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Abstract: In this paper, we consider the existence and uniqueness positive solutions of the following boundary
Neumann problem[]

—Au:a(x)u—b(x)f(u)xeT,Z—uzo, on 0T,
n

where T ={x=(x,x,, -, xy):xy >0},(N 22), a(x)and b(x) are continuous functions with b(x) positive on
RY and nis outward pointing unit normal vector of 8T, we show that under rather general conditions on

a(x)and b(x) for large |x|and f(u)behaves like u?, where constant ¢ >1, the above problems possesses a

minimal positive solution and a maximal positive solution, respectively, Moreover, we establish a relationship
between the above problem and the following problem
—Au=a(x)u—b(x)fu)xeR",

We establish a comparison principal which our proof of the existence results rely essentially on. and make use
of a rather intuitive squeezing method to get the existence theorems. Furthermore, by analyzing the behavior of
the positive solution for the problem in whole space, we show the boundary Neumann problem in half space has
only one positive solution. Our results improve the previous works.

Keyword: Sub-super solution, Neumann problem, Comparison principle, Positive solution, Squeezing method

1 Introduction continuous functions with b(x) positive on R" and
In this paper, we are concerned with positive n is outward pointing unit normal vector of 0T,
solutions of the following boundary Neumann Equations of this kind in bounded or unbounded
problem region with different boundary values have attracted
—Au = a(xu—bx)f@w), xeT <R extensive study because of its interest to

u (1) mathematical biology, Riemannian geometry and

o 0, ondl' generalized reaction-diffusion and in non- Newtonian

hereT = fx = . o). (N> 2 fluid theory. The existence of exact solution and the
w .ere == (3, xp,0, 2y ) 1 xy > 0, (N 22), asymptotic and numerial solution of problem (1) for
q is a constant greater than 1, a(x)and b(x) are  (ifferent nonlinearities have been attracted
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considerable interest in the last decades. We refer to
[1,5,6,7,8,10,13,20]and the references therein for
some of the previous research.

Recently, the Dirichlet problems with different
types in the upper half space or rough boundary
domains, under two measures on the boundary, have
been thoroughly investigated (see
[2,3,4,23,24,25,26]). In 2004, Du and Guo in [15]
proved that any boundary positive solution of the
following Dirichlet problem:

—Au=f(u),xeT
{ u=0,xeol
is unique and is a function of x, only provide that
f 1s locally quasi-monotone on (0,) and satisfies:
(2) for some a>0,
f(s)>01in(0,a), f(s)<O0in(a,o),
(3) for some small d>0, there exists a constant
& >0 such that
f(s)>ds forall se(0,0)

We say that f(s)is locally quasi-monotone on (0,0)
if for any bounded interval [s,,s,]c[0,%) , there
exists a continuous increasing function L(s) such that
f(s)+ L(s) is non-decreasing in s fors € [s;,s,].
Clearly, this condition is less restrictive than
requiring f(s)to be locally Lipschitz continuous on
[0,00) .

In 2005, fora is a positive constant (oroo ), Dong
in [12] showed that the folowing problem

—Au=fu),xeT
{ u=a,xeol
has a unique positive solution if f(s) is locally
quasi-monotone on (0,0) and satisfies (2).

In the present paper, we will consider the boundary
Neumann problem in the upper half space for more
general nonlinearity. We only consider the existence
of positive solutions. By a positive solution to (1), we
mean a function ueW"NQT) satisfying u>0 in

T such that
J' Du- Dydx = j g(x,u)pdx, Yy € C2(TUT)
T T

and
a—u =0, on oT
on

Where g(x,u) =a(x)u—b(x)f(u).
Through out this paper, we always assume that for
some y and & such that y >0, there exist positive

numbers a,,a, and S, 3, such that
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. a(x) . a(x)
o) =lim, Wsaz =lim, W
4
. b(x) b(x)
B :ll_mlem _faﬂz R LU —
| x| | x|

and f(u) satisfies the conditions(5)and (A42) listed
below.
5): f(®©)=0, f()/t is increasing on (0,00) and
lim, ,, f(u)/u=0;
1

(6): jl F(t) 2dt < oo, where F(t)= Iotf(s)ds

It is easily shown that under these conditions,
problem (1) has at least one (weak) positive solution.
By standard regularity theory of elliptic equations,
any W.-*(R") solution of (1) belongs to C'(R").

Let us now describe our results in more details. In
section 2, we establish a comparison principal which
our proofs of the existence results rely essentially on.
We make use of a rather intuitive squeezing method
as follows to obtain the existence theorem as follows.

Let B, be a ball on RY with centered at origin
with radius » , Q,=B,NT , I,=0B,NT and
I, =0rNQ, . Then for large » >0, the following
problem:

—Au=a(x)u+b(x)f(u),xeQ,

u=0,xel
@:O,xerz
on

has a unique positive solutionu, . On the other hand,
the mixed boundary problem

—Au =a(x)v+b(x)f(v),x € B,
u=o0o,xelj
v =0,xel;,
on
has a positive solution v, . When r increases to
infinity, u,and v, converges to a minimal positive

solution and a maximal positive solution for (1),
respectively, namely:

Theorem 1 Problem (1) possesses a minimal positive
solution # and a maximal positive solution u ,
respectively.

In order to obtain a complete understanding of
problem (1), in section 3, we need to study the
following problem:

—Au = a(x)u—b(x)fu), xe RY )
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Under the assumptions on a(x),b(x) and f(¢) ,
furthermore, for some positive constants d,,d, and
g >1, f(¢) satisfies

IO 5 4y >0, limy .

/o _
tq
We obtain the following asymptotic behavior of
positive solutions for (7) as| x |- o first.

lim

d, <o (8)

t—0

Theorem 2  Suppose uc<C'(RY) is a positive

solution of (7). If (4) and (8) are satisfied, then for
some positive constants ¢, and ¢, such that

0<c¢ <c, <o, we have

q-1
lim, T |7()§) 2 ¢ ©
and
N q-1
im0 (10)
x|F

Next we combine the squeezing method in [18]
with the iteration argument motivated by one
attributed to Safonov (see also [14,17]) to obtain the
uniqueness result in whole space.

Theorem 3 Suppose f(¢) satisfies (8). Furthermore,
if f(u) satisfies:

S (w)

when y > 7,lim =k >0
U—>0 u
wheny<r,lingf(:l) =k, >0 (11)
u—=0 gy

when y =7, f(u)=Cu?,C >0

Then problem (7) has a unique positive solution.

In section 4, we establish a relationship between
the positive solutions of (1) and ones of (7), and
utilizing the uniqueness result for problem (7), we
obtain our main uniqueness result:

Theorem 4 Assume that f(¢) satisfies (9) and (11),
then problem (1) has a unique positive solution.

2 Existence of Positive Solutions of

Problem (1)

In this section, we adapt the comparison principle in
[16] and modify it, we obtain the following new
comparison principle.

Lemma 5 (Comparison principle) Suppose that Q
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is a bounded domain in R which 6Q splits into
I and T, a(x) and B(x) are continuous

with S(x)>0, B(x)0 on Q and |a|.,.<o. Let

L(Q)
u,,u, € C'(Q) be positive in Q and satisfy (in the
weak sense)
Auy +a(x)uy — f(x) f(u) <0< Auy +a(x)u, — f(x) f(uy)
in Q and
limaist(x,r,—0) (Uy —111) <0
Ouy , Oy
on on
where f(u) is a continuous function which for

,xel,.

everyx € Q, f(u)/uis strictly increasing for u in the
range inf{u,u,} <u <supo{u,u,} . Then wu, <u, in
Q

This Lemma can be easily derived from Lemma 2.1
in [16].

Lemma 6. Suppose that Qis a bounded domain in
RY and pB(x) are continuous with A(x)>0 . If
A(Q,a) <0 and f satisfies (4,)—(4,) , then, the
following problems

M= a(u-pEf@xe®
u=0,xe0oQ2
has a unique positive solution.
Proof. Let ¢ be a positive eigenfunction

corresponding to 4,(Q,«). Since lim, , f(£)/t=0,
then for all small positive constant &, it easily
checked that &¢ is a subsolution of problem (12).
Since f satisfies (8), we can easily obtain
lim,_,, f(t)/t=.

Hence there exists a large number M, >0 such

that for all
M>My, a(x)M -p(x)f(M)<0.

Thus, M is a supersolution of (12). A standard
sub-and super solution argument (see [10,19]) implies
problem (12) has at least one positive solution.
Let u;(x) and v, (x) be two arbitrary positive

solutions of (6), by Lemma 5 with T =0Q, we have
u;(x)Svi(x) and u (x)2v(x).

Then it has a unique positive solution.

Next we will show the existence result Theorem 2.

Let B, be a ball on R" with centered at origin with

radiusr,Q, =B, NT, I'=0B,NT and I, =0T NQ,.

Now we consider the following problem:
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—Au=a(x)u+b(x)f(u),x<Q,

u=0,xeTl (13)
6—u=0,x el,
on

Since condition (4) holds, by the properties of the
first eigenvalue (see [11,21]), there exists a large
ry > 0such that for allr > 7, A(Q,,a) <0. By Lemma
6, the problem (13) with Q=0 has a unique
positive solution u,. It is clear that u, satisfies

0
u; =0, xel and ﬂSO, xel,
n

Then by the comparison principle Lemma 5, we
obtain u, is a subsolution of equation (13). Since f

satisfies (42), we can easily obtain

lim w@ZOO

-
Hence there exists a large M >u, such that for
allM >M,, a(x)M —b(x)f(M)<0.Thus, Misa
supersolution of (13).

By standard sub-supersolution method for elliptic

equation, the problem (13) has at least one positive
solution u, in the order interval [u;,M]. It follows

from Lemma 5 that it has a unique positive solution.
Let us choose an increasing sequence of positive
real numbersr, >ryand r, > as n—o. By the

discussion above, problem (13) withQ, =Q, has a

unique positive solutionu, .It follows from Lemma 5
that u, <u
for u,(x) on any fixed Q, , then by a standard
u(x)=lim,_, u,(x)
well-defined in7 and it would be a positive solution

of problem (1). To find such an upper bound, we
consider the problem
—Av=a(x)y=p(x) (), x € Qp, V]sq,=®

By Theorem 1.1 in [9], the above problem has a
positive  solution v(x) Then clearly by the
comparison principle Lemma 5, we obtain

u,(x) <v(x), VxeQpg

for all large n such that r, > R . This is the bound we
are looking for, and hence the existence of a solution
for (1) is proved.

Fromu, <u,, we find

u(x)=u,(x)>0

for each »n, and hence u is a positive solution of (1).

If we can find an upper bound

n+l ¢

regularity argument, is

For an arbitrary positive solutionu of (1), we can see
that u satisfies
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—Au = a(x)u =) f(w),ul >0
By Lemma 5 u>u,on Q, foreach n,and hence
uzu=lim, ,u,

So u is the minimal positive solution of (1).

Next we will show the existence of a maximal
positive solution of (1). To this end, we choose an
increasing sequence of real number r, such that

r, >was n—oand denote B, =Q, .We consider

the following mixed boundary problem

—Au=a(x)u—b(x)f(u),xeB,

u=o,xel (14)
%zo,xel}
on

Obviously u =0is a subsolution of problem (14). By
Theorem 1.1 in [9], the following equation

—Av=a(x)v-p(x)f(v),x€B,
v=0,xe€0B,
has a positive solution and we denote it asv,. It is

0
easy to show av”
n

>0and v,is a supersolution of (14).

Thus problem (14) has at least one positive solution

uy,

Applying Lemma 5, we see
u, >u,, >u,xeB, forall n.

So u=lim, ,, u, is well-defined on7 . Furthermore,

by standard regularity considerations, we know u

satisfies (1) on 7 and u>u, so u is a positive
solution of (1).

Clearly any positive solutionu of (1) satisfies, for
each n,

—Au = a(x)u —b(x) f(u),
ou

“\r1<°°,a—=0-

It follows from Lemma 5 that we see
u,2u on B, forall n,

and hence

u=lim, , o, 2u

The proof is now finished.

3 The Whole Space Problem

In this section, we will prove the asymptotic behavior
of the positive solution of problem (7), and then make
use of this result to prove the uniqueness result in
Theorem 3.

Before we start to prove our uniqueness result
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Theorem 3, we need the following existence lemma.

Lemma 7. If condition (4) is satisfied, then problem
(7) possesses a minimal positive solutionu and a
maximal positive solution u .

Proof. By condition (4), there exists a larger >0,
such that 4,(B,,a) <0, and it follows from Lemma 6
that the following problem

—Au=a(x)u—p(x)f(u),xeB,
{ u=0,x€e€0B,
(15)
has a unique positive solutionu, .

Let us choose an increasing sequence of positive
real numbersr, with n >rand r, >oas n— o .By
the properties of the first eigenvalue in [11,21], and
by Lemma 6, problem (915 withr =7, has a unique
positive solution u,, . By the comparison principle
Lemma 5, we deduce

u, <u,,.
If we can find an upper bound foru, on any mixed By,
then

u =lim

by a standard regularity
u_is well-defined in R" and it would be

n—0 n

argument,

a positive solution of (7).
To find such an upper bound, we consider the
problem

{—Au:aump¢%mfwxxeBR (16)
u=0,xe€0By
Theorem 1.1 in [9] implies that (16) has a positive
solution v. Then by Lemma 5,
u,(x)<v(x),Vx e By
for all large n such that r, > R . This is the bound we
are looking for, and hence the existence of a solution
for (7) is proved.
From u, <u,,, wefind u>u,(x)>0
for each n,and hence uis a positive solution of (7).

For an arbitrary positive solution u of (7), we can
see that » satisfies

—Au = a(x)u—f(x)f (), ulp >0
So u is the minimal positive solution of (7).

Next we will show the existence of a maximal
positive solution of (7). To this end, we choose an
increasing sequence of real number r, such

that , >0 as n-—>o and denote B,=B, .We

consider the boundary blow-up problem:
~Aw=a(x)o- f()f(@)in B, uly =0 (17)

It follows from Theoreml.1 in [9] that (17) has a
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positive solution and we denote it asw,. Applying

Lemma 5, we see
o, 2w0,,,2u, xeB, forall n.

Thus

n+l

u=lim, , @

is well-defined on R" . Furthermore, by standard
regularity considerations, we know u satisfies (7)
on RY and u>u, so u is a positive solution of
(.

Clearly any positive solution u of (7) satisfies, for
eachn,

n

—Au=a(x)u—px)f(u), u |6B,n <
It follows from Lemma 5 that we see
w,>u on B, forall n.
And hence
u =lim

n—>0 w}'l >u

This finishes the proof.
Next we will show the asymptotic behavior of
positive solutions for (7) as| x |- o and use the result

to prove Theorem 3.

Proof of Theorem 3: Because f(u) satisfies (8),
then there exist two positive constant 0<#h <h,
such that
! < f(t) < hyt? (18)
By Proposition 3.2 in [10], the following problem:
—Av = a(x)v - hyb(x)v!, x € RY (19)
possesses a minimal positivev.

By the constructions of the minimal positive
solutions v, on any fixed B, we have

—Av>a(x)v-b(x)f(v)
By Lemma 5, we can easily obtainv <u, where u is

the minimal positive solution of (7). By Lemma 3.1 in
[11], we have

VR,
| x|”" b,
Thus there exists ¢, >0 such that

q-1
: u’ (%)
th\xl—wa | x |}/—r =

(20)

By the same method as above, the following problem:
—Av = a(x)w - hb(x)o?, x e RY 21)
has a maximal positive solution such that u<a,

where u is the maximal positive solution of (7). By
the Lemma 3.1 in [14], we have

q-1
: o? (x a
limjxj—»e () <z

X" B

(22)
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Thus

g
W _ar
|lx”" B

It follows from (20) and (23) that the Theorem 3 is
complete.

What remains is to show the uniqueness result for
problem (7). The following technical lemma is the
core of our iteration argument to be used in the
uniqueness proof.

(23)

limjy—eo

Lemma 8 Suppose that (4), (5), (6), (8) and (11) hold,
u,,u, are positive solutions of (7). Then there

exists R > 1large so that, if x, € R” satisfies, for some
k. >2k>1,

| xo > R, 5 (x0) > kuuy (xg)
thus
constants ¢, = ¢, (R, k) and », = ry (R, k) independent of
x, and k, such that

we can find y,eRY , and positive

| Yo —xo =77 | xo—y/z’ uy (¥9) > (L+co)kauy (vo) (24)
Proof. By (4), (9) and (10), for all large R, >1and

| x > R,, we have

1/2)a; | x| <a(x)<2a, | x|

and

A/2)By | x["<a(x)<2p, [ x|
And, for i=12,

| x]0D <y (x) < gy [ [T (26)

where

(25)

(04 a
gy = (17 2)(~2) "D gy = 2(22
1 hy 3, S ¥

We now fixed R, >1 large enough so that

R™77'2 <1/2 and (25), (26) hold for all x satisfying
| x > R, /2 .Then we define

Qp = {xeRY 1uy(x) > ko ()} N B, (xy),

)1/(q—1)

where
r=rylxo |72, B, (xg) = {xre RY | x—xo [< 7},

and r, €(0,1) is to be determined below.

Clearly xeQ,implies

| %0 | =r <l x|l xg [+7,
which in turn implies, due to | x, |[> R, [x| >R and our
choice of R, ,
(1/2) | xq < x < (3/2) | xg | (27)

Using (25)-(27) and the assumption that
uy, —ku, >0 inQ,, we now consider A(u, —k,u,)
inQ, in three cases.

Casel:y>r.
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By Theorem 2, if y >z, then u(x)—o0 as|x|—> .
Then, it follows from (11) that

fim L0 _

P> 3 (x)?

So for some ¢ >0 small enough, there exists a
large R, > R, such that if |x[> R,,
we have
(b —eu? < f(u) < (k +e)u?
and
(ky — &)k, = (ky +£)>0
Then we deduce, for xeQ,
A(uy (x) = kouy (x))
=—a(x)(uy (x) —kuuy (%)) +b(x)(f (uy) =k [ (uy)
> —a(x)(uy (X) = Koy (X)) +b(x)((ky = £)uy5
—k.(ky +&uy)
> —a(x)(uy (X) = kg (X)) +b(x)((ky = &)uy |
— ko (ky + &)
> 20y | x| (uy(x) = kot (X)) + b0k, (ke =)k
—(k; +¢))
2 M | 7 (s ()~ Kt () 3 K |31 47,
-
x| 7k — o)k = (ky +£))
2 =M | x, " (uy(x) =k (X)) +mk, | x, |
where
Lr=nq

M =2a, max((%)y,(%)y),a =7

1 _ 1, 3.
ml:EAlqﬂl((kl—g)k*q 1—(k1+8))m1n((5) »(5) )
Case2: y<r.
By Theorem 2, if y<z , then u(x)—>o as

| x | o Then, it follows from (11) that
tim L) _
o gy(x)4

So for some ¢ >0 small enough, there exists a
large R; > R, such that if |x|> R;,
We have
(ky —eu? < fu)<(k, +&)u?
and
(ky — &)k, ™" —(ky +£)>0
Then we deduce, forx e Q,
Auy (x) —kouy (x))
=—a(x)(uy (x) = kuuy (%)) + (x)(f (uy) =k f (uy)
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> —a(x)(u (x) — kytty () + BE)((ky — )y
—k,(ky, + g)ulq)

> —a(x)(1 (x) ~ kot () + BE((k — )y
—ky (hey + £)u)

> 20, | x| (uy(x) = ko, (%)) +b(x)kui
(ks =)™ = (ky +6))

2 M |5, (20~ ko () + ke |3
AL x| T (k=K = (ky +£))

> M| %, |7 (3 (6) = kytty (X)) + myk, | x, |

where

Lr=na

M =20, max((5)7 (5,0 =

iy =5 AL Uy =K =y + ) min()7, ()7

Case3: y=r1.

It follows from (11) that there exists a
large R, > R, such that f(u)=Cu?. Then we deduce,
for xeQ,

Auy (x) —kuy (x))

=—a(x)(uy (x) —kouy (0))+b(X)(f (uy) = ko f(uy))
> —a(x)(uy (x) = kyuy () +b(x)(Cuy s —Cull)

> —a(x)(uy (x) = kyuy (x))+b(x)C(kduy ! — ko)
> =201, |x|" (u, (x) = kot (x)) + B(X)C(kfu — k)

> M |x.|" (u, (x) — ko, (x)) +1

7 (1, () — ket () + myk.

Xs X

4B ke — k)

(el
>-M |x, X

where
_ o =09
(g-D

B AIC(k™ ~1) min((%)”, (%)”)

M =2a, max((%)y,(%)y),a

1
2
Overall, for
R>max{R, R, R, R }, m=min{m,m,,m} >0
we have
Ay (x) =kt (x)) 2 =M | x. |7 (u, (%) = ke, (x)) + mk | x. |
With these preparations, we now define
o(x)=(2N) "' mk, | X, I (=] x —X, ).
Clearly o(x)>0 inB,.(x,)
and

n;

Aw=-mk, |x,|*.
It follows that, forx € Q,

A, —kay +@) 2 =M | x, [ (, —kay)) 2 =M | x, " (u, —ky, + )
(28)
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If we denote by 4,(Q) the first eigenvalue of -A

over Q under homogeneous Dirichlet boundary
conditions, we have

A4(Q4) <(B,(x)) =4 (B, (x,)).

Therefore, by the definition of,, , we obtain

2@ 22 X, 1 4,
where 4 =4(B,(x,)) is independent ofx,. we now
choose 7, €(0,1) small enough so that

1A >M
And hence

A(Q) =M [x, .
Then by the maximum principle (see [5]), due to (28),

U, (Xy) — ket (x) + (X)) S max y, (u, —kt, + ).

We observe that the maximum of (u, —ku, + ).
over 9Q, has to be achieved by some y, €9B,(x,)
any y, €0Q,\0B.(x,) by the
definition of Q, u,(y)=ku,(y) and hence
1, (V) ket (0) + @) = ] ) < (xy) <1ty (05,) k(%)) + of0xy ).
Thus we can find y, €0Q, satisfying |y, —x,|=r
(hence «(y,)=0) such that
uy (¥y) =kt (3y) = uy () — ke, () + @(yy)-
> u, (x,) =kt (x,) + o(x,)
>a(x,) = (2N) " mk,
= N k[

(r=7)/(q-1)
yo|

since satisfies,

5 2
x0|r

> dk,
where

d =(2N)" mr? min{(1/2)" 21D (2/3) =Dy 5
and we have used (27). Making use of (26), we finally
deduce

Uy (yo) - k*”] (yo) > dk. | Yo ‘(yir)/(qil)z clﬂ;lk*u1 (yo)~
Therefore we can take ¢, =d ;"' and the proof is

E)

complete.

Proof of Theorem 3: By Lemma 7 above and
Theorem 2, under conditions (4) and (8), problem (1)
possesses a minimal positive solution #, and a
maximal positive solution u, and any positive solution
of (1) satisfies (9) and (10).

u2

u

Let kl :E\x\%w
1

By (4) and (5) we know that £, >1 is finite. If %, =1,
then for any ¢>0 there exists R, >0 such that for all
x satisfying | x> R,

Uy (x) < (1+ &)y ()

Since (1+é&)u, is a supersolution of (7), we apply
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Lemma 5 over Q= B,(0), R>R_, and deduce
uy(x) < (1+ &), (x), xeR".
Letting ¢ — 0 we obtain u, =u,. This complete the

proof.
Next we will prove the result is true when &, >1.

Therefore there exists a constant ke (l,k) and a
sequence {x, } such that
u,(x,)/u(x,)>k, n=12,...

We are now ready to apply Lemma 8. Let
R ,ryand ¢, =cy(R,k) be determined by Lemma 8.

We recall that R satisfies R™77'? <1/2. We first
find an integer j > 1 such that

| x, [= o0,

. u
(I+¢,) k>sup,. u_2 .
1

Since| x, |» «, we can then find 7, large enough
such that
|x, |(1/2) > R.
Taking x, =x, and k. =k in Lemma 8, we can
find y, =y, such that

‘—y/Z

|y1_x0 |=VO|X0 > ”2(y1)>(1+co)k”1(y1)
Clearly
Ly 2 xg [ =ry | x, 722 Lo [(1-R™7"?)
>|x, |(1/2)>R
We now take x, =y,and k. =(1+¢,)k in Lemma
8, and we can find y, such that
|y, =»l=rly 7", u, (y,) > (1+Co)2k”1(yz)
Let us note that
| 2y [(1/2) 2%, [(1/2)" > R.
We can repeat the above process until we obtain
y; which satisfies
u(v,)>(A+co) ku(v)), |y, Blx, [(1/2) >R
Therefore
u . .
M 2(+c) k> SUD,. L
Lll (y,) ul
This contradiction completes our proof.

Remark If a(x)=a(x|) and b(x)=5( x]|), then
the unique positive solution of (7) must be radially
symmetric solution, we can use the methods in
[7,8,20] to obtain the analytic solution.

4 Proof of the Main Theorem

In this section, we will span the positive solution of
problem (1) to whole space, and use the results in
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section 3 to prove the uniqueness Theorem 4.
To start, we should prove the following lemma.

Lemma 9. Assume u, to be an arbitrary positive
solution of problem (1), letting
{u, xeT
u=
u, xe RV\T
Where wu, =u,(x,,%,,--,—xy), xe&R"\T, thenuisthe
positive solution of the following problem
~Au=a(x)u—-b(x)u?, xeR".
Proof For any R > 0, we denote
r=B,NoT, Q =B,NT, Q,=B,\Q,
By a simple computation, we can obtain that u, is a

positive solution of

—Au=a(x)u—-b(x)u’,xe QPZ_M =0.
n

Next we will show that

u=ulo; xX€Q u=uly; xeQ,

is a positive solution of the following equation
—Au=a(x)u—b(xu?, xeB,. (29)
ForVe e C’(B,), since
(AU, 0) 2 4,
= J.BR —Au - pdx

= jBR DuDpdx — LBR Z—zgodx

= J'Ql DuDg + JQ: DuDgdx

= L}l —Au,pdx + .[m, a—zi‘godx + .[QZ —Au,pdx
+ jmz%@dx

= J.Ql [a()c)u1 - b(x)ul"](pdx
+ IQ: [a()c)u2 - b(x)ul J @dx

= J.B [a(x)u - b(x)u"}(pdx

= (a(ou = b, 9) s,

Hence uis a positive solution of problem (29). It

follows from the arbitrary of R that
u=u, xel, u=u,, xeR\T
is a positive solution of
—Au=a(x)u—b(x)u! xeR".

The proof is complete.

Now we are ready to complete the proof of Theorem

4,

Proof of Theorem 4 Let u,(x) and v,(x) be two
arbitrary positive solutions of (1). By Lemma 9, letting
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u,xel
u= N
Uy, xe R"\T

and

vi,xeTl
V= N
vy, Xx€ RU\T

We know that u(x)and v(x) corresponding to u; and
v, , respectively, is the positive solution of
—Au=a(x)u—b(x)u! xeR".

By Theorem 3 above, the problem in whole space has

only one positive solution. It follows that
u(x)=v(x),x e RY
Thus u=v,xel

This completes our proof.

5 Conclusion
In this paper, under less restricted conditions on
coefficients a(x)andb(x), we obtain existence and

uniqueness theorem for a class of semilinear logistic
equations with Neumann boundary value in
unbounded domain in RY . It improves the previous
result. We can use the same method to handle with
more complicated cases. For example, assume that

the coefficient b(x)=0 and b(x)#0 on R", named
degenerate logistic type semilinear equations, if the

volume of the set D={x:x e R", b(x)=0} is small

enough we can show the unique result in our paper
remains the same.
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