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Abstract: In this article we obtained that the collocation methods are stable in according with the small pertur-
bations of coefficients, kernels and right part of studied equations. We proved that the condition number of the
approximate operator exists and bounded. The condition number of collocation methods is appropriated with con-
dition number for exact singular integro- differential equations.
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1 Introduction The definition of condition number for system of
linear algebraic equations was introduced for example
Singular integral equations (SIE) and singular integro- in [14],[15], [16] and generalized for operators and
differential equations (SIDE) have been used to model operator equations in [13].
many physical problems, for example, elasticity the- The classical continuous function space can not
ory, aerodynamics etc. [1]-[4]. be used because the singular operator of integration is
Itis known that the exact solution for SIDE is pos-  unbounded. That is why we studied thélter spaces.
sible in some particular cases. That is why we are
looking for an approximate solution using the direct .o .
method& with corresponding theoretical background. 2  Definitions and Notations
It should be mentioned that using a conformal _ _ _ _ o
mapping we can transform an arbitrary smooth closed N this section we introduce the main definitions from
contour to the unit circle. However, this approach may [13]:[16], [15]. Let
not simplify the problem due to the following: Av—vy, (z€X,yeY), (1)

e The coefficients, the kernels and right part of the

. . be an exact equation and
transformed equation may be more complicated. a

. - A = Yn, € Xn,yn € Yn), 2
e The convergence analysis may be more difficult nn = Yns  (Tn € Xnyn € V) @

due to the transformation of contour. be an approximate equation.
Let A and A,, be a linear operators which acting

The problem for approximate solution of SIDE by col-  tom Banach spack to the Banach spadé and from
location methods and mechanical quadrature methods subspaceX,, C X to the subspack, c Y.

was studied in [5]-[9] . The equations were defined on In practice the approximate solution of equation

the unit circle. _ (2) is solved approximate because of the elements of
The convergence for collocation methods was  {hege equations are not defined exactly. It means that
proveo! in [22], [17]. The equations were defined on ¢ equation (2) is changed by new one
an arbitrary smooth closed contour.
The main results about of the stability of projec- Bhxy, =z, (xn € Xy, 2n € Ya), 3)
tion methods were obtained in S. G. Mihlin [10], [11], o ,
G.M. Vainikko [12] for Hilbert spaces and B.G. Gab- WhereB,, is linear operator acting fron¥,, to ¥, and
dulhaev [13] for Banach spaces. so A, andB,,, asy, andz, are appropriated.
So we study the error

The collocation methods, mechanical quadrature- methods
are direct methods. n = [|20) — 2], 4)
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Wherex,({k) andx%l) are solutions ( if the solutions ex-

ist) of equations (2) and (3), respectively.

We introduce the definition of condition number
defined by operator.

The valuen = n(A) = ||A]|||A~}Y|| is named the
condition number of operatot and equation (1).

The operatord and the equation (1) are named
well-conditioned ifn is small and ill-conditioned in
another case.

The following equality was obtained in [16] :

* *
n(A) = sup sup”xi*x"” :
o [y ]

[yl

wherex*, z are solutions of equations (1) and (2)
andy is right part in (1).

3 Preliminaries

We study the stability of collocation methods. We
suppose that the operatdrin (1) are invertible.

The following theorems holds: [17]

Theorem 1. Let the following conditions be
satisfied

1) dimX,, = dimY, (=n < o0) andy,, = Q,)Y,
where(@),, is bounded projector for ath;

2) the operatorsd,, : X,, — Y,, are invertible and
A Iy, —x, < 1 (< 00)2,

3) ||4n — Bullxu—v, = O(eW));

) [y — zall = O(2); Yy 20 € Yos
(1)

) Jim en’ = Jim [[Qullen” = lim =i = 0.

Then for numbers large enough(n > Ny) the
operatorsB,, : X,, — Y,, are invertible and

a) [|1B; ]y, —x, <2 (< o0);

b) lim 5, = 0,6, = ||z — =3]|, and s, <

) (2)

1
es||Qnlly el + csel?;

0) [lo* — al||x <|la* — 2%+ [|QnllyOe)) +
0(5%2)).

2By ¢y, ca, . . . we denote the constants ;

ISSN: 1109-2769
122

lurie Caraus, Nikos E. Mastorakis,

Proof As A,, andB,, : X,, — Y,, and the condition 2)
holds then we have

B, = A,[I — A YA, — By)]. (6)
Using the conditions 2),3) and 5) we have

14, (A = Bo)llx, < c10(E)) < <1, (7)

therefore the operatdr— A '(A,, — B,) is invertible
in X,, forn(> Np) and we have that the operatBy, :
X,, — Y, isinvertible:

Bt =3 A (An = BV AL
j=0

From the last relation, from (6) and from the condition
2) we obtain

_ c1
1B, Iy —x, < q(: c2)

The condition a) from theorem was received .
We will verify condition b).
We have that

o0

Brjl - Agl = Z[A;I(An - Bn)]jAgla
j=1
from (7)
2
1B, = A < ——0(l)) = 0(el))
I—q
Then

|z, — 2Px, < A7 yn — By tenllx

< 1A, = By Dyl x+
HB;l(yn - ZnHX <
O ynlly, + c20(2).

We know thaty,, = Q,y. So we obtain||y,||y, <
[1@nllllylly - Using (4) we obtain

6n = ||y, —2Pllx, < OE)1Qnllllylly +O().

Using the last relation and the theorem condition 5)
we obtain condition b).

The condition c) followed by from b) and triangle
rule. Theorem 1 was proved.

Theorem 2. Let the operatorsA and A,, be
linear and invertible as operators mapping from
X to Y and from X, to Y,, respectively where
dimX,, = dimY, (< co) and

1A = Anllx,~y = O(en);
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Then the condition numberg A) andn(A4,,) of
operators A and A,, exist. The following rela-
tions hold:

forn > Ns(e), (9)
wheree is an arbitrary positive less then 1 and

lim n(A4,) =n(A).

n—oo

(10)

Proof
We will prove the relations (9) and (10).

n(An) = | AnllllA 1] = [JAI = A7H A= AL)]]
17— A7 (A= A A

<n<A>||f—A-1<A—Anr|||f;m-l

14+ O(ey)
1-0(e,)’
We note the functioril + 0)/(1 — 6), 6 € (0;1)
is increase monotonically and from the condition
(8) we have (9).
We will prove that the relation (10).
So we evaluated(A,,) as we would evaluate

n(A).

— APl

< n(A)

n(A) = AN = [ AuT— A7 (A= A) 1
I (A AP A < A TG
From the obtained inequalities
) < ) e
o) < (AN e
follow
o) <) (2252 1))
oA Z A o
B 20(e,)
) (1 1+ O(an)>
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We obtain
i 20 < ) — (4 <
0:.)
n(A)— 0@

From the last inequality and (8) we have (10).
Theorem 2 is proved.

So if the exact solutions of equation (1) are
well conditioned then from the conditions of The-
orem 2. the approximate solutions of (2) are also
well conditioned.

4 Numerical schemes of the colloca-
tion methods

The numerical schemes of collocation methods for the
approximate solution of SIDE are presented in this
section. The theorems of the convergence of the ap-
proximate solutions to the exact solution are proved in
[17], [22].

Let T' be an arbitrary smooth closed contour
bounding a simply-connected regidfi- of complex
plane,let =0 € F*, F~ =C\ {FtUT}, Cisthe
complex plane.

Let z = ¢(w) be a Riemann function, mapping
conformably and unambiguously the outside of unit
circleT'y = {Jw| = 1} on the domainf'~, so that
P(o0) = oo, 1p)(c0) = 1. The class of these con-
tours we denote by.

Let U,, be the Lagrange interpolating polynomial
operator constructed on the poir{t:;}fgo (n is a nat-
ural number ) for any continuous function dn

Ung)( Zg tj)-1;(t), teT,
where
wo=(4) T i =
(k 0k#f) 7
= Z ADEE - teT (11)
k=—n

By Hp(I') we denote Hlder space with the expo-
nents (0 < 8 < 1) and with norm

lgllg = llgllc + H(g: B),

" !/

lg(t") = g(t)

‘t/ B t//|ﬁ

’ "

bt

erl.
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By H( )( ') g = 0,1,..., we denote the space
of r times contlnuously- dlfferentlable functions. The
derivatives of the-th order for these functions are el-
ements off5(T) (g9 € Hp(T).)

The norm onH/g‘Z)(F) is given by formula

lgllp.g = 3. (12)

q
> lg™Mlle + H (g
k=0

In the complex spacdiz(I') we consider the
SIDE

= f(t)?t er, (13)

whereA, (), B,(t), K.(t,7)(r = 0,v) and f(t) are

known functions which belong té75(T'), 2 (t) =

z(t) is the unknown function fromHg(I'), and

(1) = d'z

dir’

We assume that the functiorf*) (t) belongs to
Hg(T'), then

= 1, v, v is a positive integer.

e®(t) e Hy(T), k=0,v—1

We search for a solution of equation (13) in the
class of functions, satisfying the conditions

/ZL‘(T)T_k_ldT =0, k=0,v—1. (14)
r

Equation (13) with conditions (14) will be de-
noted as "problem (13), (14) "

Using the Riesz operatoiB = (I +95);Q =

(I S); (I an identity operator anﬂ is a singular
operator)
1 [ (r)dr
e T—t
r

We rewrite the SIDE (13) in the form:

=) > As()(Pz¥)(t) +
s=0

Se(t) =

B, (£)(Q=) () +

1 (s) _
+%@/&“”W (r)dr = f(t), tel, (15)
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We search for the approximate solutions of prob-
lem (13), (14) in the polynomial form

_ Z a,&")t’”” Z o n)tk
k=0

k=—-n
Wherea,(cn) = «ay, (k = —n, n) are unknowns; we note

that the functionz,,(¢), constructed by formula (16),
obviously, satisfies the conditions (14).

Let R, (t) = Mz, (t) — f(t) be the residual of
SIDE. The collocation methods consist in setting it
equal to zero at chosen poirits j = 0,...,2nonT
and thus obtaining system linear algebraic equations
for the unknown coefficients;,, which will be deter-
mined by solving it.

R,(tj) =0,j=0,...,2n a7)
Using formulae [17] we have the following formulae:

teT, (16)

(Pz)"(t) = (Pz))(t),
Q)" (1) = (Qz"))(t) (18)
and the relations
r (k+q)! —r
(tF 7)) = (szr)!th k=0,....n
—kN(r) _ [ T(k—|—7“—1)! —k—r
k=1,...,n (19)

from (17), we obtain the following system of
linear algebraical equations (SLAE) for collocation
methods:

v

>

—nr=0

(k+v)!

r—— szgn(k:)[Ar(tj)t?Jr”*T

k —
+%/ Ko(ty,m) - T+

L sion(—h) - (17 B )6+
2—/ K, (t;, T)TikirdT]} o
r
= f(tj)a J=20,2n, (20)
where A, (t) = A,.(t) + By(t), B,(t) = A.(t) —

B,(t)r = >
-1,k <0 :
o (v
Let Hz (I') is a subspace ng’) (") space.

o (V)
The elements ofi; (I') are satisfied the condition
(14) with the norm as ing’)(l“).
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~ Theorem 3. Letl' A and the following condi- Yy = UpHg; Qn = Un, e — @) Inn _we have
tions be satisfied: a—p
. y the collocation operatod,,. Theorem 4 is proved
1. the functionsA, (t), B, (t),K,(t,7)(r = 0,v) Theorem 5. Let the conditions of Theorem
and f(t) belong to the spacél” I)0<a< 3. be satisfied. Then beginning with the number
Lr >0 n > N; exist a condition numberg A,,) for ap-

2. A(t) - Bu(t) # 0, € T proximate equations of collocation methods and

1+¢ :
. . . <c-
3. the index of function” B, 1(t)A,(t) is equal to n(An) < ¢ (M), — e(>0)is an
zero; arbitrary small numbern > N;(¢) :
o (V) .
4. the operatorM :Hz (I') — Hg(T') is linear lim (A,) =n(M).
and invertible;
5. t;(j = 0,2n) form a system of Féj points [20], From Theorem 3 we have,
[21]on T
. Inn
We obtained the conditions (8) of the Theorem 2.
6. 0<fB<ax<l. Now Theorem 5 followed from the relations (9) and
(10).

Then, beginning witm > n;, SLAE (20) has the
unique solutiomy, k = —n, n. The approximate so-

lution x,,(t), constructed by formula (16,) converges g Stability of exact SIDE
whenn — oo in according to the norm of space

Hé”) (T") to the exact solutiom(t) of the problem (13), In this section we study the stability of SIDE irbkdler
(14). The following estimation of convergence speed spacesis(I'), " € A.
holds: We consider the SIDE (15) as exact equation.
We suppose that equation (15) has an unique solu-
di + dyInn tion. The coefficients, nuclei and right part have small
|x — 0|5, = WH(JJ(T), ). perturbations.

The proof of this theorem can be found in [17], [22]. ) )
||As - As”c < g, ”Bs - Bs”c < £,

5 Stability of collocation methods.

.. ||f_f||c<5>‘|K8(t>7)_KS(t75)‘|c<5>
Condition numbers

(t,rel,e<1), s=0,...v (21)

Theorem 4. In conditions of Theorem 3 the collo-
cation methods for the approximate solution of SIDE
(13) is stable in Klder spaces from different of small
variations in approximate equations.

Proof of theorem. From the proof of Theorem (M z = Z Ay () (Pz™)(t) + Bo(£)(Qx™) (t)+
3 we obtained that approximate collocation operator
A, starting from the numberns > nq, is invertible as

The following question appears: if the unique solution
x(t) exists for equation

operator mapping fromy,, to X,,, whereX,, and X, +i/]f{s(t, )z (r)dr = f(t), tel, (22)
are defined in [22], [17] 2mi J
14,4 = 0(1), A :Xu— Xo. if yes we should study the erréf") = ||2*(t) —

z(t)||, wherex*(t) is an unique solution for equation
(15) andz.(t) is an unique solution for (22)?

From proof of Theorem 3 we have that the op- Supbpbose  A.(1). B.(t ¢ and  K.(t
eratorsU,, is bounded infz and X,, = U, Hg. Us- c Hr?rp) r :S( ())7 185 ),’,],C( )S =0 Sy( 7(63)/
ing the theorem 1. in conditiond = M, X, :)O(n, both variables).
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As It was proved in [18], for smak the coeffi-

cientsA(t), Bs(t) andK,(t,7), s = 0,...v, belong
totheH)(I'),r=0,1,2,...,s=0,...v.
We estimate the function nords Mz,

AMz L (M — M)z,
iNnHg(I) (0<f<a):

AMz = Z{ A)(P2) )+

[Bs(t) — By()](Qz™)) (1) +
—f/ﬁg@ﬁ)—KJtﬂh“%ﬂm%teF.Q@

211
T

It is enough
H(AMz; 3).

a) |AMz|(t)] :

\<Z| — A,

to estimate||[AMz||. and

[AMz)(t (O(P)(0) ]+

Z|
2mz{/|f< (t,7) — Ko(t,7)

sOF

‘.%' T)HdT‘} = My + My + Ms.

By())(Pz™)(t)+

Taking into consideration that the operatdrs
Q is bounded in Hlder spaceg21) and evident
equality||-||. < ||-||s for M7 andM,, we obtain.

My <Y {IAs() = As(0)]|(P29)(#)]} <
s=0

v
e [1Pz9||5 < el | Pllgll]| 5,
s=0

My < S {IBL(8) - Bu][(Qe)0)])
s=0

< e 11Qzlls < ellQlisllel 5

s=0

. . l
Analog, using (21), we obtaif/z < ngchw
T

l .
< 2—5||a:|\g7,, (wherel is length of contour”).
T
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So,

[(AMz)(®)| < e(||Plls + 1Qlls+

l

lalls (24)

b) H(AMz;3). Lett andt” € I'. Then

(AMa) () -
Z 1A
A
Sio Bt — Bt (@ )¢

(AMz)(t")| <
S(E)(Pe)()~
= AP |+

"

—[B,(t") )t )|+

— K (t,7)]—

— By(t))(Qa
‘1

e K t.T
> o F/ (Kt 7)

—[K ()= K(¢, 7))l (7) | dr |

We e/stima}teM4 andMs.
Let|t' —t'| > e. Then from (21) we have

= M4—|—M5—|—M6.

My < Y {|[As(8) = A(8)]|(P2)(¢) |+
s=0

HA() = A(")]|(P2@) ()]} <

<2 1Pal]y <
s=0
2e' 7P| P|gl|z] | g <
2e' P Pl ||t —t"|7.
If |t —t"| <e,then

M<Z — APzt

A") + A1) <
<5ZH (Pz® +Z||Pﬂ? l|c[H
s=0

H(As, )t = t"|* < el|Pllsll]]5,+

(As; )+

Issue 4, Volume 7, April 2008



WSEAS TRANSACTIONS on MATHEMATICS

1Pllsllall.0[H (As; @) + H(Ag; )]t —¢" |77,

The analog estimations are true fof; changing
|| P|| by ||@Q|| and functionsd,(t), As(t) by Bs(t) and
B(t), s = 0,v. Soin both cases

3 44 ~A)

[As(t") = A8 (P2™)(t")]

N(t)~

(Pz(s
/’B

< cre’lfellp s

it —t"|
Y |[Bs(t') — Bs(t)](Qx))(t)
SZ:% it —¢"|8 B
[Bs(t") — By(t"))(Qz)(t")]
[t —t"|8
< c2°||z]| 3,0 (25)
where

d = min(f;a — f). (26)

For Mg, in similar way we will consider the case
it' —t"| > . Then

v ,

Mg < — | |Ks(t,7)—
6_;&m!r< )
K (t' 7)||a (7) [} dr |+

27rz Z{/’K t ')

sOF

—K (¢, )|l (7)1} <
1-3

3 g ’ "
< 1< S el It — 1),
s s

We used the fact that for functiorfs (¢,
K(t, 7) the relation (21) holds.
If |t —t"| < e, then

7) and

M6<7 /|Kt’7'

K(t", 7|« (r)|dr|+

2mZ/|K t '7)

sOF

K", 7)) (r)]|dr| <
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= 2 ZZ{Hw ONl(H (K a)+
FH(Ega)l — | <

7|| e ™™ ﬂz

+H(Kga))|t —t"]5.

(Ks; )+

From estimations a#/s, from (22) and (26) we obtain

[|AM]| <C~66; d =min(B;a — 3). (27)

HOr

From relation (27) we have farenough small the
equation (22) has unique solutiafi(t).

Using the theory of operator perturbation ([19])
and the relations (27) we can determine the relations
between exact solutions‘(¢) andz.(t) of equations
(15) and (22) in spacelz(T").

Taking into consideration the definition of norm
in Holder spaces we obtain

% — 2Z||s = O(e9);

Remark The same results we can obtain for
Lebesgue and Generalizedlder spaces.

7 Numerical Result

We present a test example in this section.
. 1
We take the exact solution a$t) = ——
The coefficients are chosen as follows

The contourl” is an ellipseRcos¢ + irsing. For this
example,R = 3 andr = 2. The right partf(t) of
equation is determined automatically.

In table we show the results using the colloca-
tion scheme (20) . We approximate the integrals by
quadrature formula [17]:

1
—,/g(T)TH'de =

211
r

1 I+1 k—1
sz%“ g(r)rar,

(28)

Issue 4, Volume 7, April 2008
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( wherek = 0,...
—1,...,—nforl = -1,
following SLAE:

,nforl = 0,1,...andk =
—2,...). Thus, we obtain the

n

(k+v)!

{A,(t;) T T+
TZ:%] / kz:%] (k+v—nr)
n (k +r— 1)' _k—
B.(tj)» (=)' ——=t """ a_y
! k; (k—1)!
n k‘ + l/ 1 (s)
K (tj, ts)ti A
+ 1;) (k+v—r)! Z
- (k+r—1)!
+>» (-1)'——=
k; (k—1)!
2n
SRttt A asy = f(t), (29)
s=0
forj =0,...,2n.
We determine\,, k = — .,n from relations
(12).
2n Error
8 0.0749
16 0.0215
24 0.0012
28 | 2.8018e — 04
32 | 6.4508e — 05

Table 1In this table we presented the error between

the exact and approximate solutions. The error is

largest error in the magnitude of all selected points.
In our test, the non- collocation points have been

obtained from formula
. T
z(])—Rcos( —|—16>+
2m(j — 1)

ir sin( + W)
k 16

wherek is a natural integerangd=1, ..., k+ 1.
We observe that we should take enough collocation
points to guarantee the convergence.

2r(j — 1)
k

8 Conclusion

In this article we proved the stability of collocation
methods. We demonstrated that condition numbers
of approximate equations and exact equations existed
and appropriated.
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