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1 Introduction

Let us consider some vector fields X; on R? with
bounded derivatives at each order. We consider the
Hoermander’s type diffusion generator

m
L=Xo+1/2) X}
=1

D

In (1), the vector fields are considered as first order
differential operators. If we consider the vector fields
as smooth section of the (trivial) tangent bundle of the
linear space, we can consider the horizontal differen-
tial equation associated to them: h denotes a L? func-
tion from [0, 1] into R™ and we consider the equation

m

dry(h) = Xi(xy(h))hidt
=1

2

We put ||h]|2 = >, fol |h%|2dt and we introduce the
Carnot-Caratheodory distance d(z, y) ([6], [36]) asso-
ciated to the problem

d*(z,y) = wo) inf

=x,T] =

|IR|? 3)
)

In the sequel we will do the following hypothesis:
Hypothesis (H1)(z,y) — d(z,y) is continuous.
We put

Epyi(z) = Ei(z) Uiso [Xi(x), Ei(z)]  (5)
We do the strong Hormander’s hypothesis in z:
Hypothesis (H2): UE(z) = R?
L generates a diffusion semi-group F;.
PioPsf = Piysf (6)
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if f is a bounded continuous function on R. Moreover
whent — 0
Pf—f_

t Li

if f has bounded derivatives at each order. Moreover
it is a Markovian semi-group because L satisfies the
maximum principle

lim

)

P = [ TWP@a)  ®

where P;(x,dy) is a probability measure.
Hoermander’s theorem ([2], [7], [10], [33]) states
that there is a heat-kernel associated to P;:

I = [ menwa O

for any bounded continuous function f on R%.
The goal of this paper is to prove again the fol-
lowing theorem:

Theorem 1 (Léandre [14], [15])Under hypothesis
(H1) and (H2), we have

mt%02t Ingt(xay) < _d2($7y) (10)
This theorem was proved originally by using the
Malliavin Calculus and the theory of large deviations
of Wentzel-Freidlin in [14], [15]. Let us stress that
the relationship between the Malliavin Calculus and
the large deviation theory was pioneered by Bismut
in [3]. Wentzel-Freidlin estimates were translated in
semi-group theory by Léandre in [31] and the Malli-
avin Calculus of Bismut type with some applications
to subelliptic estimates was translated by Léandre in
semi-group theory in [21], [23], [24], [25], [26], [28],
[29] and [30].
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Readers interested by probabilistic methods in
heat-kernels can look at the books [1], [8], [11], [38]
to the review papers of Léandre ([16], [17], [19],
[20]), Kusuoka ([13]) and Watanabe ([41]). Readers
interested by analytical methods for heat kernels can
look at the books ([4], [40]) and to the review papers
of Jerison-Sanchez [9] and Kupka [12]. Let us remark
that the marriage between large deviation estimates
and the Malliavin Calculus can be done for others
equations than the classical one (see for instance the
review paper [32]). In order to be self contained, we
begin by recall the scheme of our proof of Wentzel-
Freidlin estimates in semi-group theory.

2 The Ito-Stratonovitch formula in
semi-group theory

Let us consider some vector smooth fields X;,7 =
0, .., m on the d-dimensional torus 7¢ and let us con-
sider the operator
L=Xo+1/2) X} (11)
Let f be a smooth function on the torus, and let
us introduce the smooth vector fields on 7% x R

Xi = (Xi, < df, X; >) (12)
and the associated operator
L=Xo+1/2) X} (13)

To L is associated a semi-group P; and to L is asso-
ciated a semi-group P Let g be a smooth function
on T% x R bounded with bounded derivatives at each
order. We get:

Theorem 2 Let us consider the function §(x)

g(z, f(x)). Then
Pg)(z) = Pilg(, N(x, f(x))

Proof:By a density result, we can suppose that f,
g are finite sum of Fourier exponentials. Moreover,
since P, and P; are limit of semi-groups where the
X; are finite sum of trigonometric function, we can
suppose that the vector fields X; are finite sums of
trigonometric functions. In such a case

P[g)(z) = Y t"/nlL"§(x)

(14)

(15)
and
Big(., )(x, f(x)) =
St mlL () (. f(2) (16)
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But if we consider a function ¢) which depends only
from x,

Xi(99)(x) = Xilg (., J](z, f(2))

and is a finite sum of expressions of the same type
with derivative of g involved in addition. This show

>, f ()

a7

L"g(x) = L"[g(.
and the result follows.$
This theorem is the translation in semi-group the-
ory of the Stratonovitch formula in stochastic anal-
ysis. Let us recall this well-known formula: let us
consider the stochastic process x;(x) on the torus as-
sociated to it. It is the solution of the Stratonovich
stochastic differential equation starting of

dt+ZX i (x

where B} is a R™-valued Brownian motion. In the
Stratonovitch Calculus,

(18)

d$t< ) X() [Et dBZ (19)

f(a(@) = F(2) + /O < df (zy(a), day(z) >=

o+ [
/Z<dfxt X;(x

such that the couple ((z¢(x), f(z¢(z))) is a diffusion
associated to the Laplacian LonT®x R.

It has the following important corollary.

Let X; = (X;(z),Yi(y)) some vector fields on
R% x R bounded with bounded derivatives at each
order. (z,y) € R® x R". Let g be a bilinear form

on RY x RY. Let us introduce the vector fields on
RI'x RY x R
X’i (xv Y, Z) =
(Xi(z), Xi(y), 9(Xi(z), DYi(y)Yi(y))
+9(DX;(7) Xi(x), Yi(y)))

< df (we(x)), Xo(w(x)) > di+

t(z)) > dB] (20)

2D

To the vector fields X; is associated a generator L on
R? x R? and to the vector fields Xi is associated a
generator Lon R*x R x R. They are of the type
studied in this work. Associated to L there is a semi-
group P; and to L is associated a semi- group P We
get

Theorem 3 (It6-Stratonovitch). Let f be a smooth
function on R with bounded derivatives at each-order.

Let f : (z,y) — f(9(x,y)) and f : (z,y,2) — f(2).
Then

= Blf](z.y. 9(x,y))
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Proof: R is imbedded in 7. The vector fields X;
by this imbedding realize smooth vector fields on
T4 x T4 and the vector fields X; realize smooth vec-
tor fields with bounded derivative at each order on
T% x T x R. The result is therefore a corollary of
the previous theorem.<>

3 Wentzel-Freidlin
semi-group theory

estimates in

Let us begin by recalling the elementary Kolmogorov
lemma of the theory of stochastic processes ([34],
[39]).

Let s — X, be a family of random variables (
Xo = 0) parametrized by s € [0, 1] with values in R?
such that

E[|X: — X4|P] < C(p)|t — s|*P (23)
Then there exist a continuous version of s — X and
the LP norm of X{ = supy<; | X/ is finite and can be
estimated in terms of the data of (23).

We remark that all the considered Markov semi-
group in this part satisfy the Burkholder-Davis-Gundy
inequalities in semi-theory of [21]

Qifl- = XPI(X) < C(p)t™? (24)
Namely if we use the semi-group property, we remark
that if p is an even integer, %QOH. - XPI(X) =0
for r < p/2. and define therefore a measure W of the
involved continuous path-space by the Kolmogorov
lemma.

Let us consider the generator

L'=tXo+1t/2) X} (25)

It generates a semi-group P! Itis classical (See [5] in
analysis and [35] in probability) that
Pl =P (26)

We put in the sequel € = \/t. We consider (b, z,y) €
R™ x R%x R% and the following vector fields if i > 0

Xi = (e, €Xi(x),0) 27)
Yi = (0,0, X,(y)hl) (28)
Xo = (0,€*Xo(x),0) (29)
We consider the generator
Le=Xo+1/2) X2+ (30)
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It generates a Markov semi-group P¢ which defines
a probability measure W, of the associated path-
space. We put

Hi(t) = /0 hi(s)ds 31)

We get

Lemmad ( [18], [31]))Let R > 0 and K > 0 and
ho. There exists v, C and ey > 0 such that for € < €g

sSup Wg,xo,xo{(b - H)T <, |$1 - yl‘ > R}
IRl<ho

< Cexp[-K/e?] (32)
Proof:We consider the stochastic process (b — H)s,
(zs — ys). By the Ito-Stratonovitch formula of the
previous part, it has the same law than the stochastic
process (b—H)s, > (bt —H!) X;(xs)— Xs+Ys where
bs, xs, Xs,ys, Ys are the stochastic processes associ-
ated to the generator

Le=1/2) X*+Xo+ ) Y (33)
withif ¢ > 0
X; =
(e,eX;(z), (b — H)eDX;(z)Xi(x),0,0) (34)
(35)
(36)

with generic element on this big space (b, z, X,y,Y).
By Gronwall lemma, we deduce if r is small enough
that

Y; = (0,0,0, X;(y)hk, (Xi(z) — X;(y))h)

Xy = (0,62X(),0,0,0)

W067x07x0{|b - HH <r |$1 - y1| > R}
< Wé,xo,0,$0,0{|b - HH( < Tink > CR} (37)

So it remains only to estimate this last quantity. The
result will follow from the next lemma:

Lemma 5 We have for all A the estimate valid for
t>s

W5,$0,0,$0,0{|b - HH <r; |eXp[< Aa Xt >]
—exp[< A, X5 >]P}
< (t )P explC(p)|APe*r]  (38)
We postpone later the proof of this lemma, which uses

the analoguous in semi-group theory of the classical
exponential martingales of stochastic calculus. By the
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Kolmogorov lemma, we deduce from the lemma that,
ifA>0

W6,20,0,00.0810 — HIT < 7;exp[AXT]}
< Cexp[CA%E%r] (39)

such that

Wo,20,0200110 = HIT <75 X7 > R}

0,0,
2

<C exp[—C]i]

SR

by choosing A =
arises..

Proof of the lemma Let us consider the vector
fields for ¢ > 0

Xo = (0,6 Xo(x),0,0) (42)
Yo =(0,0,0,) (' — HI)?) (43)

with generic elements (b, z, X, z) on this big space.
Let us consider the generator

7—1/22( ) + X0+ Yo (44)

There is associated a Markov semi-group P;. Let p be
an even integer and & an even bigger integer. Follow-
ing [21], we introduce the auxiliary function

| X — Xof?

Fo(X) =
e = T X - x%F/0

~—

(45)

Let us put

= P[Fc](0, 9, X0,0) (46)

uy is finite and ug = 0. Moreover, by applying the
semi-group property, we deduce that

|d/dtuy) < A+ Buy 47)

where A, B don’t depend on C and X. Therefore we
get a uniform estimate of u; and by using the Fatou

lemma, we deduce that:
PtHX - XO’p](Ov Zo, XO? O) < C(p) (48)

By doing as in the beginning of this part, we deduce
that the derivatives %?OH.—XOV’](O, x0, X0,0) =0
for r < p/3. Let us convert the generator L in Itd
form. The X part can be written as

> < (V' — H)eDX;(x)X,(z), D*F(X),
(b - H;)GDX1<$)X1(1') >
+ < Al(e,z, f),DF(X) > (49)
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where
|A%(e,x,;h)| < Ce + |b— Hy|e? (50)
We add an extra-variable u to the space and we modify
Lin Ry:
RAF = ZF—I—
> < (b — H)eDX;(x)X(z), A > D, F
+Y < Al(e,z,h),A>D,F (51)
where F' depends on (b, z, X, z,u). R4 generates a
semi-group Q{‘. We consider a smooth decreasing

function ¢ equals to 1 if z < 72 and equals to 0 if
z > 2r? and we consider the function

Y, 2, X, z,u) = g(z) exp[< A4, X > —u] (52)
We remark that R 41 < 0. Therefore
QA(0,20,0,0,1) < 1 (53)

By Cauchy-Schwartz inequality, we deduce that

Pyilg(2) exp[< A, X >]](0, x0,0,0)
< (Qf']g(=) exp[2u]](0, 20,0,0,1))/%  (54)

But this last quantity is smaller than exp[C|A|?€%7].
The result arises then by replacing in (45) Fo(X) by

(exp[< 4, X — Xy >] — 1)
1+ (exp[< A, X — Xy >] — 1)k/C

(55)

.

Theorem 6 (Wentzel-Freidlin)When t — 0, and if
d?(z,0) = infyeo d*(x, y)

lim;_¢2tlog P,[0](x) < —d*(x,0)  (56)

if O is an open suset of R%.

Proof:Let b; be the process associated to the first
component in L€. It is the Brownian motion. Its tran-

sition heat-kernel is C'(te)~™/? exp[—%]. There-
foreif t > s

WE 20,020 16XP[< A, by — bs >]}
< (t — 9)* explCIAP(t - 5)é] (57)
By doing as in the end of the previous part, we deduce
that:
2

€ * R
WO,x()70,x0{bt > R} < Cexp[—Ci

teQ} (58)
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Therefore in order to estimat W, o, {z1 € O},
we can by the previous estimate do the restriction that
b} < R for some big R.

We choose a very small ry and a lattice on R™
with smesh r and a lattice on [0, 1] with a very small
smesh ty. We consider the space R of polygonal
curves H on the previous lattice on R™ with smesh
to. We can choose 1y very small and ¢y very small
such that inf gre g 4, (a/aemeo |d/dEH|1? is very close
of inf,co d?(z, 2).

By the inequality (58), we have if 7’ is small
enough for a big K:

W&xmo,mo{(b — H); >7r'forallh € R} <
exp[-K/e*] (59)

So it remains only to do the estimate for h € R of
W§ 20,0201 (b — H)7 < r’. But this quantity is smaller
than W .. o 401 forallt; |bi, — Hy,| < 7'} where the
t; run on the subdivision considered of [0, 1]. But the
heat kernel associated to the Brownian motion is clas-
sically known and this last quantity is smaller than
exp[%] for a convenient small 7.

Remark:Let us motivate this theorem by using
the heuristic formulas of path integrals. We put ¢ =
V/t and we consider the Stratonovitch stochastic dif-
ferential equation

dat(z) = € Xo(zS(z))ds+
€Y Xi(xi(x))dB, (60)

i>0
We write formally

dB' = d/dsB'ds (61)
where d/ds B! is the white-noise. Formally, the white
noise follows the infinite dimensional Gaussian mea-
sure
dp = 1/Z exp[—||d/dsB.||*/2]dD  (62)

where dD is the formal Lebesgue measure of the path
space (We refer to [22], [27] for a rigorous approach
of this formal Lebesgue measure as a distribution in
infinite dimension in the Hida-Streit approach of func-
tional integrals). Therefore, ed/dsB. follows formally
the Law

du(e) = 1/Z(€) exp|—||d/dsB.||>/2€¢*]dD  (63)
and the result (56) goes as if we were in finite dimen-
sion.
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4 Proof of the main theorem

We consider the Malliavin generator Lon R x G% x
M® where G denotes the set of invertible matrices
on R% and M? denotes the set of symmetric matrices
on R%. (z,U, V) denotes the generic element of this
space (V is called the Malliavin matrix). We consider
the vector fields

m
Y =) <U'X;,. > (65)
i=1
and the Malliavin generator is defined by
m
L=Xo+Y+) X7 (66)

i=1

It generates a semi-group P;.
We use the integration by parts formula of [16]: if
() is a multi-index on R%, we have by [21] and (56)

9@
|Pt[gwf]($)| <
—d? .
expl Iy v ), 1,0)) 7] o

(67)

for a convenient r(«), a big p (|| f||co denotes the uni-
form norm of the test function f).

This comes from the basical tools of the Malliavin
Calculus of Bismut type without probability of [21].
Let us give some details on that.

We consider some convenient step by step con-
structed vector fields:

Xz'k(xh "7:6]6) = Xf,i(‘r]d "7xk—1)xk+

X5z, ) + X5 (21, zpm1)  (68)

where Xffl have bounded derivatives at all order as
well as Xé“i and Xéfi(:cl, .,Tk—1) has derivatives
with polyno7mial growfh.

(21, .., zk) is the generic element of the big space
R x R% x R% .. x R%: (In order to simplify the ex-
position, we omit to describe the details coming from
the fact some times R% is replaced by a set of invert-
ibles matrices). We consider the vector fields on the
big space

X = (X} (1), o0 XF (21, mp))  (69)
and the big generator
Ltot _ 1/2 Z(Xltot)Z + Xéot (70)

>0
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L' spans a Markovian semi-group Pf°!, which
enlarges modulo some nice choices of X? and of
Xf the Malliavin semi-group P,. The main remark
is the following: if f has a polynomial growth,
P,[f](2,1,0,..) is finite ([21]). We denote this en-
larged semi-group Q. Let us consider a multi-index
(a). There exists a semi-group of this type Q% so
that

aOé

8 (o) mt[(gf) ](I,I,O,..) (71)

Pyl (9h)](x) =

where I? contains polynomial in the enlarged variables
and some inverse of the Malliavin matrix V. By dis-
tributing the derivatives in gf and proceding induc-
tively on the length of the multi-index (<), we find
that

801

"oy

l(z) = Qi"[gRf)(x,1,0,..)

(72)
where g R is an algebraic expressions containing some
derivatives of g of length smaller than the length of
(), in the extra variables and in the inverse of the
Malliavin matrix. We apply Cauchy-Schwartz in-
equality and we deduce that

(67

|m§;mms

| llo B[V (2, 1,0) P11 (2, 0)
(73)

for a big r(«), a convenient 3’ and a (3 close from
1. The results comes then by (56). The result comes
from the following proposition:

Theorem 7 The following estimate is valid fort < 1:

BV, L,0) < Clp)t @ (74)

for a convenient r(p) associated to the positive integer
D.

Namely from (73) and Theorem 7, we deduce the
bound valid for ¢t < 1

Py o)

—d2(337y) +n

< 77 exp] o

Il (75)
We apply this estimate when f is a Fourier
exponential in order to deduce that the density
of the measure f — Pgf](z) is bounded by
2
t" exp[%]. The conclusions comes from the
fact the density of this measure in y is g(y)p(x, y) =

pe(x,y).
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5 [Estimation of the Malliavin matrix
in small time

In this part we prove the Theorem 2. This follows
closely the appendix of [23]. We remark that ¢ gen-
erates a semi-group P! and that P, = P}. We put

Zt<U Y (z

E(z)

Fl(x,U,¢) = ),E>2  (76)

where ¢ is a bounded element of R%. We get

Lemma 8 : Let us suppose that for arbitrarly small
so we have

PLIFL(, ., &) > 1P
Then (77) remains true on an mterval starting from
so and of length tﬁl Lif Uy, U0 and & remain
bounded.

s¢)(z,Up,0) >C >0 (77)

Proof:We introduce a function g from R™ into [0, 1]
with bounded derivatives, equals to 1 at a neighbor-
hood of the infinity and equals to 0 in 0. We introduce
the auxiliary function

s — h(s) =
s U6
¢ AR
PS [g( tﬁsg‘ )KZCOaUOaO) (78)
It has derivative bouded by t‘2ﬁsa 22 This comes
from the fact that
T o TR
Wi = Pk a9
50
Wh te L(g(£1622)), there is a pol
en we compute L(g( s )), there is a polyno-

mial in Uy ! which appears, and some derivatives of
Y,Y € Ej(x) which appear, two derivatives of g and
a coefficient in ¢~2% N 22 \which comes from the rule
of derivation of composition of functions. By [21], for
all 2 PtHU YP)(z, Uy, 0) remains bounded if Uy and

Uy ! remain bounded. We deduce since h(sp) = 1
that
t26 2
h(8)>1_0t2ﬂ 2a >C >0 (80)

if s € [so, 50+Clt2ﬁ58°‘] for C small enough. There-
fore the result.$
We recall the result of [23]

Plly — x| > C)(2)+
PL(U|+UTY) > C)(,1,0) < C(p)tPs” (81)
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forall s < 1,t < 1if Cis big enough.

Let us proof this result. We consider a smooth and
positive function g equals to 1 outside a neighborhood
of x and equals to O in a neighborhood of z. We get

Py —z| > C)(x) < Pllg(y)](x)  (82)
Moreover e
S Pilg(w))(0) = 0 (83)
and
& Pllo)@) = P Le)l@)  84)

This last quantity is obviously bounded bt C(r)t"
The result goes by Taylor formula.

We introduce a positive smooth function equals
to 1 outside a neighborhood of I and equals to 0 in a
neighborhood of 1. We get

P{IU| > C)(x,1,0) < P[g(U)](x,1,0)  (85)
Clearly,
dr .
T Folg(U)](x,1,0) = 0 (86)
On the other hand
d’ . A
2o Delo@)] (@, 1,0) = ¢ B[ g(U)](, 1,0)
A 87)
In L"g(U) some polynomials in U appear. But

P![|UJP](x,I,0) remains bounded ([21]). The result
goes as before.

We do the same to study P![|U~Y| > C](,I,0):
we have only to remark that the vector fields DX, U
are transformed in —U D X; under the transformation
U— UL

In the sequel Uy and U ! will remain bounded.

Lemma 9 Let us suppose that

PLF} (.., €) > t75§](20,Up, 0) > C >0 (88)

on an interval 1(xo, Up) starting from sq and of length
th so'. Then there exists 32 and o depending on the
previous data and a s1 belonging to the previous in-
terval such that

PLIFE (0 €) > 17255 (20, Up, 0) > C > 0
(89)
Proof:Either
PLIFE (0 €) > 172552) (20, Up,0)  (90)

and the proof is finished or not. Let us suppose that
we are in the second situation. We consider

Gii(z”,U7,6) = > (< (U") 'Y (2"),& >
B4

— < (Uo) 'Y (0),£>)*> 9D
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We consider a increasing function g from R™ into
[0, 1] equals to 1 on a neighborhood on the infinity
and such that g(t) = ¢ on a neighborhood of 0. We
consider the auxiliary function s — h(s)

G
a.;tga )I(

s — Pl[g( z,U,0) (92)

for some big 3, #3 and x, U being chosen according
the law of Psto (0, Up,0). By the consideration done
before this lemma, we can suppose that x, U and U ~!
remain bounded. This function is equal to O in sg, has
a first derivative in sg in C't~ 4 5664 (C > 0), and
has a second derivative bounded by Ct—2%4 s, 254 for
some big oy and B4.

Let us give the details of this statement. The main
remark is that

X, <UTY, e >=< U7X, Y], 6> (93)
Therefore
LG4 (27,U7,8) =) < (U") 'Y (27),§ > +
Ey
> < (U) MXo, Y], € >

E_q
(< (U)'Y(2"),€ > — < Uy 'Y(o), & >)+

Yo < (U)X X YLE >

E;,i>0
(< (U)Y(x

This shows the following inequality:

"), € > — < Uy 'Y (20),€>) (94)

Gi—1

|75L[9(W

)](.To,Uo,O)’

P58 — tf82/238‘2/2
st

95)

We choose (32/2, aa/2, asz and 3 very big and we
take oy = a3 — v and B4 = (B3 — 3. We would like to
estimate

. G
272 -1
Ly —r )], U,0) (96)
For that we iterate (93). We have
- G
Xi[g(m)](ﬂfaa 0) =
1 Gz 1
5843t53 a3t55 Z < U XZ,Y] f
(<UWY(x),6>— <U;'Y(x0),&>) (97)
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‘We have moreover

N G_
2 -1
X [g(sg% ). 0.0) =
1 Gl 1
! () 2o <V XYL e
0
(<UY(2),&> - < Uy 'Y (x0),€ >)?
1 / Gl—l
+ 583tﬁ3 9 (38‘3t63)
D <UW(@),e>2+ > <UX;, [X, Y]], € >
E; E—1

(UMW, 6> — < Uy 'Y (w0), € >)} (98)

We distinguishift > (< UY(z),6>—<

Uy H(wo), & >)? is larger of C't™253? or not. If it the
case, we do as in the previous lemma. If it not the
case, we remark that

Gi—1
St

th2—1 50
SotPs

<C (99)

is very small because 32 and «a» are very big. There-
fore in tZI:Q[g(s?:é;gs )](z,U,0) there is only one
derivative of g which appears. Therefore the lead-
ing exponent which appears in this expression is
sy **t~ which is smaller than s;2*t~2% because
a3 and O3 are much more bigger than § and a.
Therefore the result. Namely, the first derivative
of h(s) on a time interval starting from so of length
CtP1s5* are larger than Ct P15, 4. This shows there
exists C7 and Cy such that

h(sg + C1tP4554) > Cy > 0 (100)

o

By using the strong Hoermander’s hypothesis in
x, we deduce if zy remains in a small neighborhood
of z and if Uy, Uy ! remain bounded that

PLFI(.,..€) > s*t%)(20,Up,0) > C >0 (101)

on an interval I (zg, Up) starting from sg and of length
0400
Sg 70,

By doing as in Lemma 5 of [23], we deduce
that for any xg in a small neighborhood of z, if Uy
and U, ' remain bounded, there exists an interval
I(z9,Up) starting from s small of length s§% and
ag and [y such that

PV ()

< 190590 (29, Up,0) < C < 1 (102)

for s € I(zo, Up).
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We slice the time interval [0, 1] into s~*¢ % small
intervals, we apply the semi-group property and we
deduce as in [23], Theorem 2 that

PHV(€) < tPs2](z,1,0) < CC5 "t (103)
where C is smaller than 1.
We deduce that
PlV (&) < t%€)(x,1,0) < C(p)elt?  (104)

for all p. We choose t~Pre™" points & on the unit
sphere of R?. We deduce that

PV > 7P Y(2,1,0) <

ZPI fz <tﬁ]( IO)
+ PV >t (2, 1,0) < C(p)e?  (105)

Therefore (74) in Theorem 7 holds.<>

6 Conclusion

We translated in this work in semi-group theory
our proof of Varadhan estimates for subelliptic heat-
kernels which says that the estimates of large devia-
tion theory are still true for heat kernels.

References:

[1] F. Baudoin: An introduction to the geometry of
stochastic flows. Imperial College Press, Lon-
don, 2000.

J.M. Bismut: Martingales, the Malliavin calcu-
lus and hypoellipticity under general Hoerman-
der’s conditions. Zeit. Wahrscheinlichketkeit 56,
1981, pp. 469-505. Z

J.M. Bismut: Large deviations and the Malliavin
Calculus, Prog. Maths. 45, Birkhauser, Basel,
1984.

E.B. Davies: Heat kernel and spectral theory.
Cambridge Tracts Maths 92, Cambridge Univer-
sity Press, Cambridge, 1990.

P. Greiner: An asymptotic expansion for the heat
equation. Arch. Rat. Mech. Ana 41, 1971, pp.
163-218.

M. Gromov: Carnot-Caratheodory spaces seen
from within. Subriemannian-geometry A. Bel-
laiche edt, Progress Math. 144, Birkhauser,
Basel, 1996, pp. 79-323.

L. Hoermander: Hypoelliptic second order dif-
ferential equations. Acta. Math. 119, 1967, pp.
147-171.

(2]

Issue 5, Volume 7, May 2008



WSEAS TRANSACTIONS on MATHEMATICS

[8] N. Ikeda, S. Watanabe: Stochastic differen-
tial equations and diffusion processes. North-
Holland, Amsterdam, 1981.

[9] D. Jerison, A. Sanchez-Calle: Subelliptic differ-
ential operators. Complex Analysis Il (College
Park), C. Berenstein edt. L.N.M. 1277, 1987, pp.
46-717.

[10] J.J. Kohn: Pseudo-differential operators and hy-
poellipticity. Proc. Symp. Pure. Maths. 23, 1969,
pp. 61-69.

[11] V.N. Kolokoltsov: Semi classical analysis for
diffusions and stochastic processes. L.N.M.
1724, Springer, Heidelberg, 2000.

[12] I. Kupka: Géométrie sous-riemannienne.

Séminaire Bourbaki 1995/1996, Astérisque 241,

S.M.E., Paris, 1997, pp 351-380.

S. Kusuoka: More recent theory of Malliavin

Calculus, Sugaku 5, 1992, pp. 155-173.

R. Léandre: Estimation en temps petit de la den-

sité d’une diffusion hypoelliptique. C.R.A.S. Se-

rie 1. 301, 1985, pp. 801-804.

R. Léandre: Majoration en temps petit de la den-

sité d’une diffusion dégénérée. PT.R.F. 74, 1987,

pp- 289-294.

R. Léandre: Applications quantitatives et quali-

tatives du Calcul de Malliavin. Séminaire Franco

Japonais (Paris. E.N.S) M. Métivier, S. Watan-

abe eds. L.N.M. 1322, Springer, Heidelberg,

1988, pp. 109-134. English translation: In Ge-

ometry of Random motion (Cornell) R. Durrett,

M. Pinsky eds. Cont. Math. 73, A.M.S., Provi-

dence, 1988, pp. 173-196.

R. Léandre: Strange behaviour of the heat-kernel

on the diagonal. Stochastic processes, physics

and geometry (Ascona), S. Albeverio and al eds.

World Scientific, Singapore, 1990, pp. 516-527.

R. Léandre: A simple proof of a large devia-

tion theorem. Stochastic analysis (San-Feliu de

Guixol) D. Nualart, M. Sanz-Sole eds, Prog.

Probab 32, Birkhauser, Basel, 1993, pp 72-76.

R. Léandre: Malliavin Calculus for a general

manifold. Séminaire X. E.D.P.2002/2003 J.M.

Bony, J.Y. Chemin, J. Sjoestrand eds. Publica-

tion Ecole Polytechnique, Palaiseau, 2003 (Elec-

tronic).

R. Léandre: Stochastic Mollifier and Nash

inequality. Recent developments in stochastic

analysis and related topics (Beijing), Ma Z.M.,

Roeckner M. eds, World Scientific, Singapore,

2004, pp. 246-257.

R. Léandre: Malliavin Calculus of Bismut type

without probability. Festchrift in honour of K.

Sinha.A.M. Boutet de Monvel and al eds, Proc.

Indian. Acad. Sci (Math. Sci), 116, 2006, pp.

507-518. arXiv:0707.2143v1[math.PR]

ISSN: 1109-2769

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

252

Remi Leandre

[22] R. Léandre: Path integrals in noncommuta-
tive geometry. Encyclopedia of mathematical
physics J.P. Francoise and al eds., Elsevier, Ox-
ford, 2006, pp. 8-12.
R. Léandre: Varadhan estimates without proba-
bility: lower bounds. Mathematical methods in
engineerings (Ankara), D. Baleanu and al eds.
Springer, Heidelberg, 2007, pp. 205-217.
R. Léandre: Positivity theorem in semi-group
theory. Mathematische Zeitschrift. 258, 2008,
893-914.
R. Léandre: Applications of the Malliavin Cal-
culus of Bismut type without probability.In Sim-
ulation, Modelling and Optimization (Lisboa),
A. M. Madureira C.D. 2006, pp. 559-564.
WSEAS transactions on mathematics 6, 2000,
1205-1211.
R. Léandre: The division method in semi-group
theory. Applied mathematics (Dallas) K. Psarris
edt. W.S.E.A.S. press, Athens, 2007, pp. 7-11.
R. Léandre: Infinite Lebesgue distribution on a
current group as an invariant distribution. Foun-
dations of Probability and Physics-4(Vaxjoe) C.
Fuchs and al eds. A.L.P. Proceedings 889, 2007,
pp- 332-336.
R. Léandre: Leading term of a hypoelliptic heat-
kernel. WSEAS Transactions on mathematics 7,
2007, pp. 755-763.
R. Léandre: Girsanov transformation for Pois-
son processes in semi-group theory. Num. Ana.
Applied. Mathematics.(Corfu) T. Simos edt.
A.LP. Proceedings 936, 2007, pp. 336-339.
R. Léandre: Malliavin Calculus of Bismut type
for Poisson processes without probability.To ap-
pear in J.E.S.A. Special issue on fractional sys-
tems. J. Sabatier and al eds.
[31] R. Léandre: Wentzel-Freidlin estimates in semi-
group theory. Preprint. (2007)
[32] R. Léandre, F. Russo:Density estimates
for stochastic partial differential equa-
tions.Stochastic Analysis (Ascona) R. Dalang,
M. Dozzi, F. Russo eds. Progress Probab. 36,
1995, pp. 169-186.
P. Malliavin: Stochastic Calculus of variations
and hypoelliptic operators. Stochastic Analysis
(Kyoto), K. Itd edt. Kinokuniya, Tokyo, 1978,
pp. 195-263.
P.A. Meyer: Flot d’une équation différentielle
stochastique. Séminaire de Probabilités XV J.
Azéma, P.A. Meyer eds, L.N.M. 850, Springer,
Heidelberg, 1981, pp. 100-117.
S. Molchanov: Diffusion processes and Rieman-
nian geometry. Rus. Math. Surveys 30, 1975, pp.
1-63.

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[33]

[34]

[35]

Issue 5, Volume 7, May 2008



WSEAS TRANSACTIONS on MATHEMATICS

[36] R. Montgomery: A tour of subriemannian ge-

ometries, their geodesics and applications, Math
Surveys and Monographs, A.M.S., Providence,
2002.

[37] J.R. Norris: Simplified Malliavin Calculus.

Séminaire de Probabilités XX J. Azéma and M.
Yor eds, L.N.M. 1204, Springer, Heidelberg,
1986, pp 101-130.

[38] D. Nualart: The Malliavin Calculus and related

[39]

[40]

[41]

[42]

topics, Springer, Heidelberg, 1995.

P. Protter:Stochastic integration and differential
equations. A new approach, Springer, Heidel-
berg, 1995.

N. Varopoulos, L. Saloff-Coste, T. Coulhon:
Analysis and geometry on groups, Cambridge
Tracts Maths 100, Cambridge Univ. Press, Cam-
bridge, 1992.

S. Watanabe: Stochastic analysis and its appli-
cations, Sugaku 5, 1992, pp. 51-72.

A.D. Wentzel, M.J. Freidlin: Random pertur-
bations of dynamical systems, Springer, Heidel-
berg, 1984.

ISSN: 1109-2769

253

Remi Leandre

Issue 5, Volume 7, May 2008



