2) = max([ay , bf], [ag , b3])
= [max{al_, a2_}7 max{bf, b;}}v
D1+ D2 = [min{aj ,ay }, max{b], b5 }].
and
e D1 < D2<=a] <a, andb] < b7,
e D1 = D2<+= a] =a, andb] = by,
e D1 < D2<= D1< D2andD1 # D2,

e mD mlay, by

— = [may,mb], where
0<m<1.
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Obviously,(D[0, 1], <, V, A) forms a complete lattice
with [0, 0] as its least element antl 1] as its greatest
element. IfG(# 0) be a given set , then an interval-
valued fuzzy seB on G is defined by

B ={(,[np(@), nj(@)]) - @ € G}

, Whereug(x) and uf () are fuzzy sets ofs such
that uz(z) < wh(z), forallz € G.If fip(x) =
[up(x), ph ()], then

B = {(a,ip()) : 2 € G},

wherenp : G — DJ0, 1].

We now assume thafia(z) = [u4(z), puh(z)]
satisfies the following conditionfu, (z), u (z)] <
[0.5,0.5] or [0.5,0.5] < [u4(z), uy ()] for all z.

For a nonempty setz, we call a mappingA =
(ta,Aa) : G — D[0,1] x DJ0, 1] aninterval-valued
intuitionistic fuzzy sein G if pfi(z) + A\j(z) < 1
andpy,(z) + Ay(z) < 1forall z € G, where the
mappingsiia(z) = [u4(z), ph(x)] : G — D[0,1]
anda(z) = [\;(z), \i(z)] : G — D[0,1] are the
degree of membershifunctions and thedegree of
non-membership functionsespectively.

We adopt the following symbols and terminol-
ogy.

(i) The symbol0 is used to denote thanterval-
valued fuzzy empty seind 1 to denote the
interval-valued fuzzy universal data set’, and
we defined(z) = [0,0] and1(x) = [1, 1] for all
AN EN

(i) The symbol0 is used to denote thnterval-
valued intuitionistic fuzzy empty satd1 is used
to denote thenterval-valued intuitionistic fuzzy
universal setin a given setG, and we define
O(z) = (0,1) = ([0,0],[1,1]) and 1(z) =

(1,0) = ([1,1],[0,0]) forall z € G.

(i) We v~vritef: [tl, tg], s = [51, 32], s1 = [53, 84]
andt; = [ts, t4] € DIO, 1].

3 Interval-valued intuitionistic fuzzy
ideals

Definition 10 An interval-valued intuitionistic fuzzy

setA = (fia,A4) in a K-algebrak is called an
interval-valued intuitionistic fuzzy idedl/IF1, in
short) if it satisfies the following conditions:

(1) pale) = fia(w),
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(2) Aale) < Aa(z),

() fa(z) > min{pa(z ©y), fpaly © (y © x))},
(4) Aa(z) < max{Aa(z ©y), Ay © (y© )}
forallz, y € G.

We now give an example of alf F'I of a K-algebra
K.

Example 11 Consider theK -algebrak=(G, -, ®, ¢)
on the Dihedral groug? = {< a,b >: a* = ¢ =
b% = (ab)?}, whereu = a?,v = a®,x = ab, y = a>b,
z = ab, and® is given by the following Cayley table:

®©le a uw v bz y =z
ele v u a b x y =z
ala e v u x y z b
ulu a e v y z b x
viv u a e z b x y
b|lb z y 2z e v u a
x|z y z b a e v u
yly 2z b x u a e v
z|lz bz y v u a e

We define an interval-valued intuitionistic fuzzy set
A= (fia, a) : G — DI0,1] x D[0,1] by

. [ [04,05] if z=e,
Aa(T) =93 102,03] if x4
~ ] [0.06,0.4] if x =e,
Aalz) = { [0.07,0.2] if z #e.

By routine computationsd = (fi4, A4) can be veri-
fiedto be anIFI of K.

The following Propositions are obvious.

Proposition 12 If A = (fia, Aa) is an ITFI of
K, then the level subsefs(ji4; 5) and L(\4; 3) are
ideals ofK for everys € Im(fia)NIm(A4) C D[0, 1],
whereIm(fi4) andIm(\4) are sets of values gi4
and\ 4, respectively.

Proposition 13 If all nonempty level subsets
U(fia; ) and L(A4;5) of an interval-valued intu-
itionistic fuzzy setA = (fia, A4) are ideals ofk,
thenAisanlIFI of K.

Definition 14 Let A = (fia,\4) be an interval-
valued intuitionistic fuzzy set orlz. Pick 5,¢ €
D[0, 1] such tha& + ¢t < [1, 1]. Then the set

G(Ag’t) = {2 € G|5< fialx), a(x) <t}
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is called an(s, t)-level subseof A.

The setof al(3, 7) € Im(fi4) x Im(X) such that
§+1 < [1,1] is called thémage ofA = (jia, Aa).

Obviously,GEj’t) =U(ia,s5)N L(XA,Z)-

Theorem 15 An _interval-valued intuitionistic
fuzzy set A=(ia,Aa) of K is an IIFI of K

if and only if G§" is an ideal of C for every

(3,8) € Im(jia) x Im(Aq) With 5+ ¢ < [1,1].

Proof: We only need to prove the necessity because

the sufficiency is trivial. Assume thaﬂ?(j’t) is an

ideal of K and A = (jia, A4) an interval-valued in-
tuitionistic fuzzy set onfC. It is easy to see that
fiale) > jia(z) and Xa(e) < Aa(x). Consider
x,y € G suchthatA(z) = (5,t) andA(y) = (s1,t1),
that is, fia(z) = 5, Aa(z) = ¢, fialy) = §1 and
XA(y) = 1. Without loss of generality, we may as-
sume that(s,t) < (s1,t1), i.e.,s < 51 andt; < t.
ThenG§™ ¢ GG, e, 2,y € GYY. This im-
plies thatr ©y,y © (y o) € G
ideal of . Hence, we deduce that

sinceG;" is an

fa(z) > s =min{pa(z ©y), pa(y © (y © 2))},
da(z) <t =min{Aa(z ©y), Aaly ® (y ©z))}.
This shows thatl = (jix, A4)isanlIFIof K. O

Theorem 16 Let A = (&4, A4) andB = (fp, )
bellFIs ole. Then the functiongiy A B : G —
DJ0,1] and\4 V U : G — DJ0, 1] defined by

(Vz € G) ((Ga A Bp)(z) = min{aa(z), B(z)}),
(Vz € G) (A V ) (x) = max{ia(z), Up(x)})

arelIFIsof K.

Proof: For everyz € GG, we have

(@a A Bp)(e) = min{@A(e),QB(E)}
> min{&é(x),ﬂg(x)}
= (aaABp)(z),

AaVvip)e) = max{§A(e),aB(e)}
< max{Aa(z),vp(x)}

(A4 V g)(z).
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Hencefor z,y € G, we deduce that

(Ga A Bp)(x) min{da(z), Bp(z)}
min{min{a(z ® y)

, aa(yo (yo))}

, min{3z(z ®y)

, Beyo (o)}

= min{min{da(z ©y), Bz © y)}
, min{aa(y© (y ©))

, Beyo (o)}

= min{(&A/\BB)(m@y)

, (@ANBB) Y (yo o)}

AV

max{ (), 7p(z)}
max{max{\s(z ® y)

, Mo yo)}

, max{vp(z ©y),vp(y © (y © z))}}
= max{max{\(z O y), 7z O y)}

, max{Aa(y® (y O )

, UB(yO (yox))}}

= max{(As AUB)(zOy)

. QaATe)(yo o)l

(A4 V p)(z)

IA

This shows thafi4 A 85 and\4 V U areIIFIs of
K. O

Notation 17 Denote the family of all / F'/s of K by
ITFI(K). Foranyt € D|0,1], define onIIFI(K)

two binary relations,say/ and ¢ by :
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Definition 18 Let I(K) be the family of all ideals
of K andt € D[0,1]. Define two mappingsf;
and g; from ITFI(K) to I(K) U {0} by f(A) =

Ufia; 1), g(A) = L(\a;1) forall A = (fia,\a) €
ITFI(K). "Then fy and g; are well-defined/ 1 F'T—
functions.

Theorem 19 For any t € D(0,1), the IIFI-
functions f; and g; are surjective from/7F'I(K) to

I(K) U {0}.

Proof: Let? € D(0,1). Then, it is clear that
0 = ([0,0],[1,1]) is anIIFI(K), where[0,0] and
[1,1] are interval-valued fuzzy sets i defined by
[0,0](z) = [0,0] and[1, 1}(z) = [1, 1], for all z € K.
Obviously f;(0) = U([0,0]; ) = (Z) L([1,1);1) =
9:{0). Let # B € I(K). ForB = (xp,XB) €
IIFI(K), we havef{B) = U(xg;l) = B and

g9:{(B) = L(XB;1) = B. Hencef; andg; are sur-
jective. O

Theorem 20 The quotient sety'IFI(IC)/u? and

ITFI(K)/L" are equipotent td (K) U {0} for every
t € D(0,1).

Proof: Fort € D(0,1), let fx (resp. ¢%) be a
mapping fromIIFI(IC)/Z/{; (resp. IIFI(IC)/D?)
to I1(K) U {0} defined by f([A] ;) = f(4)

(resp. g=([4] ;) = g;(A)) for all A (Fia, Aa) €

TIFI(C). W U(fnd) = UlGip: ) and L 1) =
L(Bg;t) for A = (,UAa)\A) andB = (MB,ﬁB) in
ITFI(K), then(A, B) € ut and(4, B) € £t Thus

. (A,B) eU" «— Ul(fia;t) = U(fig;?) [A] 7 = [B],; and [4] ; = [B] ;- This proves
an LY
e ~ o~ ~ ~ that the mappings* and ¢& are injective. Now let
A B L —— L(hat)=L(\g:t), t t
(4,B) € ( AL) (Asst) B 0 # D e I(K). ForD = (xp,Xp) € IIFI(K), w
respectively, wherel = (fia, A\a), B = (i, A). have
Obviously, 4 and £' are equivalent relations on (D] <) = D) = Ulvr: D) = D
IIFI(K). For anyA = (jia, a) € IIFI(K), de- fi(Ph) = 7ilP) (p3t)
no~te the sygtem of all equivalgnce classed oiodulo and
Ut (resp. L) by ITFI(K)/U! (resp. IIFI(K)/LY) o ~
and for any elemend in ITFI(K), write [A], ~(resp. 9 (1D ] 7) = gi(D) = L(xp31) = D.
(4] =). ,
Thgn Finally, for 0, we get
- - (0], 2) = f0) = U([0,0];¢) = 0
ITFT(O)UT = {[A] £ A= (jia ha) € STFI(K) ) T
N B and
(resp.lIFI(K)/Lt = {[A] 7| A= (fta, a) € IIFI(K)}). .
()£ ={A] 7 ( ) (£) }) ([0 ) = 95(0) = L1, 11:7) = 0.
This shows thafti‘ andgti are surjective. ad
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Definition 21 For anyt € D0, 1], we define another
relationR! on ITFI(K) by:

T t,t) Lt),
(A,B) e R «— GIY =gt
whereG(“) = U(fia;t) N L(Ag;1) and Rg’a =

U(fip;t) N L(Ag; 7).

The relationR! is clearly an equivalent relation on
ITFI(K).

Theorem 22 For any ¢ €
ping ¢y : IIFI(K) — I(

pr{(A) = G(t 1 is surjective.

D(0,1) the map-
(K) U {0} defined by

Proof: Lett € D(0,1). ThengH0) = GEF) =

U([0,0];8)NL([1,1);2) = 0. ForanyH € IIFI(K),
there existsH = (ym,xm) € IIFI(K) such that
eilT) = G4 = U(xm; ) N L(xas ) = H. Hence
pris surjectlve. 0

Theorem 23 For anyt € D(0,1), the quotient set
IIFI(K)/R!is equipotent tol (K) U {0}.

Proof: Let? € D(0,1) and lety} : ITFI(K )/Rz
I(K) U {0} be a mapping defined by([A ] -) =

%»(A) for all [A]R7€ ITIFI(K )/Rt If 2([A ] S =

3([B);) for any [4] ~ [B] ; € IIFI(K) /Rt,
thenG'Y = G\Y ie., (4, B) € RL It follows
that[A] T = [B]Rf; and sop? is injective. Moreover,

¢:([0]7) = ¢:(0) = Gg’t) — (). ForanyH € I(K)

we haveH = (xp,xm) € IIFI(K) and
soi‘([ff]R';) = @i(H)
= Gyz(t1) =U(xm:t) N L(Xm; t)
= H.
This shows thaqoti is surjective. O
4 Artinian and Noetherian K-
algebras

Definition 24 A K-algebra K is said to be
Noetherianif every ideal of I is finitely gener-
ated. We say thakC satisfies theascending chain
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condition on I1FIs if for every ascending sequence
I, C I, C I3 C --- of ideals of K, there exists a
natural numben such thatl,, = I, for alln > k. We
call K satisfies the Interval-valued intuitionistic fuzzy
ascending chain conditionf for every ascending
sequenced; C A; C --- of ITFIsin K, there exists
a natural number such thafi,, = i, forall n > k.

The following lemma is obvious.

Lemma25Llet A = (fia, Aa) be anIIFI of
K and lets, t € Im(na), 5, t € Im(\a).

Thgn U(ﬁA;'sV)N = U(pa;t) <= s = t, and
L(Ag;3) = L(Aast) <=5 =1.
Theorem 26 Let K be a K-algebra. Then every

ITF1I of K has finite number of values if and only if
KC is Artinian.

Proof: Suppose that everyi F'I of K has finite num-
ber of values bufC is not Artinian. Then there exists
a strictly descending chain

G=AyD>DA DAy D ---

of ideals of/C. Conditions (1) and (2) of Definition 3
hold obviously. In order to prove (3), we consider an

interval-valued intuitionistic fuzzy set = (fia, Aa)
given by

- [%H,niﬂ] ifxEA \ Apt+1, n=
pra(w) = 1,1 ifxe m Ay,

Aa(z) == [1,1] = fia(x).

Letz,y e K. Thenz 0y, y © (y© ) € A, \ Anta
for somen = 0,1,2,---, and either: ©® y ¢ A, or
yoO(yox) ¢ Apyrr. We now letr,y € Uy, \ Apt1,
for k < n. Then, it follows that

a@) = [ s,
pat) = o+ U = ey k+1

> min(ua(z ©y), fraly © (y © ))).

Thuspis isanlIF1 of K andp4 has infinite num-
ber of different values. In a similar WaiA is also
anITFI of K and)\ 4 has infinite number of different
values. Hencel = (ig4,\4) isanIIFI of K andA
has infinite number of different values. This contra-
diction proves that th& —algebralC is Artinian .
Conversely, if theK-algebrak is Artinian then we
can letA = (fia, A\a) be anITFT of K. Suppose that
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Im(ji4) is infinite. Then, we can observe that every
subset ofD|0, 1] contains either a strictly ascending
sequence or a strictly descending sequence.
Now, let [Sl,tl] < [82, tQ] < [83,t3] < v
strictly ascending sequenceim (i 4). Then

be a

D U(pa;[s2,t2]) D Ul(fia;[ss, t3])
)

U(fia;[s1,t1])

is strictly descending chain of ideals & Since/C
is Artinian, there exists a natural numbesuch that
U(ﬁA; [Sivti]) = U(NAv [Sz+n7 H—n]) foralln > 1.
Since([s;, t;] € Im(i4) for all 7, by applying Lemma
25, we haves; = Sjin, t; = tiyn, foralln > 1. This
is a contradiction since;, ¢; are distinct. On the other
hand, if[s1,t1] > [s2,t2] > [s3,t3] > - - - is a strictly
descending sequenceim(i ), then

C U(pa;[s2,ta]) C U(pa;[ss,ts])
C

U(pa;[s1,t1])

is an ascending chain of ideals #&f. SinceC is
Artinian, there exists a natural numbgrsuch that
Ulfia; [sjs t5]) = U(pa; [8j1n, tj4n]) foralln > 1.
Since [sj,t;] € Im(na) for all j, by Lemma 25
8j = Sj4n ,tj = tj4n foralln > 1, which is again a
contradiction since;, ¢; are distinct. This shows that
Im(fia) is finite. Forlm() 4), the proof is similar.

O

The proof of the following theorem is routine and we
hence omit the proof.

Theorem 27 Let a K-algebra K be Artinian.
If A = (@a,Aa) is an IIFI of K, then
Uz, = [Im(pa)| and [Ly | = [Im(Xa)],
WhereUﬁA andLXA are families of all level ideals of
K with respect tgis and) 4, respectively. O

Theorem 28 Let a K-algebrak” be Artinian. If A =
(ta,Aa)andB = (vp,np) arelI F1s of K, then the
following statements hold:

0 |U;,] = |U;,| and Im(zia)=Im(vp) if and
onlylqu UB,

(i) [Lz,| = |Ly,| and Im(Xa)=Im(7jp) if and
only if A= nB.
Proof: () If pa = vp, thenU; = U;_ and

Im(pa) = Im(vp).
U;B and Im(ﬁA) = Im(ljB).

Now we suppose thaﬁf;A =
By Theorems 26
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and 27,Im(pia) = Im(vg) are finite andUy; | =

[Im(pa)| and|U; | = [Im(vp)|. Let

Im(ﬁA) - {t~17t~27 e 7t71}
and

Im(ﬁB) == {év17<§v27 o 7/8‘7-’;}7
wheret; <ty < -+ < t,ands; < § < -+ < 5,.
This shows that; = s; for all i. We now prove
that U (fia;t t;) = U(vp;t ) for all i. Note that

Ufia;t1) = K = U(vp;t1). ConS|derU(uA7t2)
and U(EB,tg) Suppose thaltf(uA,tg) £ U(vp;ta).
ThenU (fia;ta) = U(uB,tk) for somek > 2 and
U(vp;ta) = U(fia; t;) for somej > 2. If there exist
x € G such thafis(z) = t, then
pa(z) <t; Vij>2. (1)

SinceU (Jia; t2) = U(Up;tx), © € U(p;ty). This
implies thatvg(xz) > t, > to, k > 2. Thus
x € U(Up;ls). Sincel(vp;t) = Ulfiasty), « €
U(fa;tj). Hence

fia(x) > t; for somej > 2. (2)
Clearly, (1) and (2) contradict each other. Hence
U(fia;t2) = U(vp;tz). Continuing in this way, we
eventually obtair/ (fia; t;) = U(7p; t;), for all i.
Now letz € G. Suppose thafis(z) = t; for some
i. Thenz ¢ Ul(jia;t;) foralli +1 < j < n. This
implies thatz ¢ U(vp;t )for ali+1<j < n.
But then we haveg(z) < t] foralli +1<j <n.
Suppose thabiz(z) = t,, for somei < m < i.
If i # m, thenz € U(vp;t;). On the other hand,
since fia(z) = ti, = € Uluasti) = U(vpits).
Thus we arrive a contradiction. Hen¢e= m and
fia(z) = t; = vp(x). Consequentlyiy = Up.

(if) The proof is similar and is omitted. O

We now characterize the Noetheri&Ralgebra in
the following theorem .

Theorem 29 A K-algebraXC is Noetherian if and
only if the set of values off T[F'Is of K are well
ordered subsets dp[0, 1].

Proof: Suppose thatl = (fis, A4) is anIIFI of
K whose set of values is not a well ordered subset
of D[0,1]. Then there exists a strictly decreasing se-

quencels,, t,] such thatis(z,) = [sn,t,]. Denote
by U,, the se{z € G | ia(z) > [sn,ts]}. Then
U1 C U2 (- U3 s
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is a strictly ascending chain of ideals &f. This Proof: It can be easily seen thafl4; =
clearly contradicts thafC is Noetherian. Hence,  (Ajia,,\/A4,) is anIIFI of K. Letz € G and
Im(i4) must beNa well-ordered subset @&f[0, 1]. f € End(K). Then
Similarly, for Im(A4).

Conversely, assume that the set of values of BRI (Nier Ba)? () = (Nier Bia,) (f(2))
of K is a well ordered subset db[0, 1] and £ is not =inf{fia,(f(z))|i € I}
NoetherianK -algebra. Then there exists a strictly as- < inf{pa,(x)|i € I}

< pa ()|

cending chain

= (Nier Pa;) (),
UycUs,cCcU;s--- (*)

o) () = (Voo Aa
of ideals ofKC. Define an interval-valued intuitionistic Vier Aa,)' (@) B (VEIX)‘AZ)(f(x)), I
fuzzy setA = (14, 24) on K by putting = sup{A4; (f(2)) [i € [}

< sup{Aa,(z)|i € I}
) [ 7] for o € A\, = (Vier M) (@).
HA) =0 [0,0]  forag U A, L
k=1 HenceN;c; Ai = (Aier Ba,, Vier A4,) is aninterval-
valued intuitionistic fully invariant ideal of. ad

Aa(x) = [1,1] — fia(z),
Then, we can easily prove that = (jia, A4) is an i
ITFI of K. Since the ascending chair)(is not Theorem 33 Let H be a nonempty subset of a alge

terminating,A has a strictly descending sequence of brak andA = (fia, A1) anI1FIs defined by

values, this contradicts that the value set offdii'/ .
~ ( ) { [SQ,tQ] ifxe H,
HA =

[s1,t1] otherwise,

is well ordered. Consequentl, is Noetherian. 0O

Finally, we state a theorem of Noetheriain- al-

gebra. Since the proof is straightforward, we omit the - [, Bo] if x € H,
proof. Aa(z) = .
[a1, 1] otherwise,
Theorem 30 If IC is a NoetheriankK -algebra, then where [0,0] < [s1.t1] < [s2t] < [L1],
everyIIFI of K is finite valued. 0,00 < [a2,6] < [anB] < [L1]
0,0] < [siti] + [ag, 8] < [1,1] for @ = 1,2.
5 Fully invariant and characteristic _If His an mterval—valuiad intuitionistic fully invariant
ideal of IC, thenA = (114, \4) is an interval-valued
lIFIs intuitionistic fully invariant ideal ofiC.

Definition 31 An ideal F' of a K-algebrak is said

to be afully invariant ideal if f(F) C F for all Proof: We can easily see that = (ﬁA,XA) is an
[ € End(K), where End) is the set of all endomor-  [7F[ of K. Letz € G andf € End(K). If 2 € H,
phisms offC. An IIFI A = (jia,\a) of L is called thenf(x) € f(H) C H. Thus, we have

a fully invariant if 7i,(z) = fa(f(z)) < fia(z)

and ), (z) = Aa(f(z)) < Aa(z) forall z € G and fih(z) = fia(f(z)) < fia(z) = [s2,ta],
f € End(K). _ _ B

Mi(@) = Xa(f(@) < () = [z, o).
Theorem 32 1f {A;|i € I} is a family of For if otherwise, then we have
ITFT fully invariant ideals ofC, then(V;c; A;i = _f N N
(Aicr Baq» Vier Aa;) is an interval-valued intuition- fra(z) = fa(f(@)) < fa(z) = [s1, 1],

istic fully invariant ideal oftC, where

N Fia; () = inf{fia,(2) [i € I, w € L} My (@) = Aa(f(@) < Aa(@) = s, Bi].
HANT) = M A, (L) |2 y L )

el Thus, we have verified thatt = (fis, A4) is an

_ _ interval-valued intuitionistic fully invariant ideal of
\/)\Ai(l‘):sup{)\Ai(a:)HGI,IGL}. K. O
il
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Definition 34 An ITFI A = (jia, Aa) of K has
the same typas anlIFI B = (up,Ap) of K if
there existsf € End(K) such thatA = B o f,

L. fia(@) = fip(f(@)), Aalz) = Ag(f(x)) for all
r €Q@G.

Theorem 35 I1FIs of K have same type if and only
if they are isomorphic.

Proof: We only need to prove the necessity part be-
cause the sufficiency part is obvious. If BhF' I A =

(Jia, A\a) Of K has the same type @ = (jip, Ap),
then there existp € End(K) such that

ia(@) > fip(p(2), Aa(x) > Ap(e(z) Va € G.

Let f : A(K) — B(K) be a mapping defined by
f(A(z)) = B(p(x)) forall x € G, that s,

Flia(z) = fip(e(@)), fAa(z)) =

Then, it is clear thaf is a surjective homomorphism.
Also, f is injective becaus¢g(iia(z)) = f(ua(y))
for all 2,y € G implies jip(¢(z)) = jin(e(y)).
Whence pia(z) = pp(y). Likewise, from
Fa(@)) = f(Aaly)) we concludeha(x) = Ap(y)
forall z € G. HenceA = (jia, A4) is isomorphic to
B = (jip, A5). This completes the proof. O

As(o(x)) Vo € G.

Definition 36 An ideal C of K is said to becharac-
teristic if f(C) = C for all f € Aut(K), where
Aut(KC) is the set of all automorphisms &. An
ITFI A = (114a,Aa) of K is called acharacteristic
if 2a(f(z)) = pa(z) andia(f(x)) = Aa(x) for all
x € Gandf € Aut(K).

Lemma 37 Let A = (fia, A4) be anIIFI of K and

letz € G. Thenjis(z) = &, Aa(z) = 5 if and only

if z € U(fia; t), z ¢ U(,uA, 5) andz € L(\a,3),
z ¢ L(\y,t)forall 5>t

Proof: Straightforward. a

Theorem 38 An I1F is characteristic if and only if
each its level set is a characteristic ideal.

Proof: Let anIIFI A = (fia,\a) be character-
istic, t € Im(fa), f € Aut(K), z € U(fia;t).
Thenfia(f(z)) = fia(z) > t], which means that
f(a) € U(fat). Thus f(U(fast)) S U(fast).
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Since for eachw € U(fia;t) there existsy € G

such thatf(y) = = we havejia(y) = a(f(y))
pa(xz) > t, whence we concludg € Uf(fia;!

).
Consequentlyz = f(y) € f(U(ua;t)).
Hence f(U(pa;t) = Ul(pa;t). Similarly,

F(L(X433)) = L(Xa;3). This proves that/(fia; 1)
andL(\ 4; s) are characteristic.

Conversely, if all levels ofA = (jia, A4) are char-
acteristic ideals ofC, then forx € G, f € Aut(K)

andjig(z) =t < § = Aa(z), by Lemma 37, we

have:ceU(ﬁA;t) ¢ Ul(fia; )andxeL(AA, s),
z ¢ L(Aa;0). Thusf(z) € f(U(fia;P) = U(fia;i)
and f(x) € f( ()\A, 9)) = L35, ie.,
pa(f(z)) > t and AA( (x)) < 5. For
fia(f(z) = & > & da(f(x)) = 51 < 3
we have f(z) € U(nait) = [f(U(pait),
f(x) € L(Aa,51) = f(L (Aa;51)), whence
x € U(past1), € L(pa;s1). This is a
contradiction.  Thuspa(f(z)) = pa(z) and

M(f(2)) = a(z). S0,A = (Jia, Aa) is character-
istic. O

As a consequence of the above results we obtain
the following theorem.

Theorem 39 If A = (fia, M4) is a fully invariant
IIFI ,thenitis characteristic.

6 Conclusions

In the present paper, we have presented some prop-
erties of interval-valued intuitionistic fuzzy ideals
of K-algebras. It is clear that the most of these
results can be simply extended to interval-valued
intuitionistic (7', S)-fuzzy ideals, where&S andT" are
given imaginable triangular norms. In our opinion
the future study of (interval-valued intuitionistic)
fuzzy ideals of K-algebras can be connected with
(1) investigating (o, 3)- fuzzy ideals; (2) finding
interval-valued intuitionistic fuzzy sets and triangular
norms. The obtained results can be used in various
fields such as artificial intelligence, signal processing,
multiagent systems, pattern recognition, robotics,
computer networks, genetic algorithm, neural net-
works, expert systems, decision making, automata
theory and medical diagnosis.
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