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Abstract: - In the present paper there is presented a solution with linear boundary elements of lagrangean type
for the singular boundary integral equation obtained by an indirect technique with vortex distribution for the
bidimensional compressible fluid flow around bodies. The singular boundary integral equation the problem is
reduced at is formulated in terms of primary variables-the components of the velocity on the boundary.

Numerical solutions for the components of the velocity and the local pressure coefficient are obtained, for
different types of obstacles, with some computer codes made in MATHCAD, based on the method exposed.
For some particular cases, when analytical solutions exist a comparison study between the numerical solutions
and the exact ones is also done. It can be seen, from the graphics obtained, that the numerical solutions are in
good agreement with the exact solutions of the problem.

The paper is also focused on a comparison study between the numerical solutions obtained when the indirect
method with sources distribution is used and the numerical solution presented in this paper when boundary
elements of same type are used for solving both singular boundary integral equations.

Key-Words: - Compressible fluid flow, boundary element method, vortex distribution, linear boundary
elements

1. INTRODUCTION done by converting the equation to a weak
formulation.

For solving boundary values problems for systems : o ) )
There exist two principal techniques of applying

of partial differential equations different numerical

methods can be used. Most of them are able to find BEM method:

the solutions by using the differential equations as o the direct BEM method,;

they are given, without any further mathematical e the indirect BEM method.

manipulation. They approximate the differential Both of these methods offer the principal
operators in the equations by simpler ones valid at a advantage of the BEM over other numerical
series of nodes within the region, like the finite methods - the ability to reduce the problem
difference method, or they represent the region itself dimension by one. This property is advantageous as
by finite elements which are assembled to provide it reduces the size of the system the problem is

an approximation of the system involved, like the
finite element methods.

The Boundary Element Method (BEM), also
known as the Boundary Integral Method, is a
modern numerical technique which can be included,
together with the Finite Element Method, in the
large class of Galerkin methods. These are a class of
methods for converting a continuous operator
problem to a discrete problem. In principle, this is

equivalent with, and so improves computational
efficiency.

When solving a problem with this method two
important steps have to be made: first, we must
obtain an equivalent boundary formulation for the
problem involved, in fact a boundary integral
equation or a system of boundary integral equations,
and then, this boundary integral equation which
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usually is a singular one must be solved.

For solving the boundary integral equation many
types of boundary elements can be used: constant,
linear quadratic or higher order boundary elements.

The Boundary Element Method reduces the
problem to a system of linear equations (see [1], [2],
[3]), and further the problem can be solved with a
computer.

The aim of the paper is to solve the problem of
the compressible fluid flow around an obstacle
using a boundary element approach based on the
indirect method with a vortex distribution, and to
solve the singular boundary equation that results
with linear isoparametric boundary elements of
Lagrangean type.

2. Advantages brought by applying

BEM with vortex distribution

The problem has been studied by many authors,
with different kinds of techniques. There have been
made different assumptions for simplifying the
mathematical model of the problem. Some early
techniques deal with the case of the incompressible
fluid flow and use linear equations, linear boundary
conditions and sometimes the boundary condition
was satisfied not on the boundary but on the chord
of the profile.

By applying the BEM to solve this problem only
the first assumption is still use. So the BEM uses the
nonlinear boundary condition which is satisfied on
the obstacle’s boundary, not on its chord.

The BEM was first applied only for the
incompressible case and the boundary integral
formulation was obtained in terms of potential
function or stream function. The measures of
interest for the problem, like the velocity for
example, were obtained after evaluating the
derivatives of the unknowns of the problem, and so,
new errors were introduced at this stage.

The BEM with vortex distribution, presented in
this paper, besides the advantages brought by the
BEM, offers also the advantage that deals with the
compressible case and leads to a boundary
formulation of the problem in terms of primary
variables-the components of the velocity field —
eliminating so the errors that could appear by
evaluating the derivatives, and bringing so more
accuracy to the numerical solution.

We first present the problem to solve: a uniform,
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steady, potential motion of an ideal inviscid fluid of
subsonic velocity U i , pressure p_ and density p,,

is perturbed by the presence of a fixed body of a
known boundary, noted C, assumed to be smooth
and closed. We want to find out the perturbed
motion, and the fluid action over the body.

Denoting by v the perturbation velocity (u, v its
components along the axes) and using
dimensionless variables we have the following
mathematical model:

ou oOv
—+—=0
ox Oy
o ou ’ (1
ox Oy
with the boundary condition:
2
(ﬂ+u)nx+ﬂ vy, =0 onC, 2)

where 7 is the normal unit vector outward the

fluid, # has the usual signification, g = \ll—M2 ,
and M the Mach number for the unperturbed
motion.
It is also required that the perturbation velocity
vanishes at infinity:
limv =0.

o0

3. The boundary integral equation -

vortex distribution
The fundamental solution of vortex type is the
solution of the following system (see [6] ):

out o'

—+t—=0

ox Oy

o' ou

= ==&, y-
o o (x=&y-n)

Its name comes from the fact that the perturbation
produced by the presence of ¢ appears in the second
equation of (1), equation which expresses the fact
that the perturbed motion is irrotational, and it has
the following expression (see[6]):
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Approximating the boundary with a continuous
distribution of such fundamental solutions, having

the unknown intensity g(fc), the components of the

perturbation velocity for a point situated in the fliud
domain are first found. They are given by the
formulas:

2\ 1\ y-n
u(f)— > ig()c)‘)_c_a2 ds

27Z'C by

WE)= - fel®) = ds
q

For obtaining the components of the perturbation
velocity we must take the limit of the above

integrals for & —> X,, a regular point on the

boundary. As it can be observed, the above integrals
are singular for such points.

It is necessary to use the concept of the Cauchy
Principal Value of an integral for dealing with the
singular integrals see for example [10].

This concept is defined in many books and its
definition is very simple and natural.

Fig.1.
For evaluate the limit of an integral that has in

X, a singularity we have to isolate this point with a

circle of a very small radius, noted &, that intersect

ISSN: 1109-2769

Luminita Grecu

the considered boundary along the arc, noted ¢ .

So we have: §: § +j§ .

C C-c c
If, fore — 0, the integral j'> tends to a finite
C—c

limit, then the limit is called the CPV of the integral.
Noting with the prim sign the CPV of an integral,
we have the relation:

' =lim § .

C &0 C—c

Assuming that g is a H o lder function on C, in
[6] is obtained an integral formulation for the
problem. the components of the perturbation
velocity for a regular point on the boundary are
found. They are given by the following expressions:

Al

ul%) = %g(xo )"g - fa(r)——C s

\ 3)
S T W S A Wk
W)= 2g(xo)"x - ég(X)‘x_xo‘z ds

0 0
where n,,n

yare the components of the normal unit

vector outward the fluid evaluated at?co eC.

Using the boundary condition the singular
boundary equation is deduced and has the following
form:

)ﬂz(x—xo)nﬂ ~(y=yo)ng
7 - %/

=2/n! (4)

ds =

_ 1 _
~M?g(3 Jniny +— [g(x
T ¢

with the same notations as before.

The goal of this paper is to solve the singular
boundary integral (4) using boundary elements that
offer a global continuity for the unknown of the
problem, so for the unknown intensity g.

For solving integral equations method of
successive approximation, orthogonal polynomials,
or Krylov subspaces can be used for example. In
case of solving singular boundary integral equations
or more general, singular boundary integro-
differential equations, approximate solutions can be
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obtained by using the collocation method as in
[4]and [5].

For the singular boundary integral equation (4) in
[8] a collocation method is used and good numerical
results are obtained.

4. Linear boundary elements for
solving the singular boundary inegral

equation
In this paper, in order to solve the singular boundary
integral equation (4) we use linear isoparametric
boundary elements of Lagrangean type (see [1], [2],
3D

We choose N nodes on the boundary, so on C, and
we approximate the boundary with a polygonal line
the i=1,N and the

having segments L, ,

extremes: (xll , yll) and (xl.z, yi2 ) in a local

numbering system.
We have relations:

(xiz’yf):(xilﬂayilﬂl I<i<N-1

and

(2,02 )= (<, 20),

contour C being closed.

element i

nodes

Fig.2.

An isoparametric boundary element uses the same
shape functions for local describeing theunknown
and the geometry of the element.

For describeing the geometry of a boundary
element we use a local system of coordinates which
has the origin in the first node of an element , and so
we have the relations:
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ztelol], )

2 2

{x = xl.l(/)1 + xl.z(p2
y=y0' +ylo

where @,,®, are the shape functions given by:

0'(t)=1-1,¢%(t)=

Using isoparametric boundary elements we have,
for the unknown g, the local representation:

(6)

11 2 2
g§=8¢% t8&¢ (7
where g} , gi2 are the nodal values of the unknown,

it means the values of g at the extremes of the
boundary element L, , in the local numbering.

These values satisfy the relations:
2 1 . 2 1
g =g, 1Si<N-1,and gy =g.

For simplifying the writing we shall not use the
prim sign to specify that an integral must be
understand in  its  Cauchy sense. For

X, =)_c;, A7 =1,_N in equation (4) we obtain an

algebraic system of N equations each of them of the
following form:

~M’ninjg;+

bosihd

le

[lelo' +glo \ﬂ( )n

1
”i i ‘x—x

Il
—_

®)

5. Coefficients evaluation
With the notations:

Pl b b

aij=ﬂLji§0 ‘)_C_)_C}‘z ,
ﬂngozﬂ (x x‘)_c)n_)_cl‘(;} yj)n ds (9)

J

we get the following equivalent form for (8):
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Zg,,ﬁZg . =2pnl,  (10)

where:
a; =a; fori# j,and

aly = ( M n’n’)+aﬂ, 'jzl,_N. (11)

After doing some calculous we get the following
relations for the above coefficients:

( t\'B [x - X; +t(x —xl)}r; g

i
T

=l

at* +2bt +c
_Z_IJ( )[yz y]+t(l yz)}7 di =
o at® +2bt +¢

gy ol 25 -
—y;)lo +(y,~2 -2y; +y})11]—
LB

- (y12 _yz'l)lz

_li”,{ ( 1

hzibﬂ%ﬁ—%+4ﬁ—ﬁWim_
Y ry at2+2bt+c
T
7r0 at® +2bt +¢

=%[(x} —xi)ll +(xi2 _xil)IZ]_
s+ 7 ]

(12)

With /., k=0,1,2 we have noted the following

integrals:
ik

1
j dt, k=0,1,2,
0 at® +2bt +c

2
where a =1,

bz(xl-1 —X}Xxiz —xil)Jr(y}

S )
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=1 =1

2

For the components of the the normal unit vector
we use the relations:

2 1 1 2
Y=Y XX
x Z ’ny

j j

n JVi=1LN. (13)

A computer code can be use to evalute these
integrals but, for limitting the errors that appare
because of the numerical approach, the nonsingular
integrals are computed analitycally and for the
singular ones the definition of the Cauchy Principal
Value is used.

a)The nonsingular case

For i# j—1 when j=2,N and i# N when

j =1, we get the following expressions:

1 arct ,
‘ ac—b & c+b
_Llna+2b+c_ b aret ac—b’
' 2a c aNac —b? g c+b
1221_%lna+2b+c 2b* —ac, (14
a a c
b) The singular case
For i:j—l(jZZ,N) and for i=N

when j =1, so for the singular integrals that appear
we get:

,and 1, =0. (15)

Achieving this stage we can observe an important
aspect: all the coefficients in (10) can be analytically
evaluated and they depend only on the coordinates
of the nodes chosen for the boundary discretization.

Returning to the global system of notation, so
considring that:

g =8 =gm fori=LN-1, g% =g
and noting:

=4
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A =al +b_, fori=2,N points of the fluid domain too wusing the
v T discretizated expressions of (3) .
A; =aj;+byand T, =2pn], Vj=1,N (16) Regarding the fluid action over the body, we can

evaluate the local pressure coefficient, noted c¢ P>
we deduce the following equivalent expression for

using the relation:
system (10):

N J—
Y A;8 =T, ,j=LN. (17) cp==u"—v"-2u. (20)
i=1

For evaluating the singular integrals that appeare

3 "5 ; This coefficient is one of great importance for
when solving second order elliptic equation of

the problem because it is used to obtain the lift

Poisson type, for the three dimensional case, with force. It is known that for profiles with smooth
Boundary Element Method, an approximate boundary the lift force doesn’t appear because of the
technique based on the auto solid angle evaluation same values of the local pressure coefficient on the
can be used as in [11]. intra and extrados of the profile.

It is important to specify that all the coefficients
6. Evaluating the nodal values of the in system (17) have analytical expressions and

velocity’s components and of the local therefore no errors are introduced for their

< evaluations. All these coefficients depend only on
pressure coefficient on the boundary the coordinates of the nodes used for the boundary

After solving this system and finding the nodal discretization, and so, it can be use a computer code
values for the unknown function, in fact the nodal to solve the problem.

values of the vortex intensities, noted g;,i = I,_N, ) )
the components of the velocity on the boundary (for 7. Numerical results and conclusions

the node )—le_’ j =1,_N) can be evaluated starting Eor solvipg system (17) and for evaluating the
fluid velocity and the local pressure coefficients

there is developed a computer code in MATHCAD
that uses relations (18), (19), (20). These numerical
solutions are compared with the exact solutions that
exist for the particular case of a circular obstacle and

from formulas (3).
With the same notations as before we get the
following expressions:

2 2
ul = L ni o+ LY } Y + ) @ N an incompressible fluid (M=0).
) &5y 2x & 1 2z & 1 In [7] the bidimensional problem of the
N ' , 1 1 ' . %ncompressible fluid flow around a circular obstacle
+2 e d [(y[ -y, )[0 +(y,~ -2y, +y; )[1 —(yi - )i )12]+1s exactly solved. The expressions of the
jf:, & components of the perturbed fluid velocity are
N, obtained and they are given by the following
+ ;:27[&2 [(y,l - y_l, )’1 + (y2 yll )’zl (1 8) relations:
i#) u'=-U_cos20,v'=-U, sin20
1 , . For the dimensionless components we get:
1 1, 1 X=X 1 ,Xx—X; u=-cos260,v=-sin26, (21)
V4:——g. j——gﬂ ——g —
/ 2700 2t 22771, and further, for the local pressure coefficient, the
following expression:
N [ g eXp
=Sl o (67 25!+ = (7 - )-
il cp=—1+2c0s26. (22)
N
i 21 2 1
a ,Z‘ %g i [(x i )[1 + (x P T )’2] (19) Another computer code gives us the solution for
i#j this case. Both programs can be run for different
number of nodes wused for the boundary
We can compute the fluid velocity for different discretization.
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For the case when we use 20 nodes for the
discretization the solutions obtained are represented
in the following graphics.

In Fig. 3. there are represented the values
obtained for the velocity component along the Ox
axis. In Fig. 4. there are represented the values
obtained for the velocity component along the Oy
axis.

The pressure coefficient is represented in Fig. 5.
The numerical solution is in good agreement with
the exact one.

We can verify with this graphic a well known
result too: the circular obstacle is a non-lifting
profile because of the local pressure coefficient
symmetry. For corresponding nodes on the upper
and the lower boundary it takes the same value. As
we know this is a consequence of the fact that the
analyzed profile has a smooth boundary.

15

05
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[N )\
1 2/4 567 8\101112/1415161718&20
VA

nodes

——Vx exact]

VX
o

—o—vx linear|

-05 /
-1

-15

Fig. 3. The velocity along the Ox axis: case of
vortex distribution with linear boundary elements
and the exact solution.
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20

cp
AN

—a&— exac
—e— linear|

-1,5 \ // \ //

AN/ N
NS A

-3,5

nodes

Fig. 5. The local pressure coefficient for the case
of vortex distribution with linear boundary
elements, and the exact solution.

As we can see from the graphics the numerical
solutions are in good agreement with the exact
solution, and a small number of elements (20) is
sufficient for obtaining satisfactory results.

As it is natural the numerical solution is
influenced by the number of nodes chosen for the
boundary discretization. We can observe this from
the following graphics where the nodal values of the
local pressure coefficient are performed for different
number of nodes on the boundary. There were
considered 10, 15, 25, and 30 nodes for the
boundary discretization.

cp

N AN
NN

0

N\ //

\

7
/.

N/

\_/

V

—— exact

>
B

0

-0,5

zZ 3 45 Nj 8 91%121314151&\.7181920

—a— vy exact
—e— vy linear

-4

nodes

Fig. 6. The local pressure coefficient for the case of
10 nodes: numerical solution and exact solution.

-1 | — —

-15

nodes

Fig. 4. The velocity along the Oy axis: case of
vortex distribution with linear boundary elements
and the exact solution.
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cp
15

05

// \

o

05 4

w”

—8—vortex

cp
AN

—k—exact
'1: 4

v

\ // AW

28 \\ //

)

-35

nodes

Fig. 7. The local pressure coefficient for the case
of 15 nodes: numerical solution and exact solution.

cp

A

14
0 AT T

—8— Vortex|

—&— exact

IRVARY/

nodes

Fig. 8. The local pressure coefficient for the case
of 25 nodes: numerical solution and exact solution.

cp

15 17 21 23 25 27 29

nodes

- Vortex|

—&— exact

Fig. 7. The local pressure coefficient for the case
of 30 nodes: numerical solution and exact solution.

As expected, better results are obtained when
using more nodes on the boundary, but the results
are very good when using 20, 25 and 30 nodes. For
better  observing the numerical  solution
improvement brought by the growth number of
nodes we consider in Fig. 8 the maximum values for
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the errors that appear in each of the above cases. We
notice that these values decrease with the growth of
the nodes number.

errors

16

N\

12

max error

0,6 \\

0,4

0,2 \\‘\\\\\
‘\\\\'________—*

10 15 20 25 30

number of nodes

Fig. 8. The maximum errors for 10, 15, 20, 25 and
30 nodes on the boundary.

We can also see from the graphic that a number of
nodes bigger than 20 for the boundary discretization
does not lead to a substantial improvement so much
that to justify the computational effort.

It appears reasonable to expect better results by
using higher order boundary elements for solving
the singular boundary integral equation because
they allow a better approximation of the geometry,

In paper [9] the boundary integral equation,
obtained as an equivalent form for the involved
problem, by applying the indirect method with
sources distribution of unknown intensities, is
solved with linear isoparametric boundary elements
of Lagrangean type.

In the same paper the numerical solution is
compared to the exact one for the same particular
case: the circular obstacle and the incompressible
fluid, and there were obtained good results. For the
boundary discretization there were also used 20
nodes.

In the following paragraphs the numerical
solution obtained in this paper is compared to the
exact one, and to the one obtained in case of sources
distribution, for the mentioned particular case-the
circular obstacle. The comparison study is made
through the local pressure coefficient, cp .

In the following graphics we perform the exact
nodal values of c¢p and the numerical ones obtained
with sources distribution and vortex distribution
and the errors that appear in each case in order to
see which of the two numerical solutions offers a
better result.
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15
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12\%\45678//101112\\&1415161718#20
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FRR VARV
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Fig. 9. The local pressure coefficient: exact
solution, sources distribution and  vortex
distribution.

The errors that appear are represented in the
following graph. Because of the symmetry of the
profile the numerical solution is also symmetrical
and so the errors are.

TANNA
AR

0,0

o
=)

o
o

o
~
\

error value
o
w

orv
—8—error s

o
N~

o
i

123 456 7 8 910111213 14151617 18 19 20
nodes

Fig. 10. The errors between the exact nodal values
of the local pressure coefficient and the numerical
ones obtained: with vortex distribution (error v) and
sources distribution (error s).

As we can see the errors obtained when the
obstacle’s boundary is assimilated with a vortex
distribution are smaller than the errors obtained in
case of the sources distribution for many nodes (12
from 20 nodes) and also there is a big difference
between the two maximum errors values obtained in
these cases. This can be better notice from the
following figure.
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max. errors

0,6

05

04

0,3 1
m errors

02 1

0,11

error v error s

Fig. 11. The maximum errors for the case of
vortex and sources distribution.

The numerical results presented in the above
paragraphs show that the indirect boundary element
method with vortex distribution and linear boundary
elements offers for the problem of the compressible
fluid flow around an obstacle a better solution than
the one that uses a sources distribution and linear
boundary elements, and very good results for a quite
small number of discretization nodes.

With the same computer code based on the
method presented in this paper, numerical solutions
can be obtained for any kind of compressible fluid
flows, for different values of Mach number, not only
for the incompressible case, and for other kinds of
obstacles with smooth boundaries too.
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