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Abstract: - We consider the fluctuations of shapes of two phases boundaries of the one-dimensional
statistical mechanics models. By applying the theory of one-dimensional random walk, the models of the two
phases boundaries are constructed by assuming that there is a specified value of the large area in the
intermediate region of the two phases boundaries. Then we investigate the asymptotical behavior of the
corresponding sequence of probability measures describing the statistical properties of the two phases
boundaries. We show that the limiting probability measures coincide with some conditional probability
distribution of certain Gaussian distribution. Further we discuss the properties of fluctuations of phase
separation lines for the Ising model, and we obtain the asymptotic properties of the two interfaces S.0.S.

model.
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1 Introduction

The problem of description of shapes of phase
boundaries is a well-known problem in statistical
mechanics systems. In recent years, some research
work has been done to investigate the statistical
properties of the random phase boundaries for some
statistical physics models, for example see Refs. [1-
8]. In this paper, we consider the statistical limiting
properties of the two random phases boundaries
model. This work originates in an attempt to
describe the fluctuations of the phase boundaries in
two random phases boundaries models (e.g. one-
dimensional two random phases boundaries S.O.S.
model). In Ref. [1], the statistical properties of
random walks and the interface of Widom-
Rowlinson model (conditioned by fixing a large
area under their paths and conditioned by fixing the
terminating point) are considered, and the central
limit theorem for these conditional distributions is
proved. In [7], the interfaces of supercritical Ising
model (see [9-11]) on the lattice fractal---the
Sierpinski carpet is studied. The similar problems
arise in describing the fluctuations of two random
phases boundaries models. In the first part of the
present paper, with the conditions “fixed area” of
the intermediate layer and “fixed end points” in a
two random paths model, we study the limiting
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properties of the two random phases boundaries, see
[12]. In the second part of this paper, the research
results of the first part will be extended and
improved, the statistical properties of the interfaces
of S.0.S. model and the two-dimensional stochastic
Ising model are studied. We show that the heights of
the fluctuations of phase separation lines of the Ising
model occur on a scale 1"?(Inh)"? for a large
parameter S and a large | (where the Ising model

is considered on a rectangle of horizontal side length
2l). Then we discuss the asymptotic properties of
the two interfaces S.O0.S. model, and obtain the
corresponding limiting results for the two interfaces
S.0.S. model.

In this paper, we consider the phase boundaries
(or interfaces) models consisting of the interfaces
without overhangs, and therefore its configurations
of the horizontal length L are represented by set of
heights h, € Z, xel, ={X;,% +L..%+L} cZ.
At each site x of the one dimensional lattice Z, we
attach the variable of “heights” h, € Z, therefore the

configurations of the random interfaces model on a
horizontal set L, (with the length of L) are

represented by sets of heights Q= {h}={h,}

xely '

for the simplicity, we assume X, =0. The energy of
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the configuration {h}={h} s determined by
the Hamiltonian

H. ()= 3U (.. ~h)

where U(-) is a real-valued function. There are
many possible choices for the function U(-), this

means that the results of the present paper can be
extended to some other interfaces models. For the
sake of simplicity we restrict ourselves to the case

of integer-valued heights h, eZ . Let a positive
parameter B be an inverse temperature, and the
finite partition function of this system be

Z y= Z"'zeXp[_ﬂHL(h)]-

hez hez
Then the corresponding Gibbs  probability
distribution on Q, is given by

P, (h)=(Z.,) exp[-AH, ()] .

Next we consider the two phases boundaries
statistical mechanics model. At each site x of the
one dimensional lattice Z, we attach two variables
of “heights” h},h’ e Z, therefore the configurations
of the random paths model on a horizontal set L,
are represented by sets of  heights

{hl,h } {hi,hx} ., for the simplicity, we also

X

assume x, =0. Now we define the interfaces of the
two random interfaces model as followings, for
te [0,1] ,

X[‘l(%j:h}, jel,
X[‘l(t)z(j+1—Lt)X[‘(U (Lt- )X (’:1}

J<Lt<j+1
and XBZ(%) sz

above definitions.

(t) are defined similarly as

For xel, and x>1 , let & =h —h
n,=hi—hZ, , so we have h;=>" & and
hy=>"n . where let &=0, 7,=0 . Let
é={&,xely}, n={n,xel,} , then the

Hamiltonian of the model on the horizontal set of
L, isgiven by

HLEm =Y (U6) +U, ()
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where U, (), U,(-) are real-valued functions. The

partition function of the dynamic system is defined
as following

ZL,ﬂ =ZeXD[—ﬂHL(§,77)] )

&
where £ is a positive parameter called an inverse

temperature. The corresponding Gibbs probability
distribution on is given by

PL,ﬂ (95177) :(ZL,,B )_1 eXP[—ﬂHL(fS'U)] .

Thus we have the corresponding

(LD

From above definitions, &={¢&,xeL,} and

interfaces

n={n,xeL,} can be seen as the sequences of
i.i.d. random variables respectively. So, the two
random interfaces model has two independent
random SOS paths, that is, the model corresponds to
the ensemble of two independent self-avoiding paths
in [0,L]x Z starting from (0,0) and ending at sites

z in the line {x=L} (where z=(x,y)), which do

not go back in the horizontal direction. Next we
introduce the generating function of the height of
the endpoints for one “step”, that is, for a fixed

Xely,let

Q(uv)=
2 ) [ expl - ()]
Sl Sl

where  Q(u,v) is independent of x and

—o<&,,n, <+o. Due to the independence of the
random variables {¢,,xel,} and {n,xely} ,
thus

Quv) =
> exp| Bué + Bviy |exp[ -AH, (&1 J/zw

én
where

L L
E=X¢& and 7=)7,.
x=1 x=1
For (u,v)e RxR, we define

.1
o(uv)= ILILnIX

0

|n[2exp[ﬂ#§ + pvilexpl-AH (7 ]/Zuzj

by the Refs. [1][3][6], it is known that this limit
exists if (u,v) is in some neighborhood of the

origin.
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The aim of this paper is to study the asymptotes
of fluctuations of the two random interfaces
conditioned by fixing a large area between the two

random interfaces. Denote by a° , a’ representing

the areas under the paths X; [%j , xg(%)

respectively, and denote by a’*=a’-a’
representing the area of the intermediate layer
between the two random interfaces. For a real ¢,
and 0<s<1, assume that

F (8 ps) =g o(-1-9)4(1-5)60)

$0=0o
j (S5 B.5)ds=a (1)

where a>0 is some constant. Above (1) is an
important condition for this paper, we will use this
condition to fulfill our proof in the followings. Then
we state the main results of this paper.

Theorem 1 Assume that for some §(4)>0 and
there exists a real £, satisfying above
condition (1) and ‘50‘ <5(p

YL(t):%{Xf(t)—Xf(t)—%j;F(fo,ﬁ,s)ds}

under P_, (.‘a’ﬁ :LaLJ), converges weakly to the

a>0,
), then the process

process

-1

conditioned that j

(1-5)Z5.(1-5), )dB(s)

t)dt=0, where {B(s)}_ is

$>0
the one dimensional standard Brownian motion, and
| aL | is the integer part of aL .

Remark 1 In Theorem 1, the model is only
conditioned by fixing a large area between the two
random interfaces and having the same starting
endpoints. The results can also be proved similarly
for the two random interfaces with fixed value of
area and the two same endpoints.

Theorem 2 Let (oﬂ'(,u,v)zai(o(,u,v), and
17

F, (5. 8.5)==0'(-(1-5)&,.(1-5), ) . With the
same conditions of Theorem 1, the probability
distribution of the random process —Xf(t)/L ,

under P_, (.‘a’ﬁ =LaLJ), converges weakly to the
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corresponding probability distribution concentrated
on the function

t)=%jg4/Fﬂ(Eo,ﬁ,s)ds

of
the Two

2 Convergence
Measures for

Interfaces Model

In this section, we begin discussing the area
between the two random paths. Then we show the
some results about the weak convergence (see [12])
of random vector of the two random interfaces for

the model. Now we define the areas of a° ,a’ ,a’*
as followings,

al = ih;/L :i(l— X/L)E,,
2 =Y L=Y (1-x/L,
ar ey —af =Y (1-x/L)(7,~ &)

x=1

Probability
Random

By the independence of {&.,xel,} and
{n.,xeLy}, the generation function of the area
a’* is defined by
Qag*é (é/)
:Zexp{ﬂga’[‘f}exp{—ﬂHL(é‘,ﬂ)}/ZLﬂ
s
L
=TT X exp{Be (1-x/L)(n - &) - B(IE]+m])}
XL
1
X
Z ,

(1-x/L),

—HQ( ):¢ (1=x/L)).

Let q be a natural number, and let {t,,1<i<q} be
any set of real numbers, such that 0<t, <...<t, <1.
Set a random vector as

>2<Lq>(t1, t) (av: L ’hﬁqq‘hftqq)'
Then for §=(§0,§1, e )eRq+1 we have

né

ﬁQ(—a(X:g)'a(x:g))

x=1

where
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gL(X§£) =Co (1_X/L)+iq21§illo,ui] (X)

For the real ¢, defined in (1) and some small
let £ eR™ satisfy the following
conditions

={¢i—a<¢y <+ als|<aii=1...qf.
Next we introduce the corresponding quadratic
form,a (q+ 1) x (g + 1) matrix denote by

VL(_é)
l ﬂX t1 ..... tq Hi (&) Z

where V, (¢) is analytlc in D, ,

constant « >0,

. Assume that

¢ €D, ., and according to the deflnltlon of V().

a,ly !
then uniformly in ¢ and y =(Yj,...,,) € R such

that M =1, we have

YW ()y-oyv(<)y, asLow
where
V(£) = Hess[nQ(-£ (s).£ (5) s

and
5(5)=§o(1—8)_zq:§i110,ti](s), for 0<s<1.

Let P B
)Z(Lq)(tl, .t,) under B,
2@ =R @)/ ELﬁ(exp{ﬁfx )t
forall JeD, »

be the probability distribution of

)

:(L’lZ)qu. Denote

be given by

and zeZ"
by Ef‘z(') the corresponding expectation function

for E.() . By the uniform boundedness of the

family of analytical functions V, (¢) for all L and

all g_“ in DM ,

Proposition 2.7 in Ref. [1], we have the following
Lemma 1 and Lemma 2.

according to Lemma 2.6 and

Lemma 1 Let §L§€Da; ,

L — o . Then the random vector

Y (b)) =

and ¢, >4 as
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converges weakly to a Gaussian random vector
y @ (tl, " q) of which covariance matrix is given

by V().

Let g, be the density function of the Gaussian

vector Y¥(t,,....t
have the following Lemma 2.

q) given in Lemma 1, then we

Lemma 2 Let Z(q)z(L’lZ)qu . then for each

) and ¢ €D, ; , define
1 Al A
7 € ZE‘”XL ZW(A ~E{% X{? (tl,...,tq)) :

Then we have
LR (z,) - gg (v )0, as Lo

uniformly in z, € Z\¥ and ¢ eb,

3 Convergence of Finite Dimensional

Distributions
In this section, we discuss the limiting properties of

the random vector X * (tl,...,tq) defined in Section

2, and show the proofs of Theorem 1. Then we give
the proof of Theorem 2, in fact, by using the
proofing method of Theorem 1, we can prove
Theorem 2.

Proof of Theorem 1. In Section 2, the random
vector X{*(t,,...t,) is given. First we consider the

convergence of the finite-dimensional distribution
of the random vector qu)(tl,...,tq) defined in
Lemma 1. Let ¢,{° be a special sequence in

D, o such that

& =(46:0..0) . ¢°=(£.0,..0)
where £, is defined in (1), and ¢\ o satisfies the
foIIowing condition

InQ

dé»O (40) o=CLo :I_aLJ ' (2)
by (1)(2), it can be proved that £’ —¢° as L >,
here we omit the proof. Let

XD (ty,ty) ~BHL (&0
o (St )——In[z PR tte), =AML (6 )/ZL,ﬂ]

&
and denote by
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D(Sitenty) =M (&3t

for (eDMO . By the uniform boundedness of

, we have

EE‘ZE >2<Lq> (tty)=

(Wit = )

Hess

\“\

—_—
—
QD
—
I_
ITI

=

él(_qéf( q‘lLJ N qtl'-J))

Lg?
Ly
- ﬂ( o)t
:%( PN (£ tynty) + (1),
By Lemma 2, we have for

—oo<aj<bj<oo, 1<j<q,
lim FA’(“)(yj ela; b ], 1< j<qz, =LaLJ)
—I|mPL( e[a;b; ], 1£j3q|20=|_aLJ)

L

J‘[al,bl]x,,,x[aq,bq] ggo (O’ Y1 Yq )dyl,..., Yq

020 (0 Yre Yo ) Y,
According to Lemma 1, let
YOty ) = (Yo, Y (0), Y 1))
be a Gaussian random vector with distribution
density g, (Yy,-., Y, ) - Then its covariance matrix is

given by

E[Y(tj)Y(tK)]
Z_IW ..
E[YOY(tJ.)}%[O‘
:_I ~(1-5)Z°,(1-5)Z°)ds
for j,k=1..,q , where arb=min{a,b} .

~(1-5)Z’,(1-5)Z°)ds

¢ (~(1-5)50,(1-5)C°)ds

This
means that {YO,{Y (t)}tE[Ol]} is a Gaussian random

process with covariance matrix given above for
every >1. In above proof, we suppose that

-t e L L)

for i=1..,q . Similarly to Ref. [1], the above
argument is also true if we replace

XQEMJ—XEL%J with X7 (t)—X{(t) for

L
every 1<i<q

X (tonty)

Then

under

the distribution of

Lﬂ( ‘a” ’ —LaLJ)
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converges weakly to the corresponding distribution
of Gaussian random vector Y, (t,.....t, ).

Secondly, the tightness of above conditional
distribution of the random process Y, (t) should be

discussed, see [1]. Following the similar argument
of Section 3 in Ref. [1], we can prove a sufficient
condition for the tightness of the considered process

Y, (t). So by the theory of weak convergence (see

[12]), together with the first part of this proof, this
completes the proof of Theorem 1.

Remark 2 According to the arguments of [1], and
with the results of Theorem 1, the probability
distribution of the random process

(X7(t)-X{(1)/L
under P_ ( ‘0/7 ¢ —LaLJ) converges weakly to the

corresponding distribution concentrated on the

function ,BJ. (£0.8.5)ds.

Proof of Theorem 2 Let g be a natural number,
and let {t,1<i<q} be any set of real numbers,
such that 0 <t <...<t, <1. Setarandom vector as

Xg(tv ’q)_( 77; hthLJ’ " hthLJ)'
Let g’L,g“ be a special sequence in D_ 0,such that
&0 =(£60..0), ¢£° :(go,o,...o)

where ¢, is defined in (1), and ¢\ o Is defined in (2).

Then we have the corresponding function as
following

o (St

For any ¢=(¢p.¢p-¢,)eR™  satisfy the
following conditions

={§:—a<§0<§70+a,|§i|<a,i=1, ..,q}.
Let

?(&tty) = imel (Eitty)
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for EEDanE , and Etg(-) is the corresponding
expectation function for X{(t,...t,) . By the
uniform boundedness of Hess . ¢, , we have

B} X{ (bt =

(LaLJ,Ei{ (o).

Ei a(
L 1 0.
:E(Vgﬂ)(ét’tl""'tq)

— (V0" )(£ oty )+

ﬂ(

where 1< j<q,and

Et <L ( hf‘l'-J ) =

> nQ(-¢t (k¢).¢2 (¢0)

X=l |

)

o(1)

¢=¢!
For the random vector X (t,,....t,), by using the

methods of Lemma 2.6 and Proposition 2.7 in [1],
we can have the similar results as that of Lemma 1
and Lemma 2. Then following the steps in the proof
of Theorem 1, we can prove that the probability
distribution of the random process

Al xem-Lie (2
\E{ XE(t) ﬁjOFﬂ(go,ﬁ,s)ds}
under P_, (‘a” 5—\_aLJ) , converges weakly to

some Gaussian distribution. Thus by Remark 2, the
probability  distribution of  the random

process —X; (t)/L , under PLﬁ(.‘a’L”szaLJ) :

converges weakly to the corresponding probability
distribution concentrated on the function

t)=%J‘;4/Fﬂ(§70,ﬁ,s)ds.

This completes the proof of Theorem 2.

According to the results of Theorem 1 and
Theorem 2, we have the following Corollary 1.

Corollary 1 Suppose that the definitions and
conditions of Theorem 2 hold, then the probability

distribution of the random process X/(t)/L ,
under P_ ( ‘a” ] —|_aLJ) , converges weakly to the

corresponding probability distribution concentrated
on the function

%J‘; go’ﬁ X dX——J go’ﬂ X)
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Proof. The random process (

‘a” f=|alL J)
can be written as
(xeQfer =[]

= (X7 (t)= X{ (t)]er? = aL )

H(X{ (O)]ar =[aL]).
For the first term of above equation, under
PL,ﬂ(-‘a["‘f =LaLJ) and by Theorem 1 and Remark

2, we have that the probability distribution of the
random  process (Xf( )— X (t ‘a” f= |_aL_|)

converges weakly to the corresponding probability
distribution of the function

j (So0B.x)dx.

For the second term of above equation, under
Lﬂ(‘a” 5—|_aL_|) and according to Theorem 2

and Remark 2, the probability distribution of the
random process ( X;(t ‘oﬂ ‘= LaLJ) converges

weakly to the corresponding probability distribution

of the function
1, =
3 Fu (o Bix)dx.

This completes the proof of Corollary 1.

4 The Fluctuations of S.0.S. Model
and Ising Model

In this section, we discuss the relations between the
two random interfaces model and the two interfaces
S.0.S. model and Ising model. The statistical
properties of the interfaces of S.0.S. model and
Ising model are studied in this section. The

Hamiltonian Hf(hl,hz) of two interfaces S.0.S.

model has the same definition of H_(h*,h*) in

Section 1. But the partition function of two
interfaces S.0.S. model is given by
APEEEDY exp[—ﬂHf(hl,hz)J
ht <hZ xely
and according to the definitions in Section 1, we
have the corresponding partition function
= exp[—BH; (1) ]
<y
where & <7 denote that & <n, forall xeL,
From above definitions, for the two mterfaces
S.0.S. model, the two interfaces of the model don't
intersect, so that, the two interfaces are not
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independent.  The  corresponding
measure is defined as following

R, (&) =(28,) exp[-BHS (Em) ]
onthe set {(£,7): & <n,, Vxel}.

In this paper, we discuss the most popular
ferromagnetic model that is the stochastic Ising
model. First we discuss the fluctuations of two-
dimensional Ising model. Since the S.0.S. model is
the simple case of Ising model, so our results of
Ising model in this paper can be done similar to the
S.0.S. model. Let z*? be the usual two-

dimensional square lattice with sites u=(u,,u,),
equipped with the 1, -norm:

probability

(3)

||U||=|U1|+|U2|.
Given Acz? , Q,={-1+1}" is the
configuration  space. An element of
Q, ={-1+1}* will usually denote by

&, ={&(u): ue A} . Whenever confusion does
not arise, we will also omit the subscript A in the
notation &, . Given a boundary condition 7, we
consider the Hamiltonian

H;(§)=—%( >

u)eAxA

Ju-u=t
- > (Sur) -1).
(u,u)eAxA®
u-uT=1
The Gibbs measure associated with the Hamiltonian
is defined as

w7 ($) =exp[—ﬂHX(§)]/ > exp[-BH (9]

(SWé) -1)

seQy
where B is a parameter. Note that we use
u (&) (not P ) to denote the probability
measure for the Ising model. The stochastic
dynamics which is studied in the present paper
is defined by the Markov generator
(AL F)(£)=Dco) F(&)-(&)]

ueA
acting on L*(Q,,du?7) , where &' =+£&(v) , if
v#u, and &'=-&(v), if v=u. c(u,é) is the
transition rates for the process ([9-11]), satisfying

nearest  neighbour interactions,  attractivity,
boundedness and detailed balance condition

c(u,&) 1l (&)=c(u, &) uf (&),
Let Q, =Z° be a rectangle of side length 2I

(horizontal size) and 2m. For the two-dimensional
Ising model (see [9-11]), by using the techniques of
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correlation functions for estimating the fluctuation
of phase separation (or interface) line, when

B>p ("9 is the critical point of lIsing
model), we can prove that, with probability larger
than 1—exp[ —¢,()Inl], the interface has a height

less than c(B)(1Inl)
¢,(8),c(B) are positive constants. Let O, be the

1/2
, where | large enough and

configuration space of the Ising model, and . be

the corresponding Gibbs measure with the boundary
condition 7, where 7 is defined by

-1
=11

for u=(u,,u,)ez?

Let z? be the dual lattice of z*, i.e,
Z?=7?+(1/2,1/2). For u,veR?, let [u,v] be the
closed segment with u,v as its endpoints. The
edges of z2(z?) are those e=[u,v] with u,v
nearest neighbours in zZ(z?). Given an edge e
of z?, ¢ is the unique edge in z? that
intersects e. We denote by B, the set of edges
such that both endpoints are in A, and by Ba
the set of all edges with at least one endpoint in
A . Given Acz?, we let A°=Z°\A and
define A* as the set of all uez? such that
d(u,A)=1/+/2 , where

d(u,A)=inf{lu—v|: ve A}.
The set of the dual edges is defined as
B, ={e": eeB.} . The interior and exterior
boundaries of A are defined by
OnA={ueA: FveA, |lu-vl=L1}
O A={UugA: IveA, |u-v|=1}
and 0,, A", 0, A" are defined in the similar way.

For simplicity, we call an edge in Z?2 by a bond,
so that we can distinguish it from edges in Z°. We
say that a neighbouring pair u and v in Z? are
separated by a bond e" if the edge e=[u,v]
intersects e". Let Acz? and re{-10,+1}* be
fixed, for every configuration & eQ, , we denote by
I'(¢) the collection of all bonds separating

neighbouring sites u and v such that:
(i) uveA,and EU)E(V)=-1 or

(iueA,veod A and E(U)r(v)=-1.

if u,>m+1
if u,<m

ext

ext
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We divide T'(¢) into connected components.
Further we use the convention that any pair of
orthogonal bonds that intersect in a given site u* of
the dual lattice Z? are a linked pair of bonds iff they
are both on the same side of the forty-five degrees
line across u”, then we regard that two linked pairs

at u” are not connected at u”. By this convention,
each connected component of T'(£), say T", has the

following propertieS'
(i) if uU" e A"\ o, A"
I' that intersect u” is always even;
(if) bonds in " can be ordered as e;,e/,---,e
that e and e

, then the number of bonds in

*
n?

SO
have a common vertex for every

i+1

, and if T" has a point u” at which 4 bonds in

I" which intersect u®, then there are i = j such

that these 4 bonds are divided into two linked
pairs {e/, e, }and {e],e],}.

We call these components of I'(£) by contours in &

(with boundary condition ). If for any u* e Z?, the

number of bonds in the contour I" which intersect

5

u® is even, then we call " a closed contour. A
contour which is not closed is called by an open
contour. The length |T"| of a contour is simply the

number of bonds in T".

Now we give the following Lemma 3 and
Lemma 4. They are important for us to estimate the
heights of the interfaces.

Lemma 3 For the two-dimensional stochastic Ising

model, let Q, be defined as above and
let p>p'ne For some k(B)>0 , set
m=[k()1"2(In1)"*1, k=[k(B)I**(In1)"*/10] .
Suppose that

Q. ={(u,u,)eQ,: U, <m-3k},
then there are ¢, (8)>0 and I,=1,(5)>0

independent of Q, , such that for all I>1, and
ueQ,,we have

1o ((Fq) )gexp[—c

where Fq,m

B)Int]

is the event

F ={ée9q (&) c{ueq,, v

and I'?

open

JREN

(&) denote those open contours produced
by the configuration GEEQQ.,m with  boundary

condition zon Q..
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Proof. The proof of Lemma 3 depends on the
estimates of the heights of the interfaces for the
Ising model. By the Lemma 6.10 of [8], for

B> B9 and some large constant M >0, when |
is large enough we have

1, (Tipen () 2 S(AB: M Inl))
<exp[ -« (8.M)Inl ] (4)
where A=(-l,m), B=(I,m), and x(5,M)>0 isa

positive parameter, let
S(A,B: MInl)

={ueQ,:[u-A]+|u-BIA-B|+MInl}.

According to the definition of Q, and Q,, by the
computation of S(A,B: MInl) and above (4), the
fluctuations of phase separation line occur on a scale
1¥2(In1)"?, that is, there are k(8)>0, ¢,(8)>0
(dependent on M ) such that

lem( open (§) 2 {Uu€Q u2213m/16})

<exp[ —¢,(B)Inl].

This inequality proves the inequality of Lemma 3.

Lemma 4 For the two-dimensional stochastic Ising

model, let Q, be defined as above and
let g>p'e For some k(B)>0 , set
m=[k(8)*2(In1)"*], k=[k(B)1"*(In1)"*10] .
Suppose that

Q ={(u,,u,)€Q,, - u, <m-3K},
then there are c(f)>0 and I, =1,(8)>0
independent of Q. , such that for all I>1, and

ueQ,,wehave

(60 =04 (60 =D = 45 ((F:.))

where FQTI i is the event

Foun {569
and I'?

open

by the configuration ey

. 13m
1—‘open ( ) C{U € Ql,m Uy 2 _}}
(&) denote those open contours produced
with  boundary

condition zon Q, . Further we have

Ho, (W) =1) = g (&(u)=1)

<G ((FQTm )c) <exp[ ¢, (B)Inl]

where g is the Gibbs measure with the plus

boundary conditionon Q, ..
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Proof. Let FQfI i be the event defined as above. We
can write

o, (S =)= (5@ =1IF, )us, (R, )
w5, (€ =0N(F, ) )

where (FQTW )C is just the complement event. By the
FKG inequality

uy, (EW=11F; a5, (Fs, )= ., (@) =1).
Then we have the difference

i, (60 =14 (6@ =1) = wg (75, V).

Combing the result of Lemma 3, this inequality
proves the inequality of Lemma 4.

Remark 3 Lemma 3 and Lemma 4 are proved for
the two-dimensional stochastic Ising model, they
describe the statistical properties of the interfaces of
the Ising model. The simple case of this problem
arises in the one-dimensional S.0.S. model.
Through the similar arguments in the proof of
Lemma 3 and Lemma 4, we can have the similar
result as that of Lemma 3 and Lemma 4 for one-
dimensional S.0.S. model, that is, the interfaces of

S.0.S. model have a height less than c(8)(! InI)“2
with large probability.

In above Remark 3, we discuss the interface
height for one-interface S.0.S. model. The aim of
this paper is to study two random paths model and
two interfaces S.O0.S. model. From Section 1 to
Section 3, we have studied the interface of the two
random paths model conditioned on a fixed area in
the intermediate layer and fixed end points. In this
Section, by using Lemma 3, Lemma 4, and Remark
3, we study the relations between the two random
paths model and the two interfaces S.0.S. model.

In the definitions of Section 1, with the starting
points & =0 and 7,=0, we discussed the two

random paths model with the partition function of
Z., =Z§qexp[—ﬂHL(§,n)] While in this
Section, we modify the end points of the model. Let
;" denote the event

&=6=0, ny=n =M(p)(LInL)z,
where M (B)(>4c(p3))is a large positive constant.

The random paths X; [%) X/ (%j are defined in

Section 1, and let Yi” denote the event that the
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random paths XE(%) and Xf(%) don't intersect

each other on L, , then we have the following
Lemma 5.

Lemma 5 For the two random paths model defined
in Section 1, there are c,(4)>0, L,=L,(8)>0
and g, >0 such that for all L>L, and for all
B> P,

P, ((Yi” )c “Pi” ) <2exp[—c,(B)InL]
where P_, is the corresponding probability measure
for two interfaces S.0.S. model, which is defined in

).

Proof. The proof of Lemma 5 follows directly from
Lemma 3, Lemma 4, Remark 3 and the condition

M (B)>4c(B). This lemma shows that, with large

probability, the two random paths don't intersect
each other.

Let
(X (0.7 (1) =((X (0) X7 () [rinwi)
and P, = PLﬁ(-‘Yf;”,‘PT:”) be the corresponding
conditional probability distribution of the
random process (XE(t),Xﬁ(t))*. According to

above preparation and Lemma 5, we have the
following Corollary 2.

Corollary 2 With the same conditions of Lemma 5,
we have the following

im R, (x{ (0. x¢ () <G

P ((xi (0 x¢ (1) e6)} =0
where Gz[auaz]X[bl,bz] , —w<a <h <o , for
i=12.

From the definition of the process
(X{(t),X7(t)) , it is known that the process

(XE(t),Xﬁ(t))* is a conditional two interfaces

S.0.S. model (with the special fixed end points).
Corollary 2 shows a limiting relation between the
two random paths model and the conditional two
interfaces S.0.S. model. This result is useful to
study the asymptotic properties of the two interfaces
S.0.S. model by using the results of two random
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paths model, for example, we consider the two
interfaces S.0.S. model with a large fixed area
between the two interfaces, etc.

5 Conclusion

In this paper, we studied the statistical properties of
the two random interfaces model. Under some
conditions, that there is a specified value of the large
area in the intermediate region of the two random
interfaces, Theorem 1 shows the weak convergence
of the fluctuations for the two random interfaces. In
Section 4, the research results in Section 1-3 are
extended and improved for the two interfaces S.0.S.
model. The results of the present paper can also be
applied to other fields, for example, see [13-15].
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