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Abstract: Our aim is three-fold: to point out that the fractional integral actions are coming from Stieltjes actions, to
find the roots and the geometry of some Euler-Lagrange or Hamilton ODEs or PDEs, to evidentiate some ideas that
include the fractal theory of solids. Section 1 discusses the Euler-Lagrange ODEs associated to single-time Stieltjes
actions. Teir dual Hamilton ODEs are analized in Section 2. Section 3 studies the geometry associated to single-
time Euler-Lagrange or Hamilton operators. Section 4 analyzes the Euler-Lagrange PDEs associated to multitime
Stieltjes actions (multiple or curvilinear integrals). Section 5 formulates the multitime perimetric problem of non-
renewable resources. Section 6 studies the Hamilton PDEs associated to multitime Stieltjes actions. Section 7
describes the geometry associated to multitime Euler-Lagrange or Hamilton operators (dynamical connection and
semi-spray, Poincaré-Cartan form, Hamilton-Poisson systems on jet bundle). Section 8 formulates a multitime
Hamilton-Poisson systems theory on jet bundle.

Key–Words:fractional Stieltjes action, Euler-Lagrange or Hamilton equations, dynamic connection, symplectic
manifold.

1 Euler-Lagrange ODEs associated
to single-time Stieltjes actions

Two functionsf : R → R and g : R × R+ →
R, g(t, τ) = gτ (t), τ > 0 with suitable proper-
ties determine the simple Stieljes integral (generalized
convolution) off(t) with respect togτ (t), on the in-

terval [0, τ ], denoted byIτf =
∫ τ

0
f(t)dgτ (t). The

best simple existence theorem states that iff is con-
tinuous andg is of bounded variation on[0, τ ], then
the integral exists. Note thatg is of bounded variation
if and only if it is the difference between two mono-
tone functions. If the convolution is not desirable, the
interval of integration can be taken independent ofτ .

If the functiongτ (t) should happen to be every-
where differentiable, then the previous Stieltjes inte-
gral is reduced to a special Riemann integral,Iτf =∫ τ

0
f(t)g′τ (t)dt. The well-known situations appear-

ing in applications are:

g : R×R+ → R, gτ (t) =
τ r − (τ − t)r

Γ(1 + r)
, r ∈ (0, 1],

(1)

whereΓ is the Euler function; then

Iτf =
1

Γ(r)

∫ τ

0
f(t)(τ − t)r−1dt

which is known as thefractional Riemann-Liouville
integral of orderr;

g : R×R+ → R, gτ (t) = −e
−τt

τ
; (2)

thenIτf =
∫ τ

0
f(t)e−τtdt, an integral used in eco-

nomics when we speak about discountedf(t) at rate
τ ;

g : R×R+ → R, gτ (t) =
tτ

τ
; (3)

thenτ can be taken as a fractal dimension andIτf =∫ τ

0
f(t)tτ−1dt is a fractional integral used as a fractal

action.
Now, let(t, x, ẋ) be a local system of coordinates

onJ1(R,M), wherex = (xi), ẋ = (ẋi), i = 1, ..., n.
Any C∞ real functionL = L(t, x(t), ẋ(t)) defined
on J1(R,M) is calledLagrangian density of energy.
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Thesingle-time Stieltjes actionis defined via the Stiel-
jes integral ofL with respect togτ (t) in the sense of
functional

Iτ (x(·)) =
∫ τ

0
L(t, x(t), ẋ(t))dgτ (t).

Particularly, we define thesingle-time action of
L(t, x(t), xα(t)) with respect to the weightg′τ (t) by
the Riemann integral

Iτ (x(·)) =
∫ τ

0
L(t, x(t), ẋ(t))g′τ (t)dt, (4)

where τ is fixed. The functionL(t, x(t), ẋ(t)) =
L(t, x(t), ẋ(t))g′τ (t) is calledLagrangian.

Examples. 1) Thefractional actionfrom physics

Iτ (x(·)) =
1

Γ(r)

∫ τ

0
L(t, x(t), ẋ(t))(τ − t)r−1dt

obtained for the functiongτ (t) in (1). Particularly, for
r = 1 we obtain the classical action.

2) The discounted action at rateτ from eco-
nomics

Iτ (x(·)) =
∫ τ

0
L(t, x(t), ẋ(t))e−τtdt

obtained forgτ (t) in (2).
3) Thefractal actionfrom physics [11]

Iτ (x(·)) =
∫ τ

0
L(t, x(t), ẋ(t))tτ−1dt

obtained forgτ (t) in (3).
1.1. Proposition. The single-time Euler-

Lagrange ODEs associated to the action (4) are

∂L

∂xi
− d

dt

∂L

∂ẋi
=
g′′τ (t)
g′τ (t)

∂L

∂ẋi
, i = 1, ..., n, (5)

where the symbol
d

dt
=

∂

∂t
+ ẋi ∂

∂xi
+ ẍi ∂

∂ẋi
stands

for the total derivative.
Examples. 1) Let g = (gij) be a metric on the

manifold M andΓi
jk the associated Christofell sym-

bols. The Euler-Lagrange ODEs associated to the La-
grangianL = 1

2gij(x(t))ẋi(t)ẋj(t)g′τ (t) are

d2xi

dt2
+ Γi

jk

dxj

dt

dxk

dt
=
g′′τ (t)
g′τ (t)

dxi

dt
, i = 1, ..., n.

Forgτ (t) in (1), this is just thefractional Newton sec-
ond lawfrom Physics.

2) Now, for a ∈ (−1, 1), we use the Lagrangian
density

L : R×R→ R, L(x, ẋ) = −1
2
ẋ2 − axẋ− 1

2
x2

and a differentiable functiongτ : R → R. Then
the Euler-Lagrange ODE associated to the Lagrangian
L = L(x, ẋ)g′τ (t) is

ẍ− x− g′′τ (t)
g′τ (t)

(ẋ− ax) = 0.

If the functiongτ is given by (1), then

ẍ− (
r − 1
τ − t

a+ 1)x− r − 1
τ − t

ẋ = 0;

if gτ is given by (2), then̈x− τ ẋ+ (1 + aτ)x = 0.
Remarks. 1) A particular weightg′τ (t) can be ob-

tained taking the Riemannian manifold(R, hτ (t) >
0) instead the Euclidean manifold(R, 1). In this case
the Lagrangian isL = L(t, x(t), ẋ(t))

√
hτ (t) and

g′τ (t) =
√
hτ (t).

2) If we have in mind only the Lagrangian density

L, then the termFi =
g′′τ (t)
g′τ (t)

∂L

∂ẋi
in Euler-Lagrange

ODEs (4) stands for anexternal force.
3) If the functiongτ (t) is given by (1), then the

ODEs (4) reduce to

∂L

∂xi
− d

dt

∂L

∂ẋi
=

1− r

τ − t

∂L

∂ẋi
, i = 1, ..., n.

In particular, forr = 1 we obtain the classical Euler-
Lagrange ODEs.

4) If the functiongτ (t) is given by (2), then the
ODEs (4) reduce to

∂L

∂xi
− d

dt

∂L

∂ẋi
= −τ ∂L

∂ẋi
, i = 1, ..., n.

2 Hamilton ODEs associated to
single-time Stieltjes actions

To pass from Euler-Lagrange ODEs of second order
to Hamilton ODEs of first order, suppose that the mo-

ment systempi =
∂L

∂ẋi
(t, x, ẋ), i = 1, ..., n, define

a bijection ẋ ↔ p. A sufficient condition is that
the Lagrangian density of energyL to be regular, i.e.,

det

(
∂2L

∂ẋi∂ẋj

)
6= 0. Then we introduce the Hamilto-

nian function

H : J1(R,M)∗ → R, H = piẋ
i − L(t, x, ẋ).

Remark. In the geometrical theories [1]-[4],
[13]-[20], the d-tensor field

gij(t, x, ẋ) =
∂2L

∂ẋi∂ẋj
(t, x, ẋ)
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is used like a vertical metric. A very important case
for geometry and field theory is that of Kronecker de-
composabilitygij(t, x, ẋ) = gij(t, x, ẋ)h(t).

2.1. Proposition. The Euler-Lagrange ODEs (5)
are equivalent to the Hamilton ODEs

ẋi(t) =
∂H

∂pi
(t, x(t), p(t))

ṗi(t) = −∂H
∂xi

(t, x(t), p(t)) + Fi(t, p(t)) (6)

Fi(t, p(t)) =
g′′τ (t)
g′τ (t)

pi(t).

Single-time Hamilton-Poisson systems on dual
jet bundle. Let f, h : J1(R,M)∗ → R be differen-
tiable functions. The Poisson bracket is defined by

{f, h} =
∂f

∂pi

∂h

∂xi
− ∂f

∂xi

∂h

∂pi
. (7)

From (6) and (7), it follows

{H, pi} = ṗi − Fi, {H,xi} = ẋi.

Also, for any differentiable function

` : J1(R,M)∗ → R,

we have

d`

dt
=
∂`

∂t
+ {H, `} − g′′τ (t)

g′τ (t)
pi
∂`

∂pi
.

3 Geometry associated to single-time
Euler-Lagrange derivative

We consider the jet bundleJ1(R,M) and the local
chart(t, x, ẋ). A natural local basis for the 1-forms on
J1(R,M) is given by the 1-formsθi = dxi − ẋidt.

These 1-forms and the vertical vector fields
∂

∂ẋi
de-

fines the endomorphismS = θi⊗ ∂

∂ẋi
, with the prop-

ertiesS(
∂

∂t
) = −ẋi ∂

∂ẋi
, S(

∂

∂xi
) =

∂

∂ẋi
. The vec-

tor valued1-form S is used in the classical Hamilton-
Cartan formalism for problems in the calculus of vari-
ations.

A C∞ vector fieldΓ onJ1(R,M) is called semi-
spray (time-dependent second order vector field or
field of second order ODEs), if it satisfies the condi-
tions

dt(Γ) = 1, θi(Γ) = 0, i = 1, ..., n.

Locally,

Γ =
∂

∂t
+ ẋi ∂

∂xi
+ f i ∂

∂ẋi
, f i ∈ C∞(J1(R,M)).

The semi-spray is used in the study of time-dependent
mechanics onR× TM .

Any Lagrangian density of energy
L : J1(R,M) → R generates a Poincarè-Cartan
1-form

θL = Ldt+ S(L), θL = (L− ẋi ∂L

∂ẋi
)dt+

∂L

∂ẋi
dxi.

Let ωL = −dθL. If the Lagrangian density of en-

ergy L is nondegenerate, i.e., det

(
∂2L

∂ẋi∂ẋj

)
6= 0,

then there exists a semi-sprayΓ as solution of the
equationiΓωL = 0, called Lagrangian spray. Lo-
cally,

Γ =
∂

∂t
+ ẋi ∂

∂xi
+ gij(− ∂L

∂xj
+
d

dt

∂L

∂ẋj
)
∂

∂ẋi

(gij) = (
∂2L

∂ẋi∂ẋj
)−1.

Commentary. 1) The single-time Stieltjes ac-
tions of type (3) are studied in the papers [11].

2) Similar techniques can be applied to the Lie
algebroids [5].

4 Euler-Lagrange PDEs associated
to multitime Stieltjes actions

The functionsf : Rm → R andgα : R × R+ →
R, gα(tα, τα) = gτα(tα), τα > 0, α = 1, ...,m,
with suitable properties, determine the multiple Stiel-
jes integral (generalized convolution) off(t) with re-
spect to the functionsgτα(tα), on the hyperparallelip-
ipedΩ0τ inRm

+ (fixed by the diagonal opposite points
0 = (0, ..., 0) andτ = (τ1, ..., τm)), denoted by

Iτf =
∫
Ω0τ

f(t)dgτ1(t1)...dgτm(tm).

If the convolution is not desirable, the hyperparallelip-
iped of integration can be taken independent ofτ .

If all the functionsgτα(tα) should happen to be
everywhere differentiable, then the Stieltjes integral is
reduced to a special Riemann integral,

Iτf =
∫
Ω0τ

f(t)g′τ1(t1)...g′τm(tm)dt1...dtm.

Let us extend the fractional action theory from
single-time case to the multitime case. For that we
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introduce the jet bundle of order oneJ1(T,M) and
a local chart(t, x, xα) on it defined by a local chart
t = (tα), α = 1, ...,m, (”multitime”) on the man-
ifold T , a local chartx = (xi), i = 1, ..., n, on

the manifoldM and a local chartxi
α =

∂xi

∂tα
, i =

1, ..., n; , α = 1, ...,m, on the vertical fibre.
Any C∞ real functionL = L(t, x(t), xα(t)) de-

fined onJ1(R,M) is calledLagrangian density of en-
ergy. Themulti-time Stieltjes actionis defined via a
multiple Stieljes integral ofLwith respect to the func-
tionsgτα(tα), α = 1, ...,m in the sense of functional

Iτ (x(·)) =
∫
Ω0τ

L(t, x(t), xα(t))dgτ1(t1)...dgτm(tm)

or, particularly, asmultitime Riemann action

Iτ (x(·)) =
∫
Ω0τ

L(t, x(t), xα(t))Gτ (t)dt1...dtm,

where Gτ (t) =
∏m

α=1 g
′
τα(tα). We define

the multitime action of the Lagrangian density
L(t, x(t), xα(t)) with respect to the weightGτ (t) by

Iτ (x(·)) =
∫
Ω0τ

L(t, x(t), xα(t))Gτ (t)dt1...dtm.

(8)
The function

L(t, x(t), xγ(t)) = L(t, x(t), xγ(t))Gτ (t)

is calledLagrangian.
4.1. Proposition. The multitime Euler-Lagrange

PDEs associated to the action (8) are

∂L

∂xi
− d

dtα
∂L

∂xi
α

=
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

(9)

i = 1, ..., n; α = 1, ...,m,

where the symbol
d

dtα
=

∂

∂tα
+ xi

α

∂

∂xi
+ xi

αβ

∂

∂xi
β

stands for the total derivative.
Proof. Since

L(t, x(t), xα(t)) = L(t, x(t), xα(t))Gτ (t)

and
∂Gτ

∂tα
(t) =

g′′τα(t)
g′τα(t)

Gτ (t),

the classical Euler-Lagrange PDEs

∂L
∂xi

− d

dtα
∂L
∂xi

α

= 0

can be written as in Proposition.

Remarks. 1) A particular weightGτ (t) can
be obtained taking a Riemannian diagonal mani-
fold (T, hτα(tα)) instead the Euclidean manifold
(T, δαβ). In this case the Lagrangian isL =
L(t, x(t), xγ(t))

√
det(hτα(tα)) and the weight is

Gτ (t) =
√

det(hτα(tα)).
2) If we have in mind only the Lagrangian density

L, then the termFi =
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

in Euler-Lagrange

PDEs (9) stands for theexternal forces.
Examples. 1) If

gτα(tα) =
(τα)rα − (τα − tα)rα

Γ(1 + rα)
, 0 < rα ≤ 1,

then
g′′τα(tα)
g′τα(tα)

=
1− rα
τα − tα

and the PDEs (9) are writ-

ten asmultitime Euler-Lagrange PDEs with fractional
forces

∂L

∂xi
− d

dtα
∂L

∂xi
α

=
1− rα
τα − tα

∂L

∂xi
α

.

2) If gτα(tα) = tα, the PDEs (9) are written as
the classical multitime Euler-Lagrange PDEs.

3) If gτα(tα) = −e
−ταtα

τα
, the PDEs (9) are writ-

ten as Euler-Lagrange PDEs from economics

∂L

∂xi
− d

dtα
∂L

∂xi
α

= −τα ∂L

∂xi
α

;

4) If gτα(tα) =
tτ

α

τα
, the PDEs (9) are written as

Euler-Lagrange PDEs from fractal theory of solids

∂L

∂xi
− d

dtα
∂L

∂xi
α

= tτ
α−1 ∂L

∂xi
α

.

In order to introduce the multitime fractional
functional like a path independent curvilinear integral,
we start with a generic Lagrangian density of energy
L and we build the total derivative

Lβ(t, x(t), xα(t)) =
∂L

∂tβ
(t, x(t), xα(t))+

∂L

∂xi
(t, x(t), xα(t))

∂xi

∂tβ
(t)+

∂L

∂xi
λ

(t, x(t), xα(t))
∂xi

λ

∂tβ
(t).

For such type of functions we define thecurvilinear
Stieltjes functional

Jτ (x(·)) =
∫
Γ0τ

Lβ(t, x(t), xα(t))dgτβ (tβ), (10)

whereΓ0,τ is an arbitrary piecewiseC1 curve joining
the points0 andτ in Ω0τ ⊂ Rm

+ .
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4.2 Proposition [20], [22]. 1) If x∗(·) is an ex-
tremal of the Lagrangian density of energyL, then
x∗(·) is an extremal ofdL.

2) If x∗(·) is an optimum point of the functional
Jτ (x(·)), thenx∗(·) is the solution of the multitime
Euler-Lagrange PDEs

∂Lβ

∂xi
− d

dtα
∂Lβ

∂xi
α

= aβi +
g′′τα(tα)
g′τα(tα)

∂Lβ

∂xi
α

, (11)

aβi = const, i = 1, .., n; α = 1, ...,m.

Commentary. 1) The fractional multitime action
can be represented as multiple integral or as curvilin-
ear integral. For this purpose it is enough to replace
the volume elementdt1...dtm by dgτ1(t1)...dgτm(tm)
or the linear element(dtβ) by (dgτβ (tβ)).

2) The multitime dynamics with fractional action
is suitable for the differential geometry of problems in
Continuous Mechanics including fractal theory. Par-
ticularly, it describes qualitative properties ofm-flows
and their associated geometric dynamics [13]-[23].

3) A fractional multi-time action lead to the Euler-
Lagrange PDEs with external forces which are proper
for the system.

4) Let us point out some criteria to select the
functions gτβ (tβ). For example, ift1 represents
the time, then it is suitable to takegτ1(t1) =
(τ1)r1 − (τ1 − t1)r1

Γ(1 + r1)
; if t2 represents the dilatation,

then gτ2(t2) = t2; if t3 represents the discounting,

thengτ3(t3) = −e
−τ3t3

τ3
; if t4 represents the fractal-

ization, thengτ4(t4) =
(t4)τ4

τ4
.

5) The results from [13]-[24] can be reformulated
for the fractional multi-time actions.

Applications and Examples. We start from ex-
amples in continuous mechanics [9], modified in the
previous sense.

1) (Modified sine-Gordon PDE). The two-time
Lagrangian

L : J1(R2, R) → R

L(t1, t2, x) = (
1
2
x1x2 − cosx)g′τ1(t1)g′τ2(t2)

determines themodified sine-Gordon PDE

sinx− x12 =
1
2
g′′τ1(t1)
g′τ1(t1)

x1 +
1
2
g′′τ2(t2)
g′τ2(t2)

x2.

Taking

gτ1(t1) =
(τ1)r1 − (τ1 − t1)r1

Γ(1 + r1)

andgτ2(t2) = −e
−τ2t2

τ2
, we find

sinx− x12 = − r1 − 1
τ1 − t1

x1 − τ2x2.

2) (Degenerate Lagrangian). The degenerate
two-time Lagrangian

L : J1(R2, R3) → R,

L(t1, t2, x) =
1
2

(
−(x2)2 − (x3)2 + x2x1

1 + x3x1
2

−x1x2
1 − x1x3

2

)
g′τ1(t1)g′τ2(t2)

produces an Euler-Lagrange system of order one

−x2
1 − x3

2 =
1
2
g′′τ1(t1)
g′τ1(t1)

x2 +
1
2
g′′τ2(t2)
g′τ2(t2)

x3

−x2 + x1
1 = −1

2
g′′τ1(t1)
g′τ1(t1)

x1

−x3 + x1
2 = −1

2
g′′τ1(t1)
g′τ1(t1)

x1.

3) (Modified hyperbolic PDE). The two-time
Lagrangian

L : J1(R2, R) → R,

L(t1, t2, x) =
1
2
ekt2

(
(x1)2ω2 − (x2)2 − 2kxx2

−k2x2
)
g′τ1(t1)g′τ2(t2)

defines the hyperbolic Euler-Lagrange PDE

−x11ω
2 + x22 + kx2 =

g′′τ1(t1)
g′τ1(t1)

ω2x1

−1
2
g′′τ2(t2)
g′τ2(t2)

(x2 + kx).

Taking successively

gτα(tα) = tα, gτα(tα) =
(τα)rα − (τα − tα)rα

Γ(1 + rα)
,

gτα(tα) = −e
−ταt2

τα
,

we find
−x11ω

2 + x22 + kx2 = 0

−x11ω
2+x22+kx2 =

1− r1
τ1 − t1

ω2x1− 1− r2
τ2 − t2

(x2+kx)

−x11ω
2 + x22 + kx2 = −τ1ω2x1 + τ2(x2 + kx)

respectively.
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5 The multitime perimetric problem
of non-renewable resources

Consider a society endowed with a known finite stock
S of some non-renewable resources which are essen-
tial to the economy, i.e.,∫

Γ0τ

qα(t)dtα = S,

whereq(t) = (q1(t), ..., qm(t)) is the vector of quanti-
ties of the resources extracted for consumption at mul-
titime t. The objective is to maximize the utility of
consumptionuα(qα), with u′′α(qα) < 0 < u′α(qα),
discounted at rater = (rα), i.e.,

max
∫
Γ0τ

uα(qα(t))e−rβtβdtα.

Define the remaining stock at multitimet ∈ Ω0τ as

x(t) = S −
∫
Γ0t

qα(s)dsα,

i.e.,

∂x

∂tγ
(t) = −qγ(t), x(0) = S, x(τ) = 0.

The objective functional∫
Γ0τ

Lα(t, q(t), xγ(t), p(t))dtα,

is based on the Lagrangian covector

Lα(t, q(t), xγ(t), p(t)) = uα(qα(t))e−rβtβ

−p(t)
(
qα(t) +

∂x

∂tα
(t)
)
.

Here we use the multitime Euler-Lagrange PDEs as-
sociated to path independent curvilinear integral [20],

∂Lα

∂qβ
− d

dtγ
∂Lα

∂(
∂qβ
∂tγ

)
= (u′α(qα)e−rβtβ −p)δαβ = aαβ

∂Lα

∂x
− d

dtγ
∂Lα

∂(
∂x

∂tγ
)

=
∂p

∂tα
= bα.

It follows p(t) = bαt
α + c, u′α(qα(t)) = (p(t) +

aαα)erβtβ . Consequently, the optimal extraction rate
q∗(t) should be such that

u′α(q∗α(t)) = (p(t) + aαα)erβtβ ,

i.e., the marginal utility of consuming non-renewable
resourceu′α(q∗α) should increase exponentially at rate
rα which, in view of the concavity of eachuα(qα), im-
plies that later generations should consume less than
earlier generations.

6 Hamilton PDEs associated to mul-
titime Stieltjes actions

To convert the multitime Euler-Lagrange PDEs of sec-
ond order to multitime Hamilton PDEs of first or-
der, we accept that themulti-momentumsystempα

i =
∂L

∂xi
α

(t, x, xγ) determine a bijectionxα ↔ pα. A suf-

ficient condition is that the Lagrangian density of en-
ergyL to be regular, i.e.,

det

 ∂2L

∂xi
α∂x

j
β

 6= 0.

In the geometrical theories [1], [3], [4], [13]-[23], the
d-tensor field

gαβ
ij (t, x(t), xγ(t)) =

∂2L

∂xi
α∂x

j
β

(t, x(t), xγ(t))

is used like a vertical metric. A very important case
for geometry and field theory is that of Kronecker de-
composability

gαβ
ij (t, x(t), xγ(t)) = gij(t, x(t), xγ(t))hαβ(t).

The Lagrangian functionL determines theHamil-
tonian function

H(t, x, p) = pα
i x

i
α(t, x, p)− L(t, x, p).

If x(·) is a solution of the multitime Euler-Lagrange
PDEs

∂L

∂xi
− d

dtα
∂L

∂xi
α

= 0

and definep(·) = (pα
i (·)) as above, then the pair

(x(·), p(·)) is a solution of the multitime Hamilton
PDEs

∂xi

∂tβ
(t) =

∂H

∂pβ
i

(t, x(t), p(t))

∂pα
i

∂tα
(t) = −∂H

∂xi
(t, x(t), p(t)).

We remark that the classical multitime Euler-
Lagrange or Hamilton PDEs are of divergence-type
PDEs. We can generalize the Hamilton PDEs intro-
ducing two tensor fields:

- theHamiltonian tensor field

Hα
β (t, x, p) = pα

i x
i
β(t, x, p)− 1

m
L(t, x, p)δα

β ,

H(t, x, p) = Hα
α (t, x, p);

- themoment-energy tensor fieldfrom physics

Tα
β (t, x, p) = pα

i x
i
β(t, x, p)− L(t, x, p)δα

β .
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The classical Hamilton PDEs can be extended to
PDEs that contains the Jacobian matrix of the Legen-
dre transformation.

6.1. Proposition. Let x(·) be a solution of the
multitime Euler-Lagrange PDEs and definep(·) =
(pα

i (·)) as above. Then the pair(x(·), p(·)) is a solu-
tion respectively for the generalized multitime Hamil-
ton PDEs

δα
γ

∂xi

∂tβ
(t) =

∂Hα
β

∂pγ
i

(t, x(t), p(t)) (12)

+
(

1
m
δα
βp

λ
j (t)− δλ

βp
α
j (t)

)
∂xj

λ

∂pγ
i

(t, x(t), p(t)),

1
m
δα
β

∂pγ
i

∂tγ
(t) = −

∂Hα
β

∂xi
(t, x(t), p(t));

δα
γ

∂xi

∂tβ
(t) =

∂Tα
β

∂pγ
i

(t, x(t), p(t)) (13)

+
(
δα
βp

λ
j (t)− δλ

βp
α
j (t)

) ∂xj
λ

∂pγ
i

(t, x(t), p(t)),

δα
β

∂pγ
i

∂tγ
(t) = −

∂Tα
β

∂xi
(t, x(t), p(t)).

Proof: Let us justify the PDEs (12). We find

∂

∂xi
Hα

β (t, x, p) = − 1
m
δα
β

∂

∂xi
L(t, x, xγ(t, x, p)).

Now pα
i (t) =

∂L

∂xi
α

(t, x(t), xγ(t)) if and only if

∂xi

∂tα
(t) = xα(t, x(t), p(t)). Therefore the Euler-

Lagrange PDEs imply the multitime Hamilton PDEs
in the second place.

Now we compute the partial derivatives

∂Hα
β

∂pγ
i

= δα
γ x

i
β + pα

j

∂xj
β

∂pγ
i

− 1
m
δα
β

∂L

∂xj
λ

∂xj
λ

∂pγ
i

,

which contains the Jacobian matrix

(
∂xj

λ

∂pγ
i

)
of the

Legendre transformation. On the other hand,pα
i (t) =

∂L

∂xi
α

(x(t), xγ(t)), implies xα(t) = xα(x(t), p(t)).

That is why, we get the multitime Hamilton PDEs in
the first place.

Remark. After our knowledge, here is the first
time when the Jacobian matrix of the Legendre trans-
formation is involved in the Hamilton PDEs.

6.2. Proposition. The multitime Euler-Lagrange
PDEs (9) are equivalent to the multitime Hamilton
PDEs

∂xi

∂tβ
(t) =

∂H

∂pβ
i

(t, x(t), p(t))

∂pα
i

∂tα
(t) = −∂H

∂xi
(t, x(t), p(t)) + Fi(t, p(t)), (14)

Fi =
g′′τα(t)
g′τα(t)

pα
i .

7 Geometry associated to multitime
Euler-Lagrange derivative

Dynamical connection and semi-spray. We use the
jet bundle of order oneJ1(T,M) and a local chart
(t, x, xα) defined by a local chartt = (tα), α =
1, ...,m, on the manifoldT , a local chartx =
(xi), i = 1, ..., n, on the manifoldM and a local

chart for partial velocitiesxα = (xi
α) =

(
∂xi

∂tα

)
. Ex-

plicitly, the system of local coordinates is(tα, xi, xi
α).

The manifoldJ1(T,M) is endowed with the follow-
ing natural structures:

1) the total derivative operator

dα =
∂

∂tα
+ xi

α

∂

∂xi
;

2) the contact 1-formsθi = dxi − xi
αdt

α;
3) the total derivative 1-form operator

θ1 = dα ⊗ dtα;

4) the vector-valued contact formθ2 =
∂

∂xi
⊗ θi;

5) the vertical endomorphism field

J = Jα ⊗ dα, J
α =

∂

∂xi
α

⊗ θi,

where{ ∂

∂xi
α

} is a basis of vertical distributionV (ver-

tical vector fields).
A C∞ vector-valued1-form H on J1(T,M) is

calleddynamical connectionon J1(T,M) if it satis-
fies the conditions

θ1 ◦H = 0, θ2 ◦H = θ2, H|V = −id|V .

7.1. Proposition. The local expression of the
dynamical connectionH with respect to the chart
(tα, xi, xi

α) is

H = (−xi
α

∂

∂xi
+H i

αβ

∂

∂xi
β

)⊗ dtα
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+(
∂

∂xi
+Hj

iα

∂

∂xj
α

)⊗ dxi − ∂

∂xi
β

⊗ dxi
β.

7.2. Proposition. 1) The rank of the matrix asso-
ciated to the dynamical connection is(m+ 1)n.

2) The dynamical connection defines an
f(3,−1)-structure.

As any f(3,−1)-structure, the dynamical con-
nection determines the projectors

` = H ◦H = H2, m = −H2 + I

having the following properties:

`2 = `, m2 = m, ` ◦m = m ◦ ` = 0, `+m = I

`(
∂

∂tα
) = −xi

α

∂

∂xi
− (xi

αH
j
iβ +Hj

αβ)
∂

∂xj
β

`(
∂

∂xi
) =

∂

∂xi
, `(

∂

∂xi
α

) =
∂

∂xi
α

m(
∂

∂tα
) =

∂

∂tα
+ xi

α

∂

∂xi
+ (xi

αH
j
iβ +Hj

αβ)
∂

∂xj
β

m(
∂

∂xi
) = 0, m(

∂

∂xi
α

) = 0.

A set ofC∞ vector fieldsΓα, α = 1, ...,m, on
J1(T,M) is called semi-spray (multitime-dependent
second order vector field or field of second order
PDEs) if it satisfies the conditions

dtα(Γβ) = δα
β , θ

i(Γβ) = 0, i = 1, ..., n.

Locally,

Γα =
∂

∂tα
+ xi

α

∂

∂xi
+ F i

αβ

∂

∂xi
β

,

Λi
αβ ∈ C∞(J1(T,M)).

This semi-spray can be used to study ”multitime-
dependent mechanics” onJ1(T,M).

7.3. Proposition. The vector-valued1-formH =
(m − 1)θ2 − LΓαJ

α is a dynamical connection on
J1(T,M), whereLΓα is the Lie derivative with re-
spect to the vector fieldΓα.

7.4. Proposition. A quasilinear second order
PDEs system of the type

Aαβ
ij (t, x(t), xγ(t))xj

αβ(t) +Bi(t, x(t), xγ(t)) = 0,

where

Aαβ
ij = Aβα

ji = Aαβ
ji , det

(
Aαβ

ij

)
6= 0,

α
i − rows, β

j − columns,

extends to a semi-spray

Γα =
∂

∂tα
+ xi

α

∂

∂xi
+ F i

αβ

∂

∂xi
β

, (15)

where

F i
αβ = Aij

αγ

(
φγ

jβ −
1
m
δγ
βBj

)
and

φβ
jβ = 0, Aij

αγφ
γ
jβ = Aij

βγφ
γ
jα.

Proof. To prove this statement we use two ingre-
dients: (1) an anti-trace PDEs system

Aγα
ij (t, x(t), xσ(t))xj

αβ(t) +
1
m
δγ
βBi(t, x(t), xσ(t))

= φγ
iβ(t, x(t), xσ(t)),

where φγ
iβ are arbitraryC∞ functions satisfying

φβ
iβ = 0, (2) the inverse(Aij

αβ) of the matrix(Aαβ
ij ),

i.e.,Aαβ
ij A

ik
αγ = δβ

γ δ
k
j . In fact, the anti-trace PDE sys-

tem is equivalent to the semi-spray

xi
αβ = Aij

αγ

(
φγ

jβ −
1
m
δγ
βBj

)
if Aij

αγφ
γ
jβ = Aij

βγφ
γ
jα.

To simplify, we acceptφγ
jβ = 0. Then the compo-

nents of the dynamical connection determined by the
previous PDE system are

Hj
iα =

1
m
Ajk

βα

(
∂Aδε

kh

∂xi
β

Ahl
δεBl −

∂Bk

∂xi
β

)

Hj
γβ =

1
m
Ajk

δβ

(
∂Aδε

kh

∂xi
γ

Ahl
δεBl −

∂Bk

∂xi
γ

)
xi

γ .

(16)

Particularly, let us consider a PDE of the form

Aαβ(t, x(t), xγ(t))xαβ(t) +B(t, x(t), xγ(t)) = 0,

where(Aαβ) is a nondegenerate matrix with the in-
verseAαβ . Then the associated anti-trace PDE system
is

Aαγ(t, x(t), xγ(t))xαβ(t) +
1
m
B(t, x(t), xγ(t)) = 0

or

xαβ +
1
m
AαβB = 0.

That is why, our initial PDE system extends to the

semi-sprayFαβ = − 1
m
AαβB and the components

of the associated dynamical connection are

Hα =
1
m
Aαβ

(
∂Aµλ

∂xβ
AµλB − ∂B

∂xβ

)
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Hαβ =
1
m
Aγβ

(
∂Aµλ

∂xγ
AµλB − ∂B

∂xγ

)
xα.

Example. Let us take the PDE

ω2x11 − x22 − kx2 + h1ω
2x1 − h2(x2 + kx) = 0,

whereω, k are constants andhi = hi(t1, t2), i =
1, 2. In this case

A11 = ω2, A12 = A21 = 0, A22 = −1

A11 =
1
ω2
, A12 = A21 = 0, A22 = −1.

It appears the semi-spray

F11 = − 1
2ω2

(h1ω
2x1 − (k + h2)x2 − kh2x),

F12 = F21 = 0, F22 = −ω2F11

and the dynamical connection

H1 = −h1

2
,H2 = −k + h2

2

H11 = −h1x1

2
,H12 = H21 = 0,H22 = −(k + h2)x2

2
.

Now, let

L(t, x(t), xα(t)) = L(t, x(t), xα(t))Gτ (t)

be a multitime Lagrangian. Since the d-tensor field

gαβ
ij =

∂2L

∂xi
α∂x

j
β

is the dominant coefficient for a ge-

ometrical theory, we writte the Euler-Lagrange PDEs
of L in the form

d

dtα
∂L

∂xi
α

− ∂L

∂xi
+
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

=

∂2L

∂xi
α∂x

j
β

xj
αβ +

∂2L

∂xi
α∂x

j
xj

α

+
∂2L

∂xi
α∂t

α
− ∂L

∂xi
+
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

= 0.

This system can be identified directly togαβ
ij x

j
αβ +

Bi = 0 and we can apply the previous theory. But,
to show that the previous way is not unique, we prefer
another extension as the anti-trace PDEs system

d

dtγ
∂L

∂xi
α

− 1
m
δα
γ

(
∂L

∂xi
− g′′τσ(tσ)
g′τσ(tσ)

∂L

∂xi
σ

)
=

∂2L

∂xi
α∂x

j
β

xj
βγ +

∂2L

∂xi
α∂x

j
xj

γ +
∂2L

∂xi
α∂t

γ

− 1
m
δα
γ

(
∂L

∂xi
− g′′τσ(tσ)
g′τσ(tσ)

∂L

∂xi
σ

)
= 0.

If the Lagrangian density of energyL is nondegener-
ate, then the matrix(gαβ

ij ) has an inverse(gij
αβ). There-

fore a semi-spray associated to the Euler-Lagrange
PDEs is characterized by the functions

F i
αβ = gij

αε

(
1
m
δε
β

(
∂L

∂xj
− g′′τγ (tγ)
g′τγ (tγ)

∂L

∂xj
γ

)

− ∂2L

∂xj
ε∂xk

xk
β −

∂2L

∂xj
ε∂tβ

)
.

Automatically, the formulas (15) produce the compo-
nents of the associateddynamical connection.

Poincaré-Cartan form. Let Γα, α = 1, ...,m,
be a semi-spray onJ1(T,M). The semi-spray is
calledcompatibleto a Lagrangian

L(t, x(t), xα(t)) = L(t, x(t), xα(t))Gτ (t)

if it satisfies the multitime PDEs

Γα

(
∂L

∂xi
α

)
− ∂L

∂xi
+
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

= 0. (17)

If the semi-spray is given by the formulas (15), then
the condition (17) leads to the PDEs

gαβ
ij F

j
αβ +Bi = 0,

where

F j
αβ = F j

βα, g
αβ
ij =

∂2L

∂xi
α∂x

j
β

,

Bi =
∂2L

∂xi
ε∂x

k
xk

ε +
∂2L

∂tε∂xj
ε

− ∂L

∂xi
+
g′′τγ (tγ)
g′τγ (tγ)

∂L

∂xi
γ

.

An arbitrary dynamical connectionH on
J1(T,M) determines the dual bases

Γα =
∂

∂tα
+ xi

α

∂

∂xi
+ F i

αβ

∂

∂xi
β

Hi =
∂

∂xi
+

1
2
Hj

iα

∂

∂xj
α

, V α
i =

∂

∂xi
α

dtα, θi = dxi−xi
αdt

α, ψi
α = dxi

α−
1
2
H i

jαθ
j−F i

αβdt
β .

Let ω = dt1 ∧ ... ∧ dtm and

ωα = (−1)mdt1 ∧ ... ∧ d̂tα ∧ ... ∧ dtm.

Then them-form θ1 = Lω+
∂L
∂xi

α

θi∧ωα is called the

Poincaŕe-Cartan form.
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7.5. Proposition. The(m + 1)-form Ω1 = dθ1

can be written

Ω1 = (gαβ
ij ψ

i
β ∧ θj − 1

2
J1α

ij θ
i ∧ θj)ωα + E1

i (L)θi ∧ω,

where

E1
i (L) =

∂L
∂xi

−Γα
∂L
∂xi

α

, J1α
ij = Hi(

∂L
∂xj

α

)−Hj(
∂L
∂xi

α

).

7.6 Proposition. If the dynamical connectionH
is associated to a semi-spray which is compatible to
L, i.e.,E1

i (L) = 0, then

Ω1 = (gαβ
ij ψ

i
β ∧ θj − 1

2
J1α

ij θ
i ∧ θj)ωα

J1α
ij =

m− 1
2m

(
∂B1

j

∂xi
α

− ∂B1
i

∂xj
α

)
+

1
2

∂φα
iβ

∂xj
β

−
∂φα

jβ

∂xi
β

 ,
where

B1
j =

∂2L
∂xi∂xj

α

xi
α +

∂2L
∂tα∂xj

α

− ∂L
∂xj

.

If m = 1, then Ω1 = gijψ
i ∧ θj , gij =

∂L
∂ẋi∂ẋj

, ẋi =
dxi

dt
. If n = 1, thenΩ1 = hαβψα ∧

θ ∧ ωβ, h
αβ =

∂L
∂xα∂xβ

.

The previous theory refers to classical Riemann
actions. Its reformulation for Stieltjes actions is obvi-
ous. For example, the Poincaré-Cartanm-form can be

writtenθ = Lω̃ +
∂L

∂xi
α

θi ∧ ω̃α, where

ω̃ = dgτ1(t1) ∧ ... ∧ dgτm(tm),

ω̃α = (−1)mdgτ1(t1)∧...∧d̂gτα(tα)∧...∧dgτm(tm).

Sinceω̃ = Gτ (t)ω, ω̃α =
g′′τα(tα)
g′τα(tα)

ωα, we can writte

θ = Gτ (t)Lω +
∂L

∂xi
α

g′′τα(tα)
g′τα(tα)

θi ∧ ωα.

7.7 Proposition. The(m + 1)-form Ω = dθ can
be written

Ω =
(
gαβ
ij ψ

i
β ∧ θj − 1

2
Jα

ijθ
i ∧ θj

)
g′′τα(tα)
g′τα(tα)

ωα

+Ei(L)Gτ (t)θi ∧ ω,
where

Ei(L) = Γα

(
∂L

∂xi
α

)
− ∂L

∂xi
+
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

Jα
ij = Hi

(
∂L

∂xj
α

)
−Hj

(
∂L

∂xi
α

)
.

7.8 Proposition. If the dynamical connectionH
is associated to a semi-spray which is compatible to
L, i.e.,Ei(L) = 0, then

Ω1 = (gαβ
ij ψ

i
β ∧ θj − 1

2
Jα

ijθ
i ∧ θj)Gτ (t)ωα

Jα
ij =

m− 1
2m

(
∂Bj

∂xi
α

− ∂Bi

∂xj
α

)
+

1
2

∂φα
iβ

∂xj
β

−
∂φα

jβ

∂xi
β

 ,
where

Bj =
∂2L

∂xi∂xj
α

xi
α +

∂2L

∂tα∂xj
α

− ∂L

∂xj
+
g′′τα(tα)
g′τα(tα)

∂L

∂xi
α

.

8 Multitime Hamilton-Poisson sys-
tems on jet bundle

If (T, h) and (R, g) are Riemannian manifolds, we
shall use the adapted dual bases(

δ

δtα
=

∂

∂tα
+Hγ

αβx
i
γ

∂

∂xi
β

,

δ

δxi
=

∂

∂xi
−Gh

ikx
k
α

∂

∂xh
α

,
∂

∂xi
α

)
(dtβ, dxj , δxj

β = dxj
β −Hγ

βλx
j
γdt

λ +Gj
hkx

h
βdx

k)

as frames on the jet bundleJ1(T,M). Then the in-
duced Riemann Sasaki-like metric onJ1(T,M) is

S = hαβdt
α⊗dtβ +gijdx

i⊗dxj +hαβgijδx
i
α⊗δx

j
β.

We first notice that, on the Riemannian manifold
(J1(T,M), S) there exists a globally defined 1-form
d-tensor

ω = gijx
j
αdx

i ⊗ dtα.

Its exterior differential

Ω = dω = (−gijdx
i ∧ δxj

α)⊗ dtα

is also globally defined 2-formd-tensor, and has the
components

(Ωα AB) =

(
0 −gijδ

β
α

gijδ
β
α 0

)

in the adapted frame. Of course we can find a suitable
geometry produced byω andΩ onJ1(T,M).
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The sectiontα = cα, α = 1, . . . , p, is an (1 +
p)n-dimensional Riemann submanifold ofJ1(T,M)
which can be identified with the Riemann manifold
(pT (M), g + h−1 ⊗ g), whereh has constant com-
ponents, andpT (M) =

⋃
x∈M

(TxM)p. The closed 2-

formsΩα = −gijdx
i∧δxj

α, and the metricg+h−1⊗g
produce an almostp-Kählerian structure onpT (M) in
the sense of Grassi [16].

A theory of Hamilton-Poisson systems on
J1(T,M) can be obtained in the following way. Let
L1, L2 be two realC∞ functions onJ1(T,M), i.e.,
two Lagrangians. The maps

{L1, L2}α = gijhαβ

δL1

δxi

∂L2

∂xj
β

− ∂L1

∂xi
β

δL2

δxj

 ,
α = 1, . . . ,m

define a Poisson structure on the jet bundleJ1(T,M)
via the 1-form Poisson bracket{L1, L2} =
{L1, L2}αdt

α. Also the maps{L1, L2}α define a
p-Poisson structure on(pT (M), g + h−1 ⊗ g) com-
patible with the almostp-Kählerian structureΩα =
−gijdx

i ∧ δxj
α.

A similar theory can be introduced on the dual jet
bundleJ1(T,M)∗ of local coordinates(tα, xi, pα

i ).
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