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Abstract: The rate of change of u, a solution to Lu=divf in a bounded, rough domain Qr, u=g on 6,Qr, is
investigated using a local Holder norm of u and different measures on Qr and on J,Qr. Results are
discussed for both L a strictly elliptic operator and for L=0/ot-Lo, with Ly a strictly parabolic divergence
form operator; the coefficients are bounded and measurable, and in the case of Lo, time dependent.
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1 Introduction

The question of the rate of change of a
temperature function or of a potential function in
a limited environment is of fundamental
importance in many applications of mathema-
tics. The focus of this paper is to answer one part
of the following general question: For which
measures, p, n, and vde, where p and n are
Borel measures on a bounded domain Q in
Euclidean space R*{d}, d>2, or R*{d+1},d> 2,
and vdo is a measure on 0Q, so that, for a
solution u to the second order boundary value
problem,

Lu(x) = dv(Z)(x) for x € Q

u(z) =flz) for z =0

(1)

the following inequality is valid:
lg
@ (] @l ) <
0

([ (g@ ]+ |avge| e )
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for as large a range of indices g, p, and r as
possible. ||z ||z (x) denotes either the gradient

of u, [Vu(x)|, or a local Holder norm for u at x

(see the definition below). The functions f and g
are assumed to be in some test class: say, f
belongs to the space L*(6Q2) and g is in the usual
Sobolev space H(Q2). The boundary measure
vdw is composed of a non-negative, locally
integrable weight function v(x’) multiplied by
dw, the "harmonic measure” generated by the
operator L on the domain.

The operators | will be considering will be either
strictly elliptic divergence form operators, i.e.

d
L= Z &i.__(ﬂf,,f(x)&i.__)

=1
or their parabolic counterpart, (6/ot)-L, with
d

L= Z &i,__(ﬂf,j(L I)&i)
=1 ’
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d

where (LA)E]F = Y &Ea il = A|E|* for a
ij=1

constant 2> 1. The coefficients ag;)(x), ag;(Xt)

are symmetric, bounded and measurable.

A standard method for finding solutions to
this equation is to break it up into two different
problems and then to use superposition to obtain
the solution to the original equation. The two
problems are: 1. the Dirichlet problem, namely
to find a solution u to (DP)

Lu(x)=0 forxeQ
u(w) = g(w) for w=cQ

and 2. Poisson’s equation, namely to find a
solution v(x) to (PE)

Lu(x) = div(F)(x) for x € Q

ww)=0 forwegaQ)

For the Dirichlet problem one has only to
consider the two measures, p on Q, and vdo the
measure on the boundary of Q. For the second
problem, solving the inhomogeneous equation
with zero boundary data, one has only the two
Borel measures on Q, p and n, to deal with.

In the case of Q being a classical domain, i.e.
for the unit disk or the upper half space, the
question for the Dirichlet problem has been
thoroughly investigated. In 1995 for solutions to
the heat equation and for harmonic functions in
the upper half space, Wheeden and Wilson [37]
proved necessary and sufficient conditions on a
Borel measures, p, defined in R, and a non-
negative weight v(x’), so that v(x’) dx’ defines a
measure on RY, and

(I Ve fdut)) * <

([ v e ) F
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for any solution to the Dirichlet problem Lu=0
in RY, y=f on RY. Here L=A or &/6t-A, and
1<p< g<eo with g> 2. In other words they solved
the problem in the case of harmonic functions,
considering each partial derivative separately, on
the domain R,%?, for 1<p< g<w and g> 2.
Wheeden and Wilson used the dual operator
approach, which was again employed by Sweezy
and Wilson when they considered extending the
situation to harmonic functions on Lipschitz
domains [31]. Prior to the time Wheeden and
Wilson proved their theorems for the upper half
space, work of Luecking, Shirokov, Verbitsky
and Videnskii had completely characterized the
measures p for which one could obtain the
weighted norm inequality for harmonic
functions with vdw=ds, ds being the surface
measure on 0Q when Q is the upper half space
[15], [16], [21], [22], [34], [35]- Their results
cover all indices 0<p,q<o; f's L? norm must be
replaced by the HP Hardy space norm if O<p< 1.
Since that time, J. M. Wilson and the author
have investigated the question of characterizing
measures for which one can prove a weighted
norm inequality of the form (2) on rough
boundary domains, such as Lipschitz domains
and Lip(1,1/2) domains, and for a wider range of
second order partial differential equation
solutions [25], [31], [32], [33].

Their work depends on classical topics in
harmonic analysis such as AM{p} weights and
Littlewood-Paley theory, [38], [36], [23],
[12],[13], [39], [30] as well as the basic
existence and uniqueness of kernel functions and
estimates of these kernel functions for solutions
to the kind of Dirichlet problem described
above. The theory of AM{p} weights, as it gives
weighted inequalities for maximal functions and
singular integrals, was originated by Benjamin
Muckenhoupt [18] and further developed by
Coifman and Fefferman [3]. The main other
sources for background material that is used
(and often assumed especially in local estimates
for the elliptic and/or parabolic solutions) are
contained in [2], [4], [5], [6], [10], [11], [14],
[19].

One needs other methods to handle the case of
more general operators of the form o/t — L,
with
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L= Z 5.-"51',-{&'”{1': I)E."IEIJ =+ E:'r)

+ ¢ 88x; + ©p

Here u(x,t) is a weak solution to the
inhomogeneous equation with zero boundary
data, i.e., for any test function y(x,t), and any t
such that for

T € {t: QrN{(x.2) € R¥} = @), and

Qr)=0QrN4{r:0<t<7< T, (SeE
Section 2 for other definitions), we have

_[ Y — Yy — J u(cyler) +
ToT) BT T

I Suldx;a™ (x, £)0widx; +
)

J blu(Byriéx;) — et w(Buw'éx;) — cowu
0z

[, (5o,

We also require that u(x,t) lie in the closure of
Cs!(Qr), the space of functions defined and
continuous on the closure of Qt which vanish
on the lateral boundary of the domain, under the
norm,

sup I ‘|u(x=r)|2arx+
tpETl alz)

J' VL. £) dxdt < Cg < o,
0z

where

o(t) = {t=1;NQr
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to =mf{t - QM {(x,) s Bl = D} and
t) = sup{t - QN {(x.r) € BF} = @}

In [29] a reverse HOlder argument is employed
to obtain a higher order integrability for the
gradient of such a solution [8] [9]. It follows
from these results that weights of the form
d(x,t)" can be introduced to the norm inequalities
without difficulty. (See also [28].)

the
QT!

In the present paper solutions to
inhomogeneous equation Lu=divf in
Ulaper=0 will be investigated for operators

d
L=dler-) £(ayx)
=l :

as described above. In [26] the question of
finding conditions on two measures p and v,
defined on a domain Q in R to give the
inequality

(.[q(|Tu(x)|)gﬂru(xj) le <

c[jﬂ ( ‘}:{x) ‘P + ‘aﬁ'v}’(x) ‘pja%'{x)) e

was introduced in the case of u(x) being a
solution to an elliptic equation, Lu=divf. It was
shown that a condition involving a singular
potential of the measure u gives the same kind
of norm inequality for a local Holder norm

replacing |Vu(x)|. The present paper starts to

investigate what can be proved for a solution to
the inhomogeneous parabolic equation on rough
domains in R®Y. Theorem C and its proof
(given in Section 3) is the major result of this
paper. (The result of Theorem C was announced
in a lecture given at the Fourth International
Conference of Applied Mathematics in Plovdiv,
Bulgaria, August 2007 [24].) Theorem C
contains a condition for the measures p and v for
solutions to
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d
(gler— Y. &i___(a,. 068 ) ulx. 1) =
ij=1 ’

dz'v}:{x: £).(x.1) €Qr, tlg.n. =0

which guarantees the validity of a norm
inequality similar to the one above. The
condition is analogous to the condition
mentioned above for solutions to the elliptic
operator equation; it involves the convolution of
do=((dv/(dxdt))**? with a singular kernel. In the
present paper we intend to present the proof of
the theorem, after describing the setting in which
it occurs.

The other half of the problem, namely finding
conditions on weights p on Qr and vdw on the
parabolic boundary of Qr, ¢, Qr, (this means the
lateral boundary and the bottom part of the
boundary) so that

Uq ll2Cx. 2) || ¥ s x, ;))lg <

lp
C z.T)Fviz. T)do(z. T
(-[E;ﬂ_rm' Iviz. D)oz )>
holds for solutions to the Dirichlet problem

(élét— Lyu(x. 1) = 0 (x.f) € O
ulz.t) = fle.t) (z.7) € ¢,0r

will be discussed in the last section of the paper,
along with open problems. The Hdélder norm

|| () || = is defined by
lule. ) = lluCx.0) || e =

sup |u(y.s) — ulx. 1)

, TR
(w5 )ePs 00 (x.) Clx — V| + |t -5 )
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where

Psnoolx.2) = {(v.5) : dp(v.5:x.7)

= e — |+ [e— s['? < 8(x.)/100},
and

a(x.t) = dplx, 5,607) =

inf{(|x - y| + [t = s|"? ). (u5) € 8,01}

2 Problem Formulation

To state Theorem C we give some background
information. First W will denote the collection
of certain Whitney-type parabolic dyadic cubes
(these are dyadic cubes whose dimension
compares with the cube's distance from the
boundary of Qr, and whose dimension in the
time direction is the square of its space
dimension) that lie in Q7. These cubes have the
property that their interiors are pairwise disjoint;
a fixed dilate of any cube will also be Whitney-
type with respect to Qr, and

Q=U g
Q.eW

The measures p and v will be taken to be Borel
measures defined on Qr, with v absolutely
continuous with respect to Lebesgue measure.

The operators under consideration are second
order divergence form whose coefficients are

symmetric, bounded and measurable.
d
_ @ _ 8 8 8
L= E_L == 'Zl E(ﬂf,,f(I:I)&—.__)
fy=

with the existence of a constant A>0 such that
1,=2 - - - -
TIE1F = 2 iai(x.0)& = A

for all (x,t) in Q.
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Points in R are denoted by (x',xq,t) with X' in
R%Y x4 in Ry, andtin R. The parabolic
metric is given by

dp(x. £3.5) = (|X—.1'|+ |r—5|%)_

The domain Qr lying in R will be taken to be
a bounded domain whose boundary, &,Qr,
consists of three parts, a top part, TQr,

TOr={ix.) e Qr:¢t= T}-;

a bottom part, BQr,
BOQr=B=4{(xt)eQ;:r= 0},

and a lateral part, SQr,

SOr=8r={(x.0) eéQr 0 << T}
The parabolic boundary of Qr is denoted by
EpQr=5SrUB

The lateral boundary can be described locally as
the graph of a Lipschitz function, which may
have been rotated and/or translated. More
precisely 6,Qr can be covered by finitely many
cylinders

Wriz,t) = {(x.8) : |x—z| < R, |t — 5| < R*},
with (z,t) lying in 6,Qr; if (z,7) is in Sy, then
Yez.t)NSr={(w.g) - wy=wiw'.g)

where

|1_o"'"(}'l=5) - I_JJ'I:IIJ)l = ﬂf(l} - x'l + |t 5|1 2)}_

The constant M>0 is called the Lipschitz
constant of the domain Qy . It is best to think of
the domain Qr as being a finite part of a larger
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domain Q that is infinite in the time variable, so
that

Qr=0nN40<t< T}

Every point P on 0Q satisfies the condition that
there is a polygonal curve y lying completely
inside Q. The curve starts at the point P and has
a strictly increasing time coordinate. For the
kinds of operators we will be considering, o/ot-L
as described above, Aronson [1] (see also [5])
proved the existence and uniqueness of the
fundamental solution T'(x.t;y,s) on R@Y . The
Green function for the operator on a given
domain Qr can be taken to be

Glx.ty.5) =

Ti(x t;0.5)— '[E_ﬂr T (w. ;3. 8)deo ™) (w, T);

oY is the ("harmonic™) measure on sets in 9,Qr
induced by the operator d/ct-L, taken at the point
(x,t). It is not hard to see that the Green function
of Q, when it is restricted to Qr, will be identical
to the Green function on Qr (see [20]).

The Holder norm of u is defined as

i uiw,r)
[T

sup
(w, )P =)

100

ll2e || ga (. 2) =

with 3(x,t) being the parabolic distance of the
point (x,t) from the parabolic boundary of Qr.

The region  Pgxgmony IS defined  as
Py = {(v.5) s dp(x.t;3.5) < 2=8(x.£)}
R 100

With W being the collection of parabolic dyadic
regions in Qr described above, let us denote the
fixed dilate of any such cube Q;, which is again
a Whitney type cube in Qr, to be BQ;, with >1.

3 Problem Solution
We will be assuming that any solution to the
inhomogeneous boundary value problem,
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(8/6t — f &i___(a,- S ) S Nulx. 1) = div f(x. £)

ig=1
{x= I) = QT= HlE__ﬂr = [:]

has the representation
wulx, ) = _[q div }!IL'L )G (x, v, 5 )dvds.

Theorem C: Suppose that u(x,t) is a solution
to

(8l — i &i___(a,- S )2 Dulx.6) = div flx.£)

Pg=1
{x= I) = QT= HlE__ﬂr = [:]

with Qr as described above. Let x and v be Borel
measures defined on Qr such that v is absolutely
continuous with Lebesgue measure. Let
do(x,t)=(dv)/dxdt)(x,t))*Pldxdt. If there is a
constant C,>0 such that

lip
e (w.5)
p(Q;)1e sup iy a0, (f e )

0r {1,_}_ Lty 12 }i-—'—nil:

< ColQy] ™

for all cubes Q; in W, then for all 0<qg<o and
1<p<wo, there is a constant C>0, independent of
u and f, so that

GﬂrHHlI?}n{x: H)dulx. rj) lig -

C (jq ‘dn F.5) |pa‘r{}'= s)) o

Proof: (see [26] Theorem 3): In the following
argument we use the estimate on the Green
function:

ISSN: 1109-2769
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|G(x.ty.5) — Glw,T:p.5)| = C -

. o 1 1
dplx.t;w.T) (d__-(x:rg;:.'::l'-'_“ + Fo——— )

1
¥

This estimate can be proved by using Moser
iteration and geometric decay of the Green
function if (x,t) and (w,t) are in a Whitney-type
region whose dimension is also comparable to
its distance from the pole (y,s). In this paper we
only need the estimate if

{x= I) = Qj:(}i":T) = PJ(I:I:I{x= I):
So if

(v.5) € Qr\B'Q;

(B">p by a fixed amount) this will be the case.
Also if (y,s) lies in B'Q; , but if dy(x,t;y,s)>
0.055(x,t) (and this implies that dy(w,t;y,s)>
0.045(x,t) and that d,(x,t;y,s)> dp(X,t;w,1)), again
Moser iteration gives the estimate. Lastly if
do(X,ty,8)< C  dp(X,ttw,t), then dy(x,t;w,t)/
dp(x,t;y,s))* > C™ Assuming that G(xty,s)>
G(w,t;y,s) means that

|G(x. £ 3.5) — Glw, T 3.5)| = G(x.£y.5) =

Cladi)( 2220V (L)<

C - (dplx.tw.1))" ( L + L )

dalx iy 5)5 s (w.rps) o

If G(w<y,s)> G(xtys), a symmetric
argument gives the same upper bound. (Other
cases can be dealt with by using elementary
estimates and the adaptation of Moser's
techniques [17] to regions on the boundary of Qr
introduced by Fabes and Safonov, and Nystrom

[71, [20].)

Writing

I, el £ Ce. e, £) =
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¥

Z I 5 izt ulw,T)
s _.,~up_ ) {1‘—1—.'—1—:“}'1
Q=W (w.T)eP g2

100

2 u(Qy)

0;eW

s (|1, dvFo.0 ST gy

BRI ef

(S el

<C Y w(Q)-

Y

— 2 e gr
SUD 1250, (jq e )

ETIES

<" Y ( ‘dn Fo s)‘ iy, :));

wmima [, (=22 )]

Consequently

i)
n

(.[_q_rllu || %a (oc, £)due(x, rj) T

1
c[jﬂr |div F.9) ‘pa‘v(};s))' (&)1
With & equal to the sum

2 u(Q) -

O,

do(u.s) i
sup ,[ 0 Y
(x.t)=p0; e e

The condition given in Theorem C implies that

ISSN: 1109-2769
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ry |ﬂ,,

do (v
u(Qs) = sup —
’ (x.£)=50, Oq s i )

<10,

o

and this means that the q™ root of the expression

Y u(Q;) sup (J o) )?

gew N i
is less than or equal to

Cl07|7.

4 Conclusion

The question of what conditions on two weights
will allow one to prove a norm inequality of the
form stated in the Introduction has been
extensively studied for solutions to the Dirichlet
problem over the past 30 years. The companion
result to Theorem C was proved in [27]. It is
given below as Theorem A. Prior to proving
Theorem A, the author and Wilson had proved a
norm inequality [32] for the space gradient of
the solution u(x,t) to

(8ict— Lyu(x.t) =0 (x.1) € Qr
ulz.t) = flz.t) (z.7) € 601

Obtaining the norm inequality for |[|u|| g

instead of |Vu|was originally due to a

suggestion of R.L.Wheeden. There are several
advantages to using the Holder norm defined in
the Introduction instead of trying to deal with

|Vxu(x, )|.One important reason is that with a

Holder norm one can gain control of the rate of
change of the temperature function as it changes
in time as well as its rate of change with respect
to the space variable, X. Another reason is that,
for the most general kind of operator whose
solutions are amenable to our methods, namely a
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strictly parabolic, divergence form operator, L as
described above, we were obliged to put
additional restrictions on the range of the
exponents, p and g, for which we could prove an

inequality of the nature of (2) for |u(x.£)| =

|Vxu(x.r)|. We also had to assume an extra

condition on the measure p. (Remark: the
additional restriction on p and g and the extra
condition on p are not necessary in dealing with
solutions to the heat operator, 0/0t-A.)

Theorem A: For Q; and d/ét-L as described
above, assume that u(xt) is a weak solution of

(8ict— Lyu(x.t) =0 (x.1) € Qr
ulz.t) = flz.t) (z.7) € 601

with f(z,2) in L*(6,2r,dw), and 0=, being
the parabolic measure on 0,2 generated by the
operator o/ot-L, measured from the fixed point
(Xo,T). Let u be a Borel measure defined on Qr,
and let v be a non-negative weight defined on
0p€2r so that v is locally integrable on 0,92y with
respect to the measure dw. Further assume that
for o(z,0)=(v(z,7))*"” then odw is an A” measure
with respect to dw. Suppose for all parabolic
cubes Qy, on 6,927, with Tq, denoting the top half
of the Carleson-type region associated to Q, a
boundary cube, with

oo

Yo, (z.1) = (@)

225 P (2.7)
i L EAQNE:
0 o(P0s);

the following inequality is valid:

u(T(Qp))H

1
(J (Fo.(z.T))F :cr(z;r)dm(z;r)) }
8.0,

< @(0p)I(05)™.
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Then there is a constant

C=C(d,4,a,8,0,7,21,r0,p,q) so that for 1<p<
q<co, 0> 2, and Q¢ »5={(x,t)in Qr, 6(x,t)<d}, the
following inequality is valid:

1
(] el ducen) ) <
s e

C(LQILJ‘{ZJ)FV(.Z:T)dm(zj)) lp.

Remark: It will be shown below that an
analogous condition on Q7 \ ©Qr; is sufficient to
prove that

Lig
(] )l ) ) <
Orfrs

lp
C‘(L:QIUIZJ)PV(E:T)a’m(;ﬂ) :

Thus givng the norm inequality for the entire
domain Q.

To prove Theorem A one must first establish a
Litllewood-Paley type norm inequality for
functions of the form

flz.t) = X, A0.00.)(ZT) F is a finite
QecF

family of “dyadic” parabolic boundary cubes
(the ones mentioned in Theorem A) Q,. The
functions ¢q, (z,r) have certain decay,
smoothness (Holder continuity is enough) and
cancellation properties that are essential to
obtaining the square function result by the
method employed in [27]. The ¢q, depend on
the kernel function for the operator L in the case
of the Dirichlet problem or on the Green
function of L and the domain in the case of the
inhomogeneous equation.

Recently the author began to investigate what
kinds of results could be obtained for solutions
to Poisson’s equation for the same kinds of
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second order operators on rough boundary
domains. Results obtained for strictly elliptic
operators on Lipschitz domains ([24], [25]) have
indicated that it may be possible to prove
similar theorems for solutions to parabolic
operators on rough boundary domains. Theorem
C is the first (and simplest) finding in this
direction.

Future work will involve finding conditions
on two measures so that one can prove a
weighted norm inequality and a semi-discreet
Littlewood-Paley type inequality in the setting
that is appropriate for the generalized heat
equation for solutions to the inhomogeneous
parabolic boundary value problem stated at the
beginning of Section 3. To prove sufficient
conditions on p and v for a norm inequality that
depends on a dual operator argument, for
parabolic u, along the lines of what is known to
work for elliptic operator solutions, one must
establish estimates for the Green function. These
estimates are proved in Gruter and Widman for
the elliptic Green's function on a non-smooth
domain [GW]. However, it is well-known that
the capacity arguments used by Gruter and
Widman are not valid in the case of parabolic
operators of the type considered here. One can,
however, obtain geometric estimates on the
parabolic Green's function that are needed for a
Littlewood-Paley type inequality from results
proved by Kaj Nystrom [20]; so it is probable
that a similar result can be established for
parabolic Hélder norms on non-smooth
domains. This is work in progress.
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