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Abstract: We establish a natural frame for affine Lagrangians and Hamiltonians. The focus is on the Hamiltonians
applicable in classical fields and their generalizations. A unitary treatment of scalar and volume-valued Hamilto-
nians in a special class is obtained. Considering a variational problem of the action defined by a Hamiltonian in
this class, one obtains informations about the multitime dynamical solutions of the classical variational problem
for scalar and volume-valued Hamiltonians.
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1 Introduction

A large interest is currently manifested for La-
grangians and Hamiltonians on affine bundles. The
most known examples of affine bundle used in dif-
ferential geometry is the higher order tangent space
and the jet space of a fibered manifold. These two
classical cases were recently studied in many papers.
The higher order spaces are studied from the affine
point of view in [4]. The jet spaces are studied in the
context of multitime Lagrangian and Hamiltonian ge-
ometry in [5]-[11] and in an affine setting in [1]-[3].
The purpose of our paper is to indicate a link between
these two cases, and also to give a general setting for
Lagrangians and Hamiltonians on affine bundles. An
F-Hamiltonian (volume-valued) and an affine Hamil-
tonian (scalar valued) are sections in certains affine
bundles; they both naturally lift tõF -Hamiltonians.

In section 2 one analize the affine Lagrangians
and Hamiltonians on affine spaces and on affine bun-
dles. The general setting in the second Section is used
in the Section 3, on the jet space of a fibered manifold,
to prove the main results. Considering a Hamilton-
Jacobi variational principle for̃F -Hamiltonians, one
obtains (Theorem 1) the Hamilton-Jacobi equations
(equations (HJ.1)- (HJ.3)). AñF -Hamiltonian h̃ is
the lift of an F-Hamiltonianh iff the equation (HJ.3)
is an identity (Proposition 4). In general, we prove
that the existence of a solution of equation (HJ.3) en-
sures, with some additional conditions, the posssibil-

ity that the solutions of the Hamilton-Jacobi PDEs of
anF̃ -Hamiltonian can be obtained from the solutions
of PDEs produced by natural F-Hamiltonianh (Theo-
rem 2).

Some examples ofF̃ -Hamiltonians that are
quadratic in momenta are given; these examples in-
clude the lift of the electromagnetic Hamiltonian.

2 Affine Lagrangians and Hamilto-
nians

We breafly recall some facts about affine Lagrangians
and Hamiltonian in an affine setting (see [4] for more
details).

Let A be an affine space modeled on the real (fi-
nite dimensional) vector spaceV . A Lagrangianon
A is a differentiable functionL : A → IR. An
affine HamiltonianonA is a differentiable map (non-
necessary linear)h : V ∗ → A† such thatπ ◦h = 1V ∗ ,
whereA† = Aff(A, IR). Using coordinates, the

affine Hamiltonian is(pi)
h→ (pi, h0 (pi)) .If the co-

ordinates change, thenh′0 (pi′) = h0(pi) + pia
i. For

example, ifx0(αi) ∈ A, then(pi)
hx0→

(
pi, α

ipi

)
is

an affine Hamiltonian. Thevertical Hessianof a La-
grangianL is the bilinear form on the manifoldA, de-

fined bygij(yk) =
∂2L

∂yi∂yj
(yk). Thevertical Hessian

of an affine Hamiltonianh is the bilinear form on the
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manifoldV ∗, defined byhij(pk) =
∂2h0

∂pi∂pj
(pk). The

Legendre mapdefined by a LagrangianL : A → IR

is L : A → V ∗, L(yj) =
∂L

∂yi
(yj)ei and the

co-Legendremap defined by an affine Hamiltonian
h : V ∗ → A† as above isH : V ∗ → A,L(pi) =(
∂h0

∂pi
(pj)

)
.

The LagrangianL is regular (hyperregular) if
the Legendre map is a local diffeomorphism (global
diffeomorphism). Analogous one say that an affine
Hamiltonian h is regular (hyperregular) if its co-
Legendre map is a local diffeomorphism (global dif-
feomorphism). A Lagrangian (affine Hamiltonian) is
singular if it is not regular. For example, the image
of the co-Legendre map of an affine Hamiltonian of
the formhx0 is {x0} and its vertical Hessian is null
(degenerate; an extreme case.) ThenL (or h) is regu-
lar iff the vertical Hessian is non-degenerate at every
point (as a bilinear form).

Let L : A → IR be a hyperregular Lagrangian.
Then let us denote byL−1 : V ∗ → A the inverse
of the Legendre map; using coordinates,L−1(pi) =
(Lj(pi)). Thenh : V ∗ → A†, h(pi) = (pi, h0(pi)),
h0(pi) = pjL

j(pi)−L(Lj(pi)), is an affine Hamilto-
nian.

Conversely, leth : V ∗ → A† be a hyperregular
affine Hamiltonian andH−1 : A→ V ∗ the inverse of
the co-Legendre map; using coordinates,H−1(yi) =
(Hj(yi)). ThenL : A → IR, L(yi) = yjHj(yi) −
h0(Hj(yi)), is an affine Lagrangian.

A surjective submersionE
π→M is usually called

a fibered manifold. A locally trivial fibrationA
π→M

is anaffine bundleif its fiber is modeled by a (real)
affine spaceA0 and the structural functions are affine
transformations ofA0. We consider local coordinates
adapted to the bundle structure:(xi) onU ⊂ M and
(xi, yα) onπ−1(U) ∼= U ×A0, that change according
to the rules{

xi′ = xi′(xi)
yα′

= yαaα′
α (xi) + aα′

(xi).
(1)

A vector bundle is a particular case of an affine
bundle (aα′

= 0 in relation (1)). It is a locally trivial
fibration with a fiber type a vector space. An affine
bundleπ : A → M gives rise to the vector bundles
π̄ : Ā → M (given by the director vector spaces at
every point) and its dual vector bundlēπ′ : Ā∗ →

M , called thedual vector bundleof the given affine
bundle and usually denoted byπ∗ : A∗ → M , orA∗

for shortness.
Let π1 : F → M be an affine bundle with

the affine lineIR as typical fiber (i.e. with a one-
dimensional fiber). The local coordinates onF
change according to the rules{

xi′ = xi′(xi)
y′ = yσ(xi) + τ(xi).

(2)

If σ = 1 andτ = 0, thenπ1 : F → F = M ×
IR → M is the projection on the first factor, thus it is
the trivial vector bundle. If onlyσ(xi) = 1 (for every
local chart), then the affine bundle is associated with
the trivial vector bundleM × IR → M ; we say that
the affine bundle F hasstructural translations.

Let π : A → M be an affine bundle andπ1 :
F → M be an affine bundle with a one-dimensional
fiber. TheF̄ -dual ofA is L(Ā, F̄ ), denoted byA∗F .
The local coordinates onA∗F change according to the
rules {

xi′ = xi′(xi)
σpα′aα′

α (xi) = pα.
(3)

Let us considerF̄∗ ⊂ F̄ , the fibered submani-
fold of the vector bundleπ0 : F̄ → M , consisting in
non-null vectors. DenotẽA = A ×M Ē. The natural
projectionπ̄ : Ā → F̄∗ is the canonical projection of
an affine bundle. Let us denote also byF̃ = F ×M F̄∗
and byπ̃0 : F̃ → F̄ the canonical projection.

Proposition 1 The projectionπ̃0 : F̃ → F̄∗ is the
canonical projection of an affine bundle with struc-
tural translation (i.e. the associated vector bundle is
the trivial vector bundleM × IR→M ).

If π : E → M is a fibered manifold, its first
jet spaceJ1π can be regarded as an affine bundle
J1π → E. Using onE local coordinates that are
adapted to the submersion, then coordinates onJ1π
have the form(xi, yα, yα

i ). They change according to
the rules:

xi′ = xi′(xi)
yα′

= yα′
(xi, yα)

yα′
i′
∂xi′

∂xi
= yα

i

∂yα′

∂yα
+
∂yα′

∂xi
.

(4)

If s : M → E is a section (it can be a local one),
then it lifts to a sections′ : M → J1E of the fibered
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manifoldJ1E →M . Using local coordinates, ifs has
the local form(xi) → (xi, sα(xi)), thens′ is (xi) →

(xi, sα(xi),
∂sα

∂xi
).

Let us consider the vector bundleJ1π∗ = V ∗E⊗
π∗TM → E; the coordinates onJ1π∗ have the form
(xi, yα, pi

α), The coordinates(xi) and(yα) change as
in relations (4), while

pi′
α′
∂yα′

∂yα
= pi

α

∂xi′

∂xi
. (5)

If E = M × T , whereT is a manifold, then
xi′ = xi′(xi), yα′

= yα′
(yα) and the coordinates

(yα
i ) on J1π change in a tensor manner, thusJ1π =

V E ⊗ π∗T ∗M is a vector bundle andJ1π∗ is its dual
vector bundle. This vector bundle is used in a sys-
tematic way in the study of multi-time Lagrangians
and Hamiltonians (see [9] and the references therein).
Another particular case, considered below, is when
π1 : F → M is an affine bundle with a one dimen-
sional fiber. In this case the formulas (4) have the
form: 

xi′ = xi′(xi)
y′ = yσ(xi) + τ(xi)

yi′
∂xi′

∂xi
= yiσ(xi) + y

∂σ

∂xi
+
∂τ

∂xi
.

(6)

If π1 : F →M is a vector bundle, thenτ = 0.
Let us suppose thatπ1 : F → M is an

affine bundle with structural translations. If(xi) and
(xi, y) are local coordinates onM and onF respec-
tively, then the local change of coordinates arexi′ =
xi′(xi), y′ = y + f(xi). The first jet bundleJ1π1

has the coordinates(xi, y, ui) and the coordinates(ui)

change following the rule:u′i = ui +
∂f

∂xi
. There

is an affine bundleν : F1 → M that has as coor-
dinates(xi, ui) and the affine bundleJ1π1 is canon-
ically isomorphic with the induced bundleπ∗1ν; we
write J1π1 = π∗1ν.

A section s ∈ Γ(π1) lifts naturally to a sec-
tion s′ ∈ Γ(J1F1 → M), given locally by(xi) →

(xi, s(xi),
∂s

∂xi
). It induces a sections′′ ∈ Γ(ν) and

implicitely an affine sectionsJ ∈ Γ(J1F → F ) that

has the local form(xi, y) → (xi, y,
∂s

∂xi
). The section

sJ defines a connection in the bundleπ that has a null
curvature. If a connection onπ is defined by a section

ξ ∈ Γ(J1F → F ), (xi, y) → (xi, y, ξi(xi, yα)), it

has the curvature given locally byRij =
∂ξi
∂xj

− ∂ξj
∂xi

.

The curvature vanishes iff locallyξ has the formξ =
sJ , i.e. it is a lift of a local sections ∈ Γ(π1).

We are going to prove in what follows that one
can associate with every affine bundle with one di-
mensional fiber an affine bundle with one dimensional
fiber and with structural translations. Letπ : A→M
be an affine bundle andπ1 : F →M be an affine bun-
dle with a one-dimensional fiber. AnF -lagrangian on
E is a fibered manifold mapL : A→ F (i.e. π1 ◦L =
π). Since every affine map induces a linear map on the
director vector space, there is a canonical projection
Π : Aff(A,F ∗) → A∗F . An F -Hamiltonian onE
is a fibered manifold maph : A∗F → Aff(A,F ∗)
such thatΠ ◦ h = 1A”F . For example, let us consider
F = M × IR andp1 : M × IR → M be the projec-
tion on the first factor. TheF -dual ofA is justA∗.
An F -Lagrangian has the formL(e) = (π(e), L0(e)),
whereL0 : A → IR is usually called aLagrangian.
An F -Hamiltonian on A has the formh : A∗ →
Aff(A,M × IR). This is the case considered in [3]
for affine Hamiltonians of higher order. Another ex-
ample, more elaborated, is given in the next section,
on jet spaces.

Then anF -LagrangianL has the local form

(xi, yα) L→ (xi, L0(xi, yα)) and the local functions
L0 change according to the rules given by (2):

L′
0(x

i′ , yα′
) = L0(xi, yα)σ(xi) + τ(xi). (7)

Since
∂L0

∂yα
= σ

∂L′
0

∂yα′
∂yα′

∂yα
= σ

∂L′
0

∂yα′ a
α′
α , the for-

mula (xi, yα) → (xi,
∂L0

∂yα
) defines aLegendre map

L : A → A∗F of L. The local form of a map

Ω ∈ Aff(A,F ∗) is (yα) Ω→
(
yαpα b

)
andΠ(Ω)

has the local form(yα)
Π(Ω)→ (yαpα).

The local form ofΠ : Aff(A,F ∗) → A∗F

is
(
pα p

) Π→ (pα). An F -Hamiltonian h :

A∗F → Aff(A,F ∗) has the local form(xi, pα) h→
(xi, pα, h0(xi, pα)). The change rules of local coordi-

nates are
(
pα p

)
= σ ·

(
pα′ p′

)( aα′
α aα′

0 1

)
,

or
(
pα′ p′

)
= σ′ ·

(
pα p

)( aα
α′ aα

0 1

)
,

where (aα
α′) = (aα′

α )−1, σ = (σ′)−1 and aα =
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−aα′
aα

α′ . Thush′0(x
i′ , pα′) = σ−1(xi) · (pαa

α(xi) +
h0(xi, pα)). It is easy to see that the formula

(xi, pα) → (xi,−∂h0

∂pα
) defines aco-Legendre map

H∗ : A∗F → A of h. A LagrangianL : A → F
is regular if its Legendre map is a local diffeomor-
phism; it is equivalent with the fact that thevertical

hessian, given by the local matrix

(
gαβ =

∂2L

∂yα∂yβ

)
is non-singular. The Lagrangian ishyperregularif its
Legendre map is a (global) diffeomorphism.

If L : A→ F is anF -Lagrangian, theñL : Ã→

F̃ defined locally byL̃(xi, yα, ȳ) =
L(xi, yα)

ȳ
is an

F̃ -Lagrangian oñA. We say that̃L is thelift ofL from
A to Ã. It is easy to see that the following statement
is true.

Proposition 2 The lift L̃ is regular (hyperregular) iff
L is regular (hyperregular).

Analogously, ifh : A∗F → Aff(A,F ) is anF -
Hamiltonian, then one can consider anF̃ -Hamiltonian
h̃ : Ã∗F̃ → Aff(Ã, F̃ ) defined byh̃(xi, ȳ, p̃α) =
1
ȳ
h(xi,

1
ȳ
p̃α). We say that̃h is thelift of h (fromA∗F

to Ã). It is easy to see that the following statement is
true.

Proposition 3 The lift h̃ is regular (hyperregular) iff
h is regular (hyperregular).

There are natural mapsΦ : A∗ ×M F̄ = Ã∗ →
A∗F andΨ : Aff(A, IR) ×M F̄ = Aff(Ã, IR) →
Aff(A,F ) given in local coordinates by

Φ : (xi, p̃α, z̄) → (xi, pα = z̄−1p̃α),

Ψ : (xi, p̃α, z̄, p̃) → (xi, pα = z̄−1p̃α, z̄
−1p̃).

One can consider also some natural mapsΠ̃ :
Aff(Ã, IR) → Ã∗ andΠ : Aff(A,F ) → A∗F .

If h̄ : A∗ → Aff(A, IR) is an affine Hamilto-
nian, then one can consider añF -Hamiltonian h̃ :
Ã∗F̃ → Aff(Ã, F̃ ∗) defined by h̃(xi, ȳ, p̃α) =
h̄(xi, p̃α), that we call thelift of h̄ (fromA∗ to Ã).

3 Related Hamiltonians on a jet
space

Let π : E → M be a fibered manifold (or a bun-
dle). We consider the vector bundleΛm(TM) → M ,
m = dimM , with a one-dimensional fiber, that has
as sections the top forms (or volume densities) onM .
For our purpose we consider also the induced vec-
tor bundles with one dimensional fibersπ1 : F =
π∗Λm(TM) → E, π′1 : F ∗ = π∗Λm(T ∗M) → E.
A Hamiltonian considered in [1, 2, 3] is called, in our
terminology, as anF -HamiltonianonE. It is a sec-
tion h : J1π∗F → J1π†F and it has the local form

(xi, yα, pi
α) → (xi, yα, pi

α, h(x
i, yα, pi

α)). (8)

The local coordinates(pi
α) and the local functionsh

change according to the rulespi′
α′
∂yα′

∂yα
= σ−1pi

α

∂xi′

∂xi

and h′ = σ−1

(
h+ pi

α

∂yα

∂yα′
∂yα′

∂xi

)
. An affine

Hamiltonianon J1π∗ is a section̄h : J1π∗ → J1π†

and it has the local form

(xi, yα, p̃i
α) → (xi, yα, p̃i

α, h̄(x
i, yα, p̃i

α)). (9)

The local coordinates(p̃i
α) and the local functions̄h

change according to the rules̃pi′
α′
∂yα′

∂yα
= p̃i

α

∂xi′

∂xi

and h̄′ = h̄ + p̃i
α

∂yα

∂yα′
∂yα′

∂xi
.We are going to put to-

getherF -Hamiltonians and affine Hamiltonians. In
order to do this we consider̃F -Hamiltonians. In or-
der to simplify notations and the exposition, we con-
siderF ∗

∗ instead ofF̄∗ in the previous section. We
denoteF̃ = F ×M F̄ ∗

∗ and we use the canonical pro-
jection π̃0 : F̃ → F̄ ∗

∗ . Also, J̃ = J1E ×M F̄ ∗
∗ and

π̃ : J̃ → Ẽ = E ×M F̄ ∗
∗ (a canonical projection of a

fibered manifold). AnF̃ -HamiltonianonE is a sec-
tion h̃ : J̃∗ → J̃† and it has the local form

(xi, yα, ω̄, p̃i
α) → (xi, yα, ω̄, p̃i

α, h̃(x
i, yα, ω̄, p̃i

α)).
(10)

The local functions̃h change according to the rules

h̃′ = h̃ + p̃i
α

∂yα

∂yα′
∂yα′

∂xi
. According to the previous

section, anF -Hamiltonian, as well as an affine Hamil-
tonian, lifts to anF̃ -Hamiltonian. More specifically,
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– if h is an F -Hamiltonian that has the local
form (8), then its lifth̃ has the local form (10), with

h̃(xi, yα, ω̄, p̃i
α) =

1
ω̄
h(xi, yα, ω̄p̃i

α);

– if h̄ is an affine Hamiltonian that has the lo-
cal form (9), then its lifth̃ has the local form (10),
with h̃(xi, yα, ω̄, p̃i

α) = h̄(xi, yα, p̃i
α). An important

tool in the study ofF -Hamiltonians (Hamiltonians in
the classical terminology can be found in the multi-
symplectic formalism developped in [1, 2, 3] (see also
the bibliography therein). In [1] one define the action
of anF -Hamiltonianh on sections onE → M and
one deduce the equation of a critical section of this ac-
tion, deduced from a Hamilton-Jacobi principle. We
intend to define an action for añF -Hamiltonian, in
order to recover the same action for the lift of anF -
Hamiltonian.

Let m = dimM . The Hamilton-Cartan forms
Θ = pi

αdy
α ∧ dm−1xi − pdmx, Ω = −dΘ =

dpi
α ∧ dyα ∧ dm−1xi + dp ∧ dmx on J1E†F =

Aff(J1E,F ) gives the pull-back formsΨ∗Θ and
Ψ∗Ω on J̃† = Aff(J̃ , IR). We consider anF̃ -
Hamiltonianh̃ : J̃∗ → J̃†. It defines the pull-back
form on J̃∗, given byΘh̃=h̃∗Θ andΩh̃=h̃∗Ω, that has
the local forms

Ψ∗Θh̃ = ω̄(p̃i
αdy

α ∧ dm−1xi − h̃(xi, yα, ω̄, p̃i
α)dmx)

and

Ψ∗Ωh̃ = −dω̄ ∧ (p̃i
αdy

α ∧ dm−1xi − h̃dmx)−
ω̄(dp̃i

α ∧ dyα ∧ dm−1xi − dh̃ ∧ dmx)

respectively. (HereΦ : J1π∗ ×M F ∗
∗ = J̃∗ → J1π∗F

andΨ : J̃† → J1π†F are defined in the general case
in the previous section,A = J1π.) Let us consider the
natural fibered manifold̃τ : J̃∗ → M and denote by
Γ0(M, J̃∗) the set of its sectionsψ : M → J̃∗ such
that the pull-backm-form s∗Θh̃ onM has a compact
support; a sectionψ has the local form

ψ : (xi) → (xi, yα(xi), ω̄(xi), p̃i
α(xi)). (11)

It follows a mapH : Γ0(M, J̃∗) → IR, ψ →∫
M
ψ∗Θh̃. For a local compact-supported vector

fieldX ∈ X (J̃∗) that has a local one-parameter group
σt, one can consider a variationψt = σt◦ψ. Thevari-
ational problem, is the search of a sectionψ, called a
critical section, such that

d

dt

∣∣∣∣
t=0

∫
M
ψ∗

t Θh̃ = 0. (12)

(Hamilton-Jacobi principle).

Theorem 4 A sectionψ that has the local form (11)
is a critical section iff it satisfies the following system
of equations

∂h̃

∂p̃i
α

=
∂yα

∂xi
, (HJ.1)

ω̄
∂h̃

∂yα
= −ω̄ ∂p̃

i
α

∂xi
− p̃i

α

∂ω̄

∂xi
, (HJ.2)

p̃i
α

∂h̃

∂p̃i
α

− h̃− ω̄
∂h̃

∂ω̄
= 0. (HJ.3)

As an example, let us consider a sections :
E → J1E, a two covariant tensorG on the fibers of
J1π∗ → E, a one covariant tensorK and a function
N on E, having local forms(xi, yα) → sα

i (xi, yα),
G = Gαβ

ij (xi, yα)p̃i
α ⊗ p̃j

β , K = Kα
i (xi, yα)p̃i

α and

N(xi, yα) respectively. Letσ be a volume form on
M andF = Λm(M).

The formula h1(xi, yα, pi
α) = sα

i p
i
α +

1
2σ
pi

αp
j
βG

αβ
ij +Kα

i p
i
α+σN defines anF -Hamiltonian

onJ1E. It is polynomial, of second degree in volume-
valued momenta(pi

α). The corresponding lift is the
F̃ -Hamiltonian given by the formula

h̃1(xi, yα, ω̄, p̃i
α) = sα

i p̃
i
α +

ω̄

2σ
p̃i

αp̃
j
βG

αβ
ij +

Kα
i p̃

i
α +

σ

ω̄
N. (13)

It is also polynomial, of second degree in scalar mo-

menta(p̃i
α). It is also easy to see thatp̃i

α

∂h̃1

∂p̃i
α

− h̃1 −

ω̄
∂h̃1

∂ω̄
= 0. Considering the variational problem for

this F̃ -Hamiltonian (Theorem 4), the relation (HJ.3)
is automatically fulfilled, thus only equations (HJ.1)
and (HJ.2) must be satisfied.

A particular case is a global form of the electro-
magnetism equation, as follows. We considerE =
T ∗M

π→ M andg a (pseudo)riemannian metric on
M . ThenJ1π∗ = Λ2(T ∗M) is the vector bundle
of 2-contravariant tensors̃p = (p̃ij) on M . Then

H(xi, p̃ij) =
1
2
ξ̃ij ξ̃

ij , whereξ̃ij = p̃ij− p̃ji andξ̃ij =

girgjsξ̃
rs, is an well-defined real function onJ1π∗. If

(Γi
jk) are the Christoffel coefficients of the metricg,
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then the local functions̃Γij(xr, ps) = Γk
ij(x

r)pk de-

fine a global sectioñΓ : T ∗M → J1π∗. Denoting
σ =

√
|g|, whereg = det(gij), we obtain a volume

form onM .
ConsideringF = π∗Λm(TM) and theF -dual

(T ∗M)∗F , then the formulah(xi, pj , p
ij) = Γijp

ij +
1
2σ
ξijξij defines anF -Hamiltonian onJ1(T ∗M),

called theelectromagnetic Hamiltonian. The cor-
responding F̃ -Hamiltonian is h̃(xi, pj , ω̄, p̃ij) =

Γij p̃
ij +

ω̄

2σ
ξ̃ij ξ̃ij .

Proposition 5 An F̃ -Hamiltonianh̃ is the lift of an F-
Hamiltonianh if and only if h̃ verifies the conditions
(HJ.3).

In the case considered in Proposition 5 (i.e.h̃
is the lift of an F -Hamiltonian h), then equation
(HJ.3) is satisfied identically, while the other two
equations (HJ.1) and (HJ.2) follows from the classi-
cal Hamilton-Jacobi equation of h (see [1, 2]):

∂h

∂p̃i
α

=
∂yα

∂xi
, (HJ ′.1)

∂h

∂yα
= −∂p

i
α

∂xi
. (HJ ′.2)

In that follows we focus on the case when equa-
tion (HJ.3)is notsatisfied identically.

Let us consider an F̃ -Hamiltonian given
by the formula h̃1(xi, yα, ω̄, p̃i

α) = sα
i p̃

i
α +

1
2
f
( ω̄
σ

)
p̃i

αp̃
j
βG

αβ
ij + g

( ω̄
σ

)
Kα

i p̃
i
α+ u

( ω̄
σ

)
N ,

wheref , g andu are some real functions. Then by a
straightforward computation one has

p̃i
α

∂h̃1

∂p̃i
α

− h̃1 − ω̄
∂h̃1

∂ω̄
=

1
2

(
f − ω̄

σ
f ′
)
p̃i

αp̃
j
βG

αβ
ij −

ω̄

σ
g′Kα

i p̃
i
α +

(
u+

ω̄

σ
u′
)
N,

where the real functionsf , g, u and their derivatives

have as variable
ω̄

σ
.

Since the above expression is a polinomial inp̃i
α,

the F̃ -HamiltonianF̃1, given by (13), is the onlỹF -
Hamiltonian that fulfills the relation (HJ.3).

Proposition 6 Let us suppose that the equation
(HJ.3) can be solved with respect withω̄. Then:

1) The solutionω̄ = s0(xi, yα, p̃i
α) defines a

volume-valued Hamiltonianh0 : J1π∗ → F ∗.

2) The local functions h1(xi, yα, p̃i
α) =

h̃(xi, yα, s0(xi, yα, p̃i
α), p̃i

α) define an affine Hamilto-
nianh1 : J1π∗ = J1π†.

We say that anF̃ -Hamiltonian h̃ has anF -
Hamiltonianh as aHamilton-Jacobi projection(or
HJ-projectionfor short) if there is a non-null volume-
valued hamiltonians0 : J1π∗ → F ∗ such that
the solutions of the Hamilton-Jacobi equations ofh̃
(equations (HJ.1) – (HJ.3)) have the property that
ω̄ = s0 verify (HJ.3) and the local functions(xi) →
(xi, yα(xi), pi

α(xi) = s0(xi)p̃i
α(xi)) are solutions

of (classical) Hamilton-Jacobi equations ofh, i.e.
(HJ’.1) and (HJ’.2).

Theorem 7 Let us suppose that the equation (HJ.3)
of an F̃ -Hamiltonianh̃ can be solved with respect to
ω̄ = h0. Then the local functionsh(xi, yα, pi

α) =

h0h̃(xi, yα, h0,
pi

α

h0
) define an F-Hamiltonianh :

J1π∗F → J1π†F that is an HJ-projection of̃h.

Let us consider that añF -Hamiltonianh̃ is the lift
of an affine Hamiltonian̄h, thus h̃(xi, yα, ω̄, p̃i

α) =
h̄(xi, yα, p̃i

α) does not depend on̄ω. The relation
∂h̃

∂ω̄
= 0 (i.e. h̃ does not depend on̄ω) is the con-

dition thath̃ is the lift of an affine Hamiltonian̄h. The
equations (HJ.1) – (HJ.3) become in this case

∂h̄

∂p̃i
α

=
∂yα

∂xi
, (HJ.1′)

ω̄
∂h̄

∂yα
= −ω̄ ∂p̃

i
α

∂xi
− p̃i

α

∂ω̄

∂xi
, (HJ.2′)

p̃i
α

∂h̄

∂p̃i
α

− h̄ = 0. (HJ.3′)

In the setting of Proposition 6, the solutions of
Hamilton-Jacobi equations of thẽF -Hamiltoniansh̃
and of the lifth̃1 (of h1) are not the same.
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[10] C. Udrişte, Multi-Time Controllability, Observ-
ability and Bang-Bang Principle,6th Congress
of Romanian Mathematicians, June 28 - July 4,
2007, Bucharest, Romania.
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